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RESUM E

Le probeme de la construction des quarts est un probeme classique de recherche opera-
tionnelle. Le proges dans leurs moctlisations mathematiques et I'anelioration des puissances
de calculs informatiques ont permis d'inegrer des facteurs de plus en plus complexes. L'objec-
tif de cette these est d'inclure les petrences des employesa la construction d'horaires. Tou-
tefois, au-deh des di cules algorithmiques, cet objectif pose de nombreuses probematiques,

a la fois nouvelles, gererales et fondamentales. Les employes auront-ils ineréta ewler leurs
pekrences de manere honnéte ? Peut-on s'assurer de ne pas cesavantager les employes hon-
nétes ? Peut-on garantir lequie entre les employes ? Comment moceliser matkematiquement
cetteequie de manere convaincante ? Comment utiliser le concept dequit pour optimiser la
construction de quarts avec petrences des employes ? Nombre de ces questionsekmentaires
sont en lien avec la treorie des jeux. Mais les theories existantes sont insu santes pour adres-
ser la complexie du contexte de la construction de quarts personnaliss. Ceci nous anenera
a introduire une nouvelle perspective sur la treorie des jeux, puissante et adapte aux calculs
informatiques, qui se fonde sur un nouvel objet matrematique appek fonction de retour. Au
lieu de se focaliser sur les strakgies, la fonction de retour propose de se concentrer sur les
conequences des actions des individus sur l'issue qui leur est consacee. Alors que ces fonc-
tions de retour se prétent mieux aux calculs, de facon cruciale, elles possdent pourtant toute
l'information recessaire a letude des jeux. C'est pourquoi nous utiliserons alors ce nouvel
objet matlematique pour une optimisation heuristique de nmecanismes favorisant I'honnétee
dans un contexte simplie de partage equitable de gateau. Par ailleurs, nous introduirons
de nouvelles & nitions de lequie foncees sur des concepts de distributions, dechanges et
de eseaux sociaux. Ces concepts viennent naturellement compekter la treorie des fonctions
d'utilie de von Neumann and Morgenstern [1944], qui ne permet pas de ceterminer de ma-
nere unique et senkee une quanti cation de la satisfaction des employes. En n, en dernier
lieu, nous appliguerons les concepts de cette tresea des instances de construction de quarts
avec pekrences des employes. Ceci fera intervenir la treorie du multicriere, ainsi qu'un
lourd programme d'optimisation en nombres entiers. Toutefois, faute de temps eta cause de
la complexie des calculs nuneriques, nous ne chercherons pasa favoriser I'honnétee dans
cette application.



ABSTRACT

Shift scheduling is a classical problem of operations research. As mathematical modelings
progress and computational capabilities improve, more complex issues are addressed. The
main goal of this PhD thesis is to include employees' preferences. Yet, beside algorithmic
considerations, our goal raises various new, general and fundamental questions. Will em-
ployees have incentives to reveal their preferences truthfully ? Can we make sure that truthful
employees are not disadvantaged ? Can we guarantee the fairness of the shift allocation ? How
can fairness be formalized mathematically ? How can we use a formal de nition of fairness to
optimize shift scheduling with employees' preferences ? Many of these questions are related
to game theory. However, game theory yields insu cient tools to address the complexity of
a shift scheduling scheme. This will lead us to introduce a new perspective on game theory,
which we will argue to be both insightful and more computable. This perspective is based on
a new object called the return function. Instead of concentrating on strategies, this return
function drives focus on the way individuals' actions a ect their outcomes. While return func-
tions appear to be more tractable, importantly, they still contain all relevant information for
the study of games. Hence, we will use this object to design a heuristical method to optimize
over incentive-compatible mechanisms in a simpli ed fair cake-cutting problem. Furthermore,
we will introduce new measures of fairness that are based on ideas of distributions, trades
and social networks. These measures will rely on a natural completion of the utility theory
by von Neumann and Morgenstern [1944], which does not yield a unique and sensible way of
guantifying one's satisfaction. Finally, we apply concepts to di cult instances of shift sche-
duling with employees' preferences. This application will require a bit of multicriteria theory,
as well as a large-scale integer optimization program. Unfortunately though, because of a lack
of time and the hardness of algorithmic computations, we shall not aim at favoring fairness
in this application.
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CHAPITRE 1

INTRODUCTION

La recherche ogerationnelle est une sous-discipline des matlematiques concerree par I'op-
timisation globale de sysemes complexes. Il arrive souvent que ces sysemes concernent di-
verses parties prenantes. L'existence d'un cadre multi-agent pose alors des probematiques
qui cepassent de loin le domaine usuel de I'optimisation. Dans cette trese, nous allons adres-
ser trois de ces probematiques et appliquer nos eponsesa un probeme de construction de
guarts de travail incluant les petrences des employes.

1.1 Jeux bagesiens et fonction de retour

La premere question est la suivante. Dans un cadre multi-agent, chaque agent n'a-t-il pas
ineréta tirer la couverture de son coe ? En particulier, s'il nous faut inclure les pegrences
des agents dans une certaine prise de cecision, les agents auront-ils l'incitatifa ne pas nous
eweler leurs pekrences de manere honnéte ? La question peut para'tre tordue. Apes tout,
si I'on maximise la satisfactions des agents, il semble que les agents ont tout ineréta nous
eweler leurs vraies petrences.

Aussi, prenons un exemple pour illustrer. Supposons que Charlotte, Valentine et Gustave
partagent un gateau moite chocolat et moite vanille. Charlotte adore le chocolat, Valentine
adore la vanille et Gustave le gourmand veut des deux. Imaginons maintenant qu'un algo-
rithme cherchea maximiser la somme des utilies des trois parties prenantes. Cet algorithme
va naturellement étre amerea donner le chocolata celui qui en cesire le plus (Charlotte), et la
vanillea celui qui en cesire le plus (Valentine). Mais alors, Gustave, s'il e\ele ses pekrences
honnétement, se retrouvera sans part de gateau. Il aurait en fait mieux fait de petendre
aimer le chocolat plus que Charlotte!

Dans un cadre moins iceali, anticiper le comportement straegique optimal peut etre
autrement plus complexe. Une di cule vient du fait que la strakgie optimale de chaque
joueur cepend des strakgies des autres. Pour cecrire cette interaction des straegies, Nash
[1950a] a introduit le concept dquilibre de Nash qui est depuis devenu un pilier de la
treorie des jeux. Unequilibre de Nash est une a ectation de strategies aux joueurs telle que,
etant donrees les strakgies des autres, la strakgie optimale de chacun est peciement celle
qui lui est assigree. On remarque alors que, puisqu'au joueur n'a ineréta cevier de lequilibre
de Nash, tous sont ameresa persister dans cetetat dequilibre.



Toutefois, le concept dequilibre de Nash se restreint aux jeuxa information dite compekte,
c'esta-dire aux jeux pour lesquels les joueurs connaissent parfaitement les petrences des
autres joueurs et les congequences de toutes actions. Cette hypotrese eductrice est en gereral
vioke. Ceci a amere| Harsanyi [1967, 1968a,b]a moctliser l'incompektude de l'information
que possdent les joueurs par des croyances bayesiennes, c'esta-dire des distributions de
probabilie sur l'information inconnue. Si Gustave ne sait pas exactement ce que Charlotte
veut, il imagine peut-etre qu'il y a une chance sur deux ou plus qu'elle petre le chocolata
la vanille. Ou, peut-&tre, au vu de ses golts prononas pour les brownies, qu'il y a 2 chances
sur 3 qu'elle pekre egerement le chocolat et 1 chance sur 3 qu'elle le petre largement.
Ce cadre de jeua information incompkte jowe par des joueurs bayesiens | c'esta-dire des
joueurs qui ont une croyance probabiliste sur l'information incompekte qu'ils ont de l'univers
| est ce que l'on appelle depuis un jeubayesien .

Bien que le concept dequilibre de Nash se greralise naturellement aux jeux bayesiens,
letude analytique et nunrerique de ces jeuxa information incompkte est consiceee ardue. En
cereral, il est illusoire d'esgerer calculer des solutions analytiques. En e et, la simple question
de limpkmentation des stratgies bayesiennes est peuevidente. C'est particulerement le cas
guand l'ensemble des actions que les joueurs peuvent entreprendre est de grande taille, ou
in ni. Ces dicules ont repesent un obstacle majeur au ceveloppement de letude des
jeux bayesiens. Une contribution majeure de cette these consiste en un contournement de cet
obstacle.

La ck de ce contournement eside dans l'introduction du concept d®nction de retour
Formellement, la fonction de retour associe l'action d'une personnea la distribution proba-
biliste du esultat induite par cette action. De facon plus informelle, il s'agit d'un objet que
chacun d'entre nous estime et utilisea longueur de jourree, lorsque I'on cherchea epondre
a la question : < si je fais cela, que peut-il arriver, et avec quelle probabilie 2 En fait,
dans de nombreux cas, il est possible de remplacer la terminologitonction de retour> par
< intuitioneclaiee > (ou < educated guess), ce qui peut parfois aidera la compehension
du concept.

Aussi surprenant que cela puisse paratre, les fonctions de retour repesentent un par-
fait substitut aux straegies dans letude des jeux. Au lieu de s'attarder sur les interactions
strakgiques des joueurs, on peut, de facon quasiequivalente, s'ineressera la manere dont
les fonctions de retour s'in uencent mutuellement. En d'autre termes, la correspondance de
meilleure eponse dans l'espace des strakgies, si chere aux moceles classiques de treorie des
jeux, est naturellement assoceea une correspondance similaire dans I'espace des fonctions de
retour. En particulier, toutequilibre de Nash des straegies peut &tre traduit en unequilibre
de Nash des fonctions de retour.



Si strakegies et fonctions de retour ne sont nalement que deux faces d'une méme pece, ces
deux objets matlematiques ont toutefois des proprees bien dierentes. Contrairement aux
strakegies, les fonctions de retour ont I'avantage de parfaitement se prétera I'apprentissage
d'un jeu. Apes tout, lorsque I'on recoit une main de tarot, il n'est pasevident d'induire les
strakgies des autres pour en ceduire une straegie optimale. En revanche, ce qui parat plus
naturel, c'est d'utiliser I'exgerience des parties peedentes, et de retenir ce qui a bien marche
ou non pour en ceduire une bonne straegie. Cette approche repose essentiellement sur la
fonction de retour, qui induit des experiences passes la manere dont les actions a ectent les
esultat du jeu. Dans ce cadre, la fonction de retour, contrairement aux straegies, se préte
naturellementa des nethodes de statistiques et d'optimisation pour &tre bien implante.

Pour justi er la pertinence et lI'importance des fonctions de retour, nous pesenterons
dans cette these a la fois des esultats theoriques fondamentaux, des tests nuneriques de
calcul dequilibre de Nash et une preuve de convergence des algorithmes de calcul fondee sur
des consickrations topologiques. De plus, nous montrerons que trois grands ceveloppements
ecents de la theorie des jeux (lironing de/Myerson|[1981], les jeuxa champs moyens de Huang
et al. [2006] et Lasry and Lions [2007] et la gereralisation ductitious play de Rabinovich
et al. |2013]) peuvent en fait naturellement se einterpeter en termes de fonctions de retour.
Au vu de leur omnipesence implicite dans la literature, les fonctions de retour semblent étre
amereesa jouer un role important dans la treorie des jeux modernes.

1.2 Honnétee et conception de necanisme

Si aujourd’hui la fonction de retour me semble &tre une avanee avant tout conceptuelle,
ma recherche a longtemps utiliee cet objet plutodt en tant qu'outil de calcul pour la conception
de mecanismé. Cette sous-discipline de la treorie des jeux a ecemmentet ecompensee par
I'attribution d'un prix Nobel deconomiea ses fondateurs Leonid Hurwicz, Erick Maskin et
Roger Myerson en 2007. Elle adresse l'importante question suivante. Comment inclure les
petrences d'individus rationnels? dans une prise de cecision collective ?

Comme nous l'avons vu avec I'exemple du partage de gateau entre Charlotte, Valentine
et Gustave, la dicule vient du fait que les individus rationnels n'‘ont, en greral, pas
ineréta eweler leurs petrences de manere honnéte. Remarquons que ce plenonene est
une conequence duecanisme d'allocations, c'esta-dire de la manere dont les petrences
ewekes sont utilisees pour choisir une cecision collective. Un mecanisme est alors ditonnéte
si les participants au necanisme, appeks joueurs, ont ineréta ewler leurs petrences de

1. Le titre original de mon premier article est The Return Function : A New Tool for Mechanism Designers
Il comprenait les deux premiers articles de la trese en un.
2. Un individu est rationnel s'il optimise ses decisions en fonction de ses objectifs.



manere honnéte. Or, malheureusement, en gereral, les necanismes ne sont pas honnétes.

Pour comprendre cela, prenons le point de vue d'un agent prenant parta un necanisme.

Il sait que l'information qui lui est demandee de e\eler (ses pekrences) ne sera pas utilisse
dans le but de satisfaire au mieux sa seule personne, puisque la cecision collective concernera
I'ensemble des joueurs. Au vu de ce constat, il semble improbable que sa strakgie optimale
soit I'honnétee. C'est h tout le probeme de la conception de nmecanisme. Parce que I'on
cherche une solution pour le groupe, et non pour chacun des individus, il semble impossible
de ceterminer un mecanisme honnéte.

Arrétons nous un moment pour remettre en question l'attention poree aux necanismes
honnétes. Apes tout,a quoi bon s'assurer de I'honnétee des necanismes ? N'est-il pas ima-
ginable que, malge des eelations malhonnétes, la cecision collective soit nalement satis-
faisante ? On peut avancer quatre raisons pour lesquelles il est important de s'assurer de
I'nonnétee des necanismes.

1. Un nmecanisme honnéte est avant tout un necanisme qui ne dcefavorise pas les individus
honnétes. D'un point de vueethique, un tel mecanisme est bien entendu petrable. De
plus, on peut cefendre l'icee selon laquelle une socee dont les individus sont habitles
a I'honnétet est aussi plus ageable, et donc, plus souhaitable.

2. Lesequilibres de Nash d'un jeu sont en gereral multiples. Dans de nombreux cas,
ceci limite ss\verement notre capaciea pedire letat dequilibre dans lequel un jeu va
tomberf} C'est ce que I'on appelle le probeme de la slection desequilibres. Cepen-
dant, dans un jeu ai il est demanck aux joueurs de eweler leurs petrences, on peut
naturellement consicerer qu'il y a une nette asynetrie entre I'honnétet et les autres
strakgies. Ainsi, si 'honnétee est unequilibre de Nash, il est alors unequilibre plus
< naturel >, ce qui esout le probkme de slection desequilibres.

3. Si un nmecanisme ne connat pas les pektrences des parties prenantes, il est cepen-
dant naturel de penser qu'il en possde ul priori, que I'on peut moctliser par une
croyance bayesienne. Mais alors, surtout si ced priori est bon, il peut étre souhai-
table de l'utiliser pour concevoir le mecanisme méme. Si maintenant I'on utilise des
mecanismes honnétes, les informations ewekes par les parties prenantes seront plus
ables, et pourront etre utilisees pour aner I' a priori pour des utilisations futures
du mecanisme. En d'autres termes, la condition d'incitatifsa I'honnétet est gage de
bon apprentissage des pekrences des agents, et donc de bonne estimation de notre
croyance bayesienne.

3. En fait, il n'est méme pas garanti que I'on tombe dans unequilibre de Nash, ce qui pose notamment la
question de leurs stabilies.



4. Enn, l'une des plus belles inventions de la theorie de la conception de mecanismes est
le principe de ewelation (Gibbard [1973], Holmstrom [197[7], Dasgupta et al, [19]79],
Myerson [1979]). Il s'agit d'une methode sysematique pour construire des egles de -
cisions collectives pour lesquelles les individus ont ineréta e\eler leurs petrences de
manere honnéte,a partir de n'importe quelle autre egle de cecision et d'unequilibre
pour cette egle de cecision. En d'autres termes, s'il existe un necanisme qui donne des
esultats satisfaisants avec des individus rationnels (et non honnétes), alors il existe
un mecanisme honnete qui fait tout aussi bien avec les mémes individus rationrféls

En particulier, le principe de e\elation est egulerement utilise pour justi er la restriction
de la theorie de la conception de necanismesa letude des necanismes honnétes. Pourtant, il
nous dit plus que cela. En e et, si I'on peut calculer unequilibre de Nash (ce que la fonction
de retour permet de faire) alors on peut appliquer le principe de ewlation pour construire
toute une classe de nmecanismes pour lesquels les individus ont ineréta etre honnéte. Il ne
nous reste alors plus qua choisir au sein de cette classe un necanisme optimal. Cette icke
est au c ur de mon deuxeme article de recherche qui montre I'e cacie de cette approche
dans un probeme de partage de gateau.

1.3 Normalisation des utilies et mesure de kquie

Pour ceterminer quels sont les nmecanismes optimaux, encore faut-il savoir ce que I'on
entend par optimal. Plus peciement, quel est notre objectif, lorsque I'on corcoit notre ne-
canisme de construction d'horaires ? Dans notre cas, si la satisfaction moyenne des employes
est une peoccupation majeure, il peut aussi €tre souhaitable de garantir une certaineequie
entre les employes. Mais lequit, qu'est-ce ?

Pour |Rawls [1999], lequike est fortement releea l'icce de la comparaison des biens d'un
individu a l'autre. Cette icee philosophique avait cepet exploee d'un point de vue ma-
trematique par Steinhaus [1948], qui imagea le probeme de lequie dans une socet par un
partage de gateau entren petendants. Imaginez ce gateau reerogene : certains morceaux
ont davantage de chocolats, d'autres ont un morceau de fraise, et d'autres encore ont un gla-
cagea lerable. Ajouteza cela le fait que les petendants au gateau ont dierentes pekrences.

4. On peut contraster ces arguments avec deux faiblesses des mecanismes honnétes.

(a) Decrire des pekrences est un sujet de recherche en tant que tel, surtout dans des cas complexes comme
I'a ectation des horaires. Il peut alors étre souhaitable de se eduirea des nmecanismes dont les espaces
d'actions sont plus restreints et plus simples.

(b) Pour appliquer le principe de eelation, il est recessaire de ceterminer un (ou le plus souhaitable des)
equilibre de Nash d'un jeu bayesien. Il s‘agit d'un probeme di cile, ce qui rend I'utilisation du principe
de e\elation di cile en pratique.



Certains veulent du chocolat, et d'autres ne jurent que par lerable. Lorsque I'on consicere
une cecoupe du géateau et une a ectation des parts aux dierents petendants, comment
ceterminer si le partage auraetequitable ?

Dans la literature du partage de gateau, deux eponses tes pertinentes sont mises en
avant pour epondrea cette question. D'un cot, un partage est ditproportionnel si chacun
des n petendants recoit une part qui repesente selon lui au moins £n du gateau. Une
einterpetation ineressante de cette e nition revienta dire que chacun des petendants
aime sa part au moins autant que la moyenne des parts des autres. D'un autre coe, un
partage est ditsans-jalousie si chaque petendant petre sa parta n'importe quelle autre
part. Il n‘est pas surprenant de voir que la pertinence de ces deux ce nitions est lee au fait
gu'elle se fonde sur la comparaison des biens entre les individus.

Toutefois, ces deux ke nitions ont le defaut de ne pas etre quanti able. Un partage est
proportionnel ou non, et il n'est pas clair comment on pourrait quanti era quel point il est
proportionnel. Or, dans l'optique d'une maximisation de lequig, il nous serait petrable d'en
avoir une description quanti able. Cette probematique nous a conduita introduire plusieurs
nouvelles e nitions quanti ables de lequike, qui se fondent toutes sur la comparaison des
biens entre individus. Ces ¢ nitions reposent sur laditenormalisation sociale des satis-
factions, qui consistea comparer le bien d'un individua la distribution statistique des biens
des autres, a travers le jugement de l'individu par sa fonction d'utilie. En s'appuyant sur
cette normalisation, nous e nissons une mesure dequie dite sociale.

Pour étre plus ealiste, nous avons aussi proposg d'a ner la normalisation sociale en
incluant une structure de eseau social qui cecrit les interactions et/ou les ressemblances
entre individus. Apes tout, en pratique, les individus prétent plus d'attention aux biens
des individus de leur entourage qu'aux biens des individus avec qui ils n'ont aucun contact.
De méme, un ingenieur aura tendancea se comparer aux autres ingenieurs plutdt qua des
medecins. Ceci nous a alors conduita des concepts dequit locale. La quanti cation de
lequie forme le troiseme axe de cette trese.

1.4 Multi-attribut et quarts personnali®s

Le dernier chapitre de cette trese applique la mocklisation matrematique de lequit a
la construction de quarts de travail personnalies. La construction de quarts est au c ur du
monde de la recherche operationnelle, dont Dantzig [1954] est un pionnier, et il s'agit du
gagne-pain de la compagnie KRONOS partenaire de ce projet de recherche.

Malge les limitations theoriquesa un calcul sysematiquement exact et rapide qui ontee
ewekes par Karp [1972], le probeme de la plani cation optimale a connu d'impressionnantes



avanees au cours du dernier demi-secle, depuis les premiers moctles de programmation
lireaire de Kantorovich|[1940] et Dantzig ([1951]. D'un co6e, de nouvelles nethodes de calcul
ontete introduites. Parmi les plus importantes, on peut citer I'algorithme par sparation et
evaluation (branch-and-cuj, les nmethodes de plans coupantsc{tting planeg et la gereration

de colonne. Dans de nombreux moctles, notamment en plani cation, ces nethodes se sont
ewekes terriblement e caces, divisant les temps de calculs par plusieurs ordres de grandeur.
Toutefois, lorsque le probeme devient trop combinatoire, c'esta-dire quand les solutions
sont en trop grand nombre et possdent trop peu de structure, elles ne permettent pas de
esolution exacte. Dans ces cas, il nous faut alors se contenter de nethodes approclees,
appekesheuristiques

D'un autre cot, dans le cas plus speci que de la construction d'horaires pour les employes
d'une entreprise, de nouvelles formulations matlematiques du probeme ontee introduites
par Moondra [1976], et ensuite anelioees par Bechtold and Jacabs [1990] et Aykin [1996],
notamment pour une meilleure description des pauses des employees. Ces mocklisations ont
non seulement le bon goaOt de capturer I'essence du probeme de la plani cation, mais elles ont
aussi l'avantage d'etre parfaitement adapees aux nethodes de calculselaboees en optimi-
sation. D'un point de vue matrematique, elles cherchenta minimiser les codts de I'entreprise
en couvrant au mieux la demande en employes en tout temps.

Un sujet souvent laise de coe par les chercheurs en plani cation d'horaires est celui des
pekrences des employes. Il y a bien s0r une raisona cela. En ajoutant ces petrences, le
probeme de la plani cation se complexi e enormement. Mais avec la croissance des puis-
sances de calcul, le moment semble venu de s'y attaquer. Cette trese propose ainsi un nouvel
algorithme qui, tout en s'assurant que les colts pour l'entreprise ne soient pas trop elewes,
maximise les satisfactions des employes. Mais, au deh de l'algorithme, de nombreux pro-
bemes se posent. Plusieurs ont cepek soulewes dans cette introduction, mais il en reste un :
la description des petrences des employes.

Pour ce faire, nous avons choisi la nethode MACBETH introduite par Bana e Costa ahd
Vansnick [1994]. Pour ceterminer quantitativement une pegkrence, cette nethode s'appuie
uniquement sur des questions qualitatives telles quea quel point petrez-vous commencer
la jourreea 8 heures plutét qua 10 heures 2> En bout de ligne, on obtient une description
des petrences sous forme de fonctions d'utilie lireaires multi-attributs. Cela veut dire que
la satisfaction globale d'un individu est ceccompose en une somme poncee wguUy de
satisfactions partiellesuy pour les dierents criere k. Les crieres k sont par exemple les
conges de la semaine, I'heure de cebut des horaires de travail ou le nombre d'heures travailees.

La structure particulere des satisfactions que nous consicerons nous a ameresa construire
une normalisation speci que, qui se fonde sur la fonction d'utilie standard . Cette normali-



sation consistea remarquer que l'importance qu'un individu attachea un attribut est coreke
avec la satisfaction qu'il va en avoir. Or, siv, est le poids de l'individu pour un attribut Kk,
et si (wg) est une bonne approximation de la satisfaction qu'il va avoir pour cet attribut,
sa satisfaction globale secrira alors |, wi (wx). Ceci nous conduita normaliser les poids
de sorte que cette expression soit constante (et non la somme des poidswy).

Cette normalisation des poids, ajoute a la normalisation sociale des satisfactions pour
les crieres (voir Section[1.B), de nit notre normalisation des fonctions d'utilie lireaires
multi-attribut. C'est cette normalisation que nous appliquons aux pekrences des employes,
avant d'inegrer celles-ci dans un algorithme d'optimisation de leurs satisfactions. D'une part,
I'utilisation de cette normalisation se justi e par des consicerations conceptuelles. D'autre
part, les esultats que nous pesentons dans cette trese montrent une nette anelioration de
I'optimisation suitea cette normalisation. Ils constituent I'aboutissement du quatreme axe
de cette these.

1.5 Structure de la tlese

La suite de cette ttese est cecompose en trois parties. Dans le chapifré 2, nous ferons
une revue de literature critique et cetailee. Puis, nous incluons dans les chapitrels| 3|6 les
quatre articles formant le c ur de cette these. Le chapitre[3 introduit la fonction de retour,
les algorithmes assocees et les preuves treoriques de convergence. Le chdgitre 4 applique le
principe de e\elationa des nmecanismes paramnetees pour une optimisation heuristique du
partage de géateau. Le chapitr¢]5 & nit de nouvelles normalisations des fonctions d'utilie
Von Neumann - Morgenstern et en deduit des nouvelles mesures dequie. Le chapitfé 6
introduit de nouvelles normalisations des fonctions d'utilie multi-attributs et les applique
nurreriquementa des instances de construction d'horaires personnalies. Les chapitrés Tlet 8
ecapitulent et concluent ensuite la trese.



CHAPITRE 2

REVUE DE LITT ERATURE

Dans ce chapitre, nous allons faire une revue critique etetendue de la literature relee au
travail de recherche de cette trese. Ce chapitre est divie en quatre parties qui correspondent
aux dierents axes de recherche. Nous irons plus loin dans cette revue de literature que ce
qui aek fait dans les articles de recherche, en brassant notamment tes large.

2.1 Theorie des jeux non-coogerative

La theorie des jeux est partie des icces fondatrices de von Neumann [1928], qui ont
plus tard et reprises, ecapitukes et consolicees dans I' uvre £minale de von Neumanh
and Morgenstern|[1944]. Au c ur de la theorie, on trouve le concept de strakgies. Prenons
I'exemple duchifoumi pour illustrer. Dans ce jeu, deux joueurs s'opposent. lIs doivent choisir
entre pierre, feuille et ciseau. La pierre bat le ciseau, le ciseau bat la feuille et la feuille bat la
pierre. L'issue du jeu est donc directement cetermire par lesctions de chaque joueur. Un
tel jeu n'a pas vraiment d'action< gagnante>. En e et, peu importe quelle action le joueur
1 choisit, le joueur 2 peut le faire perdre. Si le joueur 1 joue pierre, le joueur 2 peut jouer
feuille pour gagner.

La situation change si I'on se concentre non pas sur les actions mais sur les choix rando-
miges d'actions, que von Neumann appelatraggies (ou que I'on appelle parfoisstrakgies
mixtes). En particulier, on peut constater qu'il existe une stratgie< non-perdante>, qui
consistea jouer chaque action avec probabilie 1/3. Des lors, le joueur 2 ne peut plus s'assu-
rer de gagner, méme en moyenne. Le treoeme minimax de von Neumann [1928] prouve que
dans tout jeua deux joueurs, si la somme des gains des deux joueurs est nulle (en d'autres
termes, s'ils jouent l'un contre l'autre), alors chacun possde une straegie qui lui assure un
gainegala la perte minimale que l'autre peut s'assurer.

Plus tard, Nash [1950a, 1951] va plus loin, en s'ineressant au cas plus greral d'un jeu
a n joueurs, et ai la somme des gains n'est plus recessairement nulle. En s'appuyant sur
les straegies de von Neumann, Nash introduit le concept aujourd’hui connu sous le nom
dequilibre de Nash . Appelonspro | de straegies len-tuple des strakegies des joueurs. Un
equilibre de Nash est un pro | de strakgie tel que, pour tout joueur, la straegie qui lui est
assigree est une meilleure eponse aux straegies assigrees aux autres. En d'autres termes, si
tous les joueurs jouent lequilibre de Nash, aucun n'a ineréta en cevier unilaeralement.
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Un point fort de ce concept cecoule du threoeme d'existence prouwe par Nash [1951]. Ce
treoeme arme que, dans ton jeua n joueurs, si les ensembles d'actions des joueurs sont
tous nis, alors le jeu admet au moins unequilibre de Nash.

2.1.1 Jeu bagesien

Le cadre ¢k ni par Nash |1950a/ 1951] est un cadre au l'information est compkte. Tous
les joueurs savent pecisement ce que les autres veulent. Or, en pratique, il arrive souvent
gque des situations d'interaction stratgiques incluent des probematiques d'incompktude de
I'information. Cette remarque esta la base des articles £minaux de Harsanyi [1967, 1968a,b],
qui ¢k nissent la treorie des jeux dit bayesiens.|Myerson|[2004] est un tes bon esune de ces
articles. Dans le formalisme des jeux bayesiens, chaque joueur posede une information privee,
appeketype , que seul lui connat et qu'il n'a pas forement ineréta eweler. L'information
incompkte de chaque joueur concernant les types des autres joueurs est alors compkee par
une croyance bayesienne. Formellement, cette croyance est une distribution de probabilie
sur I'ensemble des types des autres joueurs.

Pouretudier ses jeux bayesiens, Harsanyi dat adapter les straegies de von Neumann. Des
lors, une strakgie pour un joueur donre est un processus de cecision qui tient compte du type
de ce joueur pour ceterminer un choix randomise d'actions. Formellement, une strakegie est
donc une fonction quia un type associe une distribution de probabilie sur I'espace d'actions.
On peut imager cette icke avec I'exemple du tarot. Le type d'un joueur est alors I'ensemble
des cartes qu'il a en main, et sa straegie dicte sa eactiona ce type.

Dans ce cadre, il est possible de c nir le concept de meilleure eponsea un prol de
straegies des autres joueurs. Pour un joueur donre et des prols de straegies des autres
joueurs, sa meilleure eponse est celle qui maximise I'esperance de ses gains. Il en cecoule
ensuite naturellement le concept dequilibre de Bayes-Nask savoir, un telequilibre est un
pro | de strakgies tel que, pour chaque joueur, sa meilleure eponse au pro | de straegies
des autres est la straegie qui lui assigree par le pro |.

Lorsque les ensembles de types et d'actions sont nis, Harsanyi a prouve que tout jeu
bayesien pouvait se eduirea un jeua information compekte, ai les actions sont remplaces
par des strakgies ceterministes. Comme le nombre de ces strakegies deterministes est alors
ni, lequilibre de Bayes-Nash concide avec lequilibre de Nash du jeua information compkte
assoce, ce qui prouve au passage que lequilibre de Bayes-Nash existe.

Nous soulevons toutefois une di cule rarement relevee concernant les jeux bayesiens.
Contrairement au casa information compkte, méme lors d'un jeu epee, il ne semble pas
possible pour un joueur donre d'induire les straegies des autres simplement en observant
les actions suivies par ceux-ci. En e et, les straegies ici cependent des types. Or, il arrive
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gue ces types restent des informations priveesa l'issue du jeu. C'est le cas par exemple au
poker, al de nombreuses mains se nissent sans qu'aucun joueur ne eele son jeu. Des lors,
le concept de meilleure eponse aux strakegies des autres ne semble plus acequat, ce qui remet
en question la pertinence de la notion dequilibre de Bayes-Nash.

Heureusement, notre fonction de retour apportera une eponsea cette remise en question,
en confortant le statut de lequilibre de Bayes-Nash, a la lumere d'un nouvel angle de vue
sur la theorie des jeux.

2.1.2 Theorie algorithmique des jeux

Une autre remise en question de la pertinence de la notion dequilibre de (Bayes-)Nash
vient de la treorie algorithmique des jeux. Cette treorie est ree lorsqué Nisan and Ronen
[1999] attira I'attention de la communaue informatique sur l'importance des jeux dans l'al-
gorithmique distribitee. Depuis, la treorie algorithmique des jeux est devenue un domaine de
recherche tes actif. Le livre de Nisan [2007] recueille ainsi de nombreuses avanees ecentes,
et Roughgarden|[2010] est une tes bonne introduction au sujet.

Une question centrale de la theorie algorithmique des jeux est I'existence d'algorithmes
capables de calculer lesequilibres de Nash en un temps raisonnable. Il s'awere que dans le cas
le simple ai il y a deux joueurs et ai le jeu esta information compete, le probeme du calcul
d'unequilibre de Nash est PPAD-complet. Les probemes PPAD nétant pas des probemes de
ckcisions, il est technique faux de dire qu'ils sont inclus dans NP Mais, de facon grossere,

il aeke prouwe que tout probeme PPAD est plus simple qu'un probeme di cile de la classe

NP. Toutefois, Gilboa and Zemel [1989] ont prouwe que de nombreux probemes de treorie des
jeux sont eux NP-complet, comme, par exemple, ceterminer si un jeu a plusieursequilibres de
Nash ou ceterminer s'il existe unequilibore de Nash qui satisfait une propree non triviale?|

Pour cette raison entre autres, beaucoup de chercheurs ont tendancea penser que la classe
PPAD contient strictement la classe P, ce qui impliquerait qu'il n'existe pas d'algorithme
polynomial de calcul desequilibres de Nash. Or, comme le souligne Kamal Jain en parlant
d'unequilibre de Nash, < si un ordinateur ne peut pas le trouver, le marche ne peut pas non
plus. >

Il'y a toutefois plusieurs limitesa ce raisonnement fonce sur la treorie de la complexite.
D'une part, la qualie de ne pas etre P signi erait simplement qu'il n'existe pas d'algorithme

1. La classe NP est I'ensemble des probemes qui pose la question de l'existence de solutions, sachant
gue le test de savoir si un candidat explicite est une solution se fait en temps polynomial. A contrario, P
est I'ensemble des probemes de cecision esolubles en temps polynomial (et donc, raisonnable). La question
<P = NP?> est I'un des 7 probkmes du Millenium. On admet commurement que lI'on aP 6 NP, ce qui
signi e que beaucoup de probemes algorithmiques ne sont pas esolubles en temps raisonnable.

2. Par exemple, ceterminer s'il existe unequilibre de Nash au le joueur 1 a une utilie superieurea 0 est
NP-complet.
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qui,etant donre n'importe quel jeu ni, peut toujours calculer unequilibre de Nash en temps
polynomial. Ceci n'exclut pas la possibilie de calculer lesequilibres d'une classe importante
de jeux, ou encore, de calculer bon nombres dequilibres approctes en un temps raisonnable.

D'autre part, les esultats mentionres ci-dessus sont valables pour des jeux ai le nombre
d'action crot, mais pas le nombre de joueurs | ils sont d'ailleurs en gereral prouwve pourn = 2
joueurs. Toutefois, lorsque I'on cherchea faire cro'tre le nombre de joueurs, on tombe sur des
probemes de repesentativie des jeux. En e et, si I'on consicere des ensembles d'actios
pour tous les joueurs, et un nombra de joueurs, le nombre de donrees requises pour ¢ nir
un jeua information compkte est de l'ordre njAj". La taille des entees de l'algorithme de
calcul desequilibres de Nash crot donc de manere exponentielle en le nombre de joueurs,
ce qui signi e que le jeu n'est méme pas repesentable dans un espace nmemoire raisonnable.
Ceci expligue que la treorie algorithmique des jeux s'est d'abord attarder sur des mockles
avec un petit nombre de joueurs.

Pour adresser des cas avec plus de joueurs, Kearns et al. [2001] proposent un mockle de
jeux sur un graphe, ai l'utilie d'un joueur n'est in uenee que par son action et celles de
ses voisins dans le graphe. Ainsi, si chaque joueur n'a gdi@oisins environ, la description
de sa fonction d'utilie peut se eduirea environ jAj¢ donrees, et le jeu completanjAjd, ce
qui est cesormais une fonction lireaire den. Une autre approche pour eduire la quantie
d'information en entee recessaire pour cecrire un jeu est de consicerer que, pour tout joueur,
les autres joueurs sont symnetriques (ou du moins les e ets des actions des autres joueurs sur
I'utilie d'un joueur donre auquel cas on parle de jeux anonymes). C'est le cas des jeux de
congestionou des sysemes de votes.

On peut einterpeter ces deux approches comme suit. Dans les deux cas, chaque joueur
n'est concerre que par une issue du jeu, et non par le pro| des actions de tous les autres
joueurs. Dans le premier cas, l'issue du jeu pour un joueur donre correspond au pro | des
actions de ses voisins. Dans le second cas, il s'agit des fequences auxquelles les dierentes
actions sont joees (par exemple, dans un vote, les nombres de voix pour les dierentes
alternatives). L'introduction d'un espace d'issues plus restreint que I'ensemble des prols
d'actions est une etape essentielle du raisonnement de notre premier axe de recherche, de
laquelleemerge ensuite naturellement le concept de fonction de retour.

La question de savoir si, pour ces classes de jeux dits succincts, le calcul desequilibre de
Nash peut se faire en temps polynomial en le nombre de joueurs, est encore une question
ouverte. Des esultats remarquables ontet decouverts pal Papadimitriou and Roughgardeén
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[2008], qui fournissent des algorithmes polynomiaux pour calculer les equilibres coreg#%
Cesequilibres coreks forment un ensemble plus large que I'ensemble desequilibres de Nash,
et, en particulier, on ne sait pas comment ceduire unequilibre de Nash d'unequilibre corek,
mais il s'agit cep d'un pas important dans la compehension des jeux sous la lumere de la
treorie de la complexie algorithmique.

2.1.3 Jeua champs moyens

Suite aux travaux minaux de, Huang et al.|[2006] et Lasry and Lions [2007], la theorie
des jeuxa champs moyens a connu un suces resplendissant avec de nombreuses avanees et
applications (voir par exemple Achdou and Capuzzo-Dolceita [2010], Gleant et jal. [2011],
Bauso et al. [2012]). Pour comprendre ce suces, il nous faut signaler que la esolution des
jeux dierentiels etait jusque b essentiellement limiee aux cas simplesa deux joueurs.A
I'inverse, le paradigme des jeuxa champs moyens est de s'attarder sur des jeux dierentiels
dont le nombre de joueurs est si grand qu'il est raisonnable de le mockliser par un nombre
in ni (et continu) de joueurs. Des lors, on ne decrira plus les joueurs individuellement; on
les cecriraa l'aide de distributions probabilistes et de champs de vecteurs. Cette approche
est inspiee de la physique statistique qui applique ces ickesa la mocelisation de ux de
particules.

Comme dans les jeux de congestion ou les votes, on peut remarquer que les jeuxa champs
moyens consicerent que, pour tout joueur, il y a une synetrie entre les autres joueurs. Ceci a
attie |'attention des chercheurs sur la description de la trajectoire de la masse par une distri-
bution de probabilie m qui oublie lesetiquettes des joueurs. Ainsim(x;t) decrit simplement
la fraction des joueurs se trouvant dans (ou autour de) letax a l'instant t.

Maintenant, en supposant que l'utilie d'un joueur donre cepende de son contrbleu et
de la trajectoire m de la masse, et si I'on admet connue la trajectoimm de la masse, les
equations de Hamilton-Jacobi-Bellman permettent de determiner des conditions recessaires
de l'optimalie d'un contrble u pour le joueur donre. Dans des cas simples (comme le cas
lireaire-quadratique), ces conditions sont aussi su santes. Ceci nous permet de ceterminer
de facon unique le contrble optimalu de tout joueur,etant donre la trajectoire m de la masse.
En supposant de plus que les joueurs sont synetriques, ce contrble optimal peut etre decrit
par un champs de vecteur qui,a toutetat x et tout instant t, donne la direction optimale de

3. Unequilibre corek est une distribution de probabilie sur les pro Is de straegies tel que, pour chaque
tirage selon cette loi et pour tout joueur, la strakgie que le pro| tie lui assigne est sa meilleure straegie
sachant que c'est celle qui lui aet assigree.

4. Pour certaines classes de jeux succincts, Papadimitriou and Roughgarden [2008] cetermine méme un
algorithme polynomial de calcul des< meilleurs > equilibres coreks. Ce qui est ineressant, c'est que, en
cereral, ces meilleursequilibres corekes sont meilleurs que toutequilibre de Nash.
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mouvementu(x;t).

Toutefois, le probeme que ce raisonnement pose est que I'on ne conna pas la trajectoire
m de la masse a priori. Pis, cette trajectoiren de la masse est en fait a posteriori une
conequence des contrbles optimauy des joueurs. Ce lien entre contrbles des joueurs et
trajectoire de la masse (auquel on peut ajouter des perturbations browniennes) est decrit par
les equations de Fokker-Planck (aussi appekesequations de Kolmogorov vers l'avant). Ces
equations ceduisent la trajectoire m de la masse induite par les contrbles des joueurs.

Si on ecapitule, lesequations de Fokker-Planck deduisent la trajectoiran de la masse
induite par les contrblesu des joueurs, tandis que lesequations de Hamilton-Jacobi-Bellman
induisent les contréles optimauxu des joueurs au vu de la trajectoiren de la masse. Cette
correspondance entrar et m est au c ur desequations des jeuxa champs moyens. Dans
cette these, nous montrerons qu'elle est une instance de la relation entre les straeggest
les fonctions de retours , et que les jeuxa champs moyens sont donc un cas particulier de
nos mockles.

2.2 Conception de necanisme

Dans le cadre de notre construction de quarts, permettre aux employes d'annoncer leurs
pekrences conduit a l'introduction d'un jeu bayesien. En e et, pour les employes, leurs
petrences sont des types, et le choix des pekrences (honnétes ou non) qu'ils ewelent sont
leurs actions. En particulier, I'nonnétee n'est que lI'une des nombreuses stratgies possibles,
et il semble improbable que ce soit une strategie optimale. Tout cepend en fait de l'usage
gue l'on fait des petrences ewekes. Voib qui hous anene au probeme de conception de
mecanisme.

La conception de nmecanisme consiste en la mise en place d'un jeu dont on souhaite obtenir
certaines garanties. L'exemple le plus commun de necanisme est celui de I'enchdteant
donre un vendeur possdant un bien, et plusieurs acheteurs ayant dierentes estimations de
la valeur de ce bien, comment construire un proece permettant de choisir un acheteur et
un prix de vente ? Ce contexte peut etre analye comme etant un jeu dans lequel l'un des
agents est un joueur particulier, puisque c'esta lui de concevoir le jeu que joueront les autres
joueurs. Le probeme de conception de necanismes est un probeme largement aborce dans la
literature, suite aux travaux minaux de Gibbard|[1973], Dasgupta et al. [1979] et Myerson
[1981] entre autres.
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2.2.1 Honnéetee

Le concept d'honnétet est un concept fondamental en conception de nmecanisme. On peut
faire la remarque suivante. Si I'on connaissait les petrences de tous les joueurs, on pourrait
(en principe) prendre la meilleure decision possible. Malheureusement, ces pekrences nous
sont en cereral inconnues. Aussi, une icke de necanisme correspondraita demander aux
joueurs de les eweler. Mais alors, on court le risque de travailler avec des pekrences qui
ne nous ont pas ek ewk de manere honnéte. Pour s'assurer de la abilie des donrees
ewekes par les employes, le mieux reste encore de s'assurer que I'honnétee est leur meilleure
strakgie.
La notion d'optimalie de la straegie honnéte d'un mecanisme ou d'un jeu est ici encore
ambigeie. Dans la literature, on distingue trois ce nitions de I'hnonnétee d'un jeu :
| Un jeu sera dit fortement honnéte ( Dominant Strategy Incentive-Compatibility, DSIC)
si, quelgues soient les strakgies des autres, tout joueur a ineréta étre honnéte.

| Un jeu sera ditaequilibre honnéte ( Bayesian Nash Incentive-Compatibility, BIQ si
letat honnéte du jeu est unequilibre de Bayes-Nash . De manere equivalente, cela
revienta dire que, sachant que les autres joueurs jouent honnétement, tout joueur a
ineréta etre honnéte.

| Un jeu sera dit faiblement honnéte ( strategy-proofnesspar Brams and Taylor [1995])

si 'honnétek n'est pas domiree. En d'autres termes, si un joueur cevie de sa straegie
honnéte, il existe un ensemble de straegies des autres joueurs qui conduira notre
joueura regretter de ne pas avoiree honnéte.
Bien entendu, tout mecanisme fortement honnéte estaequilibre honnéte, et tout necanisme
aequilibre honnete est faiblement honnéte.

2.2.2 Principe de eelation

Le probeEme de comment construire un nmecanismeaequilibre honnéte aet en parti e-
solu par le principe de ewlation (Gibbard [1973]) Dasgupta et al. [1979], Holmstram [1977],
Myerson [1979]). Selon celui-ci, a toutequilibre de Bayes-Nash d'un necanisme donre cor-
respond un mecanismeaequilibre honnéte, dont les paiementsa letat honnéte sontegauxa
ceux de lequilibre de Bayes-Nash du necanisme initial.

En e et, consickrons un necanisme initial et un de sesequilibres de Bayes-Nash. Cet
equilibre corresponda une stratgie pour chaque joueur. La stratgie de chaque joueur est un
choix d'actionetant donre son type. Il s'agit donc d'une fonction quia un type associe une
action. Le necanisme dit deeelation  peut etre construit par la composition fonctionnelle
du nmecanisme initial par lequilibre de Bayes-Nash. En d'autres termes, pour un prol de
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pekrences eekes des joueurs, on applique les strakgies de lequilibre de Bayes-Nasha ces
petrences ewekes. Il obtient alors des pekrences petraiees par lequilibre de Bayes-Nash.
Ce sont ces pekrences petraiees qui sont utili’ges comme entees du necanisme initial,
duquel on ceduit un esultat. Le processus dans son inegralie qui aux pegrences eekes
associe le esultat nal est le mecanisme de e\elation.

De facon cruciale, par construction, le necanisme de ewlation jowe par des joueurs
honnétes ressort le méme esultat que celui qui est donre par le necanisme initial lorsque
les joueurs jouent lequilibre de Bayes-Nash. En particulier, les gains des joueurs sont alors
identiques. Mais, de plus, on peut montrer que le necanisme de ewelation estaequilibre
honnéte. En e et, si un joueur cevie de I'honnétee dans le necanisme de ewelation, sa
pekrence petaiee ne sera pas celle de lequilibre de Bayes-Nash du nmecanisme initial. Par
congequent, l'issue qui lui sera consacee sera, par e nition de lequilibre de Bayes-Nash,
moins bien que si la pegrence petaieeetait celle de lequilibre de Bayes-Nash, comme cela
auraitee le cas si le joueur avaitee honnéte en premier lieu.

On peut illustrer le principe de ewlation avec un exemple d'encleres. Une enclere tes
epandue est celle de I'enclerea I'anglaise, ai le vendeur annonce un prix initial. Les acheteurs
peuvent alors annoncer un prix strictement sugerieur au dernier prix annone. Le dernier
acheteura annoncer un prix devient lI'acheteur du bien et l'achete au prix ainsi annonce.
Lequilibre de Bayes-Nash assocea ce jeu conduit I'acheteur ayant la plus grande estimation
de la valeur du biena l'acheter au prix du second acheteur (plus> 0). L'application du
principe de ewelationa cette enchere conduita I'enctere au prix du second acheteur, decrit
par |Vickrey| [1961], et appligwee aujourd’hui dans de nombreux domaines. Cette enclere
conduit au m&éme esultat que I'encherea I'anglaise, mais a l'avantage de se jouer de manere
simple et rapide, et d'étreaequilibre honnete®

2.2.3 Encleres

La treorie des encteres repesente un suces majeur dans la theorie de la conception des
mecanismes, avec notamment l'incontournable mecanisme Vickrey [1961] - Clarke [1971] -
Groves [1973] (VCG). Son principe consistea lectionner une cecision globale qui maximise
le surplus collectif. Le paiement moretaire d'un joueur donre est ensuite >e par le co0t que
sa pesence impute au surplus collectif des autres joueurs.

Par exemple, dans le cas d'une enclere d'un seul bien, le surplus est maximise lorsque ce
bien est attribltea I'acheteur A qui en attribue la plus grande valeur. De plus, parce qu'il est
h, aucun autre acheteur n'a pu pro ter du bien. Or, s'il n'avait paset h, c'est I'acheteur
B attribuant la seconde plus grande valeur au bien qui l'aurait eu. Le surplus collectif des

5. En fait, il est méme fortement honnéte.
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joueurs autres que A serait alors pass de 2roa la valuation du bien par I'acheteur B. Le
colt que la pesence de A impute au surplus collectif des autres joueurs est doncegala la
valuation du bien par l'acheteur B. C'est ce coQt qui e nit le paiement du joueur A. Ainsi,
au nal, le bien ira au joueur A au prix de la valuation du bien par I'acheteur B. L'enclere
VCG concide alors avec I'enclere au prix du second acheteur cecrit par Vickrey [1961].

Outre l'aspect naturel selon lequel chacun doit payer le coOt que sa pesence impute
aux autres, I'enctere VCG peut se vanter des belles proprees qu'elle possde. Ainsi, par
construction, elle a l'avantage de maximiser le surplus collectif. Mais de plus, et c'est moins
evident mais tout aussi important, le necanisme VCG a l'avantage majeur d'eétre fortement
honnéte. Autrement dit, pour tout joueur, I'honnétee est une strakgie dominante.

Si la maximisation du surplus collectif peut paratre ineressante dans certains cas | par
exemple, quand l'organisateur de l'enclere estHtat d'un pays | elle n'est en gereral pas
l'objectif du vendeur. En e et, dans la plupart des cas, un vendeur cherchera davantage a
maximiser le prot qu'il tirera de I'enclere. Un esultat surprenant et fondamental prouwe
par [Myerson [1981] arme que, dans le cas d'un bien unique a vendre, tout necanisme
maximisant le surplus collectif estequivalent en termes de revenus pour le vendeur pour des
acheteurs rationnels. Ce esultat est connu sous le nom de treoeme de lequivalence des
revenus. Il dit que le prot d'un vendeur est le m&me, qu'il utilise un mecanisme VCG, une
enchere au prix du premier acheteur (dita lI'anglaise) ou encore une enclere ai chacun paie
ce gu'il mise, pourvu que les acheteurs jouent lequilibre de Bayes-Nash.

L'on pourrait alors croire que toutes ces encleres sont donc optimales pour un vendeur.
Il n'en est rien. L'article minal de Myerson |[[1981] meta jour une astuce remarquable et
etonnante. Il prouve que, dans le cas d'un bien unique a vendre, I'enclere qui maximise
I'esperance de gains du vendeur recessite de ne pas recessairement vendre le biena celui qui
le value le plus. Plus peciement, en fonction de sa croyance bayesienne sur les acheteurs
et des valuations ewekes, le vendeur se doit de calculer les valuations virtuelles> des
acheteurs. L'enclere de Myersan [1981] consiste alorsa vendre le bien au vendeur annorcant
la plus grande valuation virtuelle au prix correspondanta la seconde plus grande valuation
virtuelle[fl. Cette enctere a la qualie surprenante d'etreaequilibre honnéte, et méme, d'etre
I'encrereaequilibre honnéte garantissant la plus grande esperance de gains pour le vendeur.
C'est en partie pour cette cecouverte que Myerson se verra cecerre le prix Nobel en 2007.

L'optimalie de I'enclere de Myerson [1981] se fonde toutefois sur I'hypotlese de mono-
tonicie des valuations virtuelles en fonction des valuations. Cette hypothese cepend de la
nature de la croyance bayesienne du vendeur. Il arrive donc qu'elle soit vioke. Pour adres-

6. Il y a une condition de plus : si la plus grande valuation virtuelle est regative, alors le vendeur doit ne
pas vendre son bien.
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ser ce cas, des techniques ditesrdhing peuvent etre utilies. Ces techniques consistenta
celimiter des intervalles tels que, en dehors de ces intervalles, les valuations virtuelles sont
des fonctions croissantes. Si une valuation eweke tombe dans un des intervalles que I'on a
identie, I' ironing consistea tirer akatoirement une autre valuation dans ce méme intervalle
conformementa la croyance bayesienne du vendeur. C'est cette autre valuation qui est en-
suite utilisee par le vendeur comme si elle etait la valuation eweke. Ce faisant, le vendeur
peut alors s'assurer de la monotonicie des valuations virtuelles et d'obtenir un mecanismea
equilibre honnéte (voir |[Parkes [2009], Hartline and Lucier [2010]). Le mecanisme de Myerson
[1981] a ensuiteek cereralisee au casa plusieurs biens par Hartline et al| [2011] et Bel and
Huang [2011]. Une revue plus compekte de la treorie des encleres est faite par Hartline [2013].

Il est ineressant de noter que l'icee de lironing correspond a faire des modi cations du
mecanisme qui n'a ectent pas n'importe comment les< formes eduites> du jeu bayesien
gu'elles induisent. Ces formes eduites correspondent en fait ni plus ni moins aux fonctions
de retour assocees aux straegies honnétes, que nous introduirons dans le premier axe de
cette these. En particulier, I'ironing est une facon de modi er les valeurs de fonctions de
retour uniquement pour des actions qui empéchaient les fonctions de retour honnétes d'étre
unequilibre de Bayes-Nash.

La belle treorie des encleres s'appuie toutefois fortement sur une hypottese forte,a savoir,
I'aversion au risque des acheteurs et vendeurs. Cette hypothese est appeke quasi-lirearie, et
correspond formellementa lecriture des fonctions d'utilie sous la formeu(x;t) = v(x)+ t ai
X repesente les a ectations des biens et le transfert moretaire. S'il n'y a pas de transfert
moretaire (comme dans le cas de la construction de quarts) ou si les joueurs ne sont pas
neutres au risque (ce qui est souvent le cas en pratique), la plupart des esultats de cette
treorie secroulent.

2.2.4 Choix social

Un autre domaine a la theorie de la conception des nmecanismes a fourni des esultats
merveilleux est celui de la theorie du choix social. Cette treorie consiste en la slection
(ouelection) d'une alternative (ou option, candidat) parmi un ensemble souvent ni, en
fonction des pekrences des individus. Toutefois, dans un premier temps, la treorie du choix
social aet miree de treoemes d'impossibilie qui s‘appliquent ces lors qu'il y a au moins
3 alternatives[]. L'un des plus ekbres est celui d'Arrow [1951]. Ce theoeme arme qu'il
n'est pas possible d'ageger des pektrences individuelles en une petrence de groupe tout en
satisfaisant les trois proprees naturelles suivantes :

Unanimie :  Si tout le monde pekre Xa Y, alors le groupe petre Xa Y.

7. Le casa 2 alternatives est esolu par le eErendum, qui est notamment fortement honnéte.
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Indépendance des alternatives non-pertinentes : Si le groupe petrait Xa Y, et si
les individus changent leurs petrences sans toutefois inverser leurs ordonnancements
de X par rapporta Y, alors le groupe petre encore Xa Y.

Pas de dictateur : La petrence du groupe n'est pas celle d'un individu.

Si, de prime abord, le treoeme d'impossibilie d/Arrow|[1951] semble une limite treorique
au choix social, on peut toutefois remarquer qu'il ne s'applique qua l'ordonnancement de
toutes les alternatives par le groupe. Or, en cemocratie notamment, la plupart du temps, il
faut et il sut de choisir une alternative (celle que le groupe< petre >). Malheureusement,
b encore, un tlreoeme d'impossibilie vient ruiner nos espoirs. Il s'agit du treoeme de
Gibbard [1973] - Satterthwalite [1975], qui a rme qu'il n'existe aucun scrutin (ceterministe)
satisfaisant les trois proprees naturelles suivantes :

Alternativeseligibles : Toute alternative peut étreelue par le scrutin.
Forte Honnétee Tout individu a toujours ineréta e\eler ses petrences de manere
honnéte.

Pas de dictateur : L'alternativeelue n'est pas cetermiree par les pegtrences d'un in-

dividu.

Il'y a toutefois une astucieuse solution pour rendre ces trois proprees compatibles. En ef-
fet, le treoeme de Gibbard-Satterthwaite ne s'applique qu'aux scrutins deterministes. Pour-
tant, en pratique, il arrive parfois que des groupes de personne tirent au hasard le choix
collectif lorsque les pekrences individuelles sont trop con ictuelles. Ceci amena Gibbard
[1978]a caractriser les scrutins honnétes randomises. Il s'agit de mixtﬁ&ntre

| des ekrendums entre deux des alternatives.

| la dictature d'un individu (possiblement choisi akatoirement).

En particulier, le seul scrutin honnéte randomise unanim@ est ladictature akatoire , pour
laquelle I'alternativeelue est celle d'un bulletin de vote choisi akatoirement.

Tout cela est bien decevant. Il y a toutefois quelques esultats positifs en treorie du choix
social. Ceux-ci sont obtenus en eduisant I'espace des petrences des individus en fonction
de la structure obsenee du vote. En particulier, lorsque les alternatives sont plaees sur un
axe gauche-droite (comme c'est souvent le cas en politique) et lorsque les pegrences sont
en accord avec cet axe, on peut utiliser cette structure pour ¢ nir des scrutins honnétes
et ceterministes, quielisent l'alternative mediane[l Ce esultat est connu sous le nom de

8. Par mixtes, on entend que le scrutin est e ni comme un tirage au sort akatoire entre les dierents
scrutins e nis ci-dessous
9. Un scrutin est unanime si, lorsque tout le monde pegre X, le scrutinelit X.
10. Ce cas n'est toutefois pas esolu lorsque I'on ne permet pas d'utiliser la structure gauche-droite pour
e nir le syseme de vote, ce qui pourtant le cas en pratique. En particulier, malge I'axe gauche-droite (avec
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treoeme de lelecteur nedian, et posede plusieurs variantes (voir Black [1958], Roberts
[1977], Rothstein|[1990, 1991], Gans and Smart [1996]).

Pour une description plus cetailee de la theorie du choix social, nous etrons le lecteur
a Myerson [1996].

2.3 Equie

Le concept dequie entre agents est par ailleurs une di cule a laquelle de nombreux
mathematiciens se sont dep confrones. Dans cette section, nous pesentons les principales
e nitions et quelques esultats.

En particulier, le probeme du partage juste d'un ensemble de biens entre dierents agents
aet nmetaphoriqguement par le probeme de partage d'un gateau ¢ake-cutting problen par
Steinhaus |[1948]. Dans le cas ai ce gateau est le fruit d'une coalition, et s'il est homogene,
le probeEme de partage juste se eduita un probeme de jeu coogeratif. De facon approxi-
mative, les solutions proposes (valeur de Shapley [1953] ou le c ur de von Neumann and
Morgenstern [1944] et Gillies [1959]) attribue une portion d'autant plus grandea un joueur
gue sa contributiona la coalition est grande.

Cependant, ce gateau peut ne pas avoiret le fruit d'une coalition. De plus, il peut avoir
dierentes proprees eparties de facon keerogenes, par exemple une zone avec des fruits,
une autre avec plus de chocolat, alors que le glacage est relativement bien eparti. Ainsi,
chaque agent attribue une valeur dierentea chacune des parts du gateau, certains petrant
peut-&tre le chocolat aux fruits. Le probeme de partage equitable consiste a distribuer a
chacun une part juste du gateau. Cette< justesse> peut etre ce nie de plusieurs maneres.

2.3.1 Partage proportionnel

Le partage proportionnel consiste a dire que chacun des agents recoit une part du
gateau, et que la valeur gu'il attribue a cette part est sugerieurea En fois la valeur qu'il
attribue au gateau entier.

Dans le cas a1 il n'y a que deux agents, la nethode& je coupe tu choisis> (divide and
choos@ propose par Brams and Taylor|[1996] permet de esoudre le probeme. Elle consiste
en deuxetapes. Dans un premier temps, le premier agent divise le gateau en deux, puis le
second choisit I'une des deux parts ainsi obtenues. Si le second agent est rationnel, il est
evidemment assue d'obtenir au moins la moite de la valeur attribtee au gateau entier. Si
le premier agent divise le gateau en deux parts qui selon lui, sontegales, il s'assure lui aussi

des petrences dites single-peakedl Penn et al|[2011] ont prouve que le seul syseme de vote ceterministe
fortement honnéte restait la dictature.
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d'obtenir au moins la moite de la valeur du gateau entier. S'il est rationnel, il peut méme
utiliser son a priori sur les petrences de l'autre pour obtenir plus de la moite du gateau,
en anticipant ce que le second agent choisira.

Des nmethodes pour un plus grand nombre d'agents ontee ceveloppees. Le protocole
proportionnel de Banach-Knaster aussi appek nethode d« dernier cecoupeur> (the last
diminisher methodenone par Steinhaus [1943] est I'un des plus connu. Il consiste en autant
detapes qu'il y a de joueurs. A chaqueetape, I'un des joueurs non encore servis cecoupe une
part qu'il consicere &tre une proportion juste. Chacun des autres joueurs non encore servis
peut alors cecider de eduire cette part, s'il consicere qu'elle n'est pas une proportion juste.
Le dernier joueura avoir eduit la part la ecugere, et on passe a letape suivante avec le
reste du gateau.

On peut aussi citer la proedure du< couteau qui se teplace> (moving knife procedurg
apparaissant dans Brams and Taylor [1996] qui se fonde sur un principe similaire pour un ga-
teau en longueur. Ce couteau part de I'extemie gauche et se meut lentement vers la droite.
Tout joueur peut dire < stop >a tout moment, auquel cas il ecupere la parta gauche du
couteau. Le jeu reprend ensuite avec le reste du gateau et des jouBlirtl y a aussi l'al-
gorithme de cecoupes successivesuccessive pairs algorithonapparaissant dans Robertson
and Webb [1998], qui en revanche est plus long, et induit un cecoupage en petits morceaux.

Tous ces necanismes ont le nerite d'eétre faiblement honnétes, c'esta-dire qu'ils sont
corcus pour des joueurs qui ne veulent pas regretter une prise de risque. Si les joueurs
jouent honnétement (ou plutdt, de manere averse au risque), on obtient alors des partages
proportionnels. Cependant, ces necanismes ne sont pas a equilibre honnéte. Pis, ils sont
davantage corcus pour un petit nombre de joueurs, car le temps requis pour menera bout
ces proedures et I'e ort requis de la part des joueurs les rendent inapplicables a grande
echelle. De plus, ils ne sont pas cereralisables a un probeme tel que la construction de
quarts.

2.3.2 Partage sans jalousie

Un concept plus exigeant que le partage proportionnel est le partage sans jalousievf/-
free division) introduit par lFoley|[1967] et/ Varian [1974], et largementetude par Brams and
Taylor|[1995]. Un partage est sans jalousie si aucun agent ne souhaiteechanger sa part avec
celle d'un autre.

Dans le cas au il n'y a que deux agents, ce concept estequivalent au partage proportionnel.

11. Cette nethode est une gereralisation de I'encterea la hollandaise (le nom vient de son utilisation par
la bourse aux eurs de Pays-Bas). Dans cette encltere, ai le vendeur annonce un prixelewe puis le decrot
jusqua ce qu'il trouve acheteur.
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Cependant, lorsque le nombre d'agents est sugerieura trois, il devient plus restrictif. En e et,
tout partage sans jalousie est un partage proportionnel, mais l'inverse n'est pas vrai.

Une solutiona trois joueurs aet apporee par le protocole Selfridge-Conway sans jalousie
(Selfridge-Conway Envy-Free Protocg) qui appara’t dans Robertson and Webb [1998] ai les
auteurs en rendant hommage aux mattematiciens Selfridge et Conway qui semblent 'avoir
ecouvert des cecennies plus tot de manere incependante. Mais cette technique est tes
complexe et conduita un decoupage du gateau en petits morceaux.

Lorsqu'il y a plus de trois agents, le probeme est di cile et recessite une esolution appro-
clee, notamment quand tous les biens sont indivisibles (Lipton et al. [2004]). La possibilie
de compensation nancere permet une esolution plus aise, comme pour Tadenuma and
Thomson [1993].

2.3.3 Partageequitable

Le concept de partageequitable €équitable divisior) consistea dire que chacun des agents
attribue a sa part une valeur identique aux valeurs que les autres agents attribuenta leurs
parts respectives. Cependant, la dicule d'un tel concept est qu'elle fait intervenir une
comparaison desevaluations des agents.

Une proedurea deux joueurs aet propose par Robertson and Webb [1998], mais celle-
ci suppose que les deux agents jouent de facon honnéte. De plus, cette proedure ne sera
en cereral pas Pareto-optimale. En e et, elle permeta chaque agent d'obtenir la moite du
gateau selon leurs propres estimations. Or, si leurs estimations sont dierentes, il existe un
partage pour lequel chacun des agents possde, selon lui, plus de la moite du gateau. Ceci est
d'ailleurs vrai, quelque soit le nombre de joueurs, comme I'ont monte Dubins and Spanier
[1961].

Dans le cas ai le nombre d'agents est sugerieura deux, Simmons and | Su [2003] propose
dans le méme ordre d'icee, une proedure permettant de cecouper un gateau en deux parts,
qui, selon chacun des agents, sont de méme valeur. D'autres nmethodes peuvent permettre
un partage quasiequitable, en supposant une cecoupe du gateau en beaucoup de petites
portions comme propos palr Robertson and Webb [1998]. Cependant, ces nethodes ne sont
pas adapeesa des agents rationnels.

2.3.4 Deux autres nethodes

A n de partager un gateau, on peut imaginer simplement demandera chacun denoncer
ses petrences et de comparer celles-ci a n de ceterminer le partage optimal du gateau. Dans
le cas ai les biensa se partager sont en fait des objets discrets, deux nethodes fondees sur
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ce principe ontee ceveloppees.

La nmethode des marqueurs est analogue au protocole du dernier cecoupeur, sauf que
le cecoupage de chacun se fa# priori,a l'aide de marqueurs. L'ensemble des objets doit
d'abord etre ordonree de gauchea droite. Puis, chaque joueur utilise des marqueurs pour
celimiter la liste d'objetsa partager en autant de sections qu'il y a de joueurs. Les joueurs
doivent cherchera rendre les sections aussi justes que possibles. Ensuite, on parcourt la liste
des biens de gauchea droiteA chague marqueur renconte, on attribue au joueura qui ce
marqueur appartient tous les biens sitlesa gauche de ce marqueur. On retire ensuite les biens
allowes et les marqueurs du joueur servi, et on continuea parcourir la liste des biens.

Enn, il y a la methode des encteres scelkes rhethod of sealed bids Elle recessite tou-
tefois que chaque joueur posede su samment d'argents pour payer des dierences de prix.
Chaque joueur annonce ainsia travers une lettre les valeurs nanceres qu'il attribue aux
biens, et met la lettre sous enveloppe. En particulier, chaque joueur possde une valuation de
I'ensemble de tous les biens, et s'attenda avoir un-eme de cette valuation totale, que I'on
appelle la valuation proportionnelle (et qui varie donc d'un joueura l'autre). Quand chacun
a termire sa lettre, on ouvre les enveloppes. Chaque bien est alors attriblte au joueur qui en
a la plus grande valuation. Ce joueur paie alors la dierence entre la valeur qu'il attribue au
bien et sa valuation proportionnelle (qui peut etre regative), et met cet argent dans un pot
(ou retire de l'argent du pot si la dierence est regative). A la n, quand tous les biens sont
distribles et tous les paiements sont e ecties, il reste un exedent (possiblement nul) dans
le pot. Les joueurs se partagent alors cet exedent de manere exacte.

Ces deux nmecanismes sont faiblement honnétes. Cependant, si les joueurs se connaissent,
iIs peuvent elaborer des strakegies leur permettant de s'assurer un meilleur esultat. Par
ailleurs, chacun obtiendra une part proportionnelle. On peut par ailleurs remarquer que
I'enchere scelee a d'importantes similaries avec I'enchere VCG dont nous avons cep park,
avec la dierence notable que I'enchere scelke esta pro t nul pour l'organisateur de I'enchere
(budget-balanced

2.3.5 Partage juste fortement honnéte

Le probeme de partage juste avec un nmecanisme honnéte est un probeme di cile qui
a ecemment connu quelques avanees. De facon incependante, Chen et al. [2013] et Mossel
and Tamuz [2010] ont eussia obtenir des algorithmes fortement honnétes, c'esta-dire tels
gue les joueurs ont toujours ineréta etre honnétes, quelques soient les strakgies des autres,
pour le partage proportionnel pour la cecoupe de gateau. Cependant, Chen et al. [2013] ont
db se contenter de la esolution dans le cas ai les petrences des joueurs sont uniformes
par morceaux ggalesa une constante ou biena zro), ou dans le cas ai I'honnétee du
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mecanisme corresponda une honnétee visa-vis de I'esperance de leur part alloee. En e et,
ils introduisent un cot akatoirea l'algorithme.

Cette technique d'ajout d'akatoire apparategalement dans Mossel and Tamuz [2010].
Ceux-ci ceterminent un algorithme fortement honnéte, et strictement proportionnel en es-
perance, lorsqu'au moins deux joueurs ont des satisfactions dierentes. Cet aspect akatoire
est indispensable, puisqu'ils prouventegalement qu'il n‘existe pas de necanisme ceterministe
honnéte strictement proportionnel.

2.3.6 Solution de Nash

Une autre approche pour diviser des biens aet introduite par Nash [1950b], pour ce que
I'on appelle cesormais le probeme de regociation de NasiNash bargaining. Nash formalise
ce probeme pour deux joueurs, dont les utilies initiales appekes statu quo sont; et u,. Ces
joueurs doivent prendre une cecisiorx. Nash propose de choisir la decisior qui maximise
le produit (uy(x) up)(uz(x) uy). Cette cecision est celle que I'on appelle solution de Nash.
Elle jouit de nombreuses proprees. En fait, il s'agit de l'unique solution satisfaisant les
proprees suivantes :

Invariance aux transformations a nes positives : Les fonctions d'utilie de von Neu-
mann and Morgenstern|[1944] sont ¢ niesa une transformation a ne positive pes,
et toute solution au probeme de Nash ne doit donc pas cependre de la transformation
a ne positive que I'on choisit.

Pareto-optimalie : Il n‘est pas possible de donner plusa un joueur sans retirera un
autre.

Incependance aux alternatives non-pertinentes : Si on ajoute des solutions pos-
sibles qui ne sont pas petrablesa la solution de Nash, alors la solution de Nash reste
inchangee.

Synetrie :  Letiquette des joueurs n'a pas d'importance.

La solution de Nash aet creraliee par [Kelly et al.|[1998] au casan joueurs et sansetat
initial. Ainsi, une solution x est dite proportionnelle @ ne pas confondre avec le partage
proportionnel du partage de gateau) si, pour toute autre solutiogy, on a

X ui(x)  ui(y)

MO 0; (2.1)

al les variablesu; repesentent le statu quo du partage. Dans le cas ai I'ensemble des utilies
(us(y); 5 un(y)) pour les solutions ealisablesy est convexe, les solutions proportionnelles
sont celles qui maximisent le produit ™, (u;j(X) u;) des utilies. Toutefois, comme dans le
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cas de la solution de Nash, il faut noter que les solutions proportionnelles cependent fortement
du statu quo, et il n'est pas clair comment donner un sensa ce statu quo dans une construction
de quarts. De plus, il n'est pas clair qu'il s'agisse d'une solutiorequitable >.

2.3.7 Equie max-min

Une autre approche pour garantir lequie d'un partage repose sur l'attention poree aux
cemunis, qui conduita lequie dite max-min. De manere grossere, il s'agit de maximiser
les satisfactions minimales. De facon plus formelle, appelooesder: R" ! R" l'operateur
qui ordonne dans le sens croissant les entees d'un vecteur [@&. On a alors, par exemple,

max-min maximise.

On peut aller plus loin. Une fois l'utilie du moins heureux maximise, on peut s'attarder
au deuxeme moins heureux. Puis au troiseme, et ainsi de suite, jusqu'au plus heureux. Cette
temarche peut étre esunee par le fait que lequie max-min choisit la solution x qui maximise

Kalar and Smorodinsky [[1975], et est longuement discuee dans Young [1995] et Sen| and
Foster [1997]. Pour plus de cetails sur les equies proportionnelles et max-min, nous vous
ekronsa Bertsimas et al.|[2011].

Lequie max-min sou re toutefois d'une forte cependance en la normalisation des fonc-
tions d'utilie. Or, comme nous le verrons de facon plus cetailee dans le troiseme article de
cette trese, les normalisations fequemment utili'es, qui consistea normaliser ces utiliesa
I'aide de deux points de ekrence, sont peu justi ables. Pis, comme dans lI'exemple du gateau
avec trois cerises que l'on introduira plus tard, ces normalisations peuvent conduire a des
conclusions contradictoires avec l'intuition que I'on se fait de lequie. La normalisation dite
sociale que nous introduirons dans le chapitfé 5 sera un compement utile au concept dequie
max-min.

2.4 Recherche oprationnelle et plani cation

De facon gererale, le probeme de conception d'horaires pose le probeme de I'a ectation
d'horaires] 2 a chaque employe m 2 M, ai I'ensemble M est »>. On se conformeraa
la mocktlisation faite par |Dantzig [1954], en consicerant qug & nita la fois les heures de
ebut et de n de travail, mais aussi I'neure des pauses.
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Cependant, parce que des activies peuvent étre pe-assigrees, ou parce que les disponibi-
lies des employes sont personnalies dans leurs contrats, I'ensemble des horaires admissibles
diere d'un employa l'autre. Par congequent, I'ensemble depend de I'employe consice.

Pour I'employe m 2 M, on lecrira donc . Il s'agit donc, d'assigner un horairg 2 |,
a chaque employem 2 M de facona satisfaire les besoins de I'entreprise et les v ux des
employes.

Confroneea des probemes de complexit, la recherche sur la construction d'horaires, no-
tamment dans le secteur arien, a connu une grande avanee avec I'avenement des techniques
de cereration de colonnes, a I'image de Desaulniers et al. [1997] dont I'application pour les
rotations des employes d'Air France a prouwe I'e cacie de I'approche.

Le principe de la gereration de colonne est de cecomposer le probeme globRIG en
un probeme matre PM et en sous-probemesSP. Le PM est un programme d'optimisa-
tion semblable auP G, dans lequel I'ensemble ealisable est toutefois restreinta I'enveloppe
convexe des solutions gereees par les sous-probeméP. Les SP utilisent les variables
duales de la relaxation lireaire duP M, a n de gererer des solutions (dites colonnes) dont le
coat eduit est minimum. Si ce coOt eduit minimum est regatif, les colonnes qui leur corres-
pondent sont alors de meilleures qualies. Elles sont donc ajoutesa I'ensemble des solutions
prometteuses utilies pour construire I'ensemble des solutions admissiblesRiMd . Si le co0t
eduit minimum est non regatif, alors la solution optimale de la relaxation lireaire duPM
est la solution optimale de la relaxation lireaire duP G.

2.4.1 Horaires personnali®s dans le secteur arien

Cette technique appliglteea un probeme de construction d’horaires sans petrence conduit
a un PM assocea un uniqgueSP, ce qui induit une tes bonne vitesse de esolution. Ainsi,
Gamache et al.|[1999] s'est attaqle auwostering avec ces techniques, et a pu esoudre des
probemes de grande taille solubles en temps raisonnables.

Si on cherchea construire des horaires personnalises en maximisantegalement la somme
des satisfactions des employes visa-vis de leurs horaires, on aa esoudre BiM , auquel est
assoce unSP par employe, ce qui fait doncjMj sous-probemesSP. On peut alors penser
gue le temps de esolution sera lui aussi multiple par le nombre d'employes. Cependant,
Gamache et al.|[1999] ont monte que la esolutionetait plus rapide en revenant a M s
gu'une dizaine deSP ontek esolus. lls ont constae empiriquement que pass un certain
point, le nombre deSP n'in uercait presque plus le temps de esolution. Le probeme reste
ainsi assez simplea esoudre, méme pour un grand nombre d'employes.

Dans un contexte dequit stricte en revanche, ai I'on cherchea homogereiser la qualie
des horaires, un probeme de non-lirearie apparat, guand on cherchea minimiser la variance
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de la qualie des horaires. La di cule duea la non-lirearie apparata deux reprises, lors
de la esolution du PM, et lors de celle duSP.

Pour commencer, I[P M correspond maintenanta un probeme non-lireaire. Cependant,

il est quadratique semi-ck ni positif. 1l est donc esoluble directement par CPLEX, mais ne
I'est malheureusement pas sur XPRESS, le logiciel utilie par la socee KRONOS. Dans son
mocktle, Boubaker [2006] s'est content de consicerer la moyenne des satisfactions constante
lors de la esolution duP M, ce qui lui a permis de lireariser lePM .

Par ailleurs, la non-lirearie rend le SP tes complexea esoudre. On pourrait utiliser des
fonctions de prolongations comme Irnich and Desaulniers [2005] mais leur non-cecroissance
empéche l'application des algorithmes habituellement utili'es pour la esolution desSP).

A n de palier cette di cule, dans le contexte dequie sans personnalisation des horaires,
Boubaker [2006] a approcte la courbe de la variance par une fonction en escalier. Conce-
tement, il introduit une srie de sous-probemes correspondant aux dierents paliers de
I'approximation de la variance. En inegrantegalement un algorithme TABOU o rant une
bonne solution initiale, une agegation dynamique des contraintes et des heuristiques face
aux contraintes d'inegrie, le probeme, un peu plus complexe, reste esoluble en temps
raisonnable.

De nombreuses recherches se sont plutdt ineresees jreferential bidding favorisant les
employes selon leur anciennee. L'icee naturelle serait d'introduire des poncerations d'autant
plus grandes que I'employe a de l'anciennee. Cependant, quand le nombre d'employe est
important, et qu'il faut choisir une ponceration dierenciant de la méme facon les employes
seniors entre eux, et les nouveaux employes entre eux, la ponceration doit avoir une pro-
gression geonetrique. On obtient alors une fonction objectif avec un tes grand nombre de
chi res signi catifs.

Mais alors, d'une part, on se retrouve confronea un probeme de temps de calcul pour
areliorer les horaires des employes ecemment arrives dans l'entreprise. En e et, an de
prendre en compte une optimisation des horaires de chacun des employes, l'optimisation de la
fonction objectif doit se faire avec une grande pecision. Or le temps de calcul de l'algorithme
du simplexe crot tes vite avec le nombre de chi res signi catifs que I'on demande.

D'autre part, le codage informatique des nombres eels ne permet pas forement de
rendre compte de ces variations, surtout quand le nombre d'employes estelewe. En e et,
un nombre cock en 32 bits a 24 bits de description des cecimales, ce qui fait une pecision
a2 =219 24 (10 #* 10 7. Cela sut si on cherche une pecisiona 6 chires
sur la satisfaction d'un uniqgue employe. Cependant, si on consicere la somme poncee de
satisfactions de plusieurs employes, méme s'il n'y a que peu d'employes, on se rend compte
gu'il ne sera pas possible d'obtenir su samment de pecision sur la satisfaction de chacun
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des employes avec un codage en 32 bits. Et méme un codagea 64 bits ne permettrait pas de
consicerer plus de deux employes, et il semble qu'il y ait peua y gagner.

Par consquent, dans ce contexte, on pektrera esoudre employe par employe, en s'assu-
rant qu'il restera toujours des horaires compatibles pour les autres employes. Cette nethode
de construction d'horaires par niorie stricte est alors di cile et longue a esoudre, puis-
gu'elle recessite la esolution d'autant de probemes globaux qu'il y a d'employes. Elle a
et cecrite par Gamache et al. [1998], et revienta esoudre un probeme global P G) par
employe, ce qui ne permet pas de trouver une solution rapidement pour un grand nombre
d'employes.

2.4.2 Construction de quarts

Les documents cikes jusque & s'ineressent au secteur arien au la constructions d'horaire
de travail est intimement leea la non-interruptibilie des taches de travail. Pour les probemes
avec taches interruptibles (dites activies), la di cule de I'agencement de taches est alors
remplaece par celle de la taille de I'espace des solutions ealisables. Ainsi, pour un souci de
complexie, on £pare souvent la phase de construction de quarts xant les horaires de cebut
de travail, de n de travail et de pauses, et la phase d'a ectation d'activiesa ces quarts.

Le fait que les taches soient interruptibles pourrait suggerer la esolution du probeme sous
une forme continue du temps. Cependant, ceci est di cile, et peut conduirea des probemes
NP-complet, comme pour Barthodli[1981]. C'est pourquoi, comme la plupart des articles sur
ce sujet, nous discetiserons le temps en periodes de méme longueur, comme l'alfait Dantzig
[1954].

Cependant, sa nethode ramenait le probeme de construction de quartsa un probeme
de recouvrement. Elle explicitait tous les quarts admissiblesa l'aide de variables de cecisions
enteres. Or le probeme de recouvrement dans sa version globale est NP-complet, et son
utilisation ici pose des probemes de complexies algorithmiques. En particulier, consicerer des
guarts avec une grande exibilie augmente nettement la taille du probeme, et fait exploser
le temps de esolution. De nombreuses techniques ont ensuite cevelopges an d'aner le
mocktle, que ce soient des nethodes de esolution exactes ou des heuristigqueg.(Morris and
Showalter [1983]; Bechtold and Showalter [1987]). La gereration de colonne fait partie de ces
techniques d'accekration des algorithmes, comme par exemple dans Rekik [2006].

De nombreux chercheurs se sont alors tourres vers des repesentations implicites des
horaires admissibles. L'avantage de cette moctlisation est la eduction de la taille du moctle.
Dans une version simple, al les pauses ne sont pas prises en compte, et ai il s'agit donc
uniqguement de xer I'heure de cebut du travail et la duee de travail, Moondra [1976] a
monte la force de cette nethode. Ce moctle a ensuiteee adape par Bechtold and Jacobs
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[1990] pour y incorporer des pauses cejeuner choisies dans un enselibtee pauses possibles,
a travers des contraintes ditesforward and backward

Plus tard, Bechtold and Jacobs|[1996] montreront lequivalence de la formulation en
nombres entiers de leur mockle et de celui de Dantzig [1954], sous certaines hypotteses.
En n, Aykin [1996] incorpore des horaires avec plusieurs pauses, ce qui augmente la taille de
K et la complexie de sa ce nition. Il utilise plusieurs familles de variables pour chacune de
ces pauses, avant de prouver dans Aykin [2000] que son approche est plus e cace pour une
certaine famille de probemes que celle de Bechtold and Jacobs [1990]. Cependant, Bechtold
and Jacobs|[1990] reste plus e cace pour d'autres probemes, comme il 'aee monte par
Rekik [2006].

Toutefois, il ne semble pas possible de esoudre le probeme de construction d'horaires
personnalies avec des contrainte®rward and backwardEn e et, dans ce mockle, il n'y a
pas d'association imnediate entre les heures de cebut et de n de travail, et les pauses. Par
conequent, il n'est pas possible d'identi er quels quarts sont consicees, et encore moins
possible de les associera un employe. Ceci rend I'estimation des satisfactions des employes
impossible.

Quanta la formulationecrite par Aykin [1996], il faut noter qu'elle conduiraita un tes
grand nombre de variables. Il y aurait alors une variable binaire par combinaison d'heure
de cebut, de duee de travail, d'heures de pauses et d'employe. Le nombre de variable est
donc le produit du nombre d'heures de cebut et de n de travail par le nombre de pauses
possibles, et par le nombre d'employes. De plus, si un horaire de cebut et n de travail est
assocea plusieurs employes et plusieurs pauses dierentes, il est impossible de discerner la
combinaison qui sera choisie de manere directe, ce qui rend le calcul direct de la satisfaction
des employes impossible.

La ceation des quarts de travail est un domaine auquel Rekik [2006] s'est atteke, avec une
hypottese de haute exibilie dans le secteur de travailetude, d'as decoule une complexie
du choix des horaires de travail. Elle a notamment eussia cemontrer lequivalence des relaxa-
tions continues des moceles de Dantzig [1954], Bechtold and Jacobs [1990] et Aykin [1996],
en utilisant des techniques de cecomposition de Benders. De plus, elle a aborde le probeme
de construction simultaree de cycles et de quarts, ainsi que la construction de quarts avec
plusieurs pauses et une grande exibilie sur le choix de ces pauses. Cette dernere nethode
introduit une serie de contraintesforward and backwardet complexi e la mocklisation.

2.4.3 A ectation des activies

Etant donre les quarts, Lequy [2010] a trouwe des techniques permettant de esoudre les
probemes d'a ectation de tAches et d'activies, en minimisant les co0ts engendes par une



30

mauvaise a ectation. Il consicere la moctlisation de Dantzig|[1954] et utilise la gereration
de colonne. Il propose aussi une reformulation du probeme en umockle par blocs qui lui
permet de eduire signi cativement le nombre de contraintes et de variables.

La nmethode qu'il a cevelopee dans le cas al ne sont consiceees que des activies in-
terruptibles a permis la esolution approclee du probeme d'a ectation d'activies sur un
horizon de 7 jours, avec 50 quartsa traiter par jour et 5 types d'activies. Cependant, s
gu'il fallait passera 7 activies, les heuristiques ceveloppees ne donnaient plus satisfaction.
Il a alors opt pour l'inegration d'une technique d'horizon fuyant.

La notion dhorizon fuyant repose sur l'icee selon laquelle le choix des a ectations a
I'instant pesent n'a ecte pas l'optimalie de la solution passe un certain horizon. Cette
technique consistea esoudre le probeme sur un horizon restreint, disons sur 3 jours, de xer
les esultats trouves pour le premier jour, et de esoudrea nouveau pour les jours 2a 4. En
continuant ainsi jusqua la esolution du probeme pour les jours 5a 7, on obtient une bonne
approximation de la solution optimale.

Lorsque I'on prend aussi en compte les tAches non-interruptibles, on introduit de nouvelles
contraintes au probeme. Ces contraintes compliquent grandement le probeme, en particu-
lier les sous-probemes. En envisageant dierentes strakgies de gestion de ces contraintes
additionnelles correspondanta divers niveaux de exibilie sur les a ectations ealisables, il
montre que permettre une ea ectation des taches entre employes sans ajustement temporel
est un bon compromis entre temps de calculs et optimalie du esultat.

Lequy [2010] s'est aussi ineresse aux cas al on rajoute des contraintes de pesances ou
de taches enequipes. Cette di cule accrot encore la di cule du probeme et le temps de
calcul pour obtenir de bonnes solutions.

2.5 Analyse multicriere

L'analyse multicriere est un domaine de recherche en vogue (voir Zopounidis and Doum-
pos [2002] et Siskos and Spyridakos [1999]). Consicerons ainsi un ensemble de donrees, ap-
pekes alternatives, posedant chacune des caraceristiques cecrites selon des crieres. Le
probeme de classi cation consistea regrouper les alternatives similaires selon les dierents
crieres. Le probeme de tri est semblable,a la dierence qu'est consiceee une relation d'ordre
entre les dierentes classes ainsi constitlees.

En terme de tri, une notion importante est celle desequilibres Pareto-optimaux. Ainsi,
une alternative est dite Pareto-optimale s'il n'existe pas d'alternatives qui lui soient petees
selon tous les crieres. Ce terme est tes utilie dans I'analyse multicriere, maisegalement en
treorie des jeux. En terme de jeux, cette notion signi e qu'il n'est pas possible de satisfaire
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plus tous les joueurs en méme temps.

Deux nethodes sortent du lot. Ainsi, l'utilisation de relations d'ordre aet largement
eveloppee (avec notamment Roy|[1985], Vincke [1992]). Cette relation d'ordre cetermine si
I'une des alternatives est peteea l'autre ou si elle ne I'est pas (ce qui ne garantit pas que
I'autre lui est petee, i.e. la relation n'est pas e exive). En utilisant ces relations d'ordre,
on peut ainsi ceterminer des groupes ordonres tels que deuxekments de deux groupes ont
de bonne chance d'etre reles par la m&me relation d'ordre qui lie les groupes.

Par ailleurs, de nombreux matrematiciens utilisent la notion de fonction d'utilie pour
I'analyse multicriere. De facon gererale, il s'agit de decrire une fonction qui aux dierentes
valeurs des crieres associe un eel positif, d'autant plus grand que l'alternative cecrite par
ces crieres est ineressante. Dans un cadre simplie, cette fonction est souvent moctliee
par la somme ponceee de termes correspondant aux utilies visa-vis des dierents crieres.
C'est cette mocklisation que nous eutiliserons par la suite.

Determiner les fonctions d'utilie multi-attribut dans la pratique est un probeme di -
cile. De nombreuses techniques ontet proposes et sont utilisees, notamment dans le monde
industriel. Parmi les principales nmethodes, on trouve ELECTRE, PROMETHEE et MAC-
BETH.

La moctlisation des comportements des consommateurs est un probeme largement aborce
en marketing. Les outils de I'analyse conjointe pesentent une alternative aux nethodes MAC-
BETH. Dans ces moctles, on consicere que les pekrences des consommateurs cependent de
caraceristiqgues des produits, appeks attributs. La valeur d'un objet est une fonction des
niveaux de ces attributs, c'esta-dire des valeurs que prennent ces attributs.Green and Sri-
nivasan [1978] sont parmi les premiersa consicerer I'analyse conjointe. Il est ainsi demance
aux consommateurs d'ordonner une liste de choix ayant des niveaux d'attributs dierents. I
s'agit ensuite de ceterminer les poncerations des attributsetant donre I'ordonnancement des
choix.
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Abstract . In this paper, we suggest a new approach called tlmeturn function to deal
with the determination of Bayesian-Nash equilibria in games of incomplete information. Whe-
reas in the traditional approach players reply to each others' strategies, here each player
replies to his own return function. In short, given a player's choice of action and the other
players' strategies, the return function of that given player is the probability distribution of
the outcome. Interestingly, we show that the dynamics of best-reply strategies, which are
hard to compute in practice, are mapped to an observable and easy-to-compute dynamics of
return functions. We propose a new algorithm for computing Bayesian-Nash equilibria, and
illustrate its implementation on a cake-cutting problem. Finally, we prove the convergence
of the dynamics of return functions to the Bayesian-Nash equilibrium under fairly general
topological assumptions.

Key words : Mechanism Design; Return Function; Bayesian-Nash Equilibrium; Cake-
Cutting Problem.

3.1 Introduction

Mechanism (or market) design has proven to be a successful approach for e ciently deter-
mining the value of a product or a service when there is no natural price that can be posted
or negotiated for that product, as is the case for, e.g., a painting by Picasso, energy prices
in a deregulated electricity market, or the exploitation rights for a hydrocarbon-rich basin.
These examples, and many others, share the following features : (i) There is a nite number
of strategic agents (players, bidders or claimers) interested in acquiring the object (product,
service or resource). (ii) Each agent has private value for the object under consideration,
and does not know how much the other agents value the same object. For instance, the
cost of producing a kilowatt is not the same for all electricity companies in a given market,
and each company knows its own cost but only has incomplete knowledge of its competitors'
costs. Similarly, a Picasso painting does not have the same value for all art collectors. (iii)
The rules of the game are not given in advance, but are designed by an agent, called a me-
chanism designer, principal or regulator, who has an interest in the outcome. For instance,
a public commission may auction o television airwaves to wireless carriers to create faster
and more reliable networks, or to maximize its own revenues. A parent may ask children at
a party their avour preference to fairly allocate a heterogeneous birthday cake.

During the last two decades or so, important developments in market design have taken
place for three main reasons : \(i) The creation by government agencies, private rms or
industrial associations of a number of markets to privatize public assets, restructure dere-
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gulated industries, or enhance inter- rm relations; (ii) a renewed focus on strategic analysis
and game theory that together with the emergence of experimental economics contributed to
the establishment of market design as a serious research eld in economics; (iii) and, most
importantly, the explosive development of electronic business, e-business tools that can em-
bed the most complex market rules and facilitate their deployment.’ (Bourbeau et al. [2005]).
The recent operations-research literature includes work on assignment problems : see,/e.g., Su
and Zenios |[2006] for the kidney-transplant trade-o | Abdulkadirolu and 8nmez [2003] or
Pathak| [2011] for school choice; in supply chains, see, e.g., Jain and Raghavan [2009], /Chen
and Cheng [2012], Mes et al, [2011]; and in revenue management, see, e.g., Vulcano et al.
[2002], Manelli and Vincent|[2007], Devenur and Hayes [2009].

One approach to market design is Bayesian mechanism design, where the information
about the types of agents is incomplete, but all agents and the principal have some beliefs
about others' types. A belief is a probability distribution on the agents' types. This setting
corresponds to a game with incomplete information, also known as a Bayesian game|(see Har-
sany| 1967/ 1968a,b]), whose solution is called a Bayesian-Nash (BN) equilibrium. Finding
BN equilibria is a very di cult task as it involves solving for agents' best-response strategies
and for the best inference from what is possibly a strategic lie. However, due to the revelation
principleﬂ (Gibbard [1973],| Holmstrom [[197]7], Myerson [19[79], Dasgupta et al. [1979]), one
can only con ne one's attention to equilibria in which agents truthfully report their types.

In this article, we propose a new approach, which we call the return function, to compute
BN equilibria in mechanism design. In a nutshell, given a player's choice of action, the other
players' strategies and the mechanism chosen by the market designer, the return function of
that given player, is the probability distribution of the outcome. Given this return function,
the expected utility of a player's outcome is then de ned as a function of this return function
and of the player's type. Our formulation is fairly general and accounts for outcomes that
cannot be de ned deterministically. In short, our approach for computing Bayesian-Nash
equilibria is based on determining the return function that is a best-reply to itself, instead of
looking for a strategy pro le that is a best reply to itself. Interestingly, this simpli cation
in the formulation comes at no cost in terms of the strategic aspect of the game, and lends
itself to an e cient algorithm for computing BN equilibria. To illustrate, we provide such
an algorithm, and we describe the results of instances from the cake-cutting problem.

Our approach shares some similarities with the one followed in mean- eld games (Huang
et al| [2006], Lasry and Lions [2007], Achdou and Capuzzo-Dolcetta [2010]). These games
involve a large number of players, where each one reacts to the mass of other players over

1. The revelation principle states :\For any Bayesian-Nash equilibrium there corresponds a Bayesian game
with the same equilibrium outcome but in which players truthfully report type."
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time, with each player's trajectory being written as a function of only the distribution of
the trajectory of the mass. In the particular case of linear-quadratic models with Brownian
motions, each player's best trajectory is further simpli ed to only depend on the average and
variance of the distribution of the trajectory for the mass. Importantly, mean- eld games
then rely on assuming a certain trajectory of the mass, computing individual best-replies to
this trajectory, and deriving the trajectory of the mass from these best-replies. In other words,
in mean- eld games, we proceed by updating the trajectory of the mass, rather than each
player's strategy. There is also a link with Rabinovich et al, [2013], where the ctitious-play
algorithm is extended to compute pure-strategy Bayesian equilibria for games with continuous
sets of types. Later, we show that the updating approaches used in mean- eld games and in
Rabinovich et al| [2013] can be interpreted as special cases of updating of our return function.

The rest of the paper is organized as follows : In Section 2, we introduce the model and the
return function. Section 3 is devoted to the computation of Bayesian-Nash equilibria with
the return function. In Section 4, we provide an illustration in the context of a cake-cutting
problem. Section 5 discusses theoretical convergence of the return function, and Section 6
concludes.

3.2 Model and Equilibrium

Similar notations will be used throughout the paper for vectors of objects that refer to all
players or ton 1 players.

The action prole a 2 A" induces an outcomex from the set of outcomesX. This
mapping is called a mechanisnM , that is, M (a) = x 2 X. To illustrate, x could be,
e.g., the workers' schedule for a given week depending on their requests, the shares of a cake
allocated to the di erent claimers according to their stated preferences, or the quantity of
energy to be supplied the next day by the bidding electricity companies.

In practice, this outcome may not be deterministically speci ed, because of some inherent
random events. For instance, the next day's electricity demand depends on temperature,
which cannot be predicted with certainty. To re ect this, we let mechanisnM be a function
in ( X), where ( X) is the set of probability distribution on the set of outcomesX . If the
mechanism is deterministic, therM (a) would have a Dirac distribution.

Each playerj 2 N is de ned by his type ;. For each playerj, a utility function matches
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his type and the outcome with a real number, as follows :
(X)) U (5xy for x x§

where the symbol means preferredto. Let =( 1;:::; )2 ", where isthe setof types,
assumed to be the same for all players. As we are dealing with mechani$féa) 2 ( X), we
extend the domain of the de nition ofu; ( j;:) to the set ( X) of probabilities on outcomes
by considering that, for all ; 2 and all x2 ( X);

Ui (%) = Ex [up(:x)];

wherex x means that the random variablex follows the probability x.

We assume that each player knows his type and has incomplete knowledge of the other
players' types. Denote by=2 (") the probability distribution on types of all players, and
by = 2 ( 1) the probability distribution on all players' types but j's. These probabilities
are called beliefs.

Remark 1. For clarity of exposition, we are assuming here that the set of actions, the set
of types and the beliefs are the same for all players. Admittedly, this is not the most general
formulation, but in principle, there is no conceptual di culty in extending the analysis to the
case where the players have di erent action sets. In particular, the assumption that the set
of types is the same for all players can easily be relaxed by de ning a seffor eachj 2 N.

As we will be considering beliefs, this would then be equivalent to saying that each player has

a set of types = j with a nil distribution over j-

i2N
Remark 2. Classical modeling of Bayesian games X = A" and M = idjan, i.e., the
mechanism is simply the identity ofA". Utilities u;( j;as;:::;a,) are then functions of the

type and the pro le of actions. However, for many problems such as the cake-cutting problem,
it is more natural to consider a set of outcomes, which is really what players are interested
in, i.e., the actual parts of the cake that are allocated, rather than the announced preferences
of the other players.

Denote by ; a strategy of playerj, that is, a mapping that associates an actiom; to
atype,ie, ;(;)= a.Denote by = ( A) the set of strategies of this player, where
( A) denotes the space of probability distributions orA. As for the set of actions, we
assume, without any loss of generality, that the set of strategies is the same for all players.
Let =( 4;::00 )2 ™

The relationships among all the variables de ned so far are shown in Figure B.1.
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Figure 3.1 Variables

We end this section by recalling the de nitions of best-reply (BR) strategies and Bayesian-
Nash (BN) equilibria.

De nition 1.  The set of best-reply stlrategiesjBR for playerj to strategy prole ; is given
by
BR ;j( p=argmax E o u M) 0 5) (3.1)

]
The setBR () of vectors BR of best-reply strategy pro les for all players is given by
n 0

BR ()= "2 "j8j2N; PR2BR j( ) : (3.2)

The notation BR is used to denote that this is an operator that takes elements from
and outputs a subset of . This remark will be useful when we get to the return-function
best-replies.

De nition 2. The setBN of Bayesian-Nash equilibria is the set of strategy pro les that
are best replies against themselves, i.e.,

n 0]
BN = BN2 nj BNoBR (BN) (3.3)

3.2.1 Return Function

For a strategy prole ;2 !, we associate to playej the return function ' i ()- This
function maps an actiona; of playerj to the induced probability of outcome. More precisely,
' j (&) is the average of the probabilities of outcomes when playpiplays actiona; and other
players use strategies j, and when other player types follow the belief” ;, i.e.,

@) =E - M@&; () (3.4)
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Intuitively, the return function ' ; (') answers the following question asked by playgr: If
| do that, what could happen and with what probability Rnswering this question then enables
the player to choose the best-reply action to his return function. This means, as we shall see,
that the function contains all the information required to de ne the concept of a best-reply,
and thus of Bayesian-Nash equilibria.

Note that the return function is itself de ned by the other players' strategies, as well as
by the belief ~and the mechanismM . However, since the belief” and the mechanismM
are xed once and for all (i.e., no updating is required), we simplify the notation by not
expliciting the dependencies of the return function on these objects.

As each return function' ; =" ; () is a function that to an action & associates a proba-
bility x 2 ( X) on outcomes, it is an object of the space = ( X)?. In fact, we can extend
our concept of return functions to any function' 2 that maps actions to probabilities on
outcomes, even whenh is not obtained from a strategy pro le . This will be of interest to
us later, as we will be focusing on the natural topology of the space of return functions to
prove the convergence of our algorithms for the computation of Bayesian-Nash equilibria.

The fact that some return functions are deduced from a strategy pro le can then be
reinterpreted by the mapping : " ! "; which maps strategy pro les to return-function
pro les for all players. This mapping is de ned by

=(C )7 =0 0) s On: (3.5)

Before proceeding further, we would like to highlight three important features of the return
functions : First, they avoid some of the inherent complexities related to the actions pro le
and to the mechanism. More precisely, given the knowledge of it is in practice very hard

to compute best-reply strategies, especially if the number of players is large, the beliefs are
not simple distributions or if the mechanism is non-analytical We stress that even in such
complex (and relevant in practice) cases, the return functions can still perform the task of
computing best-reply strategie| Second, if the actions and outcomes are public information,
then the return functions become observable objedisConsequently, it is easy for a player

2. To illustrate, this is the typical setting of a shift scheduling problem, where, even when one knows all
other agents' revealed types, it is not clear how to predict what schedules one can get, and thus, in particular,
it is seemingly impossible to derive one's best-reply strategy.

3. This is particularly the case when the space of actions is smaller than the set of types. Recall that
we have = ( A) and = ( X)A. The sizes of these spaces are mainly determined by the sizes of
the exponents. In the example of this paper, the two exponents and A are actually equal, hence we do
not have an actual size reduction by using return functions (and yet, the return functions still turn out to
be essential!). However, in the setting given by Rabinovich et al. [2013], this reduction is drastic, as is
continuously in nite, but A is nite.

4. More precisely, in a repeated games, every player can observe both his action and the outcome (or, at
least, his allocation). These data are su cient to feed a return function estimation.
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to iteratively approximate his own return function. Put di erently, our approach does not
require to estimate other players' strategies, which is a hard task as types often remain private
information, even after the end of the game. Third, from Figurg 3|2, we clearly see that there
is a correspondence (mapping) between the best-reply strategies and the best-reply return
functions. The same can be noted for the Bayesian-Nash equilibrium (see Theorem 1 below
for a more precise statement). This means that all the classical descriptions of Bayesian
games using strategy pro les can be translated in terms of return functiofis Let us now
construct this translation.

Given a return function pro le ' , the set of best-reply strategies for playey is given by

BR | ;j('):afgn}gx E, - u (i) e (3.6)

From this, similarly to what has been done earlier, we de ne the set of best-reply strategy
proles BR , (). The notation BR , highlights the fact that it is a correspondence from
to as depicted in Figure 3.2.] Observe that this de nition is consistent with previous
ones for best-reply strategy pro les, because we haBR , ( ( ))= BR ().
We can now reformulate the Bayesian game by focusing on return functions only, that
Is, by de ning the set of best-reply return-function pro les to a return-function pro le as
follows :
BR ()= BR, ()=f ()2 "j 2BR, ()¢ 3.7

A return-function pro le ' BN 2 BN is then a Bayesian-Nash equilibrium if BN 2 BR (* BN).
SinceBR , ( ( )) = BR ( ), our construction leads to being a sort of morphism that
preserves best-replies, in the sense that

""2BR ()) (®)2BR ( () (3.8)

This property is represented graphically by the commutativity of the diagram of Figurg 3] 2,
where double arrows represent correspondences, i.e., matching onto the power set of the
output set.

In particular, this property implies the preservation of Bayesian-Nash equilibrium.

Theorem 1. A return-function prole ' BN is a Bayesian-Nash equilibrium if and only if
there exists a Bayesian-Nash strategy pro leBN 2 BN such that' BN = ( BN), In other
words,BN = (BN ).

Demonstration. Let' 2 BN . Then,' 2 BR ('), which means that' 2 (BR , (')).

5. This has interesting consequence. For instance, we can derive from Theorem 1 that the uniqueness of
strategy Bayesian-Nash equilibrium implies that of return function Bayesian-Nash equilibrium.
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Figure 3.2 Diagram depicting the best-reply correspondences

Thus, there exists 2 BR , (")suchthat' = (). ButBR , (")=BR ., ( (),
thus 2BR , ( () = BR (). Therefore, 2 BN , which means that' 2 (BN ),
and proves the rst inclusionBN (BN ).

Reciprocally, assumé 2 (BN ). Then,' = ( ),where 2 BN .Thus, 2 BR (),
which meansthat 2 BR, (())=BR , (). Thus, ()="'"2 (BR, () =
BR (' ). This proves the second inclusio®BN (BN ), and concludes the proof. O

What is more, a sequencé 'gi.n, Where 1 2 BR ( ), is associated to the sequence
"= ()=" i, which then satises' '** 2 BR (' ). This sequence de nes a best-reply
dynamics for return functions, which will be studied in the last section of this paper. It
Is this dynamics that is a generalization of mean- eld games and of the approach used by
Rabinovich et al| [2013].

Remark 3. An example of the use of return functions that has been widely studied recently
are mean- eld games. In particular, in linear-quadratic mean- eld games, the utility function

of a player only depends on the average actions of the other players. The method used to
solve these games can be seen as using the return functipfg;) = ( a; m), wherem is the
average trajectory of the other players and is the trajectory of playerj. What is then done

Is to compute the average trajectory of best-reply trajectories to the trajectony. In other
words, what is computed is precisely the best-reply return function. In such a case, the large-
number-of-players hypothesis and the simplicity of the mechanism make the return function
very simple. The di culty of mean- eld games lies rather in the complexity of the action
space.

Remark 4. In Rabinovich et al, [2013], the authors compute Bayesian-Nash equilibria when
the set of actions is nite and the game is symmetric. Their approach consists in computing
the probability distribution of each action played. This corresponds to de ning = A", M =
idjan and' (a) = (a;h ()), whereh () maps each actiore® to the probabilityh (a9 that a
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player will choose this action. Later on, the authors retain the case where the utility functions
are aneinthetype 2 [0;1] Insuch a setting, the outcome, that is, the relevant information
for the players, is reduced to the slopeand the intercept of the utility function. Thus, their
approach corresponds to using the return function : a 7! (s; ) 2 R2. Since the set of actions
is nite, the return function is equivalently represented by the vectdr = (Sa; a)a2a 2 (R?)A.
Next, the authors provide an algorithm to compute-equilibria of a large class of auction
problems.

Further, if  is continuous, then the convergence of the return-function sequence is implied
by the convergence of the strategy-pro le sequence.

Theorem 2. If the mapping is continuous and if the sequence' converges to a Bayesian-

Nash equilibrium BN | then the sequencé' = (') also converges to a Bayesian-Nash
equilibrium.

Demonstration. Since is continuous,' ' = (') converges towards ( BN). Since BN 2
BN ,we have ( BN)2 (BN )= BN , which proves the theorem. O

In the last section of this paper, we will show that for natural topologies on the two spaces
(strategies and return functions), and given assumptions on the mechanidvh, the function
IS continuous.

Remark 5. In some Bayesian games, the types of the players are interdependent, and the-
refore the type of player could be an argument of the return function. For simplicity, we will
not explicit such a dependence here, but there is a priori no conceptual di culty to include
such a relation in this model. Clearly, this would complicate the estimation of the return
function, but, depending on the structure of the problem, its interpolation might still not be
very di cult.

Remark 6. When all playersj have the same beliefs ; about the other players' types, it is
natural to assume that ; ()= " ();8 2 N. This would occur in, e.g., games with a large
number of players, where excluding a player will not fundamentally a ect the probabilistic
representation of the game for the other players. Clearly, in such a case, the mechanism
must be symmetric. We will provide an illustrative example with symmetric players.

3.3 Computation of Equilibria with the Return Function

The objective of this section is to show how the Bayesian-Nash equilibrium can be com-
puted using the return function. To do this, we will iteratively compute the return function
using a learning process. Our approach is similar to the idea of ctitious play, however with



42

an important di erence. Indeed, whereas in ctitious play, we determine a player's best reply
to the other players' mixed strategies, here, we compute the best action for each player, given
his evaluation of how his actions a ected the outcome in the previous iteration.

3.3.1 Computing the Return Function

To compute Bayesian-Nash equilibria, we propose to compute a sequencdg;§y of return
function pro les, following the idea of having' '** 2 BR(" ). Instead of directly considering
the players' strategies, our approach consists, at each iteration, in choosing a type pro le
according to the belief™, and then maximizingu; ;' }(aj-) with respect to g;. Algorithm
[1 develops this idea, and in particular, the learning aspect involved in the computations :

while the convergence criterion is not veri eddo
(1) Generate a type prole ' according to belief™,
(2) Compute the actionsa]i maximizing the utility of the approximated return function
uoogiiE) . | |
(3) Given actionsa', compute an outcomex', according to probability M (a').
(4) Update the return functions’ }*1 given the actionsa]i and the outcomex'.
(5) Incrementi.
end while

Algorithm 1 Optimization of the parameterized mechanism

Remark 7. In the second step, the maximizer may not be unique. As we shall see later
in Section 5.3, such cases are in fact rare, and when they occur, we will retain the rst
maximizer found by the algorithm.

If the convergence is met, then the resulting Bayesian-Nash equilibrium is the best-reply
strategy to the computed return function[] The rst and third steps of this algorithm are
only as di cult as the problem's inputs, that is, the belief ~and the mechanismM . In some
problems, the mechanism may require solving a large optimization problem, which may be
quite dicult in itself. That being said, it is the second step that is most demanding in
most applications, as it involvesn non-linear optimization problems with a potentially large
action space. To get around some of these di culties, we will use some local optimization
tools (e.g., a gradient-based method), interpolation and perturbation schemes. Finally, the
fourth step represents the learning process used by a player to update his return function.

7. It is worth mentioning that this algorithm can easily be parallelized, to speed up the learning process.
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3.3.2 Implementation

Let us rst note that the estimation implementation procedure for the return function
Is simple and could be highly improved by using sophisticated optimization methods, but
this is not a main concern in this paper. Technically speaking, the return functioh; for
playerj 2 N has been computed by a mapping container with keys 2 A. Each keya is
associated to a set of observationsg(;x') 2 A X for player | at iteration i. In addition,
each observation is associated to a reliabilitiR'. The more recent the observation is, the
greater the reliability.

By never excluding past observations, |1 does not really produce the sequence whose
convergence will be studied in Section 4, ds*! is to be considered an average 6f and
BR (' '). However, by choosingR' = i, the relative weight of new observations increases,
without being so overwhelming as to impose a huge variance due to the randomness of each
measure. For these reasons, we should expect a similar convergence to the one we proved for
the best-reply dynamics. This intuition is backed up by the following theorem.

Theorem 3. Let U' be a sequence of independent random variables on a bounded interval
[0; U], V' the sequence of weighted averages of the rsierms given by

. X . X
Vii= RIU R (3.9)
k=1 k=1
If R' = i and the sequenc&[U'] converges, then, almost sureljim V' = !iin E[U"].
il

Demonstration. The proof is given in Appendix. It is a variant of Kolmogorov's strong law.
O

Now, the return function' j is essentially used to compute the utility functioru; ( ;" ; (&)).
Since no observations for actiom, may be available, and, even if they were, we might not
have enough of them to have a reliable measure of the return function, we therefore pro-
pose to interpolate the return function to computeu;( j;' ;(a)). This interpolation relies
on an assumption of continuity of the return function' ; in a. This is a realistic hypothe-
sis, as the probability on types obtained through ; = ; will smooth the return function
through averaging. Denote byda (g ;a}) a distance between the actiongy, and al' and by
w(da(a;&); R") a weight assigned to this distance, which is decreasing i (a;; &).[]

The interpolation we are using here is a mix of Radius-Based Function and nearest point

8. To illustrate, in Section 4, we will take w(d a;a’;R' )= R'=(1+ d a;a )2
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interpolation. Let
Ba(a; )=fa 2 Ajk iandda(a;a) g

be the ball of centera; and radius , where is an arbitrary positive number. Given ; 2 ,
the interpolated utility of player j when he chooses actiog; is estimated by

o w(da(ay; @) RY) up( gt f(E)
. af2Bj (aj; )
(55" (&)= P TCNCHIRD) : (3.10)

aijBiA(aj; )

Remark 8. To avoid being stuck at a non-optimal solution, we perturb the action pro le
obtained at the last iteration, and use it to update the return function. This will be done
by simply adding a random number drawn from a given interval to each element of the last
action vector. As observations pile up, this interval is narrowed.

3.4 lllustrative Example : A Cake-Cutting Problem

To illustrate the theory developed above, we provide an example of a cake-cutting problem,
which is of great use in operations research, as it allows the modelling of an assignment pro-
blem that includes the preferences of the agents involved. For instance, some shift-scheduling
and matching problems exactly t the cake-cutting problem (CCP) formalism. This problem
can be stated as follows : given a cake and a set of players having additive utility functions
over the subsets of the cake, the problem is how to allocate the cake to optimize a certain
objective, while satisfying some constraints, such as fairness. This class of problem has been
the subject of numerous papers; see, elg., Brams and Tay|or [1995], Brams and Taylor [1996],
Robertson and Webb [1998], and recent papers, e|g., Mossel and Tamuz [2010] and Chen et al.
[2010].

3.4.1 The Model

To simplify the computation, while still being able to illustrate our approach, we suppose
that the cake initially contains a setK of homogenous portions. An outcome is a matrix

x=fxxg2[01N *;
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wherexj is the portion k 2 K allocated to playerj 2 N. Note that the set X of admissible
outcomes (allocations) is given by

X
X =fx2[01N X j8k2K;, xx 1g
i2N
Denote by 0 the utility of player | 2 N for portion k 2 K. Thus, the type
of player | isP the vector ;, and his utility function over any subsetx; of the cake is
u (%)= ik Xjk - We normalize the utility function of each player for the whole cake
k2K

to one. Therefore, if k¥ = f1gkok is the allocation of the cake, theru;( j; 1« ) = K =
k2K

P

As a result, the set of types is the polytope = f ; 2 RY | Kk =10.
k2K

One approach to allocating the cake would be to solve the following linear optimization

problem :

max u
X
subjectto:  ayXxjk = u; 8] 2 N; (3.11)
k2K

X2 X:

We will refer to this approach as mechanisnM , that is, the mechanism that associates an
outcomex to a vector a of actions. We de ne an admissible action for playey to be one
that satis es the constraints ay Ok 2 K and ax = 1: The normalization of the

k2K
admissibility constraints on the types and actions implies that the set of actions and types
are the same, i.eA = . Note that if the above optimization problem has multiple solutions,

then we will simply choose one of them randomly.

An example of a belief™ is obtained through the following process : for each player
j 2 N, we randomly generate a vector in [A]¢ according to the uniform distribution. Then,
we normalize this vector by dividing each component by the sum of all components, hence
obtaining a vector ; 2 . Note that this mechanism M is symmetric, and the beliefs
follow identical probability distributions due to our way of generating the vector j;j 2 N.
A consequence of these symmetries is that the return function is independent ofj, and
therefore, we have ; ="' forallj 2 N.

3.4.2 A Simple Two-Player Example

In principle, the above problem can be solved for any number of players and any set
K. However, for the sake of graphical representation and analytical calculation, we rst
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focus on the simplest possible setting of two players, anj = 2. Let a; = (a1;1;a;2) and
a = (@1;@). In this context, problem[3.1] becomes

max u (3.12)
subject to u = ap;x11+ (1 agr)Xao; (3.13)
U= ax(l x11)+(@ an)l Xi); (3.14)

X11;X12 ~ O; (3.15)

wherex; represents the portionk = 1;2 allocated to playerj =1;2. The description of the
type ; and the action g of each playerj can now be reduced to one real variable each in
[0;1] that is, ;1 and & 1. As a result, a strategy ; is a mapping from [Q1] into [O; 1].

To simplify the theoretical analysis, we assume that the beliefSabout types are obtained
by drawing uniformly and randomly ;1 in [O; 1], hence obtaining j, =1 ;. Also, we are
re-scaling values of and a by multiplying them all by 100. The equations [3.1B] 3.14) then
imply the equalities

(11 + a1)X11 = @1+ (100  ax)(1  X12) (100 a3)Xi2; and (3.16)
(200 a;1  ap)X12=(100 @)+ ax(1  X11) @1X1 (3.17)

Using Algorithm [T, we compute a Bayesian-Nash equilibrium. We have proceeded to 500
iterations. In the 10 rst iterations, players played truthfully, so that we could compute the
truthful return function. Afterwards, at each iteration, players' types were drawn randomly,
and their actions were computed by choosing the best-replies to the return function, given
their types. Actions were then used to compute the outcome, which was then used to feed
the return function.

Figure represents the equilibrium strategies®N . More precisely, it stands for the
best-reply strategy to the return function obtained after 500 iterations. In Figure 3, 200 dots
have been obtained by randomly drawing a player's type, and computing the best-reply action
to the return function obtained after 500 iterations. The x-axis is the player's weight for a
portion, while the y-axis is his announced weight for the portion. Di erent portionsk 2 K
of the cake are depicted by di erent colors of dots. The dotted diagonal line corresponds
to the truthful strategy " . As we can see in this gure, the equilibrium strategy jBN
consists of overvaluing the portion he desires less, and undervaluing the portion he prefers.
Let " BN — ( BN)_

The plain line in the gure represents a linear regression of the equilibrium strategy.
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Figure 3.3 Bayesian-Nash Equilibrium with 2 Players and 2 Attributes
It is given by PN ( ;) =35+0:3;. Interestingly, this gives us a measure to analyze the

convergence of the algorithm. Figurg 34 displays the evolution of the linear regression slopes
for every 10 iterations, as well as the corresponding average sum of squares.

Figure 3.4 Slopes of Linear Regressions of Best-Replies to Return Function as Iterations
Increase

It is important to notice that these gures show some convergence of the algorithm. While
the slopes stabilize at about 8, the average sum of squares decreases to close to 0. However,
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it is to be expected that this average sum will actually never reach zero. After all, it is clear
from Figure[3.3 that the Bayesian-Nash equilibrium does not involve a ne strategi€%

3.4.3 Analytical Analysis

In this simple example of two players and two attributes, using equationg (3[16, 3]17), the
mechanism can be drawn as in Figuije 3.5. The main diagonal of the square corresponds to
the two players having identical utility functions, in which case there are numerous solutions,
all yielding utilities of 50 for both players. The other diagonal is another discontinuity of the
mechanism, which appears when the rst player's preference for the rst portion equals the
second player's preference for the second portion. The two diagonals de ne four areas. In each
area, the mechanism is de ned analytically as a function of the players' actions, as represented
in Figure [3.5. This will enable us to verify the validity of our numerical determination of
the Bayesian-Nash equilibrium; rst, by analytically computing the best-reply strategy to
the interpolated Bayesian-Nash strategy, and next, by showing that this analytical best-reply
strategy is close to the interpolated Bayesian-Nash strategy.

Aa21
100
N 100
20 u a11 Haz21
80 Z12i=1
Line alon
70 whicEeg
Tintegral is
60 tad-
r11 = 0 13 =
50 . 100 b= 100_
40 127 200 @11 — a2 11_@11+az1
30
20 z11 =1
=1 100
10 2= 20 —a11 —az1 a
0 >1 1

0 10 20 30 40 50 60 70 80 90 100

Figure 3.5 Mechanism of the Cake-Cutting Problem with 2 Attributes and 2 Players

A linear approximation of the strategy in Figure[3.B consists of choosing the actian;
such that
a11= "M ( 11) = @pp + (100 28,) 11

9. In a simpler setting where the set of actions is nite, [Rabinovich et al|,|2013] provide a more detailed
and rigorous study of the convergence of ctitious play based on return functions.
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The numerical value ofa,,, is approximately 35.

Now, supposing that player 2 chooses to play the computed Bayesian-Nash equilibrium
strategy, we can evaluate the return function for player 1, and write his payo if he chooses
action a;; and has a type ; :

Z
ui( 13" BV () = u( 1M (a; BN ( 2)))d%; (3.18)
Z %0 a . .
_ mn Uy (11, M (215 @2)) .
= . 100 Zamin daz. (3 19)

If a;; 50, we can separate the integral into the cases wheaig, a;1, a1 an
100 a;; anday; 100 ay;. The three resulting terms are

Z .n i 7
" sao0 pa 100y 4a, - (3.20)
100 28y, o HAT200 Ay an’ o '
Z
1 100 au 100
—_— 100 d X 3.21
100 2a., _a, (h 1) 200 a;1 axn %1 _ ( )
1 100 agp, 100 |
_—— 1 ————)+ (100 d : 3.22
100 2ay, 100 ay 1 a t a21) ( 1) dae ( )
Calculating these integrals yields
(100  2ay)us( 11" PV (&) =
4(100 311)2 200 aii A
2 )+ + 19l n ;
(11 ayp) +In 200 an a. 111N (100 a)?(100+ an  a)

(3.23)

Therefore, the level curves, for whichuy( 11;' BN (a,)) is constant, are described by the
following equation :

4(100 aj)?

k 23.11 In 200 ay a.
H - In 200 ail amin - , for all 122’ (324)
4(100 311)2(100+ ail Ay )
with K = (100 28,0 )us( 11;" BN (81))+2 &y, - Therefore, we geti( 11;" BN (a1)) = g57am—.

min

The level curves for expected utilityu,( 11;' BN (a1)); as functions of 1, and ay;; at the
Bayesian-Nash equilibrium are shown in Figure 3.6, where an approximated best-reply a ne
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strategy is drawn in red.

Figure 3.6 Level Curves of a Player's Expected Utilities at a Bayesian-Nash Equilibrium

The best-reply action of player 1 is the action that maximizes the expected value of
ui( 11;" BN (a1)), given a value of ;1. Therefore, if 1, = 20 for instance, the largest value he
can obtain foruy( 11;' BN (a,)) is 75; which is reached by choosing action;; = 35. As we
can easily see, the best-reply strategy does not coincide with the computed Bayesian-Nash
equilibrium, but is very close to it. This shows that the use of the return-function method
has been e cient for computing the Bayesian-Nash equilibrium.

3.4.4 The Non-Linear Component

An interesting observation can be made regarding a pattern in the Bayesian-Nash equi-
librium strategies. Indeed, a closer look at the best-reply curves in Figufe B.3 reveals that
they are S-shaped (like ararctan( ) function). Computing the best-reply strategy to the
interpolated strategy in Figure[3.3, we again get this S-shaped curve as shown in Figurg 3.7.

3.4.5 A More General Example

Now, we consider a more general case with 20 players and 3 attributes. As before, we
use Algorithm[] to derive a Bayesian-Nash return function after 100 iterations. Figufe 3.8
displays the computed best-reply to this return function, and thus represents the Bayesian-
Nash equilibrium strategy. Once again, we have plotted the announced weights as a function
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Figure 3.7 S-Shape of Computed Bayesian-Nash Equilibrium and the Best-Reply Strategy to
a Linear Regression of the Computed Bayesian-Nash Equilibrium

of the type weights. However, this time, because the sets of types and of actions are 2-
dimensional (they are the simplex of the 3-dimensional space), the gure only displays a
projection of the full strategy at Bayesian-Nash equilibria. This explains the fuzziness of the

cloud of dots.

Again, the Bayesian-Nash equilibrium shows an overbid for portions of the cake that
the players do not want, while the portions they do want are underbid. This shift between
underbidding and overbidding occurs at 100/3, which corresponds to the player liking the
portion just as much as the average of other players. In this more complex setting, analytical
calculations are too complicated. Indeed, both the belief and the mechanism are hard to
write algebraically, and consequently, it is extremely di cult to algebraically compute this
Bayesian-Nash equilibrium.

Similarly to what we did in the 2-player 2-attribute case, we computed the slope of the
linear regression of Figuré 3|8, as well as the average of the squares in Figure 3.9.

We nish by commenting on the complexity of our algorithm. First, the algorithm's
complexity time does not increase much with the number of players. Indeed, although the
time it takes to perform one iteration of the loop of Algorithm[] increases (only linearly) in
the number of players, we generate many more observations at each iteration, which speeds
up the approximation of the return function. Therefore, we expect to need fewer iterations in
total to reach a Bayesian-Nash equilibrium. On the other hand, the complexity time increases
more rapidly with the number of attributes. This is due to the the algorithm's second step,
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Figure 3.8 Bayesian-Nash Equilibrium with 20 Players and 3 Attributes

which involves an optimization over the set of actions. Obviously, the higher-dimensional is
this set, the more time it takes to solve this optimization problem. Again, we mention that
advanced methods for nonlinear optimization could be used to speed up the computation at
this step.

3.5 Theoretical Convergence

In this last section, we provide a theoretical proof of the iterative algorithm's convergence
to a Bayesian-Nash equilibrium. In particular, we show that, despite the cumulative error
due to the approximations made at each successive iteration of the return function, we can
guarantee its convergence to a Bayesian-Nash equilibrium.

We start with some necessary preliminaries of topology, de ne the metric topology in
which the convergence is de ned, and conclude with a convergence theorem. The next pro-
position introduces a metric topology on the set of outcome probabilities, which is the output
set of the return function.
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Figure 3.9 Slopes and Least Average Squares of Linear Regressions for 20 Players and 3
Attributes

Proposition 1. The following distanced x) is a pseudometri@ on ( X):

dox)(<5%%) = sup  ju( ;%Y u( ;%) (3.25)

i2N; 12

Demonstration. The function d( x is obviously non-negative and symmetric, and it clearly
satis es the triangle inequality. O

The natural topology on return-function pro les is given by the following metric :

Proposition 2. The following distanced is a pseudometric on

d(*h 2= sup d(x( Y&) A&@)): (3.26)

j2N;a;

Demonstration. The function d is obviously non-negative and symmetric, and it clearly
satis es the triangle inequality. ]

From now on, will refer to the space occurring after the metric identi cation corres-
ponding tod is done. In particular, ( ;d ) is a metric space.

10. We use the term pseudometric to highlight the fact that the distance could be equal to zero, without
necessarily involving the same object.
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3.5.1 Continuity of

When we introduced the return function, we pointed out that the convergence of a se-
guence of best-replying strategy pro les could induce the convergence of the associated se-
guence of return-function pro les, provided that the mapping is continuous. In this section,
we characterize the conditions under which this mapping is indeed continuous.

To talk about continuity of , we rst need some topology on the set of strategy pro les.
An important remark to be made rst is that many strategy pro les yield the same outcomes.
More precisely, if two strategy pro les lead to di erent actions for a set of types of probability
zero, then they will be virtually identical. A usual way of formalizing this idea is by using
guotient spaces, i.e., given a set of strategies, we group virtually identical strategies into a set.
By doing this for all strategies, we divide the set of strategies into subsets, each containing
virtually identical strategies. The quotient space is de ned as the set of all these subsets.
This construction is characterized by the following theorem.

Theorem 4. Let us denote ? 2if () diers from 2( ) on a set of nil probability
according to™. Then, is a well-de ned equivalence relation on, and it de nes the quotient
space = = . Moreover, the space8R ( )= are well-denedin forall 2 and

do not depend on the representative of its equivalence class.

Bemonstration. This is an immediate consequence of de ning best-replies as the maximiza-
tion of an expectation. Thus, nil probability spaces have no in uence on a strategy's optima-

lity. O

This theorem indicates that, to study best-reply dynamics and Bayesian-Nash equilibria,
the right topology of strategy pro les should be de ned on

Now, to go further, let us assume that there is some metrid; oy on ( A). There is no
canonical way of choosing such a metric on the space of probability distribution A) (see,
e.g.,|Gibbs and Su| [2002] for a list of such metrics). For this reason, we will remain vague
regarding the choice of the metric and simply ask that the following property be satis ed :

Hypothesis 1. For any parameterized probabilities on actiong!(t) and &(t), where the
parametert follows some probability distributiort; the metric d( ) satis es

h i
diay E J&'(OLE J&8(D)]  E  d( ay(@'(t); 8(1)) : (3.27)

This property is a sort of convexity property. It states that the distance between two
means of probabilities on actions is smaller that the average distance between these two
actions.
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Remark 9. If A is nite, then the space ( A) of probability distributions on A can be
embedded intdR”. Now, for any normjj:j on R*, we have

i Elef ()] El(D10i = i Ele’(t) &(D1ji E jie'(t) i : (3.28)

This proves that, ifA is nite, all norms on R* de ne metrics on ( A) that satisfy Hypothesis
[l.

We can now de ne a metric on (A") using, for instance,
d( any(a'; &) = sup d (8 &) (3.29)
j
Based on this (or on a similar metric that would rather involve an expectation), we can

de ne the following metric on

Proposition 3. The distanced is a pseudometric on by
h [
d(% ?=sup E - deay( () (i) :
j2N
Demonstration. The function d is obviously non-negative and symmetric, and it clearly
satis es the triangle inequality. ]

This construction leads us to a framework to de ne the continuity of , and a su cient
condition to prove it. To do so, we need the following lemma.

Lemma 1. For any strategies !; 2, the following relation holds :
d ol f~ \Wefa - 2 (~ . d 1. 2y. 3.30
Sup d an) (& ()i 55(7)) (5 ) (3.30)
J
Demonstration. First note that, for any player j, we have
doany (&5 57 )i@: (7)) = sup doay () 2(7) : (3.31)
i6]
Thus, by taking the supremum over all playerg, we have
sup d¢any (a; 5 (T)i(Es %(T5) =sup deay (3 A7) (3.32)
i2N i2N
Now, using Hypothesiﬂl on the metrid  »), given that !(7) = S ()], we have, for

allj, ) i
d(/'\) jl(j); jz(j) E § d( A) jl(j); jz(j) . (333)

J
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By taking the supremum overj in both sides, we obtain the exact formula in the lemma. [

Theorem 5. If the mechanismM is uniformly continuous from( ( A");d( an)) to (( X);d( x)),
then so is the mapping from ( ;d )to( ;d).

Demonstration. Let > 0. SinceM is uniformly continuous, then there exists > 0 such
that, for any probabilities &'; & on actions, we have

d a(a'; &) ) d(x)y(M (@');M (8%)) (3.34)
Note that we have
dexy (D @) (%) @&) =dixy M a; H(7) M a; % (7)) (3.35)

Now, using Lemma[ [l and equation[ (3.34), il ( %; ?) , then the right-hand side of
equation (3.3%) can be upper-bounded by. By taking the supremum over all player§ and
all actionsa 2 A, we obtain the inequality

d((h (% - (3.36)
This proves the uniform continuity of . m

The continuity of  then implies that any convergence of a sequence');,y of strategy
pro les implies the convergence of the sequence(( ));»n of return function pro les. In other
words, does not only preserve best-replies and Bayesian-Nash equilibria, it also preserves
the topology of these spaces.

3.5.2 Best-Reply Dynamics

Let us now turn our attention to the best-reply dynamics. To start with, we assume that
there exists some subspadé of such that, for any ' 2 U, the best-reply return function is
uniquely de ned and that BR (") U. With a slight abuse of language, this unique best-
reply return functionE] is simply denoted byBR (' ). We will discuss the case of best-reply
return functions that are not uniquely de ned in section 5.3.

In our present setting, we thus have a mappin@gdR : U ! U that de nes the best-
reply dynamics by BR' (' ))i-n, Where BR' is the composition ofi best-repliesBR |, i.e.,
BR' (") = |3R (BR{Z(:::BR § ):)).

i times

11. To improve the chances of uniqueness, is identi ed to the space separated by the pseudometrid |,
i.e.the space = where'! 'Z2ifd ("' ?)=0.
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Remark 10. The Bayesian-Nash return functions inU are the xed points ofBR.

Theorem 6. Let ( ).y be a sequence of uniquely de ned best-reply strategy pro les that
converges to a Bayesian-Nash equilibrium®N 2 BN ,and'' = ( ). Assume conti-
nuous. Then,BR(' ') is always uniquely well-de ned, we have' = BR' (' °) and the se-
quence(BR' (' 9));,n converges towards a Bayesian-Nash return function.

Demonstration. First, BR (‘)= (BR : ( (")) = (BR (). SinceBR ( ') is uni-
quely well-de ned by assumption, sois (BR ( )= BR (' ).
Now, let us show by induction that' ' = BR' (" ©). This equality holds trivially for
i = 0. Assume it holds fori. We have' '** = ( *1)2 (BR ()= (BR , ( ()=
(BR, (") = BR ("), which we know to be a singleton. Thus. ** = BR (') =
BR (BR' (" 9) = BR"! (' 9). This concludes the proof by induction.
Finally, the last part of the theorem is an immediate consequence of Theor¢in 2. [

This theorem shows that the return function is just as good as strategy pro les to describe
best-reply strategies, Bayesian-Nash equilibria and iterations of best-reply strategies towards
equilibria. From now on, we will only be working on return functions. Thus, we denote
BR = BR andBN = BN .

In Theorem[B, we assumed that the return function was computed exactly at each itera-
tion. This is in fact not true as at each iteration an error is made. However, by sampling more
and more at each iteration, we can guarantee that this error goes to 0. For the convergence
to still hold under sampling errors, we need to introduce additional topological properties on
the best-reply dynamics.

Hypothesis 2. The best-reply functionBR is a uniformly continuous function fromU
into itself.

This hypothesis will be useful when we consider reciprocal images of convergence spaces.

Hypothesis 3. All sequence{BR'(' ))ion 2 UN converge uniformly, i.e.,

n 0
8>0K =inff K2N;8 2U;9* 2BN\ U;8 KBR'(")2B(1;) <1:
(3.37)
Let us de ne BN by
[ BN
BN = B(""";) \ U (3.38)

"BN2BN\ U

Then, Hypothesis@ can be reinterpreted dd = BR K (BN )forany > 0, whereBR (V)
denotes the reciprocal image of by the mapping BR'.
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Hypothesis 4. Bayesian-Nash return functions ofU are locally contracting points ofBR,
le.,

9: > 0,88 2BN;8 2B(BV: );d (BR();'®) (@ H)d ;' BV): (3.39)

This hypothesis is necessary to ensure that once the approximated sequence gets close to
the Bayesian-Nash Equilibrium, it will remain close and actually converge.

Proposition 4. Assume Hypothes@ @-4 hold true. Then, the seque(B&' (' ));»n converges
towards' BN 2 BN ifand only if' 2 BR X (B(' BN ; ).

Demonstration. If ' 2 BR K (B(' BN; ), then BRX (") 2 B(' BN; ). The contracting
hypothesis allows us to conclude the convergence BR'(' ) towards ' BN . Reciprocally,
assume thatBR'(* ) converges to BN . SinceBRK (' ) is necessarily in a contracting area, it
will necessarily converge. For the limit to be BN | it needs to be the contracting area of BN .
Thus, BRK (") 2 B(' BN; ). This proves the inverse inclusion, and concludes the proof]

Corollary 1. Assume Hypothesdg[3-4 hold true. BR is continuous fromU into itself, then
the limit of sequence®8R'(' ) depends only on the connected component'ofin U.

Demonstration. The set of points that converge to an equilibrium BN isthe setBR ¥ (B(' BN; )).
Now, all points of BR K (B(' BN ; )) also lead to a convergence tb BN | which implies that

BR * (B(™; )= BR “ (B( ®™; )): (3.40)

Since the left-hand term is an open set, while the other is a closed set, this means that the
set of all points converging to' BN is both open and closed inJ. Now, from Hypothesis

3, we know that U is the union of allBR ¥ (B(' BN; )). This proves that each connected
component ofU belongs to one of theBR X (B(* BN; )), for ' BN 2 BN, and proves the
corollary. m

This means that every connected component dfi is matched with a Bayesian-Nash
Equilibrium.

3.5.3 Discussion of Hypotheses

In this section, we briey discuss the hypothesis needed to guarantee the theoretical
convergence of the return functions towards a Bayesian-Nash equilibrium. Let us rst give
an intuition on why a non-unique best reply is rare. Suppose thdt had two best-replies,
'1 8 ' 2; then these would be images by of two best-replies * 6 2. Consequently, this
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means that there is a set of types of strictly positive probability for whichy; ( ;" ( jl( i) =
u (g ( jz( i))). In other words, a return function pro le ' that has two best-reply strategies
must be a zero of the mappings

T CRCD) st CECN (3.41)

for a set of ; of positive probability. Now, this mapping is continuous, and from our construc-
tion of the topology of'; we expect that a slight change of will yield a non-zero value for
this function. If this were the case, then the set of that has both ! and 2 as best-replies
would be some strict closed submanifold of the space of return functions. We acknowledge
the fact that it is hard to rigorously state these intuitions, partly because, in general, these
spaces are of in nite dimensions. Still, we may expect the set of return functions exhibiting
multiple best-replies to be a union of such strict closed submanifolds. Consequently, we can
expect its complement to be a dense open set of .

Now, observe that ifU is a compact set, then a su cient condition for Hypothesis P to
be satis ed is forBR to be continuous. Hypothesis 3 holds if the union @R K(B(' ! ;))
coversU for some integerk. Of course the actual satisfaction of this hypothesis depends on
the choice of the setU. Here, there is a trade-o : the larger the setJ, the easier it is to
achieve the convergence (see Theorein 7 below), but the harder it is to satisfy Hypothgsis 3.
In any event, choosing a very largé should help to ensure the coverage &f.

ConsideringU to be the set of all return functions whose best-replies are uniquely de ned
IS not su cient to guarantee a continuous function BR to be uniformly continuous. Howe-
ver, BR may still be uniformly continuous, as we expecBR to be naturally extended by
continuity on each closure of each connected component df Each closure could then be
compact, which would proveBR to be uniformly continuous. Now if this closure leads to
discontinuities on BR, it would be still possible to cut the edges of the connected compo-
nents to de ne a compact selJ, which would be a strict subset of the set of return functions
whose best-replies are uniquely de ned. This is illustrated in Figuije 310 where curved lines
represent the submanifolds mentioned above, and where the shaded area corresponds to the
chosenuU.

Finally, Hypothesis[4 is only slightly stronger than the asymptotic stability, which is al-
most necessary for any convergence. In particular, in the context of the next section, where the
approximation errors are interpreted as the addition of small perturbations to the trajectory
of sequence8R(' ), this strong stability will be essential to guarantee any convergence.
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Figure 3.10 Choice of the set, represented as the shaded area

3.5.4 Approached Best-Reply Dynamics

In this section, we deal with the convergence of the algorithm, where the approximation
'+ BR(' ') is used. To have convergence, we assume that the distance betweEh and
BR(' ') is a decreasing function of that goes to 0. We suppose that this can be achieved by
more sub-iterations at iterationi to better approximate ' '**.

Hypothesis 5. The sequencg' ') satisesd (' **;BR("')) ! 0.

Theorem 7. Assume Hypotheses|[4-5 are satis ed. Consider the values> 0 de ned by
HypothesisDﬂL If for a su ciently large i, ' ' 2 BN , then the sequencé ') converges towards

a Bayesian-Nash Equilibrium.

Demonstration. Under the assumptions, there exist& 2 N such that' ¥ 2 BN and
d (" " BR( ) =2 foralli K +1. Let 'BN be the equilibrium corresponding
to ' K. We have the following inequalities :

8 Kid ("1 ®N) d (HBR()+ d (BR( )Y (3.42)
d("BRC)+@ )d (Y (3.43)
=2+ )d (V) (3.44)

We used an induction argument to justify that' ' belonged toBN . Another induction

argument implies thatd (" ';' BN) | which leads to
d ™My @ =2d e (3.45)
and completes the convergence proof. O

Finally, we state this section's main theoretical result.

Theorem 8. Assume Hypothesds 2] 8] 4 and 5 are satis ed. If for a su ciently largg, ' ' 2
U, then the sequencé ') converges to a Bayesian-Nash Equilibrium.
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Cemonstration. See Appendix. O

Intuitively, we have contracting neighborhoods of Nash equilibria, whose inverse images
by the best-reply dynamics take over nearly all the space of the return functions. The trouble
though comes from errors. While the image of a neighborhood contracts it, errors dilate it.
So, we need to make sure we can guarantee falling strictly enough in the interior of the
neighborhood through contractions. This is where the uniform continuity oBR is required.

3.6 Conclusion

In this paper, we introduced the return function as a new approach to study Bayesian
games and to compute Bayesian-Nash equilibria. The main novelty consists in studying best-
reply dynamics in the space of return functions instead of doing it in the space of strategies.
We theoretically showed the near equivalence of analyses in the di erent spaces. Then, we
provided an algorithm that exploits this equivalence by using approximations of best-reply
return functions, with samplings and interpolations. This algorithm turned out to be extre-
mely e cient at computing Bayesian-Nash equilibria in settings that are hardly analytically
accessible. In the simple 2-player case of cake-cutting, where some analytical remarks could
be made, we showed how accurate numerical computations are, as they revealed patterns
in the Bayesian-Nash equilibria that could hardly have been anticipated otherwise. In the
much more complex setting of 20 players, we achieved successful computations with our me-
thods. Finally, we put these experimental results on solid mathematical foundations in our
last section, as we proved convergence despite inherent cumulative computational errors due
to samplings and interpolations. We believe this work to be a breakthrough in computational
approaches to Bayesian games, opening up new research orientations in further understan-
ding Bayesian-Nash equilibria, with improvements in computational performance and with
applications to diverse elds like Bayesian mechanism design.

3.7 Proof of Theorem 3[]
First, let us prove that the Cesaro series of the sequentg converges.
Lemma 2. Given the hypothesis of Theorein 3, almost surely, we have
1X

|
k=1

u'! Jim E[U]: (3.46)
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Demonstration. SinceU' 2 [0; U], we haveV ar(U')  U?. Thus, the variances are nite and

s \V} i P 1
Varl) 2™ 1oy, (3.47)
[ [
i=1 i=1
Thus, the lemma is guaranteed by Kolmogorov's strong law. O

Next, we need the following lemma.

P . . .
Lemma 3. Assume that% a, ! 0 and b, is an monotonic sequence of positive real
k=1

P
numbers. Also assume thabhb, = O(c,), wherec, = h., and thatlimc, = 1 . Then,
k=1
, P
. ach! 0.
k=1

P

Demonstration. Let A, = ax. Without loss of generality, we can assume that, = 0. Also,
k=1

sincenb, = O(c,), we can de neK > 0 such thatnb, Kc,.Let > 0, andN such that

foralln N, we havejA,j n . Using Abel's transform, we have

X X X1
ST abs o (A A oho= 2 I A b ) (3.48)

k=1 N k=1 k=1
Thus, we can deduce that, fon N,

1 X np, 1X . X1
el b I Aviibes _ K(Des : 3.49
. axh + c. JAibr b + G (b1 b) (3.49)

k=1 Cn k=1 k=N

[

By noting Ry = jAgjibe1  bej which does not depend om, and by using another Abel's
k=1

transform, we have

1 X R X1 2nb, + Ry +
I an M LRl 1, h W FRNTG ooy (350)
Cho\oy Cn Ch G =N Cn
. ) P
for n high enough such thatRy =g, 1. This proves thaté ah ! 0. O
k=1

Finally, we get to the proof of Theorend B.

Demonstration. We apply the previous lemma fora; = U' I(I'ilrn E[UXJand b = R' = i.
The sequencey = i is clearly monotonic and positive. PIung i(i  1)=2 i%2=2. Thus,
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i% = i2 = O(i?) = O(g), and, clearly, limg = 1 . Given that Lemma[2 guarantees that
( &)=i! 0, then, almost surely, we have

P

1 Xi RIUI

~  ha= lim E[U]! O 3.51

G . P Ri k1 [Vl ( )
k=1

In other words, the weighted average sequen¥é converges almost surely towardks'1 linE[UX].
' O

3.8 Proof of Theorem 8[]

In order to control deviations of sequences, let us introduce the narrowing concept.

De nition 3.  The -narrowing N (U) of a subsetJ of a metric setX is de ned as follows
N (U=fx2X;B(x; ) Ug: (3.52)

Since all open sets contain balls, for all open sets there always is > 0 such that the
-narrowing of U is a non-empty. Any non-empty narrowing therefore contains balls, which
means that it is a neighbourhood of some of its points.

De nition 4. A setV is a strict narrowing of U if it is included in an -narrowing of U,
and we denote this by @U, i.e.,

V@Uu,9 > 0oV N (U): (3.53)
Proposition 5. AssumeV  U. Then, we have the following equality :

V2{/r;le2U d(v; x) = supf oV N (U)g: (3.54)
Demonstration. Let > 0 such thatV N (U). Then, forany xy 2 V, B(xy; ) U.If
x 2 U, thenx 2 B(Xy; ), which proves thatd(xy;x) > . This shows that the rst term is
greater than the second.

Now, let = 2i\r/1f2U d(xy;x) > 0. Let 0 < < . If xy 2 V, any point x such that
X X
d(xv ; x) cannot be outside ofU. Thus, x 2 U, which shows thatB(xy; ) U.Asa

result V. N (U). By having tending towards , this shows that the second term is at
least . This proves the other inequality, and concludes the proof. ]
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Lemma 4. If > > 0, thenN (U) is included inN (U).

Demonstration. Let x 2 N (U), then B(x; ) U. But since > > 0, B(x; )
B(x; ) U. This proves thatx 2 N (U), and concludes the proof. ]

Corollary 2. N (U) is a strict narrowing of U.
Demonstration. It su ces to take = =2 and to apply the previous lemma. m
Lemmab5. Let ; > 0,andx2 X.ThenB(x; ) N (B(x; + )).
Demonstration. Lety 2 B(x; ), and z 2 B(y; ). We have
d(x;z) d(xy)+ d(y;2) + (3.55)
thus z 2 B(x; + ), which proves that B(y; ) B(x; + ). Incidentally, B(x; )
N (B(x; + )). ]
Lemma 6. Forany ; > O, we haveN . (U) N (N (U)).
Demonstration. Let x 2 N . (U). ThenB(x; + ) U. But since
[
B(x;, + ) B(y; ); (3.56)
y2B(x; )

we know that forally 2 B(x; ),y 2 N (U). This shows thatx 2 N (N (U)), and concludes
the proof. m

Corollary 3. If V is a strict narrowing of U, then there exists an -narrowing of U for
which V is still a strict narrowing, i.e.,

V@u)9 > 0V@N (U): (3.57)

Demonstration. Let > O suchthatV N (U),andlet = =2.Then,
V. NU)=N., (U N (N U); (3.58)
which proves thatV is a strict narrowing of N (U). O

Theorem 9. Let f be a uniformly continuous function fromX into itself. If V is a strict
narrowing of U, then there exists an -narrowing of U such that the reciprocal image oY is
a strict narrowing of the reciprocal image oN (U), i.e.,

f uniformly continuous andv @U )9 > 0O;f }(V) @f *(N (U)): (3.59)
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Demonstration. Let such thatV @N (U), which exists because of Corollary|3. Let =
d(V;N (U)°). We know that > O because of Propositiofi|5. Now, since is uniformly

continuous, there exists > 0 such that wheneverd(f (x);f (y)) , we haved(x;y) f
we takex 2 f (V)andy2f (N (U)), this implies that d(f (V);f (N (U))¢) > 0.
Proposition[§ enables us to conclude that (V) @f (N (U)). O

If U is a subset, then we denoté (U)=f YN (U)).If 2 (R,)"is a vector of positive
numbers, then we de nef "(U)=f Xf ' (f ' (:::f 1(U)))).

Corollary 4. Assume thatU has a non-empty narrowing and that is uniformly continuous.
Then,

8> 0,812 N;9 2 (R,)8 2fL:;ngf (N(U) f .. (U): (3.60)

Demonstration. It su ces to apply Theorem P|to construct the sequence of ()1 i n. ]
Finally, we can prove Theorenij B.

Demonstration. Consider ; > 0 which corresponds to Hypothes|d 4. Let= =2. According
to lemma[3, we haveBN N (BN ). Now, because of Hypothesis| 2 of uniform continuity,
we can apply CorollaryBl forn = K , which provides the existence of (); i k 2 (R,)¥
such that

8i2f1:::;K gBR '(N(BN) BR 1‘;::; (BN ): (3.61)
Thus,
BR “(BN) BR X(N(BN) BR X (BN)=U; (3.62)
according to Hypothesig B. Now, let =inff ;;1 i K g[f = 2g. We know that > 0,
because all ; are positive, and because there is a nite number of them. Hypothegis 5 now
implies that there is a rank K, such that, for alli  K,, we haved (' "*1;BR(' "))

Now, if (' ') comes an in nite number of times insideU, then there isK; K, such that
‘Ko 2 U.

Now, let us show by induction overi that ' *+*! 2 BR K.*! (BN )for0 i K.
We know that ' K1*0 = ' X1 2 U = BR X *9(BN ). Let us now assume that the induction
is true for i. Then, using the de nition of BR ",

‘K2 BR KM =BR YN (BR KX (BN ))): (3.63)

..........

.....
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d (BR(" Kutl);r Katitl) k i, we deduce that
1 Ki+i+l K +i+1 .
i+l 2 BR K. (BN )); (3.64)

which proves the induction proof. Eventually,’ X:*K 2 BN .
Since,K ; was chosen such thatl (" "**;BR(" ') =2foralli K, we can then

apply Theorem[7, which proves that the sequence’ converges towards a Bayesian-Nash
Equilibrium. O
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3.9 Compémentsa l'article

Le choix de la croyance™ peut porter a confusion, puisque nous avons utilis deux
croyances dierentes dans le casa 2 portions et dans le casa 3 portions. Pour cette rai-
son, nous avons refait les simulations de la section 3.4.5 dans le cas est une distribution
uniforme sur le simplexe dd&j¥, m&me lorsqugK j > 2. Cette distribution peut &tre simuke
en tirant jK j variablesxy; :::; Xk j distribiees selon une loi exponentielle, et en divisant ensuite
chaque coordonree par les sommes des coordonrees. Comme attendu, ceci n'a ecte que peu
les esultats qualitatifs. Voici les graphes qui remplacent alors les Figurgs [3.8[et]3.9 dans le
cas d'une croyance uniforme.

Figure 3.11 Bayesian-Nash Equilibrium with 20 Players and 3 Attributes whefis uniform
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Figure 3.12 Slopes and Least Average Squares of Linear Regressions for 20 Players and 3
Attributes when ~is uniform
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Abstract . Cake-cutting is a popular metaphor for problems where a principal agent
has to fairly allocate resources. Such problems cover various areas of operations research and
management science, like, for instance, shift scheduling with employees' preferences. Recent
work focuses on optimizing social e ciency while guaranteeing fairness Cohler et al. [2011],
Caragiannis et al. [2011], Bei et al| [2012], but ignore incentive-compatibility constraints.
Conversely,| Mossel and Tamuz [2010], Chen et |al. [2013] focused fairness and incentive-
compatibility without aiming at social e ciency. In this paper, we present a new approach to
optimize both a compromise of fairness and social e ciency, while also guaranteeing Baye-
sian incentive-compatibility. This approach relies on the revelation principle Gibbard [1973],
Myerson [1979] and the computation of Bayesian-Nash equilibria proposed by Hoang et al.
[2014]. This computation consists in tracking a best-reply dynamics of return function, which
are mappings of action to probability distribution on outcomes, instead of the more classical
but harder-to-compute best-reply dynamics of strategies. In essence, it consists in exploring a
parameterized class of revelation mechanisms, which we know by construction to be Bayesian
incentive-compatible. We highlight the e ciency of this approach through numerical results
on instances of respectively 2, 5 and 20 agents.

4.1 Introduction

In this paper, we propose a mechanism to divide a resource among a set of agents who
have heterogenous preferences and may not want to reveal their preferences truthfully. We
suppose that the mechanism is designed by a principal agent (or mechanism designer), whose
aim is to achieve a speci ed objective, e.g., maximizing a weighted sum of collective e ciency
and fairness indicators. Our contribution belongs to the vast literature dealing with the
cake-cutting problem, which is considered a dynamic and challenging eld of investigation in
operations research and management science (see, e.g9., Brams and Taylor [1996], Robertson
and Webb [1998], Mossel and Tamuz [2010], Chen et al. [2013]).

The cake-cutting problem, which was rst introduced in Steinhaus [1948], consists in de-
vising a method to fairly allocate a cake to a set of agents. Many procedures to do so have
been proposed over time to do so, including the well knowast diminisher methodSteinhaus
[1948], thedivide-and-chooseapproach, themoving knife procedureBrams and Taylor [1996],
and the successive pairs algorithnRobertson and Webb |[19S8]. These mechanisms share
the property of being weakly incentive-compatible, that is, an untruthful claimer may regret
his untruthfulness at some point. However, if one requires a stronger concept of incentive-
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compatibility E] e.g., dominant strategy incentive-compatibility (DSIC), meaning that agents
always have incentives to be truthful, then the problem may end up having no conceptually
satisfying solution. To illustrate, Mossel and Tamuz| [2010] proved that there exists no de-
terministic DSIC super-fair division to the cake-cutting problem. We recall that a super-fair
division yields the exact (or proportional) division solution when all players have the same
preferences, and does strictly better than exact division otherwise. Recently, Chen et al.
[2013] added the assumption that players have piecewise constant valuation functions, and
provided a proportionally fair and envy-free deterministic DSIC mechanism. A randomized
DSIC super-fair division is discussed in Mossel and Tamuz [2010] and Chen €t|al. [2013].

In the above-cited studies, little attention has been given to maximizing social e ciency,
which could be a legitimate objective in some situations. In Cohler et al. [2011], the authors
provided a tractable, nearly optimal envy-free mechanism when the agents truthfully report
their valuations of the cake. They also gave optimal envy-free mechanisms for certain speci c
structures of the agents' preferences. Note that the di culty in determining a socially e cient
solution is due to the assumptions that (i) the cake is divisible into an in nite number of
portions, and (ii) the agents' utility functions are complex mathematical objects involving
probability measures. Here, we assume that the cake is made of homogeneous portions, with
the agents having constant valuations over each of these portions. In particular, this will
enable us to write the set of admissible allocations as a polytope.

Our approach has its roots in mechanism-design theory, where one retains Bayesian
incentive-compatibility (BIC) instead of DSIC. Intuitively, the idea is to design a mechanism
in such a way that thruthfulness is part of a Bayesian-Nash equilibrium, meaning that each
agent nds it optimal to reveal his true preferences when all others are doing the same. This
is the revelation principle introduced in Myerson's seminal paper Gibbard [1973], Myerson
[1979, 1981] in the context of auctions. To compute Bayesian-Nash equilibria, we implement
the algorithm proposed in Hoang et al. [2014], which uses the concept of return functions. A
return function is a mapping of an agent's action to the induced probability distribution on
his outcomes. The authors showed that any strategy pro le in a Bayesian game generates a
return-function pro le that captures all the information required to describe the best-reply
dynamics. Consequently, any best-reply dynamics of strategies is naturally mapped to a best-
reply dynamics of return functions. It is signi cant that return functions and best-replies to
return functions are much easier to compute than strategies and best-replies to strategies.
This advantage is particularly valuable when the beliefs or the Bayesian game cannot be
described analytically, as will be the case in our cake-cutting problem. In a second step, we

1. It is well-known that there is no loss of generality when focusing on incentive-compatible mechanisms
only. This is an aftermath of the revelation principle, which asserts that any mechanism at a equilibrium is
equivalent to an incentive-compatible mechanism.
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apply the revelation principle to obtain a BIC mechanism. Finally, we compute the value of
the mechanism designer's objective function. This is done iteratively, where at each iteration,
the principal draws types of players according to beliefs. Our approach is next illustrated on
a series of problems involving 2, 5 and 20 players, respectively.

The rest of the paper is organized as follows : In Section 2, we provide the theoretical
foundations to our approach by describing a general setting of mechanism design and by intro-
ducing the return function. In Section 3, we present algorithms for computing Bayesian-Nash
equilibria, implementing the revelation principle and optimizing the mechanism designer's ob-
jective. In Section 4, we provide an illustrative example of a cake-cutting problem and report
the computational results. Finally, we brie y conclude in Section 5.

4.2 General Model

The mechanism designer (or principal) in charge of dividing the cake seeks an allocation that
optimizes a given criterium speci ed below. Denote by; the share of player, with x; 2 X;,
and by ; the type of playeri, with ; 2 . Player i's preferences are described by a utility
function that depends only these data, namelyy;( i;Xi) 2 R. We assume that the principal
and all players buti have the same incomplete information about player's type ;. This
incomplete information is described by a probability distribution, called belief7 2 ()

on playeri's type. We suppose that the beliefs about the players' types are independent.

4.2.1 Direct Mechanisms

X with the knowledge of the type prole =( 1;:::; 1) 2 . Such a choice is known as a
direct mechanism.

De nition 5. A direct mechanismD is a mapping of type proles 2 into probability
distributions on outcomesD( ) 2 ( X),ie.,, D: ! ( X). We denote byD the set of
direct mechanisms.

The principal's payo is de ned by the function P : D! R, and her optimization (or
mechanism design) problem consists in maximizirR) over a set of incentive-compatible direct

mechanisms. The objective function may depend on the belief ( 73;:::; ™). For instance,
the objective function could combine social e ciency and fairness as follows :
h X [
P(D)=E - Exp () ui( ;%) Varfu( i;xi)dan (4.1)

i2N



73

whereV ar is some measure of the variations among players' utilities, andis a nonnegative
scaling parameter.

The concept of incentive compatibility requires us to highlight the fact that a mechanism-
design problem is a Bayesian game. Indeed, when players learn about the direct mechanism
that the principal wants to implement, they may choose to reveal their preferences untruth-
fully. We distinguish revealed preferences from intrinsic preferences2 by calling them

A (mixed) strategy s; for player i is a mapping from the set ; into (i), i.e.,, Si:
' (). Denoting by s=(s;;:::;s,) 2 S a strategy prole whereS = ,nS and § is
the set of mixed strategies of player, we can de ne the utility of that player in its classical
form, that is, in terms of strategies as follows :
h [
ui(si;s i) = E- Ex b sy W(isXi) ; 4.2)

where s ; is the strategy pro le of all players buti. The truthful strategy s of player
I is then an identity sj( ;) = ; forall ; 2 ;, where we have identi ed ; with the Dirac
distribution 2 ().

Equation[4.2 underlines how the direct mechanisi de nes a Bayesian game. A Bayesian-
Nash equilibrium of that game is then a strategy pro les®N such that everys®N is a best
reply to sBN . This leads us to the de nition of Bayesian incentive-compatibility.

De nition 6. A direct mechanismD 2 D is Bayesian incentive-compatible (BIC) if truth-
fulness is a Bayesian-Nash equilibrium. We denote Bg,c the set of BIC mechanisms.

The Bayesian-mechanism-design problem can then be stated as follows :

Pgc = sup  P(Dgic): (4.3)
Dgic 2Dsic
We will use the term BIC-optimal value for the optimal valuePg,. of the Bayesian-mechanism-
design problem. This value could be compared to the ideal value that the mechanism designer
could achieve if she had complete information about players' types. This ideal value is given
by
Pigear = SUp P(D): (4.4)
D2D

Note that the BIC requirement can be regarded as adding an in nite number of incentive-
compatibility constraints of the form

85i 2 Si; ui(Siruth ;Strlthh ) Ui(si ; Strlthh ): (4_5)
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The ideal value computation is then obtained by relaxing the Bayesian-mechanism-design
problem, and thereforeP,,,,, Yyields an upper bound to the BIC-optimal valuePg, . Clearly,
Pisea 1S IN general easier to compute thalPg, .

4.2.2 Revelation Principle

The focus on direct mechanisms instead of say, more sophisticated ones in terms of com-
plex sets of actions, is reminiscent of the revelation principle. Given a mechani¥nand a
Bayesian-Nash equilibrium strategy pro lesBN | we can construct the revelation mechanism
Drev: ! ( X) dened by

Drev( ) = D(s®™ ()): (4.6)

In other words, Dge, is merely the function compositionD sBN . Note that the revelation
mechanism does not require the initial mechanism to be direct, but we do not make the
general case explicit, for the sake of expository clarity. What is important is that we have
the following theorem.

Theorem 10. The set of revelation mechanisms coincides wiDg,c .

Sketch of proof.Consider a BIC mechanismDg,c . Since truthfulness is a Bayesian-Nash
equilibrium of Dg|c , the mechanismDgey = Dgic S™ is a revelation mechanism. Yet, it
equalsDgc . Thus, any BIC mechanism is a revelation mechanism.

Reciprocally, assumége, is the revelation mechanism of some direct mechanigmwith
some Bayesian-Nash equilibriurs®N . Then, for any playeri, playing s; againsts™" in Dge,
is equivalent to playingsEN s, againstsBY in D. As by de nition sPN is a best reply to
sBN in D, then s; = s is a best reply tos™™" in Dgey. This shows thatDge, is BIC and
completes the proof. O

The most important message of this theorem is that any mechanism boils down to a (BIC)
direct mechanism. This is why the mechanism-design literature has by large focused on direct
mechanisms. However, as discussed further, our new approach to Bayesian mechanism design
makes greater use of the revelation principle. Indeed, it consists in exploring a parameterized
set of direct mechanism®! for some parametet. For each value oft, we compute Bayesian-
Nash equilibrias' of the game induced byD!, and we apply the revelation principle to obtain
Dkey = D' s'. We then search for an optimum among revelation mechanisrbg,,, fort 2 T,
which we know by construction to be BIC.
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4.2.3 Return Function

A major step in applying the approach outlined above is the computation of a Bayesian-
Nash equilibrium sBN of a direct mechanismD. Clearly, there may be no analytical way to
do so for complex mechanisms. We propose to use the method introduced by Hoang ét al.
[2014], where the key feature is the introduction of the return function.

De nition 7. A return function ' ; : ;! ( X;) for a playeri is a mapping of his action
a; with the induced probability distribution' (&) 2 ( X;) on his allocation. We denote by
i the set of return functions of player and the set of return-function pro les.

Crucially, a strategy pro le s determines a return-function pro le, which is de ned by
h [

“i(@)=E | - D(aisi( i) : (4.7)

Intuitively, the return function ' ; for player i maps playeri's action to the probability dis-
tribution on the outcome when other players use strategg ; and when the outcome is
determined by the mechanisnD, by averaging out all scenarios ; = ;.

In Hoang et al| [2014], the authors proved that strategy pro les could be substituted by
return-function pro les in order to study best-reply dynamics and Bayesian-Nash equilibria.
This means that we have a best-reply correspondence of return-function pro les, which is a
simple translation of the best-reply correspondence of strategy pro les. Similarly, Bayesian-
Nash strategy pro les are naturally mapped into Bayesian-Nash return-function pro les.
Interestingly, the computations of (approximated) return-function pro les are more natural
and relevant than the computations of (approximated) strategy pro les for the following rea-
sons. First, unlike strategy pro les in repeated games, return function pro les are observable
objects because one can infer approximated return functions by looking at how actions have
a ected outcomes. Second, it is more relevant to a player to interpolate return functions to
estimate outcomes for unobserved actions than to interpolate others' strategies. Third, com-
putationally, it is easier for a player to determine his best action if given his return function
than if given knowledge of the other players' strategies. Indeed, even if playeknowss i, he
still needs to know the beliefs™ ; and the mechanismD in order to compute his best reply.

Based on these remarks, Hoang et &l. [2014] designed an algorithm for computing Bayesian-
Nash equilibria, where the core idea is to track a sort of ctitious play dynamics in the space of
return-function pro les to search for a xed point. This xed point corresponds to a Bayesian-
Nash return-function pro le, which in turn, correspond to a Bayesian-Nash strategy pro le.
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4.3 Algorithms

In this section, we rst recall the algorithm in/Hoang et al. [2014], and then introduce two
new algorithms for, respectively, implementing the revelation mechanism and computing the
principal’'s objective value.

4.3.1 Fictitious Play

The algorithm in Hoang et all [2014] for computing Bayesian-Nash equilibria follows
a ctitious-play-dynamics learning approach for the return function. As iterations pile up,
players are best-replying to theestimatedreturn function, and accumulating knowledge about
the best-reply return function.

Data : belief =, mechanismD.
while the convergence criterion is not veri eddo

(1) increment iter .

(2) draw a type ~

(3) compute actionsa; which maximizesu;( i;" i(&));

(4) draw an outcomex D (a).

(5) update the return-function prole ' with iter, a and x.
end while

Algorithm 2 Fictitious play

Note that points (2) and (4) are straightforward uses of the inputs of the algorithm. This
means that they are as complicated as the belief and mechanism are. In some applications,
e.g., shift scheduling with employees' preferences, these points, especially point (4), may
already be quite hard on their own.

However, for our purpose here, the di cult points are rather points (3) and (5), as they
require an implementation of the return function. Let us start with point (5), which cor-
responds to an updating procedure. Given that each return function is built by experience,
we propose a simple update, which consists in adding the 3-tuplet(; a;; ;) to the list of
observations made so far by playar. Mathematically, this list can be represented by a nite

set List (' i) N i Xi.
In our example of Section 4, because both the belief and the mechanism are symmetric
(which means that the players' labels are irrelevant), we have; = ; = gandX; = X; =

Xo foralli;j 2 N. Plus, since we will search for a symmetric Bayesian-Nash equilibria, we
consider a single return function for all players, whose list of observations is then a nite set
List(") N o Xo. Now, given a listList (' ;) of observations, we still need to compute a
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value foru;( ;' i(&)) forany ;2 ;anda 2 ;. To do so, we propose the following simple
radius-based function interpolation [

Wi (&, & iter) ui( i R)
(iter; ai;ki)ZLisb(' i)

ui( i;"i(a)) = ; (4.8)

wi(a; &; iter)

(iter; &;;®;)2List (" )
wherew : i N ! R is some weighting of observations. Typically, the function
w(a;; 4;iter) should be decreasing in the distance between and &, and it could be slowly
increasing initer .E]We refer to|Hoang et al.|[2014] for further discussions on this weighting.

Now, even with a good interpolation, point (3) of Algorithm[2 remains di cult, as it
involves an optimization problem. In our example, we will solve it using a basic TABU
search.

4.3.2 Revelation Mechanisms

The computation of the revelation mechanism is a straightforward application of the
revelation principle, with the slight technicality that the Bayesian-Nash equilibrium strategy
pro le is only known implicitly through the Bayesian-Nash return-function pro le. This yields
Algorithm

Data : mechanismD, (Bayesian-Nash) return-function prole' , type pro le
compute actionsa; which maximizeu;( i;' i(&));.

draw an outcomex D (a).

return x

Algorithm 3 Computation of the Revelation Mechanism

Note that, once again, we need to compute best-replying actions, which is a time-consuming
procedure.

4.3.3 Principal's Objective Value

In our example, we will study a principal’'s objective function of the form
h [
P(D)=E - Exo ()Ip(:x)]; (4.9)

2. Arguably, there may be better ways to estimateu;( ;' i(a)), especially if we take into account the
structure of the Bayesian game. However, in this paper, the focus is not on the performance of our computation
of Bayesian-Nash equilibria.

3. To illustrate, we will use w(a;;4;;iter) = iter=(1+ d , (a;#&))? in our illustrative example, where d .
iS some metric on ;.
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wherep : X I R is some objective function for specic values of the type prole
and the outcomex. This speci ¢ structure of the principal's objective function enables us to
compute it in a rather straightforward way (see Algorithm/4).

Data : belief 7, (BIC) mechanismD, function p.
while the con dence interval is too widedo
draw a type pro le
draw an outcomex D ().
sumOfV alues sumOfV alues+ p( ;x).
incrementiter .
end while return sumOfV alues=iter.

Algorithm 4 Computation of the Principal's Objective Value

Classical statistical tools can then enable us to compute a con dence interval.

4.4  Application to Cake-Cutting Problem

We illustrate the theory and the algorithms we have developed with a cake-cutting pro-
blem. Essentially, one is looking for an allocation of some (possibly heterogenous) cake to
di erent agents having heterogenous and secret preferences.

4.4.1 Model

We consider a simpli ed setting where the cake is made Kf homogeneous portions, which

where each entryxy stands for the ratio of attribute k that is given to playeri. Naturally,
the set of outcomes is then given by
n X 0
X = x2[01] ¥j8k; xux 1: (4.10)
i2N
As in most cake-cutting settings, we assume that the utility function of player;i 2 N; is

additive, that is,
X
ui( i;Xi) = ik Xik ; (4.11)
k=1
where i is the utility of that player for the whole portion k. Also, as it is classically done,
we normalize types j so that the utility of the whole cake equals 1. Consequently, we have

o= 02[01F | o, «=1g
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The belief 5 of any playeri consists in uniformly randomly drawing each entry of a vector
in [0; 1]¥, and next, normalizing the vector by dividing it by the sum of all entries. We make
an exception for the 2-player case, wherg; is drawn uniformly randomly in [0; 1] and where
T2 Is the complement. Finally, for a type pro le associated to an outcome&, we de ne the
principal's objective function as follows :

X
p(;x)= nu(;x) juiC X)) u(;x)j; (4.12)
i2N
. . P .
where :p( ;x) is the expectation for “andx D ();u(;x)= % ion Ui( iy %) Is the

average utility, and hencenu( ; x) is the collective total utility ; and parameter 0 is the
weight of fairness in the objective function.

Due to the symmetry among players and the concavity of the principal's objective func-
tion, we state without a proof the following intuitive result.

Theorem 11. For any > O, there exists a symmetric deterministic BIC mechanisg,c ,
whose principal's valueP (Dg|c ), is at less than from the BIC-optimal value, i.e.,

P(Dgic ) > Pgic

Another interesting observation is that a mechanism allocatingix = 1=n to each player,
k =1;:::;K, has a principal's objective value of 1, which can be shown to be the optimal
mechanism, when the players are not involved (i.e., do not express their preferences).

4.4.2 |deal Mechanism

Let us consider the direct mechanisr® ' : which inputs a type prole 2 and outputs
a solution to the following linear program :

Maximize u
xX;u
R
subject to : W Xik = U 8 2N, (4.13)

k=1
X2 X.

Note that this mechanism ensures the equality of all players’ utilities, meaning that the second
term in the right-hand side of equation 4.12 is zero. If this second term is more signi cant
than the rst one, then we have the following theorem.

Theorem 12. For 1, Di%ea js an ideal mechanism.
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Sketch of proof. The proof consists in observing that

Dideal () 2 arg maxp(x; ); (4.14)
X
for all 2 . Then, by taking the expectation for ~ we show thatD'%® maximizes the
principal's objective function P. ]
In the sequel, we x = 1:2, that is, we give a higher weight to fairness. The ideal

mechanismD'®a enables us to compute the ideal values for di erent values of and K.
These are presented in Tablg 4.4.2.

Table 4.1 Ideal values.
nnKj| 2 3
2 1:22 | 1:26

5 1:28 | 1:141
20 1:32 | 1:48

In Hoang et al| [2014], it was shown numerically (and in some instances, analytically)
that the ideal mechanism is not BIC.

Now, we can apply our algorithms to compute the revelation mechanism of the ideal
mechanism. The Bayesian-Nash equilibria for the following computations have been obtained
with 250 iterations of Algorithm [2 whenn = 2, 100 forn = 5 and 25 forn = 20. Also in|Hoang
et al. [2014], it was experimentally shown that these numbers are su cient to stabilize the
sequence of best-reply return functions. Plus, we proceeded to 2,000 iterations of Algoriffim 4
to compute the objective value with a 90% con dence interval of :01. Results are displayed
in Table [4.4.2.

Table 4.2 Values of the revelation of the ideal mechanism.
nnKj| 2 3
2 0:75| 0:88

5 0:82 | 0:92
20 0:92 | 1:.02

Disturbingly, in many cases, the results show that the revelation of the ideal mechanism
is worse than the exact division. This means that, if the principal chooses to implement the
ideal mechanism, then, eventually, agents will be revealing preferences in such a way that the
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division is much less optimal than it would be if we had just chosen an exact division in the
rst place.

4.4.3 Parameterized Mechanisms

Let us now apply our approach to Bayesian mechanism design to determine an e cient
and fair BIC mechanism. Interestingly, computations by Hoang et al| [2014] show that the
Bayesian-Nash equilibrium strategy of the ideal mechanism consists in overbidding undesi-
rable attributes while underbidding desirable ones. To overrule this possibility, here, we force
the mechanism to satisfy the following equality :

8i 2 N;8k;l; 0k = &k . (4.15)
Xil aj
wherep is some nonnegative number and is the action of playeri. This means that a player
can have much more of attributek than of attribute | only if he says he really prefer& to I.
However, adding all equalitie§ 4.15 to linear prograin 4.[13 may lead to an infeasible program.
Therefore, we instead add penalties for violating equalitiés 4]15, which take the form

= max jxal  Xidy]: (4.16)

Also, we add penalty ; = ju; uj to each player, whereu is the average utility. Denoting
by w the weight of penalties ; and by w that of penalties ;, we get the following linear
program :

. P P
Maximize nu w i W iy
ol . i2N i2N
subjectto: u; = ai Xik , 8i 2N,
p
hu=__ ui 4.17
on (4.17)
i = Ju uj, 8i 2 N,
P Xwd]  xpal, 8i 2 N;8k;l 2 K,
X2 X.

The parameterized mechanisnd! for t = (p;w ;w ) is de ned as the mechanism having
as its input an action pro le a; and as its output a solution to linear prograni 4.3]7.
4.4.4 Computational Results

To compute Bayesian-Nash equilibriss' of parameterized mechanismb!, we have used
the same number of iterations as for the ideal mechanism, namely, 250 iterations of Algorithm
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[2 for n = 2, 100 for n = 5 and 25 for n = 20. Once the equilibria s’ were computed, we
performed 2,000 iterations of Algorithn{ § with revelation mechanismBg,, = D' s'. We
obtained a 90% con dence interval of :01. Note that there is another error due to the
approximation of the Bayesian-Nash equilibrium, which is much harder to estimdfg

Results are presented in the following Tablds 4.4.4 fo 4.4.4.

Table 4.3 Values of the revelations of parameterized mechanisms for 2 and jKj = 2.

lw=::: ] (1;1) | (1;10) | (1;100) | (2;1) | (2;10) | (2;100) | (5;1) | (2;10) | (5;100) |
p=0:3] 107 | 1.04 1:.01 1:.04 | 1:08 1:09 1:.06 | 1:.08 1:08
p=0:51] 1:08 | 1.05 1:08 1:05 | 1:08 1:09 1:05 | 1:08 1:08
p=0:7 | 1:08 | 1:10 1.07 1.03 | 1.07 1.07 1.04 | 1.04 1.05

Table 4.4 Values of the revelations of parameterized mechanisms for 2 and jKj = 3.

lw=::: ] (1;1) | (1;10) | (1;100) | (2;1) | (2;10) | (2;100) | (5;1) | (2;10) | (5;100) |
p=0:3 | 103 | 103 1:05 1.07 | 1.06 1:06 1:.09 | 1.08 1:09
p=0:5| 107 | 1:08 1:.06 1:.09 | 1:10 1:09 1.07 | 1:08 1:08
p=0:7 | 1:09 | 1:09 1:09 1:08 | 1:09 1:.07 1:.06 | 1:06 1:.07

Table 4.5 Values of the revelations of parameterized mechanisms for 5 and jKj = 2.

lw=::: ] (1;1) | (1;10) | (1;100) | (2;1) | (2;10) | (2;100) | (5;1) | (2;10) | (5;100) |
p=0:3] 102 | 1.01 1:03 | 1.05| 1:.05 | 1:04 | 1:07 | 1:09 | 1:09
p=05]| 106 | 1.06 | 1:.09 | 1:10 | 1:.06 | 1:09 | 1.04 | 1:06 | 105
p=0:7] 1:11 | 1.06 1:08 1:07 | 1:08 1:.07 1:.06 | 1:06 1:05

Interestingly, there seems to be some pattern emerging in the tables : the best values for
the parameterst = (p;w ;w ) seem to show up along the main diagonale. This signals an
intricate implicit relationship between the parameters of our mechanisms. Indeed, increasing
the value of p is in fact more or less equivalent to increasing the importance of equalizing
the players' allocations. Somehow, this implies that if we increage we no longer need high

4. To evaluate it, we have repeated the computation of the value of the revelation of the parameterized
mechanism forn = 5;jKj=3;p=0:5w =2 and w = 10. The results show a standard deviation of this
computation of 0:01. This value is corroborated by the regularity of values of the tables, where variations

between neighbor cells hardly exceed:03. However, our considerations here do not consider the bias due to
the Bayesian-Nash equilibrium estimation.
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Table 4.6 Values of the revelations of parameterized mechanisms for 5 and jKj = 3.

(w=:::[[(1;1) ] (1;10) | (1;200) | (2;1) | (2,10) | (2;100) | (5;1) | (2;10) | (5;100) |
p=0:3| 103 | 105 1:.05 1.09 | 111 1.08 1:12 | 1:13 1:13
p=0:51| 1:12 | 1:12 111 1:13 | 1:14 1:14 1:.09 | 110 1:09
p=0:7 | 1:13 | 1:13 1:13 1:13 | 111 111 1:11 | 1.08 1:09

Table 4.7 Values of the revelations of parameterized mechanisms for 20 and jKj = 2.

lw=::: ]| (1;1) | (3;10) | (1;100) | (2;1) | (2;10) | (2;100) | (5;1) | (2;10) | (5;100) |
p=0:3] 1.02 | 0:99 1:01 | 1:03] 1:06 | 1.05 | 1:08 | 1.06 | 1:08
p=0:51] 1.03| 1.04 | 1:.06 | 1:06 | 1:.07 | 1:09 | 1.06 | 1.06 | 1:.06
p=0:7 | 1:07 | 1:.08 | 1:.09 | 106 | 1:.07 | 1:.07 | 1:07 | 1:.06 | 1.05

Table 4.8 Values of the revelations of parameterized mechanisms for 20 and jKj = 3.

lw=::: ] (1;1) | (1;10) | (1;100) | (2;1) | (2;10) | (2;100) | (5;1) | (2;10) | (5;100) |
p=0:3 | 1:13 | 1:14 1:10 1:14 | 1:13 1:13 1:15 | 1:13 1:13
p=0:5| 1:14 | 1:13 1:13 1:14 | 1:13 1:13 1:10 | 1.08 1:10
p=0:7| 112 | 1:14 1:13 1:12 | 112 1:12 1:08 | 1:10 1:10

values ofw and w to ensure the fairness of the divisiqﬂ The opposite also holds : if we
decrease, then it becomes important to increase the unfairness penalty, which can be done
by increasingw and w .

In Table [4.4.4, we report the best BIC values found for revelations of parameterized me-
chanisms. These results show that there is a gain of at least 10% compared to the exact
division. What is even more interesting, this gain increases with the number of players and
the number of attributes. This is not a big surprise as the greater diversity of preferences
that comes with larger numbers of players and attributes o ers more opportunities for im-
provement with respect to an exact division.

5. What we mean here is that the e ect of an increase ofp in the objective function of the heuristic
mechanism is similar to the e ect of an increase of the weightsv and w . As a result, the mechanismsD!
and D'* with t = (p+ ;w ;w )andt®=(p;w + ;w ) are similar. This is why, we argue, their principal's
objective values for the revelation of these mechanisms are close.
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Table 4.9 Best values of revelations of parameterized mechanisms.

nnKj| 2 3
2 1:10| 1:10
5 1:11 ] 1:14
20 1:.09 | 1:15

4.5 Concluding Remarks

In this paper, we have introduced a new approach to Bayesian mechanism design. The
cornerstone of this approach is the computation of Bayesian-Nash equilibria with a ctitious
play on return-function pro les, as presented by Hoang et al, [2014]. Indeed, using this com-
putation, we can explore a space of BIC mechanisms, by tracking revelation mechanisms
of a parameterized set of mechanisms. The application of this method to cake-cutting has
yielded interesting results. We have shown that intuitively good mechanisms like the ideal
mechanism turn out to be in fact quite bad when players play a Bayesian-Nash equilibrium.
What is more, we have also constructed revelation mechanisms which represent signi cant
improvements from more direct approaches. Crucially, the generality of our approaches mean
that they can easily be extended to more practical cases of mechanism design.
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4.6 Compémentsa l'article

Comme nous l'avons fait remarque dans le compkement au premier article, on peut recon-
sicerer le méme probkeme avec, cette fois, une croyancequi est une distribution uniforme
sur le simplexe deR¥ . Les esultats sont alors encore plus atteurs.

Table 4.10 Ideal values for uniform belief.

nnKj| 2 3
2 1:27 | 1:35
5 1:35| 1.56
20 1:42 | 1.69

Table 4.11 Values of the revelation of the ideal mechanism for uniform belief.

nnKj| 2 3
2 0:60 | 0:97
5 0:68 | 0:84
20 0:91 | 0:90

Table 4.12 Values of the revelations of parameterized mechanismsifior 2 and jKj = 2.

lw=::: ] (1;1) | (1;10) | (1;100) | (2;1) | (2;10) | (2;100) | (5;1) | (2;10) | (5;100) |
p=0:3| 1.06 | 1.00 1.07 | 1:12 | 110 1.09 | 1:12 | 1:11 1:13
p=0:5| 1:12 | 1:12 1:12 1:13 | 1:12 1:12 1:10 | 1:.07 1:10
p=0:7 | 1:11 | 109 1:13 1:12 | 1.07 1.06 1.06 | 111 1.08

Table 4.13 Values of the revelations of parameterized mechanismsifior 2 and jKj = 3.

lw=::: ] (1;1) | (1;10) | (1;100) | (2;1) | (2;10) | (2;100) | (5;1) | (2;10) | (5;100) |
p=0:3 | 111 | 1.09 1:.03 1:10 | 112 111 1:17 | 1:16 1:16
p=0:5| 105 1:13 1:10 1:15 114 1:15 1:15 1:14 114
p=0:7 | 114 | 1113 1:13 1:13 | 114 111 1:13 | 1:13 111

Comme on pouvait s'y attendre, les valeurs optimales du necanisme ickal et des ewla-
tions des necanismes paranetes sont maintenant de meilleures qualies. Ceci vient du fait



Table 4.14 Values of the revelations of parameterized mechanisms fior 5 and jKj = 2.

(w=:::[[(1;1) ] (1;10) | (1;200) | (2;1) | (2,10) | (2;100) | (5;1) | (2;10) | (5;100) |
p=0:3| 106 | 101 1.06 1.08 | 1.08 1.08 1:16 | 1:16 1:16
p=0:5| 110 | 2109 111 1:15 | 1:15 1:14 1:10 | 110 1:09
p=0:7 | 112 | 1:15 1:12 1:13 | 111 1:09 1:11 | 110 1:13

Table 4.15 Values of the revelations of parameterized mechanisms fior 5 and jKj = 3.

lw=::: ]| (1;1) | (3;10) | (1;100) | (2;1) | (2;10) | (2;100) | (5;1) | (2;10) | (5;100) |
p=0:3] 1.08 | 1.05 1:07 | 117 ] 1115 [ 115 [ 1:22 ] 1:21 | 1:23
p=0>51 117 | 114 | 116 [ 122 | 1:20 | 1:21 | 117 | 1:17 | 119
p=0:7 | 20| 1.20 | 1:23 | 1:21| 120 | 1:21 | 15| 1:16 | 1:15

Table 4.16 Values of the revelations of parameterized mechanisms fior 20 and jKj = 2.

lw=::: ] (1;1) | (1;10) | (1;100) | (2;1) | (2;10) | (2;100) | (5;1) | (2;10) | (5;100) |
p=0:3 | 105 | 106 1.07 1.06 | 1.06 111 1:14 | 1:13 1:14
p=0:5| 109 111 1.08 1.09 | 1:15 1:15 1:.09 1:.08 111
p=0:7 | 1:15 | 1:14 1:13 1:10 | 111 1:14 1:10 | 112 1:10

Table 4.17 Values of the revelations of parameterized mechanisms ffior 20 and jKj = 3.

lw=::: ] (1;1) | (1;10) | (1;100) | (2;1) | (2;10) | (2;100) | (5;1) | (2;10) | (5;100) |
p=0:3] 122 | 1:25 1:24 1:19 | 1:20 1:18 1:20 | 1:25 1:26
p=0:5| 1:25 | 1:24 1:19 1:21 | 1:24 1:24 1:17 | 119 1:21
p=0:7 | 1:26 | 121 1:25 1:25 | 1.23 1:25 118 | 117 1:19

Table 4.18 Best values of revelations of parameterized mechanisms.

nnKj| 2 3
2 1:13 | 1:17
5 1:16 | 1:23
20 1:151] 1:26

gue la distribution consiceee dans l'article est plus concenteea l'inerieur du simplexe. Les
pekrences tiees par la distribution uniforme sont donc plus extrémes, ce qui permet d'avoir
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des allocations plus optimales. En particulier, les valeurs iceales mettent clairement ce ple-
nomene en valeur. Il n'est alors pas si surprenant que I'on obtienne aussi de meilleures valeurs
pour les necanismes paramnetes e\eks.

Le cas des valeurs de la ewelation du necanisme iceal est plus surprenant. Ici, au lieu
d'aneliorer les valeurs, la distribution uniforme a tendancea les aggraver. Par ailleurs, on peut
remarqguer que les valeurs de la fonction objectif ne croissent pas touta fait avec le nombre
de joueurs. En particulier, lorsqu'il y a 2 parts, le mecanisme paranete ewee optimal fait
mieux pour 5 joueurs que pour 20. Ce phkenonene est corroboe par les valeurs des dierents

mecanismes paranetes des Tableaux 46 ¢t 4.6. Je ne connais pas d'explication convaincante
de ces plenonenes.
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Abstract . In this paper, we introduce a new measure of social fairness based on unfairness
feelings of the players involved in an allocation problem, e.g., cake-cutting problem or shift
scheduling. We only require that each player be described by a von Neumann | Morgenstern
utility function. Next, we propose a social normalization of each player's utility function,
based on how each player sees the other players' shares through her own utility function.
Further, we extend this normalization idea to a setting where the players are represented
by a weighted oriented graph, where the weights assess the relatedness of (or similarities
between) the agents. Among other results, we establish some links between our measures of
fairness and those classically used in the cake-cutting-problem literature.

Key words : Fairness; Social Normalization ; Utility ; Allocation Problem ; Social Network.

5.1 Introduction

The problem of the fair division of a cake, a metaphor used to designate a common
resource, has been the topic of a large body of literature in the last six decades or so;
see, e.g., Steinhaus [1948],Brams and Taylor [1995],Brams and Taylor [1996],Robertson and
Webb [1998]. Typically in this literature, two assumptions have been made on the individual
utility functions of the stakeholders in the cake, namely : (i) they are additive ; and (ii) the
utility of the whole cake is (normalized to) one for all players. These assumptions have been
instrumental in designing cake-cutting algorithms and deriving some properties. Further,
solving such problems requires us to specify from the outset what is meant byaa& division.
Here, the literature has proposed a series of de nitions of fairness, e.g., exact, proportional,
envy-free and equitable fairness, each having its pros and cdis.

In this paper, we introduce a new measure of fairness without requiring that the utility
functions be additive or that the whole-cake value be normalized to one for all players. The
original motivation for developing this measure was a research contract to provide a metho-
dology for shift-scheduling problems where a manager wishes to implement the (technically
feasible) schedule that minimizes a certain unfairness criterion. The starting assumption is
that the manager can obtain the employees' preferences regarding a sffjakt of acceptable
schedulesd In such a context, the additivity assumption naturally does not hold anymore,

1. Of course, many other measures of fairness and equity exist and are based on di erent premises. For
an interesting discussion in the context of resource allocation, the interested reader may refer {0 Bertsimas
et al.[[2011].

2. Pragmatically, it does not make sense to ask the employees to rate all feasible schedules.

3. By acceptable, we mean a technically feasible schedule that does not involve a too high additional cost
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that is, the utility of the sum of two shifts is clearly not equal to the sum of their utilities, and
the whole-cake-normalization assumption is meaningless. The idea that the utility function
is not necessarily additive, but rather super- or sub-additive, is by no means akin to shift
scheduling but is a standard assumption in economics. The implications of abandoning the
additivity assumption are important. In particular, Mirchandani|[2013] showed that most
existing fair-division procedures are incompatible with nonadditive utility functions.

In this paper, we only require that each player have a von Neumann | Morgenstern (VNM)
utility function. To be able to compare players' payo s and adequately assess the fairness of
any division of the cake, we propose a normalization of the individual utility functions. As we
will see, this normalization is centered on the idea that each player compares her allocation to
other players' allocations through the lens of her own utility function. For this reason, we call
it a social normalization. Next, using socially normalized utility functions, we introduce the
concept of theunfairness feeling A division will then be called socially fair if all players have
no unfairness feeling. We will relate our social fairness to classical cake-cutting-literature
de nitions. In problems with a large number of agents, or when the agents are heterogenous
in some way, it may become intuitively appealing to suppose that each stakeholder in the cake
is only sensitive to how \similarly" or \closely" players are treated. To handle such a case,
we extend our de nition of fairness to a setting where the players are located on a weighted
oriented graph. This formulation captures the idea of a social network where individuals are
only interested in the fate of those in their circles.

The rest of the paper is organized as follows : Section 2 provides some background and
preliminaries. Sections 3 and 4 introduce our normalization of utilities and concepts of
fairness, respectively. Section 5 deals with local fairness, and Section 6 brie y concludes.

5.2 Background and Preliminaries
We start by recalling some of the most commonly used de nitions of fairness in the cake-
cutting-problem literature, to which we will link our fairness criterion :

Exact Fairness : A division is exact if all players' allocations are identical, i.e., exchan-
ging shares will not a ect any player's outcom§|

Proportional Fairness (PF) : A division is proportionally fair if every player prefers

with respect to the least-cost one. Put di erently, management is willing to forgo some revenues in order to
please the employees.

4. It is noteworthy that this de nition di ers from the one given by Wikipedia, where, with the cake-
cutting literature normalization, exactness requires everyone to have utility 1=n. In our paper, exact division
should rather be called\all-identical "division. A more relevant generalization of exact division would consist
in saying that everyone likes his share just as much as the average of others' (or more rigorously, just as much
as the lottery of drawing uniformly randomly one of others' allocations).
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her allocation to an allocation from an exact divisiofi, Another interpretation is that
players prefer their allocation to the average of what they would get if allocations
were given away uniformly randomly. See, e.g., Procaccja [2009],Mossel and Tamuz
[2010],Bel et al.|[2012].

Envy-Freeness (EF) : A division is envy-free if every player prefers her allocation to
any other player's allocation. See the early contributions in, e.g., Foley [1967],Varian
[1974],Varian [1976],Arnsperger [1994], and the more recent ones focusing on cake-
cutting procedures in, e.g., Stromquist [2007],Cohler et al. [2011],Chen et al. [2013].

Equitable Fairness : A division is equitable if all players have the same utility for their
respective shares.

To illustrate some of the drawbacks in these de nitions, we consider a few anecdotal
examples. When the cake is made of indivisible pieces, e.g., where a car and a summer cottage
to be fairly shared following a divorce, an exact division is obviously not implementable. Even
when it is, exactness can be very restrictive and lead to some counter-intuitive results. For
instance, if a cake that contains chocolate on a half and nuts on the other half is to be
shared between a person allergic to nuts and another who hates chocolate, then imposing
an exact division would be peculiar and obviously not Pareto-optimal (assuming that this
feature is of interest). Proportional fairness and envy-free fairness are much less demanding
than exactness, but may also be infeasible when the goods are indivisible. Equitable fairness
may be questionable on some grounds. To see this, consider a sugar cake with three cherries
on top, to be divided among four individuals, three of whom have no interest at all in the
cake but love cherries, while the fourth person only wants the sugar cake. One division is to
give to the rst three players one cherry, and the cake to the fourth person. This solution is
intuitively fair, and it is fair according to the de nitions of PF and EF, but it is not equitable.

This highlights that equitable fairness may fail to achieve a fair solution according to common
sense. In these examples, the focus was on a\physical" division of the cake rather than on
dividing the corresponding total value of the cake. For this, we must de ne a utility function
for each player that has certain properties. This is where the assumptions mentioned in the
introduction come into play, namely, the additivity and normalization to one of the whole
cake. We now introduce the notation and formally discuss these issues.

given. A division, or allocation, of the cake is a vector = (X3;:::;Xn), wherex; CAKE
Is the share of playern, and [ i,y X; = CAKE Each playeri has a utility function u; that
associates a real number to any;. Player i prefers sharex; to x% if, and only if, u;(x;)

5. In terms of lotteries, a PF division is one where everyone prefers his allocation to uniformly randomly
picking one of the others'.
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ui (x9): The utility function is additive ; that is, for any disjoint subsets x, and x;, we have
Ui(Xe [ X1) = ui(xk) + ui(x): (5.1)

In particular, this implies that the utility of an empty allocation is equal to zero, i.e.,u;(;) = 0,
and by the normalization of the whole-cake value, we hawg(CAKE =1; 8i 2 N. With this
notation, we can rephrase the above de nitions of fairness as follows :

Exact Division : A division is exact if for any playeri 2 N, uj(x;) =1=n;8j 2 N.

Proportional Fairness : A division is proportionally fair (PF) if any player gets at least
1=n, i.e., ui(x;) 1=n;8i 2 N.

Envy-Freeness : A division is envy-free (EF) if any playeri prefers her allocation to
any other player's allocation, i.e.ui(x;)  Ui(x;);8j 2 N.

Equitable : A division is equitable if all players obtain the same utility, i.e.,u;(x;) =
uj(x;); 8i;j 2 N.

Suppose now that a given set of feasible divisions of the cake are proposed to the agents

and they are asked to rate them according to their utility functions. For any allocation

X = (X1;:::;Xn), the resulting evaluation can be represented by the following utility matrix :
0 1
ur(xe) i irnn w(Xn) Uy oo i Uy
U= Ui(Xi) = U;i , (52)
Un(xl) un(xn) Unl Unn

where ;i (Xj)), i (or U; ) gives the utility of player i for player j % share. An interesting
feature of the utility matrix is that it shows at a glance what would happen if two players
decided to trade shares. Further, the normalization condition;(CAKE = 1, for all i 2 N
implies that U is a row stochastic matrix, i.e., all entries are nonnegative and entries in any
row add up to 1.

We note that this utility matrix contains most (if not all) of the relevant information
needed to judge the fairness of an allocation, and it will play a central role in the rest of the
paper. To illustrate, consider the following sugar-cake example where the total resource to be
allocated can be written asCAKE= cherry[ cherrg[ cherrg[ sugarcake with u; (CAKE =1
for alli 2 N. As the rst three players have no utility for the sugarcakeand the fourth
player, no utility for a cherry, it seems reasonable to recommend the allocation = cherry
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forl i 3 andx4 = sugarcake The corresponding utility matrix is then the following :
0 1
1=3 1=3 1=3 0
_B1=3 13 13 _
- Q1= 1=3 1=3 OX
0O 0 0 1

Now, we can easily check for the satisfaction of the di erent criteria (de nitions) of fairness.
In an exact division, all entries must be equal to 4n. For a division to be PF, the diagonal,
which represents the players' utilities for their own allocation, must only contain humbers
greater than or equal to £n. Meanwhile, envy-free fairness holds when each diagonal term
is the largest in its row. Finally, a division is equitable when all diagonal terms are the same.
Inspecting the above utility matrix, we conclude that the considered allocation is PF and
EF, but not exact or equitable.

5.2.1 Generalization to Non-Additive Utility Functions

From now on, we relax the additivity assumption of the utility function in (5.1) to only
require that each player has a von Neumann | Morgenstern (vVNM) utility function.E] Fur-
ther, we set aside the conditioru;(CAKE = 1, for all i 2 N and consequently, the utility
matrix U can contain any numbers. We recall the following well-known theorem stating that
a VNM utility function is de ned up to a positive a ne transformation :

Theorem 13 (von Neumann and Morgenstern| [1944])If u; is the vNM utility function of
playeri, then, for any d; > 0 and anyh 2 R, diu; + Iy is also the utility function of player
i

The above theorem implies that a utility matrix is also de ned up to an a ne positive
transformation of its rows. This means that, for any positive diagonal matrix® and any

6. It is well known that the existence of a vNM utility function is equivalent to the players' preferences
being complete, transitive, continuous and independent. A preference of playeris an order on ( X). Itis

Complete : if, for all %;;y;, we havexy Vi, ¥ X orx = ¥; (both lotteries are equally preferred).
Transitive :  if, wheneverx; y andy; z,thenx 7.

Continuous : if, wheneverx; ¥ 7, there existsp 2 [0;1] such thatpx; + (1  p)& = ¥i.
Independent : if, ¥ W, then forany p2 [0;1] and z, we havepx; + (1 pz pyn+(1 p)z.
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matrix B with identical columns, U and DU + B are equivalent, that is,

0 1 0 1
d O 0 by by by
o . . 0 : : :
U isequivalentto B: *-. d '-. :GU+EBHh b b (5.3)
0 . . 0 : : :
0 0 dn b, by, by

where all entriesd; are strictly positive. Without the additivity assumption, the de nitions
of exact and PF fairness are changed as follows :

Exact Division : A division x = (X1;:::;Xp) is exact if for all i 2 N;u;(x;) = ui(x,);for
=100,
Proportional Fairness : A division is PF if any playeri gets at least the average of the
others, i.e., X
ui(xi)  ui(x%) = ~ ui (Xj); (5.4)
i2N
where x-is the uniform distribution on the allocationsxy;:::; X,

The de nitions of envy-freeness and equitable fairness remain as before. In terms of the
utility matrix, we note that exact division, PF and EF are characterized by the following
inequalities :

Exact division : Ui Uij 0 and Uij Ui 0
Proportional fairness : Ui UTl,=n 0 (5.5)
Envy-free fairness : U U O

for all playersi;j 2 N. To be consistent, we expect any concept of fairness to yield the same
conclusion forU and DU + B. This is shown in the following proposition.

Proposition 6. A utility matrix U is exact (respectively, PF and EF) if and only iDU + B
IS.

Demonstration. Each inequality de ning exactness, PF and EF is of the formJ;C 0,
whereC is a column. For instance, for thg ™ constraint of EF, by xing C;=1andC; = 1
and C, = 0 if k 2fi;j g, the constraint UyC 0 corresponds toU;  Uj 0. Crucially,
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for all de nitions above, entries of C add up to 0, i.e., 1] C = 0. Now, consider positive
a ne transformations of U's i-th row written as U; 7! dU; + b 1!. The fairness inequality
becomes ¢ U; + h1])C = d (U C)+ h(1]C) = d(U,C), sincellC =0. As d, > 0, we have
(dU, + h11)C 0Oif and only if U,C 0. In other words, inequalities that de ne fairness
criteria hold for U if and only if they hold for any positive a ne transformation of U. O

Let us provide a visual standpoint of the de nitions of fairness. Exact division corresponds
to symmetric allocations. Since each column represents the utility of an allocation as regarded
by di erent players, exact division holds true when all columns otJ are the same. Equiva-

The positive a ne transformation de ned by 4i(x;) = ui(Xj) u; yields u(x;) = O for all

j 2 N. By doing so for all columns, we see that a utility matrixU is exact if, and only if,
its columns are a ne positive transformations of the zero matrix. For instance, the utility
matrix

0 1
1 1 1

U=t 2 2 2% (5.6)
4 4 4

represents an exact division. Indeed, by choosiig = I3; wherel; is the identity matrix,
and (bo; ;) =( 1,2, 4), we obtainDU + B =0.
Proportional fairness means that the diagonal elemend; of a utilligy matrix U is greater

or equal to the average of the other row entries, that idJ; n—ll i6i U; . Finally, U is
envy-free if, and only if, each diagonal element is the greatest of its row. To illustrate, consider
the utility matrix 0 1
210
U=@®o0 1 2X: (5.7)
0 33

Since the columns otJ do not match, the division is not exact. It is not EF either, as the
diagonal elements are not all the greatest of their rows. Indeed, the second player prefers
the third player's allocation, asuy(x,) = U, < U,z = uy(x3). However, the allocation is
proportionally fair because each diagonal element is greater than or equal to the average of
its row.

To wrap up, we have rephrased the most commonly used fairness de nitions for a cake-
cutting problem in the case where the utility functions are not additive and the whole cake
value is not normalized to one. Further, we characterized these de nitions in terms of the
utility matrix.
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5.3 Social Normalization

To compare players' assessments for di erent allocations, we need to normalize their utility

that player i has for other players' shares, and by;(ui;x ;) the corresponding standard
deviation, that is,

1 1

(uix )= o= ui(x) and F(uix ) = 1 Wil i(usx )%
j6i i6i

In terms of the utility matrix U, (u;;x ;) is the average of all the entries in row except the

diagonal element, and i(u;; X ;) is the standard deviation. These terms have a social avor,

as they correspond to player's judgment of others' allocations. They lead us to de ne the

social normalization of utility functions.

Proposition 7. Suppose that ; (ui;x ;) > 0 for all i 2 N: The utility function

s i (Uii'E(Uii;)X i); 8)

()= -
is socially normalized], that is,
i(u;x )=0 and i(ui;x ) =1:

Demonstration. Straightforward computations lead to the results. Indeed,

X X (1 (x 1y
i(Ui;X i) = - 1 1 ui(xj) = - 1 1 uI(XJ). (u_.I)EUI_;X i)
j6i i6i | PAE A '
- 1 1 X 1 X .
- i(Ui; X ) n 1. .ui(xj) n 1. (Ui x )
8i i6i
1

= m( i(Uisx ) i(Ui;x §))=0;

7. We could have includedi's allocation in the computation of this normalized utility function. We have
chosen to exclude it because we found the discussion of Section 5.4.2 interesting. In any case, includifgy
allocation wouldn't have a ected the core ideas of this paper.



97

and, similarly,

1 X ui(x;)  i(uix ) ?

i(Ui; X ) = ni .(ui(Xj) i(Uisx ()%= .

— 0
1j6| 1j6i | i (UisX )
1 1 X 2 - i(usx )2
= U; (X; (Ui X = =1
i(U;x i) n 1j6i( () (X 0) i(Ui;x )?
Therefore, u; is socially normalized. O

Playeri's socially normalized utility function is independent of other players' assessments
of the division x and has no measurement unit. It gives how many standard deviations above
(or below) average a player considers her allocation to be compared to what the others have.
This is illustrated in Figure 5.3 for the case where the number of players is large enough

that each player's utility for the other players' allocations can be described by a probability
density function.

Figure 5.1 Socially normalized utility is a comparison of one's utility with a benchmark given
by utilities of trades

The following proposition shows that normalizing a utility function or any admissible
a ne transformation of that function yields the same result :

Proposition 8. Suppose that ; (uij;x j) > Ofor alli 2 N: Forany d; > 0and anyh 2 R,
the social normalizations ofu; and d;u; + b coincide.

Demonstration. We rst note that (diu; + b;x) = di i(ui;x)+ b and (diu; + b;x) =
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d i(ui;x). Then, applying (5.8) to diu; + b gives

(dui+B)() i(diui+h;x) _ du()+ bxi) (di(u;x)+h) _u() iui;x),
i (diu; + b;x) - di i (ui;x) - i (Ui;x)

(5.9
which shows that the social normalizations ofiju; + b and u; coincide. O

From now on, we denote byJ the socially normalized utility matrix, with U; = u; (x;)
for all i;j 2 N. Next, we show that checking proportional fairness is a very straightforward
test when working with socially normalized utility matrices.

Proposition 9. Suppose that ; (uij;x ;) > Ofor all i 2 N: A utility matrix U is PF if and
onlyif Uy Oforalli2N.

Demonstration. By construction, for any socially normalized utility matrix, the average of all
o -diagonal elements in a row is 0. Recalling that PF requires that each diagonal element be
greater than or equal to the average of all o -diagonal elements, we see that PF is equivalent
to the criterion U; 0 in the Proposition. O

The above propositions are stated under the condition that; (uj;x ;) > Oforalli 2 N ;
otherwise, the socially normalized utility function [5.8) does not exist. Further, observe that
in any two-player cake-cutting problem, our social normalization is useless as the standard
deviations are computed for a scalar, and are therefore equal to zero. An illustrative case
where ; (uj;x ;) > Ois not satis ed for alli 2 N is in our sugar-cake example fox; = cherry
forl i 3 andx4 = sugarcake Indeed, player 4 always gets a cherry when trading with
others. Consequently, 4(us4; x) = 0 and this means that this player has no socially normalized
utility function. We will deal later on with this\degenerate" case of ; (uj;x i) =0.

We will henceforth omit the arguments of ; and ; when no ambiguity may arise.

Remark 11. In any 3-player cake-cutting problem, all o -diagonal entries ofJ are 1=2.
To illustrate, consider the following utility matrix :

0 1
210

U=®o0 3 2X: (5.10)
03 3

It is easy to check that , = 1=2, ;, =1, , =1, ,=2, 3g=3=2and 3 =3, and
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consequently, the socially normalized utility matrix is given by

1
32 1= 1=

U=® 12 1 =2 X: (5.11)
1= 12 1=2

5.4 Social Fairness

In this section, we introduce our new measure of fairness. To do so, let us start by stating,
very informally, three intuitive principles regarding the complaints that could be formulated
by the agents against a proposed allocation : (i) if no player complains about a division of the
cake, then this division is considered fair; (i) no player will complain if she gets more than
what she thinksshe should get, based on what others have been given; and (iii) a complaint
put forward by any player has to be assessed in relative terms, i.e., with respect to other
players' complaints or to a certain standard. Based on these simple ideas, we introduce a
measure of theunfairness feelingof a player.

De nition 8. Assume that ; (uj;x ;) > O for all i 2 N. Player i's unfairness feeling is
de ned by

Fi= h@u(x)) h’; (5.12)
whereh () is a nonnegative and convex decreasing function, ahds the complaint-potential

reference given by |
1 X
h=min h(0); — h(ui(xi)) (5.13)
n i2N
De nition 9. Assume that ; (uj;x j) > Ofor all i 2 N. A division X = (Xq;:::;X,) feels
fair for player i if F; = 0. When all players feel that the division is fair, we say that the
division is socially fair (SF).

A few comments are in order regarding the ingredients in the above de nitions. Our
measure of the unfairness feeling is based, as it should be, on the comparable players' socially
normalized utilities. However, to take into account the fact that di erences irpositive socially
normalized utilities are less of a problem than di erences imegative ones, we rescale the
socially normalized utilities when measuring complaints by the mapping, to which we refer
as thecomplaint potential The assumptions made o ( ) ensure that negative variations of
negative socially normalized utilities will result in a much greater complaint-potential increase
than negative variations of positive socially normalized utilities. Now, as pointed out before,

a complaint by a player has to be judged with respect to a norm or a reference point. This
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is the role played byh, which is de ned as the minimum between the average of complaint
potentials and the complaint potential evaluated atu;(x;) = 0: The idea behind requiring

h to be at mosth(0) is that the players will necessarily complain if their socially normalized
utility is less than 0, that is, if the allocation is not PF. Given this, we say that playeri
feels unfairness if her complaint potentiah(u;(x;)) is greater than the complaint potential
referenceh. We measure this feeling of unfairness as the di erence between these two values
if it is positive. In other words, playeri's feeling of unfairness ish(u;j(x;)) h " where

t* = max(0;1) is the positive part of t.

The terminology\social fairness"is justi ed by social comparisons at di erent levels. First,
the computation of unfairness feelings requires the social normalization of utility functions,
which, for each player, we recall, is dependent on others' allocations. Second, this unfairness
feeling is computed by comparing one's complaint potentidi(u;(x;)) to the averageh of
others' complaint potentials. Finally, social fairness requires that the division feel fair to all
players.

An important di erence between social fairness and the other mentioned before is that
social fairness assumes that the players are not only sensitive to the average (as for PF) or
the best of the others' allocations (as for EF), but they are also concerned by the degree of
dispersion in the shares throughu; (x;).

Remark 12. In the rest of the paper, we adopt the following functional fdr( ) :
Complaint potential function: h(t) = exp( t);

which clearly satis es the above properties and has the merit of being simple.

Now, suppose that the agents are shown a number of proposals for dividing the cake and
are asked to evaluate them using the utility matrices. If one of them happens to be SF,
then we are done. If not, that is, if there is at least on&; > 0 for each proposed allocation

doing so based on the degree of social fairness.

De nition 10. The degree of social fairness of an allocation = (Xy1;:::;X,) iS measured
by the average of the unfairness feelings, that is,

X +
Gor ()= = M) h (5.14)

i2N

The lower-bound value ofGsg (u; x) is 0, a case that occurs if and only iF; = 0 for all
I 2 N, that is, the allocation is SF. To illustrate, let us reconsider the three-player example
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described by the utility matrix (5.10) and socially normalized utility matrix (5.11)). First,

we have X

% h(ui(xi))= e *?+el+e ™ =3=0:39918
i2N
and
|
. 1X '
h = min h(0); - h(ui(xi))
i2N

min (1 ; 0:399 18) = 039918
Second, we computé&;;i 2 N to get
F,= e 32 039918" =0;: F,= e! 039918 =0: Fs;= e 2 0:39918" =0:20735

This shows that players 1 and 2 do not have any unfairness feeling, whereas player 3 feels the
division to be unfair. AsF3; > 0, it becomes relevant to compute the degree of social fairness
of this allocation, which is given by

1
Gsr (Uix) = 3(0+0+0:20735) = 0069117

How to interpret the above value? As our measure of the degree of social fairness is not
upper bounded, there is no answer in absolute terms to this question. However, in relative
terms, an answer can be given by comparing the above value to the corresponding values of
other feasible allocations, and then selecting the one that minimiz&€se (u; ).

5.4.1 Links to Other Fairness De nitions

In the rest of this section, we establish some relationships between our fairness criterion
and those commonly used in the cake-cutting-problem literature. The following theorem
provides an upper bound to the degree of social fairness for allocations that are proportionally
fair or envy-free. Its proof uses Lemmg] 7, which is given in Appendix b.7.

Theorem 14. Assume ; > O for all playersi. If a division x is PF or EF, then Gsg (u; X)
1=4.

Demonstration. Assume the division is proportionally fair. Then, for any playei, we have
ui(xi) 0.Hence, 0 h; 1, whereh; =exp( ui(xj)). In particular, the average of these



102

values is at most one. Hencd is the average oh; fori 2 N. Then,

1 X + 11X
G= G (U;x) = = hy h == hi h: (5.15)
n i2N n hi h
Let us now introduce
1 X
H= = h h: (5.16)
n h>h
1 X
Then, we haveG H = o hi h=0.Thus, G= H. Moreover, using Lemmﬂ?, we have
i2N
—1(G+ H) = 1 X hi h 1=4: (5.17)
) 2 ) 2n i2N | . .

This proves the Proposition for PF. The fact that any envy-free division is PF completes the
proof. m

As Gsg (u; X) is nonnegative by construction, the above theorem ensures that the degree
of social fairness of any PF or EF lies in the bounded interval ;[@&=4]. Back to our above
example where we hadxg (u;x) = 0:069117, we now know that this divisiork does much
better than the worst PF (or EF) division that would have resulted in aGsg (u; x) of 1=4.
The following example gives an envy-free division that scores badly in terms of our degree of
social fairness, that is, itsGsg (u; x) is close to ¥4

Example 1. Consider the utility matrix given by

0 1
1 1

M
0
1

(5.18)

This matrix has been constructed as follows :
| Diagonal terms : For i n=2,setU; = M > 1, and fori>n=2, setU; =1.
| O -diagonal terms :
| For 1 i<n, setU.;;=0.
| Set Uy, =0.



103

| All other entries are U; =1.
As the diagonal elements are the greatest of their rows, the division representedJbis
EF. Excluding the diagonal, each row has 2 cells with1 as an entry, and one cell with
0 as an entry. Consequently, for any player, we have

n o2 1 1 (n 2 1T o o2
a1t g o et e T
(5.19)

The socially normalized utilities are given by

8 2 1

2 M ! = ifi  n=2
n

2

1 n 2
ui(xi) = 1 (5.20)
P ifi>n=2:
n 2
For n large enough, we havih(u;(x;)) = e (M D)%% e M jf | n=2, and h(u;(x;)) =

P—
e ¥ " 2 fori>n=2 When M andn are very large, then half of the complaint potentials
are nearly O, and the other half are nearly 1. Hence, the degree of SF is neath/.

In the next proposition, we have a reciprocal result for PF.

Proposition 10. Assume ; > O for all playersi ; then, social fairness implies proportional
fairness.

Bemonstration. By de nition, we have h  h(0). If Gsg (u;x) =0, then h(ui(x;)) = h  h(0)
for all i 2 N. Yet, h is decreasing. Thusu;(xi) = Uj 0 for all playersi. Proposition@
enables the conclusion. O

Figure[5.4.1 recapitulates the relationships between the fairness criteria.

Figure 5.2 Exactness, EF, SF and PF and their interrelations. The dotted arrolsound"” from
fairness criterionA to SF means thatA implies a bound of ¥4 on the degree of SF.
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5.4.2 Non-Existence of Socially Normalized Utilities

The results above are stated under the assumption that; (uj;x ;) > 0 for alli 2 N.
Now, we deal with the case where; (u;; X ;) = 0 for at least one player, which occurs when
U (x;) = i(ui;x i) forj 6 i. Denote byN" N the subset of players who have a socially
normalized utility function, and by N nN" the subset of players for whom; (u;;x ;) =0. For
any playeri 2 NnN, three possibilities can occur when she compares her allocation to the
average of the other players' allocations, namely :

1. ui(xi) > i(u;x i), i.e., playeri prefers her allocation to the average of the other
players' allocations. Denote byN ™ the subset of players for whom this inequality
holds. For these players, we set their socially normalized utility; (x;) equal to +1 .
Consequently, the lower bound of complaint potential is given by (u; (x;)) = et =0:

2. Ui(xj) = i(ui;x ), i.e., playeri is indi erent between her allocation and the average
of the other players' allocations. Denote byN° the subset of players for whom this
equality holds. For these players, we set their socially normalized utility equal to 0.

3. ui(xj) < i(u;x ), i.e., playeri prefers the average of the other players' allocations
to her allocation. LetN be the set of players for whom this equality holds. For these
players, we set their socially normalized utility equal tol

Consequently, we have the following partition of the set of players :
N=N[N"[N°[N : (5.21)

Obviously, players inN  will complain about their shares, and any reasonable fairness crite-
rion must declare a division unfair wheneveN is non-empty. To illustrate the construction
of a socially normalized utility matrix when ; (uj; X ;) is equal to zero for at least one player,
we reconsider the example of the sugar cake with three cherries. Recall that the utility matrix
is given by 0 1

1=3 1=3 1=3 0

U= %}1:3 1=3 13 OE .
1=-3 1=3 1-3
O 0 o0 1

Clearly, for player 4, we have 4 (us; X 4) =0, and us(X4) > 4(us; X 4). As this player is in
N*, we setU, =+ 1 , and compute the rest using

X X
i (Uisx i) = n—ll Ui (xj) and F(uiix i) = n—ll _(Ui ) i (usx )

j6i i6i
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to obtain the following socially normalized utility matrix :

0 p_ _ _ _1
22:2 22:2 22:2 Ez
0 2=2  2=2 0 2=2 0 2
U= 2=2  2=2 222 2 (5.22)

0 0 0 +1

Using the above modi cations for players in the seNnN, we introduce the following
generalization of the degree of social fairness.

De nition 11.  The degree of social fairness is de ned [y

8 .

E +1 ifN 6;;
0 if N 9= N;

Gsr(u;x) = 1 X . ! (5.23)
3 _ h(ui(x;)) h otherwise;
IN'T N7j i2N[ N+
where i 1 X i
NN (ui (%)

2N N+

p_
In the sugar-cake example, we have = (3e 22+ 0)=4 0:3, and consequently, we
obtain the following SF degree for the allocatiorx = ( cherry; cherryg; cherry; sugarcake :

1 P _
Gse (U;X) = 7 3 %2 h)+0 = 1g° 22 0:092 (5.24)

The following proposition is a straightforward characterization of socially fair divisions of
a cake :

Proposition 11. A division is socially fair if and only if one of the two following conditions
Is satis ed :

1. N = N* [ N° (or, equivalently, ‘- = N = ;).
2.N*" =N =; andu(x;) = uj(x;) Oforalli;j 2N.

8. Itis debatable whether players ofN © should be excluded from the bottom computation. We have chosen
to do so, because we argue that if one were indi erent to an allocation (and hence would have a row with
all-equal numbers), he would have no reason to complain. However, one could also argue that a playeri
is at the average, and thus, feels underprivileged with respect to players it and N * .
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Demonstration. First, note that if N = N* [ N©, then exp( ui(x;))=0forall i 2 N[ N*
sinceN = ;. Thus, their variance is zero, which proves that the division is SF. Second, let
(u;x) be an SF division such thatN is non-empty. Obviously, we need to havé&\ = ;.
Now, leti 2 N, then exp( ui(x;)) > 0. For the variance to be zero, we thus cannot have
exp( u;(x;)) = 0, which means that N* is empty. What is more, the values exp(u;(x;))
must all have the same values for2 N, which corresponds to the equalitiesi; (x;) = u; (X;)
for all i;j 2 N. Finally, we must haveh(u;(x;)) = h, which requiresu;(x;) 0. O

We end this section by making the following observations regarding exact divisions : (i)
their socially normalized utility matrices are zero matrices, i.e.lJ = 0; and (ii) they are
socially fair (this is a consequence of the second item in the above proposition).

5.5 Local Fairness

In this section, we assume that each player is more sensitive to the shares given to\similar"
or \close" players, than by the shares obtained by the other players. To illustrate, a full
professor is probably more concerned by how much of the total research budget the head of
the department is allocating to another full professor than by the share reserved to a starting
assistant professor. To handle such a case, we represent the interactions (or connectedness)
between the players by a weighted directed graph, and rede ne fairness in local terms.

Consider a weighted directed graph where; is the weight on arc (;j ), that is, the link
between playersi and j. The larger the value ofw; , the more playeri cares about player
j's share, andw; = 0 means that what playerj is getting is of no concern to player.
\F/>V€ suppose that for each player there exists at least a playej with w; > 0, such that

i2n Wi 6 0. Note that w; is not necessarily equal tav; : We setw; = 0 for any player
I, and consequently, the matrix of weightsW contains nonnegative numbers with a zero
diagonal. We will refer toW as the social network matrix. Clearly, ifw; =1 for all i 6 j
and w; =0 for all i, then we recover the case studied in the previous section.

As before, we will normalize the utilities, with the di erence here being that we take into
account the links, or their absence, between the players. Denote by(u;; X; w;) the weighted
average utility for playeri given by

X X
iU X wi) = Wi Ui (X)) = wi (5.25)
j2N j2N
Observe that the above quantity only involves terms of the-th rows of the utility matrix U
and of the social network matrixW. Unlike previously, there is no need to writex ; because
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wi = 0. The weighted standard deviation for playeri is de ned by

X X
F(uisx;wy) = wi (Ui(x)  )? = Wi (5.26)
i2N i2N

Proposition 12. Suppose that ;(u;;x;w;) > 0 for all i 2 N: The utility function

ui() (Ui X wi)
U; = ’ 527
0 (Ui X; w;p) ( )
is locally socially normalized, that is,
i (u;x;wj))=0 and i (Ui x;wi) =1:
Demonstration. Straightforward computation gives
| | | |
X ) X ) X u X . u;X . ) X ’
i(Uis X;wi) = Wi Ui(x;) = Wy o= Wi () _'( X Wi
j2 i : i (Uisx i) .
j2N j2N I j2N I 1 j2N
. X ! X ! !
= m | Wi Ui(x;) = | Wi i(u;x i) =0;
j2N j2N
and, similarly,
! !
) X
i(Ui;X ) = wi (Ui(X)  i(usx )° = Wi
i2N jgN |
X (x. (X 2 X '
= Wij UI(XJ) _I(UI X I) 0 = Wij
i2N i (UisX i) j2N |
_ 1 X . 2. _ X ' _oilusx i) _
= m | wii (Ui (X;) i(Ui;x §))° = | Wi = m =
i2N i2N
Therefore, u; is locally socially normalized. O

In the rest of the section, we assume that;(ui;x;w;) > 0 for alli 2 N (the case
i(ui;x;w;) = 0 can be dealt with following the same approach as in the previous section).
Next, we straightforwardly extend the measures of playats complaint-potential referenceh;
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and unfairness feelindg=; as follows :
_ X ' X
hi = min 1; Wij h(Uj (Xj )) = Wij ;
i2N i2N

Fi hui(x)) h "

Note that now, playeri's complaint-potential reference is speci c to her, which is consistent
with the idea that each player is only concerned by the outcomes for people to whom she is
connected. A de nition of the degree of local social fairness follows.

De nition 12. The degree of local social fairness (LSF) is given by

1 X .
Gisr (Ui xiw) = h(ui(xj)) hi (5.28)
i2N
A division is locally socially fair (LSF) if Gsg (u;x;w) =0.
Now, we can adapt the de nitions of fairness used in the cake-cutting-problem literature
to our\local" or social network setting.

De nition 13. A division is
1. locally exact ifuj(x;) = uj(x;) wheneverj is a neighbor ofi, that is, w; > 0;
2. locally proportionally fair (LPF) if u;(x;) i for all i who have at least one neighbor;

3. locally envy-free (LEF) if ui(x;) ui(x;) wheneverj is a neighbor ofi.
The following theorem characterizes the relationships between these de nitions.

Theorem 15. We have the following implications :
1. EF ) LEF ) LPF )G s 1=
2. LSF ) LPF.
3. exact) locally exact) LEF, LPF andLSF.
Demonstration. The implications EF ) LEF ) LPF are immediate. The bound orLSF
is then derived similarly to what we did in Theoren{ I4. Similarly, the second implication is
based on the same grounds as Propositipn|10. Now, the third implications (exact locally

exact) LEF andLPF) are trivial. But then, all local social normalizations are unde ned,
which, following Section 5.4.2, implies. SF . O

We recapitulate all connections between the fairness concepts in Figiire]5.3.
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Figure 5.3 Relations between the di erent fairness de nitions

Remark 13. An important observation is that proportional fairness does not imply local
proportional fairness. To illustrate this counterintuitive result, consider the following utility
and social-network (weights) matrices :

0 1 0 1
0O 1 5 5 0100
1 0 5 5 1000
U= 5 5 0 1 and W=BO0O0O 1 (5.29)
5 5 1 0 0010

It is easy to check that the division is PF but not LPF. This result has an interesting
interpretation in behavioral terms. It shows that a division, while being globally fair in the
usual PF sense, fails to satisfy some players who only care about how other, speci c players
are treated.

Let us nish by illustrating LSF in the sugar-cake example. Recall that in this example,
players 1, 2 and 3 had the same preferences, while player 4's preferences were the opposite
of the three other players'. A formal way to see this is to compute correlations between any
two players' rows in the utility matrix. Given this, it makes sense to assume that players 1, 2
and 3 are socially connected, but not 4. In other words, we have the following social network
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matrix 0 1

(5.30)

=

I

(QPUIIm
ol
P O R
o R
o o
>0

0 001

The fourth player has no player to compare herself too and thus cannot feel that the division
Is unfair. Meanwhile, the division is locally exact for players 1, 2 and 3; hence, they feel that
the division is fair too. Overall, the division is thus LSF.

5.6 Conclusion

In this paper, we proposed an alternative approach to existing ways of measuring fairness.
The rst step was to introduce a new way of normalizing the players' utility functions. Our
social normalization for each player consists of using other players' allocations as a benchmark
to which the player will compare her own allocation. Importantly, she does so through her
own lens, that is, her utility function. The socially normalized utility function of a player
is the a ne positive transformation of her utility function, such that the average utility for
others' allocations equals 0, and the standard deviation is 1. Thereby, the player's socially
normalized utility counts the number of standard deviations above the average that she thinks
her allocation is, compared to the distribution of others' allocations. We argue that such a
normalization gives a relevant meaning to utility values, hence making two di erent utility
functions comparable. Then, roughly, a division will be socially fair if all players have equal
socially normalized utilities.

Now, in many large-scale optimization problems, a principal agent is in charge of solving
the allocation problem. Yet, there may be no feasible fair solution. For instance, in shift
scheduling, one employee will have to close the shop on Saturday evening, even if no em-
ployee wants to. Besides, even if there are fair solutions, the NP-hardness of many allocation
problems indicates that computing these fair solutions may not be feasible in a reasonable
amount of time. Moreover, concerns other than fairness may enter in play, e.g., social e -
ciency. These aspects then require a comparison of unfair allocations. We have proposed to
do so by measuring players' unfairness feelings. These unfairness feelings are computed in
two steps. First, for a given player, we compute her complaint potential as a decreasing and
convex function of her socially normalized utility. We then argue that a player will actually
feel unfairness only if her complaint potential exceeds that of others. If it does, then her
unfairness feeling is de ned as the di erence between her complaint potential and the ave-
rage of the others'. The degree of social fairness of an allocation is then given by the average
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unfairness feeling.

While this approach to measuring fairness is reasonable in many cases, it may not be
implementable when the number of players is very large. To illustrate, Air Canada's crew-
scheduling problem involves 11,000 pilots. It is then more realistic to consider that in such
cases, players do not actually compare their allocations to all others, including for information-
access reasons. Most likely, players instead feed their complaint potential by focusing on the
allocations of \socially close" or \similar" players. By introducing a social network and by
adapting concepts to this setting where interactions between players are limited, we have
introduced local fairness concepts that appear to be much more suitable for and relevant to
describing fairness in large-scale contexts. In particular, the correlation of players' preferences
can be used as an indicator of how much they will be using one another's allocation to derive
their complaint potentials. In an upcoming research project, we intend to apply these concepts
to a concrete instance of shift scheduling, where a manager aims to establish a economically
competitive, socially e cient and socially fair shift-allocation for her employees.

5.7 Appendix

X
i hj n=2 (5.31)

i2N

Demonstration. Let N, (respectively,N- and N ) the subsets ofN such that h; > h (res-
pectively, hj = h and h; < h). Denotef (hy;:::;h,) = jhi  hj. If hy  h, then the right

i2N
partial derivative of f with respect to h; equals

@f _, NG I N JNj

an - 0 (5.32)

Similarly, if h;  h, then the left partial derivative with respect to h; is going to be negative.
This means that the rst-order condition cannot hold for h; 2]0; 1[. Thus, the maximum of

INeJ gy INed 2 2N jN).,

- - - (5.33)

whose maximum is reached fofN.j = n=2, in which case the right term equal$1=2. This
gives us the upper bound of the Lemma. ]
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Abstract . Including employee preferences in a shift-scheduling scheme raises the question
of how to aggregate employee satisfactions in a sensible manner. To do so, we rst need to
model the employees' preferences, which can be done using so-called utility functions and
a multi-attribute approach like MACBETH. Even then, though, we still need to make sure
that it is sensible to compare or to add two di erent utility functions that concern di erent
attributes. To do so, an appropriate normalization of utility functions is required. In this
paper, we rst discuss a naive extreme value normalization (EVN), which has utility values
ranging all along two predetermined values, e.g. between 0 and 5. Then, we propose an
alternative normalization, called AMACSN, which relies on a description of the \typical
outcomes" produced by a shift-scheduling scheme. We then give both the conceptual grounds
and the computational results to argue that AMACSN is more relevant and more meaningful
than EVN to address the comparison or addition of di erent utility functions. As a bonus,
we observe that AMACSN induces greater fairness.

Keywords : Normalization ; Preferences; Utility ; Multi-Attribute ; Scheduling ;

6.1 Introduction

Since Dantzig [1954], shift scheduling has become a widely studied problem of operations
research. It consists of creating and allocating shifts to employees to best cover a demand
for employees at all times, and it can be stated as a set-covering problem. While set-covering
problems have been shown to be NP-complete by Karp [1972], e cient exact or heuristic
approaches based on column generation (Appelgren [1969], Desrochers and Soumis|[1989],
Barnhart and Shenaqi [1998], Desaulniers et al. [2005]) have yielded very good solutions. The
e ciency of these approaches lies in the smallness of integrality gaps.

As computer power has increased, shift-scheduling models have become more realistic by
including more constraints. For instance, at rst, breaks in shifts were not taken into account
(see Moondra [1976]) ; this was then recti ed by Bechtold and Jacgbs [1990] with the inclusion
of lunch breaks. Later,| Aykin [1996] proposed a model with several possible breaks. Rekik
et al, |2010] generalized the model to include fractionable breaks. We pursue this e ort to
make shift-scheduling models more realistic, by including employee preferences.

One di culty posed by such a goal is that shifts must be personalized. Personalized sche-
duling is not new though. Indeed, many models abstering require knowledge of employees'
planned activities like holidays, training periods or medical appointments. This, in turn,
requires shift scheduling to treat employees asymmetrically, as was done for air crew schedu-
ling (Gontier|[1985]) or nurse scheduling (Bard and Purnomo [2005]). Using heuristic column
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generation and today's computer power, good solutions can still be found in a reasonable
amount of time.

While this paper does provide a new approach to optimize the satisfaction of employees’
preferences, the main contribution of this paper lies rather in the way we include these
preferences. For one thing, it is notable that the mere step of mathematically modeling
one's preferences is a di cult task. Indeed, it has been the core of active elds of research
including conjoint analysis (Green and Srinivasan [1978], Orme [2005]) and multicriteria
analysis (Siskos and Spyridakos [1999], Zopounidis and Doumpos [2002]). One approach from
the latter category that we have found particularly relevant for our purposes is known as the
MACBETH method, introduced by Bana e Costa and Vansnick [1994]. In this setting, an
employee describes a linear multi-attribute utility function by giving qualitative answers to
comparison questions only. An example of such question l8dw much do you prefer starting
a work shift at 8am compared to at 10ami'?

Thus, MACBETH models any employee's preferences as a weighted sum of so-called
partial utility functions. Each partial utility function corresponds to an attribute (e.g. the
time of day worked, the total number of hours worked in the week or the day o in the

MACBETH method yields a partial utility function ujy, which maps leveld;, of this attribute
(e.g. early morning, 40 hours or Sunday) to a real number. This real numbey (I ) takes
on greater values for more preferred levelg. Also, there is a weightwy, associated with
attribute k, so that the linear multi-attribute utility function of employee i can be written

X
uj = Wik Uik (1 ): (6.1)
k2K

The MACBETH software allows employed to determine the partial utility functions ui ()
and the weightswj that best match his preferences. We will describe this setting more
formally in Section 2, as well as a shift-scheduling program we use to optimize employees'
utilities.

It is important to notice, though, that the MACBETH method does not yield any nor-
malization of the employees' linear multi-attribute utility functions. In other words, while it
0 ers a sense of each utility functionu; individually and up to a positive a ne transforma-
tion, it does not o er the possibility to compare the utility functions u; and u; of two di erent
employeed andj. However, since we will be seeking to maximize the sum of all utilities, it
Is essential for these utility functions to be on the same scale.

A naive approach to doing this is what we call the extreme value normalization (EVN). In
this setting, we make sure that the minimal value of a partial utility function is 0, and that its
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maximum value is 5. The choice of the value 5 is arbitrary, but results would be identical for
any other choice. Importantly, partial utilities are normalized with regard to their extreme
values. This normalization is used, for instance, to compute the Human Development Index
(HDI). Then, we require the sum of weights to add up to 100. While this naive normalization
is widely used and already yields relevant shift allocations, we will show its aws, both
conceptually, through the so-callecbusy Christmas paradoxand numerically, with our more
advanced normalization called AMACSN.

AMACSN consists of two steps. First, we need to nd a meaningful normalization of the
partial utility functions uj to make all their values comparable with one another. To do so,
we introduce a new normalization we call the correlated social normalization (CSN), which
represents a major contribution of this paper. In essence, for each employéeN and each
attribute k 2 K, this normalization consists of comparing the partial utility ui (lix) of the
employee for the level of his schedule to his partial utilities;, (ljc ) for the other employees'
levelsl , especially if employees and j have the same preferences.

Next, note that the normalization of each partial utility function u;, implies a rescaling of
the corresponding weightvi, to keep the multi-attribute utility function consistent. Indeed, if
the partial utility ujx is stretched by the normalization by a factor of 2, then the corresponding
weight wy, should be divided by 2. However, we still may need to normalize the whole vector
of weights ik )k2k , SO that two di erent employees' multi-attribute utilities are comparable.
We formalize this aspect by introducing a multiplier ; of the vector of weights for each
employeei. Determining the multipliers ; is the second step of our normalization procedure.
In Section 4, we will present a normalization of these multipliers based on the so-called
standard utility functions. At last, we obtain AMACSN.

This paper is divided into 6 sections. In Section 2, we present MACBETH, the description
of preferences as linear multi-attribute utility functions and the shift-scheduling formulation
as an integer program. Next, Section 3 introduces EVN, and then AMACSN, our main
contribution. Section 4 then presents results of the shift-scheduling program, using EVN and
AMACSN. These results con rm the greater relevancy of AMACSN. Finally, conclusions are
drawn in Section 5.

6.2 Preferences and Scheduling Program

In this paper, we consider a shift-scheduling and job-assignment problem over one week.
The main goal of this paper is to design an algorithm that also personalizes employees' shifts
according to their preferences. To proceed to personalized shift scheduling with preferences,
we rst need to de ne a protocol that enables the employees to describe their preferences.
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Then, we need to include these preferences in the shift-scheduling optimization program. This
requires us to provide a quanti cation of the employees' preferences.

In Subsection[6.2.]1, we brie y discuss the modeling of the preferences according to li-
near multi-attribute utility functions that shall be used in the shift scheduling program. By
using MACBETH, each employee determines his corresponding linear multi-attribute utility
function, hence de ning weightswy, and partial utilities uj.

Then, in Subsectiong 6.2]2 anfl 6.2.3, we present the shift-scheduling optimization pro-
gram, which is an integer linear program. We rst present the program without preferences,
which will enable us to derive the minimal shift-scheduling cost. Then, we present the pro-

gram with preferences, that maximizes the sum of utilities, while guaranteeing a bound on
costs de ned by the minimal shift-scheduling cost. We also brie y discuss algorithms used to
solve heuristically these scheduling programs.

6.2.1 Linear Multi-Attribute Utility Functions

De ning a procedure to help people quantitatively describe their preferences is a di cult
problem that represents an active eld of research. This is particularly true when faced
with a large number of complex possible alternatives, as is the case for preferences about
work schedules. A common simpli cation consists of characterizingttributes (also known
as criteria), which preferences really depend on. In this paper, we consider four attributes,
namely Hours Per Week(HPW), Job Activity (Job), Shift-Type (ShT) and Day-On (Day).
We denoteK = fHP W; Job; Day; ShTg the set of attributes.

For a given schedules, each attribute k takes a value calledevel I (s). Depending on
attributes, levels can have di erent forms. They can be vectors, scalars or subsets. To illus-
trate, the Day-On attribute is the subset of the days in the week that are working days. So,
for instance, if a schedules gives Wednesday and Sunday o, th&®ay-On attribute has level
lpay (S) = fMonday; Tuesday; T hursday; Friday; Saturday. For the purpose of analyzing
employees' preferences, a shitcan be regarded as a vector

(Ik(8)k2k = (Thpw (8);1306(S); Ipay (S); IshT (8)): (6.2)

For the sake of exposition and for con dentiality reasons, we do not explicit all levels.

To proceed, we assume that an employee's preferences about schedules can be fully descri-
bed by a linear multi-attribute utility function. This means that we assume that the employee
i's utility function u; : s; 7! ui(sj)) 2 R can be decomposed into a weighted sum of partial
utility functions uy : Ik 7! uik(lx) 2 R, for attributes k 2 K. Denoting wiy the weight of
attribute k in employeei's utility function, then, for any schedules; given to employed, we
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have X
ui(si) = Wik Uik (I (i) (6.3)
k2K
The description of partial utility functions ui () depends on the structure of the levels of
attribute k 2 K. Once again, for con dentiality reasons, we will not give more details regar-
ding this modeling. Note, though, that the details about the partial utility functions that are
skipped are not useful for the sequel of this paper.

Importantly, this decomposition is not unique. Indeed, following?, if we only regard an
employee's viewpoint, then only the ordering of shifts matters. Therefore, utility functions
should actually be de ned up to a positive a ne transformation. This means thatu; : ! R
and u; + represent the same utility functions for any > 0, since such a transformation
leaves the ordering of preferences unchanddn other words, for a given utility function,
there are two degrees of freedom that need to be xed by normalization.

Similarly, for each partial utility function ujy ( ), we have two degrees of freedom, as we can
replaceui () by kux()+ i forany i > 0. Note that if we do multiply a partial utility
function uiy () by a multiplier > 0, then we need to dividewy by i Simultaneously to
maintain the consistency of the multi-attribute utility function u;( ). Otherwise, our modi ed
multi-attribute utility function might describe a di erent ordering of shift allocations, and
hence describe di erent preferences. To stick with simple notations though, we will not explicit
these normalizable parameters of linear multi-attribute utility functions.

Before getting to the normalization considerations, we rst need to determine a procedure
that can help employees arrive at a decomposition of their preferences. There are two main
areas of research that aim at such a procedure. The rst is conjoint analysis (see Green|and
Srinivasan [1978], Louviere [1988], Green et |al. [2001], Netzer et al. [2008]), which consists
of analyzing trade-o situations one may be faced with. For instance, one may be asked to
rank a small set of alternatives. From these observations, a regression model characterizes
the trends to induce a global ordering of all the alternatives.

However, more straightforward approaches have come from multicriteria analysis. Some
of the most popular methods from this eld are ELECTRE (Benayoun et al. [1966], Maystre
et al, [1994], Greco et al.| [2011]), PROMETHEE (Brans et al. [1986], Brans and Mareschal
[2002]) and MACBETH. This last one is used in this paper. There are two main steps involved
in using MACBETH to describe linear multi-attribute utility functions. First, employee i's
partial utility functions ui () is de ned, and then his weightsw;, are determined.

Roughly, an employee's partial utility function is constructed by having the employee

3. More precisely, for any two shiftss; and s, ui(s1) Uui(sp) if and only if u j(sy) + ui(sz)+
Plus, the same property must hold for probability distributions over shifts.
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comparing reference levelsThis is done by lling in a half matrix in MACBETH. Then,
depending on the considered attribute, MACBETH infers a whole partial utility function

Uik ().

Remark 14. The partial utility functions of MACBETH are only normalized such that the
maximum utility of an attribute always equals 100. However, there is no normalization of the
minimum utility. It can equal O or be as small as -600. This is not good for our optimization,
as partial utility functions will not all be at the same scale.

Now, for each attribute k 2 K, MACBETH determines a default levell ®*"™" and a most
preferred levell?®"®™ | Then, for any two attributes ki;k, 2 K, employees are asked to
compare levels I{e™" ; [P0 ) and (IF7efee ;| ). By achieving all pairwise compari-
sons between any two attributes, employees Il in a half matrix in MACBETH, which is then

automatically used to compute all weightsvy, 0 (with at least one non-zero).

6.2.2 Shift Scheduling without Preferences

The shift-scheduling problem we face has a one-week horizon. This week is divided into

suppose that there is a known demand,. Each undercovering (respectively, overcovering)
of demand has a cost, (respectively,c,) per periodt 2 T of time. We denote byU, and
O the number of undercoverings and overcoverings of demand for job activayat period t.
For each employee 2 N, we denote by ; the set of his admissible one-week schedules. We
de ne s the binary parameter that equals 1 if and only if scheduls 2 ; requires employee
I to work job activity a 2 A at period t. Finally, we denote byx;s the binary variable that
equals 1 when employee2 N works schedules 2 ;.

The following Shift Scheduling (SS) integer linear program determines the minimal shift-
scheduling cost :
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Co= Minimize C (6.4)
x;U;0;C X
subject to : Xis = 1; 8i 2 N; (6.5)
S2 X
Ua + atsXis = Oat + Ogt; 8a2 A;8t2T,; (6-6)
i%N_
S2 X
C=cUx+ CaOxt (6.7)
a2A
12T
Us 0,04 O 8a2 A;8t2 T: (6.8)
Xis 2 T 0; 1g; 8i2N;82 ;i (6.9)

Equations (6.5) assert that each employee must be given one and only one shift. Equations
(6.6) compute the number of undercoverings and overcoverings in each period and for each job.
Equations (6.7) derive costs from undercoverings and overcoverings. Relations|(6.8) ensure
that the numbers of undercoverings and overcoverings are computed as non-negative values.
Finally, relations (6.9) are the integrality requirement on the schedule variables.

We shall use this minimal costC, to design our shift-scheduling program with preferences.

6.2.3 Shift Scheduling with Preferences

In order to balance shift-scheduling cost with fairness in a reasonable way, we require the
personalized shift scheduling to cost no more than (1 +)Cy for > 0. In our case, we will
choose = 2%.

Moreover, we assume that each employee has determined and revealed his linear multi-
attribute utility function for shifts. This means that we are given as inputs the partial utility
functions ui : Ik 7! uik(lx) 2 R for any employeei 2 N and attribute k 2 K, as well
as weightswy, 2 R, . As discussed earlier, these should be normalized before running the
shift-scheduling program. Di erent normalizations will be discussed in Sectign 6.3.

Now, in an attempt to maximize the employees' satisfactions, we de ne the Shift Schedu-
ling with Preferences (SSP) optimization program :
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X X X
Maximize Wik Uik (1 (S)) Xis (6.10)
x;U;0;C .
i2N s2 k2K
subjectto: C (1+ )Cq; (6.11)

Constraints ®:9):

It is noteworthy that SSP does not include any fairness objective. We have found that
solving SSP is already quite time-consuming. Yet, a fairness term in the objective function,
which, for instance, would minimize some sort of standard deviation, can be expected to
yield a much greater integrality gap. For this reason, we expect the addition of such a term
to greatly increase the computation time. For this reason, we limit ourselves to simply maxi-
mizing the sum of the employees' satisfactions. However, as we shall see, a right normalization
of utility functions will naturally guarantee a satisfying amount of fairness.

To solve the SSP program, we propose a heuristic based on column generation (see Ap-
pelgren [1969], Desrochers and Soumnjis [1989], Barnhart and Shenoi [1998], Desaulniers et al.
[2005]). We rst solve the linear relaxation of the SS program for a set; that initially
contains only a few of the admissible shifts for employee® N. Then, given dual variables
of the SS program, and using a subproblem, we generate other relevant colunsn® ;.
This subproblem is solved using a professional software, which we will not dwell on for con -
dentiality reasons. This is also the reason we do not provide more information about sets

i of schedules. But it is noteworthy that this professional software is used in over 10,000
companies, and each company uses it for di erent independent groups of employees, e.g. for
di erent stores, factories and departments.

Importantly, columns generated by the subproblem enlarge the set of generated shifts.
Once this set is large enough, we use the solver Xpress-MP to solve the SS program with
the integrality constraints, hence deriving the minimal shift scheduling costy. Finally, we
solve the SSP program with the same set of columns generated in SS, still using the solver
Xpress-MP.

One might fear that this set of columns is too restricted. However, as we said, the SSP
program is already very time-consuming as is. Moreover, we could argue that our sets
generated by SS are already large enough to nd the shifts the employees ask for. More
speci cally, in our instances, the SS program generates about 1000 columns. Yet, for each
attribute, a rough estimate shows that at least one out of 10 levels is precisely what an
employee has asked for. Hence, since there are 4 attributes, there are at least one 4rshifts
that completely satisfy an employee. Therefore, it is very likely that, for any given employee,
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many of the shifts we generated match that employee's preferences.

Note that, because the solution value found for the SS program is only used as a parameter
in constraint (6.11), it is not that important to get an accurate value forCo. On the other
hand, the SS program is so much easier to solve than the SSP program that it is not where
most of the computation time is lost. Thus, requiring greater accuracy in the computation of
Co will not deeply a ect the computation time overall. Once again, the SS program is mainly
essential to generate relevant columns.

6.3 Multi-Attribute Normalizations

In this section, we introduce two normalizations of linear multi-attribute utility functions.
We rst quickly present the naive EVN. Then, we will de ne AMACSN, which is the main
contribution of this paper.

6.3.1 Extreme Value Normalization

As announced in the introduction, we de ne a naive normalization for linear multi-
attribute utility functions. The EVN shares similarities with many common measure indices,
like, for instance, HDI.

De nition 14. A linear multi-attribute utility function is EVN if the extreme partial utilities
equal 0 and 5 and such that the sum of weights equal 100. We denotaf¥y' and wgVN
the EVN partial utilities and weights.

Let us verify that this normalization is well-de ned. To do so, we must assume that partial
utilities are non-degenerate. This means that a partial utilityuy has two di erent values for
some two leveld} and I3 .

Proposition 13. If partial utilities are bounded and non-degenerate, then the EVN exists
and is unique.

Demonstration. Let uf™ and uf® be de ned by
UR™ = min ui (i) and Ui = max i (lu): (6.12)

By assumption, we havel <ull" <ul® < 1 . Given that only positive a ne transfor-
mations are allowed, the EVN patrtial utility is then necessarily

EVN Ui UR"
—_ | .
Ui~ =5 i (6.13)
ik ik
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For the ordering of shifts induced byu to remain the same, we need to rescale weights, by
Wi = Wi (UE™ U™ ): (6.14)

. . P P .
It is then straightforward to see that  wj uy and b Wi UEVN represent the same utility
functions. Finally, we have to setwg'N =100 Wy= o« Wiko, in order to guarantee that
the sum of the weights amounts to 100. This proves existence and uniqueness. ]

While we do not state this fact formally, it is also straightforward to see that no matter
which normalization of the linear multi-attribute utility function we start with, applying
EVN always yields the same EVN linear multi-attribute utility function.

Also, we will call EVN-SSP the SSP program whose objective function is written with
EVN linear multi-attribute utility functions.

6.3.2 A nely Multi-Attribute Correlated Social Normalization

In this subsection, we propose a more meaningful alternative to EVN, which extends
ideas by? to the setting of linear multi-attribute utility functions. But before getting to this
alternative, let us criticize EVN conceptually through an example.

The Busy Christmas Paradox

Consider only one attribute, namely,Day-On. Assume that Tuesday is Christmas, and
that nearly everyone wants it o . Now, consider employees 1 and 2 who both really care about
the day of the week they get o . However, while employee 1 really wants to have Christmas
o, employee 2 does not celebrate Christmas, and actually wants Friday o .

Let us compare the two employees' partial utilities for the day-on attribute. Employee 2
basically knows he will be given Friday o, as he's almost surely the only one who asked for
it. Thus, he will certainly have the maximal utility of 5 out of 5. Similarly, if employee 1 does
get Christmas o, he would have the maximal utility of 5 out of 5 too. However, because
it is much less likely for him to obtain what he wants, employee 1 will de nitely feel much
happier about having Christmas o than employee 2 does about having Friday o .

There is another way of seeing this. By giving employee 2 Friday o, the cost for the other
employees and the company is basically zero, if not negative. However, giving Christmas o
to employee 1 means sacri cing an opportunity that many other employees would gladly take.
In other words, it induces a non-negligible cost to other employees. For this reason, employee
1 has to feel happier about his day o than employee 2 does about his.
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Conversely, if employee 2 were not given Friday o , he would be so surprised that he would
actually feel greatly disappointed. Meanwhile, if employee 1 were not given Christmas o,
then he would know he probably is one of many other employees who did not get Christmas
o . Therefore, employee 1 would not feel as badly about not having Christmas o as employee
2 would about not having Friday o .

What this discussion shows is that the EVN we have been using to normalize partial
utilities is not appropriate to compare the di erent partial utilities of di erent employees.
Rather, a normalization of utility functions should be de ned depending on some context
that the shift allocation de nes. This leads us to one of the main contributions of this paper,
which extends the SN introduced by?.

Correlated Social Normalization

Like SN, correlated social normalization (CSN) consists of normalizing an employee's
utility with regard to utilities he would have, were he given other employees' shifts. To do so,
it is necessary to consider some typical output of SSP. This output will form a benchmark
that employees can compare their schedules to. Thus, throughout this subsection, we need to
consider a given solutiorsthat assigns a scheduls;to each employee. Also, for simplicity,
we denotefli, = 1,(8).

We shall detail SN in Sectioth 6J4. Roughly, SN has every employee comparing his schedule
to others'. In addition to this, CSN takes into account the fact that employees tend to
especially compare themselves with other employees who have similar utility functions. For
instance, if you have asked for Christmas o, then it is much more relevant to compare your
shift with the shifts of other employees who also asked for Christmas o than with the shifts
of those who asked for Friday o .

To formally de ne CSN, let the utility matrix O be de ned by Ok = uy (fix ). This matrix
contains all the information about how each employee feels about the levels of attribuke
in his and the others' allocated schedules. Now, the similarity between two partial utility
functions uy and uy can be characterized by the correlatiom;, between employees and
j's partial utilities uy (i) and uyc (k) for di erent levels i, of all third employeesm 2 N.
Formally, this correlation is given by

P ; N
Cov(0f; Ojk) _ m2N (Ve () ik )(Uik (i) )

X Vv ar(Ok)Vv ar(Ojk) ) N ik jk

rijk ; (615)

where j and j (respectively,  and jc) are the averages and standard deviations of
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ui (Tnk) (respectively, uy (T )) for m2 N, i.e.,

Um(ﬁnk) and Kk = Um(ﬂnk) ik - (6.16)

m2N m2N

1 X
ik = n
Now, the greaterrj is, the more relevant that is. For this reason, and to have non-
negative numbers only, we de ne the transformed correlatioRjx = 1+ rj 2 [0;2]. The
relevant benchmark to normalize an employee's partial utility is then given by the values
uik(f}k) forj 2 N with weights R« . These values de ne the CSN average§SN and standard
deviations (SN by

P
Riik Uik (T ) Ric ui()  « ?
csN — i2N p and csN 2_ 12N p 6.17
ik RUk ik RUK ( )
i2N j2N
Finally, we obtain the CSN partial utility
uk() @V
U () = =g (6.18)

ik
If we do that, though, because we need to keep track of the fact that the global multi-
attribute utility function should yield the same orderings of allocations after normalization,
we need to compensate for the rescaling of partial utilities . Since they have been divided
by $SN it suces to multiply the weights wy by S5V yielding wgSN = £SNw . These
transformations lead us to rewrite the linear multi-attribute utility function of employeei as

u = X wi SN ugsSN (6.19)
k2K

In the introduction, we pointed out that this utility function is de ned up to a positive a ne
transformation. However, with no additive constant, our normalization of partial utilities
guarantees that, for an employee whose levels are all averages, the linear multi-attribute
utility function is 0. Therefore, it makes sense to set the additive constant to 0. Conversely
though, let us highlight the degree of freedom corresponding to the positive multiplief, by
writing the linear multi-attribute utility function as :

X
ui= ;  weNugsN: (6.20)
k2K

To determine appropriate multipliers ;, we turn to the concept of standard utility functions.
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Standard Utility Functions

To determine a normalization of multipliers ;, we propose to describe how employees'
weights a ect their partial utilities. Intuitively, the greater an employee's weight for an attri-
bute, the greater his partial utility for that attribute should be. We formalize this intuition
with the concept of the standard utility function. A standard utility function  for attribute
k 2 K is an increasing function that maps an employeés weight ;w$SN to the partial
utility  ( ;w$SN) he should expect to have for attributek. In other words, we should have

«(WESNY - uESN (fi) for any employeei 2 N and attribute k 2 K .

Note that, |mportantly, the standard utility functions ¢ do not depend on employees. Ra-
ther, standard utility functions are rough descriptions of the properties of the shift-allocation
schemes, which employees will be sensible to. As we shall see later, such rough descriptions
will give us a natural way to determine the multipliers ;, hence making multi-attribute utility
functions comparable. But rst, we discuss how to compute good standard utility functions.

For tractability reasons, we propose to only consider positive a ne standard utility func-
tions. More explicitly, we only consider standard utility functions for an attributek that are
functions ( iwWx) = k+ « Wk with 0. Thus, a standard utility function | for
attribute k 2 K is fully determined by a pair ( «; ) 2 R, R. Aggregating all standard
utility functions for all attributes then yields an element , which is represented by vector
(i Wkek 2 (R, R)X.

Now, standard utility functions need to describe how weights a ect partial utilities. Then,
the a ne standard utility function ¢ that best describes these inputs is then the linear
regression of the form

812 N; ugM ()= W W)+ =kt WS (6.21)
such that the sum of squares 2 is minimized. This boils down to equalities

- Cov g U™ (f)ien
Var( iWik )|2N

1 X
and K= —
n

ugsN (i) ok wgSN  (6.22)
i2N

These equations de ne the best-t standard utility function  to multipliers . In other
words, our linear regression yields a functioRegress whereRegresy ) is the best- t stan-
dard utility function ¢ to multipliers . By combining Regress functions for all attributes
k, we obtain the regression functiorRegresswhich maps multipliers to the best-t a ne

standard utility function
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Multiplier Normalization

Now, recall that standard utility functions = ( )2k for all attributes yield a good des-
cription of the relation between weights and partial utilities, that is,uﬁsg(ﬂk) k(wESN).
Moreover, recall that since we have de nefl = 1,(&), we haveu; (&) = ., WESNugSN (fi).
Then, employed's linear multi-attribute utility function for his shift s; can be approximated
by X
ui(si) weSN o wgsY): (6.23)

k2K
The last quantity represents a rough estimate of what employaé&s multi-attribute utility is,
given his weights and the rough description of the shift allocation mechanism. Yet, for multi-
attribute utilities to be comparable between any two employees, this estimate should be the
same for all employees, say = 100. This gives us a natural way to normalize multipliers ;,

by requiring that they satisfy the following equation :

Wit (CwgSN) = U (6.24)
k2K
Now, it is important to note that the normalization of multipliers  we propose here require
knowledge of the standard utility functions . This means that we have a functioMultipliers:
7! = Multiplierd ). Let us point out that assuming that standard utilities are a ne
enables an algebraic computation d¥iultipliers

Proposition 14. Let a standard utility function , with > 0. Then, we have the following
equality :

P r—p > =
weSN |+ weSN | “+4U (WESN)2
. T k2K ka( k2K
8i 2 N; Multiplier = f 6.25
p S( ) 2 (Wi(l_(jSN)Z K ( )
k2K
Demonstration. We have the following computation :
CSN CSN X CSN CSN 2 CSN\2 X CSN
Wi k(W mt) = Wi (et W™ )= 7 (g ki Wi ke
k2K k2K k2K k2K
(6.26)
Now, if ; = Multipliers( ), then the left term above must equalJ, hence,
2 CSN\2 X CSN
i (Wi kKt Wi k= U (6.27)
k2K k2K

which is a second-degree equation in, with a single positive solution. This solution is given
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by the formula of the proposition. O

Consistency

For our description of the shift-allocation mechanism by standard utility functions to be
consistent, we need to nd multipliers and standard utility functions  that correspond
to one another. This leads us to the following de nition.

De nition 15. A multiplier  and a standard utility function are consistent if they satisfy
Regress ) = and Multiplierd )= : (6.28)

We propose to solve these equations by iterations. Namely, at stag®@ N, we assume
we are given ' and '. We then compute '*! = Regress!) and "' = Multiplier{ ).
Equivalently, this boils down to searching for a xed point = Regres@ultipliery )) by
computing the sequence '*! = Regres@Multiplier ).

To test the convergence of this sequence, we have computed the slogesf | at each
iteration t, and for all attributes k 2 K. Results are displayed in Figur¢ 6]1. We clearly see a
fast convergence after merely 10 iterations. This pattern appears in other computations we
have made.

Figure 6.1 Convergence of slopes as we iterate operatBegresand Multipliers

We can nally combine everything we have discussed to determine the normalization we
have been searching for.
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De nition 16.  Multi-attribute utility functions u; for i 2 N are anely multi-attribute
correlated and socially normalized (AMACSN) if there exist consistent multipliers such
that X
8i2N; u(s)= WSV USSN (1 (s1)): (6.29)
k2K
Similarly to EVN, we will call AMACSN-SSP the SSP program whose linear multi-
attribute utility functions are normalized by AMACSN.

Typical Outcome

Recall that AMACSN depends on the \typical outcome"s*we consider. To compute
AMACSN, we thus need a solution of SSP. Ideally, this solution should be a solution of
AMACSN-SSP. Evidently, we cannot do so, since AMACSN-SSP requires AMACSN to be
computed in the rst place. A good approach to determine AMACSN would consist of com-
puting some rst AMACSN; based on a solution to, say, EVN-SSP. Then, we would use
the solution of AMACSN;-SSP to compute the more appropriate AMACSM and so on. We
would have a sequel of normalizations AMACSNfor allt 1. Hopefully, the sequence would
yield some limit AMACSN; . We could then expect to have AMACSN being consistent with
solutions of AMACSN,; -SSP.

However, for simplicity and because of computational times, we will merely consider the
results of two instances of the EVN-SSP program to de ne \typical outcomess to compute
AMACSN. The solutions of EVN-SSP that we use to de ne this typical outcome will be
analyzed in details in the next section. Interestingly, the fact that we have actually not used
the most appropriate \typical outcome" will underline the robustness of AMACSN.

More explicitly, we will use the results of the solutions of EVN-SSP to compute the trans-
formed correlationsR;j , the averages 5N, standard deviations 5N, as well as consistent
multipliers  and consistent standard utility functions . These values determine the CSN
of partial utility functions and the weight normalization for linear multi-attribute utility func-
tions. The consistent standard utility functions are depicted in Figur¢ 6]2, which also depicts
the relation between AMACSN weights and CSN partial utilities for the di erent attributes.

6.4 Results

The SS program is solved with a tolerance on the optimality gap of 3%. We allowed an
optimality gap of 5% for the computation of the SSP program. It is not necessary to be
much more accurate, as the uncertainty on employees' preferences can be regarded as being
at least 5%, because of assumptions like the linearity of multi-attribute utility functions, or
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Figure 6.2 Consistent standard utility functions computed with the cumulative allocations
given by EVN-SSP in two instances, which will be analyzed in the next Section. These
standard utility functions are the ones we use to compute the AMACSN utility functions.

because inaccuracy emerged in the reporting of preferences. In addition, we need to keep in
mind that employees may have had incentives to lie about their preferences, and thus there
are additional uncertainties due to untruthful preference revelations. The column-generation
heuristic was launched on instances with 29 employees and 6 job activities, over a 1-week
horizon with periods of 15 minutes (hencglj =4 24 7 =672). The instances we consider
are real-life instances, except for the preferences that were generated by hand.

We want to compare solutions of EVN-SSP to solutions of AMACSN-SSP. However, it is
not clear that it is on the EVN scale that the quality of results should be judged. Naturally,
it would not be convincing either if we judged results on the AMACSN scale. To be more
fair in the comparison, we will use the SN scale de ned by.

6.4.1 Social Normalization

A more relevant way to judge the quality of the optimization is to study how employees
compare one another's shift. Intuitively, if the optimizer has done a good job, each employee
should get a better shift than any of the others' shifts. A natural way to model this idea is
by involving the SN introduced by ?. The idea lies in considering other employees' shifts as
a benchmark for an employee to judge the quality of his shift. Let us consider a solutisn »
obtained by some SSP. For employde we de ne the average utility ; for others' shifts and



130

the standard deviation ; by

L X (8i9)) (6.30)
i = Ui(Si0)); .
n 1
106 i
. 1% (8 )2 6.31
Tl 1i0§i(UI( i0) i) (6.31)

We stress the fact that this SN of an employe€s utility function is made with respect to
I's utility function and to other employees' shifts. In particular, it does not depend on other
employees' utility functions.

The SN utility function of employeei is the positive a ne transformation with an average
utility for others' shifts of 0 and a standard deviation of 1. More formally, given a non-
normalized utility function u;, with corresponding average ; and standard deviation ;, the
SN utility function u®N is given by

wh(y= O (6.32)

In particular, an employee's SN utility for his shift equalsu®N (&) = (u; (&) )= ;. This
SN utility counts how many standard deviations above average an employee's utility is. In
particular, we expect it to be positive for all employees, which means that every employee's
utility is above average.

Similarly, we may also use the CSN scale to judge the qualities of two solutions by EVN-
SSP and AMACSN-SSP, where CSN is applied to the linear multi-attribute utility function
| not to the partial utility functions as is done in AMACSN.

6.4.2 EVN-SSP

To test the performance of the optimization algorithms alone, let us quickly analyze results
of EVN-SSP judged by EVN scales. Figurg §.3 plots the EVN utilities for the schedules of
the 29 employees computed by EVN-SSP for two instances. As often in this paper, we merely
present results for these two instances, although we have veri ed that their features are also
revealed in the 10 instances we ran. Interestingly, all utilities range between 250 and 500.
This latter bound equals the theoretical maximum utility of an employee.

Another way to unveil the quality of the optimization is to look at how the weightswi,
of employeed for attributes k a ect the corresponding partial utilities uj . Intuitively, the
greater the weightw;, the more the optimizer should gain by yielding large values afi.
Thus, uyi should look like an increasing function ofvy . This is what is displayed in Figure
6.4.
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Instance 1 Instance 2

Figure 6.3 EVN utility values from the solutions of EVN-SSP.

Instance 1 Instance 2

Figure 6.4 EVN partial utility values as functions of weights.

Let us now analyze EVN-SSP through the lens of SN and CSN. Figure]6.5 displays the SN
utilities of all employees for the two instances. Overall, these results show that our algorithm
has succeeded in optimizing its objective value in a fairly convincing way. No employee is
under 0, which means that no one will feel disadvantage with respect to the average schedule
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of others.

Instance 1 Instance 2

Figure 6.5 Employees' SN utilities for shifts given by EVN-SSP.

Instance 1 Instance 2

Figure 6.6 Relation between SN, CSN and EVN.

To have an idea of whether the EVN we have been using makes sense, we may compare
it directly with SN and CSN. This is what is depicted in Figure 6.5, where thex-axis stands
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for the employees’ utilities obtained by EVN, while they-axis represents their SN utilities.
What we see is that, although there is a positive correlation between EVN and, respectively,
SN and CSN, the correlation is not entirely convincing. In fact, the correlation of EVN and
SN is only 0.67, while that of EVN and CSN is 0.68. This indicates that our normalization
by extreme values has some weaknesses.

Before analyzing solutions of AMACSN-SSP, let us end this section by studying the solu-
tions of EVN-SSP through the lens of AMACSN. Computations of the consistent multipliers
and standard utility functions yield Figure[6.7, where CSN partial utilitiesu$SN are depicted
as functions of normalized weights ;w$SN . Interestingly, our normalization enhances the
fact that on a normalized scale, the inputs actually correspond to employees claiming they
give little importance to the Day-On attribute compared to the Job-Type one. Also, there is
clearly a lot of noise in the way that normalized weights a ect CSN partial utilities.

Instance 1 Instance 2

Figure 6.7 CSN partial utilities as a function of weights. Lines represent linear regressions
that make up the best-t a ne standard utility functions.

6.4.3 AMACSN-SSP

Our results for AMACSN-SSP are reported in Figuref 6.8 arid 6.9, which describe pro-
perties of the outcomes obtained.

Figure [6.8 displays the relation between AMACSN weights and CSN partial utilities.
Interestingly, with the notable exception of theDay-On attribute of the second instance, the
standard utilities all have fairly the same slope. This is evidence of a better balance between
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Instance 1 Instance 2

Figure 6.8 Partial utilities with AMACSN

Instance 1 Instance 2

Figure 6.9 Utilities with AMACSN

the normalizations of the di erent attributes. Figure [6.9 displays the AMACSN utilities of
the solution of AMACSN-SSP. Arguably, the gure is fairly similar to Figure 1, even though
the scale of they-axis is di erent.

The normalization of utility functions, which are inputs of the shift-scheduling program,
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cannot foresee the outcomes of the shift-scheduling program. It is thus questionable whether
this AMACSN ts the actual outcome it aims to describe. To see if this is the case, we may
compare AMACSN to SN and CSN de ned for the outcomes of the shift scheduling. This
yields Figure[6.10.

The correlation between AMACSN and SN is 0.86, and that between AMACSN and
CSN is 0.84. This is signi cantly better than the correlations between EVN and the social
normalizations SN and CSN. These facts are evidence of the relevancy of AMACSN.

Instance 1 Instance 2

Figure 6.10 AMACSN compared to CSN and SN

We can also notice that linear regressions nearly pass through the origin, which means
that the utility of O has nearly the same meaning for all three normalizations. Interestingly,
these graphs show that AMACSN has globally the same meaning as other normalizations
overall, while it yields a deeper description of utilities by enabling comparisons of partial
utilities.

6.4.4 EVN-SSP versus AMACSN-SSP

To actually judge the quality of AMACSN-SSP, we can compute SN and CSN utilities
for this setting and compare the results to those of Figuie §.5. This is what we have done in
Figure[6.1].

On this gure, we have added pale red and dark blue horizontal lines. They represent
the average SN utilities for the solutions of, respectively, AMACSN-SSP and EVN-SSP. The
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Instance 1 Instance 2

Figure 6.11 SN utilities of the AMACSN-SSP (pale red) compared to SN utilities of EVN-SSP
(dark blue).

gures display a signi cant improvement of the SN utilities with AMACSN. The gure also
depicts the standard deviations of the SN utilities in the two di erent settings.

Table 6.1 Averages and standard deviations of SN utilities for AMACSN shift scheduling and
EVN shift scheduling.

| | AMACSN | EVN |

Instance 1 Average of SN utilities 2:104 | 1.877
Standard deviation of SN utilities| 0:461 | 0:645
Instance 2 Average of SN utilities 2:235 | 1:871
Standard deviation of SN utilities| 0:541 | 0:860

Table 6.2 Averages and standard deviations of CSN utilities for AMACSN shift scheduling
and EVN shift scheduling.

| | AMACSN | EVN |

Instance 1 Average_ of CSN utilities_ B 1.788 1:582
Standard deviation of CSN utilities 0:412 0:618
Instance 2 Average_ of CSN utilities_ B 1:933 1:579
Standard deviation of CSN utilities 0:471 0:794

To make our analysis clearer, we have compared the averages and standard deviations
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of SN and CSN utilities for the two settings. Tabld 6]1 displays the results for SN utilities,
while Table[6.2 corresponds to CSN utilities. The tables show a clear improvement by using
AMACSN compared to EVN.

Regarding the average SN and CSN utilies, these improvements, depending on instances
and SN/CSN, range from 12% to 22%. Note that this is much more than the optimality gap.
This plainly justi es our focus on normalizations rather than on optimization algorithms.

Moreover, it is interesting to note that we also have a signi cant decrease of the standard
deviations. This shows that, as a bonus, our normalization also guaranteed a signi cant
increase in fairness. In particular, this hints at the fact that there is little need for concern for
fairness in personalized shift scheduling, at least, when hardly any constraint di ers between
any two employees apart from their preferences. As long as we maximize the sum of employees'’
(well-normalized) utilities, both social e ciency and (a good amount of) fairness follow.

6.5 Conclusion

In this paper, we have provided a model to perform optimized shift scheduling with
employees' preferences. By including a linear multi-attribute setting and involving the state-
of-the-art MACBETH method, we have proposed a relevant procedure to include employees'
preferences. More importantly, we have characterized a new normalization of employees' linear
multi-attribute utility functions, which, crucially, yields a meaningful way to compare any two
utility functions, any two partial utility functions and any two weights. Amazingly, using this
normalization has induced a signi cant improvement in the outcomes of the shift-scheduling
program. Not only have we ensured a more socially e cient outcome, we have also shown
that our approach guarantees even more fairness between employees.
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CHAPITRE 7

DISCUSSIONS G EN ERALES

Lesebements de cette tlese fournissent une base pour un ceveloppement plus approfondi
de la construction de quarts avec peerences des employes en particulier, et les probemes
d'a ectation en gereral. Faute de temps, nous ne sommes pas ales jusqu'au point d'appliquer
la treorie de la conception des nmecanismes bayesiensa cette construction de quarts. Il faut
dire que de nombreuses di cules algorithmiques jalonnent cette tache tes di cile. Toutefois,
nous avons su faire avancer la compehension plus globale des probemes d'a ectationsa des
individus, en fournissant de nombreux esultats tes gereraux. De facon grossere, I'on peut
cecouper cette avanee en deux phases.

Dans un premier temps, dans les deux premiers articles de cette these, nous avons intro-
duit une nouvelle facon algorithmique d'attaquer le probeme des incitatifs dans un contexte
bayesien. Rappelons qu'un algorithme d'a ectation pour des agents, aussi appeke necanisme,
e nit un jeu bayesien dans lequel I'honnétek n'est a priori pas une straegie optimale. En
d'autres termes, pour la plupart des nmecanismes, la stratgie honnéte n'est pas unequilibre
de Bayes-Nash. Or, si les agents ne rapportent pas leurs petrences de facon honnéte, tout
mecanisme qui utilise ces pekrences se fondera sur des donrees fausses, ce qui nous em-
péche d'en garantir I'optimalie. Cette remarque est ce qui rend le probeme de conception
des nmecanismes di cile.

Les deux premiers articles de cette trese fournissent une cemarche algorithmique pour
construire des mecanismes ineressants qui satisfassent la condition de compatibilie avec les
incitatifs bayesiens. Cette cemarche repose essentiellement sur le principe de ewelation, bien
connu de la literature. Ce principe garantit la construction d'un necanisme compatible avec
les incitatifs bayesiens des lors qu'on lui fournit un mecanisme quelconque et unequilibre
de Bayes-Nash de ce necanisme quelconque. Si choisir un necanisme quelconque n'est pas
une chose trop dicile, il se pose toutefois le probeme du calcul d'un des sesequilibres de
Bayes-Nash. Le premier axe de recherche de cette trese s'adressea cette probematique.

Deux obstacles majeurs au calcul de cesequilibres dans un jeu bayesien viennent : (i) de
la di culea repesenter algorithmiquement une straegie, en particulier | et c'est notre cas
| lorsque les espaces d'actions et/ou de types des joueurs sont in ni (ou simplement tes
larges) ; (ii) de la dicule a calculer la correspondance de meilleure eponse, notamment
| et c'est notre cas | lorsque le lien entre le prol des actions et les utilies des joueurs
n'‘est pas direct. La contribution majeure du premier article de cette these est de reformuler
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le probbme des jeux bayesiens non pas dans l'espace des straegies, mais dans celui des
fonctions de retour. Ces fonctions de retour cecrivent la manere dont 'action individuelle

a ecte l'allocation individuelle. De facon surprenante, cette information, qui semble bien
eductrice, est su sante pour parfaitement cecrire la correspondance de meilleur eponse et
les concepts dequilibre. Mieux encore, les fonctions de retour se prétent bien mieux au calcul
approcte, ce qui permet decrire des algorithmes de calculs approctes des fonctions de retour
auxequilibres de Bayes-Nash.

En utilisant ces algorithmes, notre deuxeme article explore des espaces de necanismes
eweks pour construire de facon heuristique des bons necanismes compatibles avec les in-
citatifs bayesiens. Dans un exemple acacemique de partage de gateau, nous montrons que
cette approche fournit des mecanismes e caces, qui aneliorent nettement les performances
de nmecanismes obtenus de facon plus nze. Malheureusement, les outils que nous avons four-
nis pour cet exemple jouet doivent étre anelioes signi cativement pour etre appliges dans
des probemes plus complexes comme la construction d'horaires. Pour illustrer, I'espace des
actions dans nos probemes de partage de gateauetait de dimension 2 ou 3, tandis que celui
dans la construction d'horaires du quatreme article est de dimension 20. Les approxima-
tions que nous faisons deviennent alors trop grosseres pour fournir des esultats pertinents.
Toutefois, il semble qu'un travail plus approfondi sur I'approximation des fonctions de re-
tour, par exemple par des techniques venues des mocklessderogates pourrait esoudre des
probemes aussi complexes que la construction d'horaires avec incitatifs bayesiens. Faute de
temps, et poureviter de trop se disperser, dans la suite de cette trese, nous avons laise de
coe la condition de compatibilie aux incitatifs bayesiens.

Nos troisemes et quatremes articles ont davantage souligre I'importance de bien construire
nos fonctions objectifs dans des probemes d'a ectations avec pekrences. En particulier, la
di cule dans lecriture de ces fonctions objectifs vient de l'interaction de dierentes fonc-
tions d'utilie des parties prenantes des probemes d'a ectation. En e et, il est bien connu
gue toute fonction d'utilie n'est ce nie qua une transformation a ne positive pes. Par
congequent, il n'est pas clair que la somme de deux fonctions d'utilie dierentes ait un sens.
En particulier, les approches usuelles consistanta maximiser la somme des fonctions d'utilie
semblent discutables d'un point de vu conceptuel. En particulier, les exemples du partage du
gateau au sucre avec trois cerises et du dloanine montrent qu'une approche neve consis-
tanta normaliser ces fonctions d'utilie selon deux valeurs extrémes conduita des concepts
qui ne correspondent pasa l'intuition usuelle du concept dequie.

Dans le troiseme article, nous proposons une nouvelle normalisation des fonctions d'uti-
lie, dite sociale. Cette normalisation requiert que, pour un joueur donre, son utilie moyenne
pour les allocations des autres soit nulle, tandis que lecart-type de son utilie pour les al-
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locations des autres soitegalea 1. Ce faisant, son utilie normalisse socialement pour son
allocation compte combien decart-types au-dessus de la moyenne le joueur donre consicere
gue son allocation est par rapport aux allocations des autres. En consicerant de plus qu'un
individu sera beaucoup plusa méme de se plaindre si son utilie normalie socialement est
faible, et en comparant ces potentielsa se plaindre entre les individus, nous avons construit
une mesure du sentiment d'injustice pour chaque individu. La moyenne de ces sentiments
d'injustice ¢k nit alors le niveau d'injustice sociale d'un partage. C'est ce niveau que nous
proposons de minimiser pour un nmecanisme d'a ectation.

Une autre contribution majeure de cet article consistea se rendre compte que l'utilie
normalisee d'un joueur est limieea l'information qu'il peut avoir, notamment concernant les
allocations des autres. Apes tout, il est di cile d'etre jaloux d'un autre, si I'on n'a aucune
icee de ce que l'autre a. De méme, on peut &tre plus attentif aux allocations d'une personne
en particulier, par exemple car cette personne nous est semblable, et que l'on consicere
naturellement qu'elle n'a aucune raison d'étre priviegee par rapporta nous. Ceci nous a
amere alorsa consicerer que lequie est un concept local. En particulier, en partant d'un
eseau social qui cecrit la manere dont les individus se comparent les uns aux autres, nous
avons fourni une mesure du sentiment d'injustice dit locale, car, pour un individu donre,
elle n'est in uenee que par le voisinage de cet individu. Nous arguons que cette cemarche
conceptuelle est essentielle pour donnera lequie formelle un sens plus proche de celui auquel
on est sensible intuitivement.

En n, le quatreme article utilise bon nombre de concepts du troiseme article, mais les
speci e pour le contexte speci que des fonctions d'utilie multi-attribut. Dans des cadres com-
plexes comme celui de la construction d'horaire, il est impensable de demander aux employes
une description cetailee de leurs pekrences pour tout quart possible, car le nombre de ces
guarts est gigantesque. Il nous faut alors exploiter les structures de ces quarts pour construire
des fonctions d'utilie approclees, ce que l'approche multicriere (ou multi-attribut) permet
de faire. Selon cette approche, toute fonction d'utilie est somme ponceee de fonctions d'uti-
lie dites partielles. Ces utilies partielles correspondenta des carackristiques particuleres
des quarts, comme, par exemple, le nombre d'heures travailkes, les heures de cebut ou les
conges de la semaine.

Dans ce cadre speci que, il est naturel de penser que les individus vont se focaliser sur
les utilies partielles, ce qui nous anenea decrire lequie en terme de ces utilies partielles.
Dans un premier temps, nous introduisons une variante de la normalisation sociale, appeke
normalisation sociale coreke, pour rendre ces utilies partielles comparables d'un individua
I'autre. Ensuite, nous consicerons que chaque individu s'attenda une certaine utilie partielle
qui cepend de l'importance qu'il a ceclae attacher au criere correspondanta cette utilie
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partielle. Nous avons cecrit cette attente par la fonction d'utilie standard, qui nous a, par
ailleurs, amere a une nouvelle normalisation des poids des fonctions d'utilie. Au lieu de
contraindre la somme des poidsa étreegalea 1, ce qui ne semble pas justi able conceptuel-
lement, nous proposons de contraindre I'utilie globale que les individus esperent obtenira
egaler 1.

Le quatreme article fournit aussi des esultats de simulations nurreriques, en comparant,
a la lumere du troiseme article, la normalisation usuelle et les nouvelles normalisations des
fonctions d'utilie lireaires multi-attribut que le quatreme article introduit. Ces esultats
montrent une grande colerence entre les approches des troisemes et quatremes articles, et
prouvent une anelioration suitea l'usage des nouvelles normalisations.
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CHAPITRE 8

CONCLUSION

Nous concluons cette these en ecapitulant brevement les principaux esultats. Nous
discuterons aussi de ecents ceveloppements qui n‘entrent pas dans le cadre de cette trese.
En n, nousevoquerons de nouveaux axes de recherche ouverts par cette trese.

8.1 Syntlese des travaux de tlese

Dans cette tlese, nous avons adres® le probeme de construction de quarts avec les
petrences des employes sous quatre angles dierents.

8.1.1 Fonction de retour

Dans un premier temps, Nnous nous sommes inereses aux straegies non-honnétes que les
employes peuvent eétre ameresa suivre. Ceci nous a amerea une jolie et puissante nouvelle
perspective sur la treorie des jeux. Au lieu de nous concentrer sur les straegies des em-
ployes comme cela est fait classiquement, nous avons e\ek la pertinence d'un nouvel objet
matrematique que nous avons appeet la fonction de retour.

Cette fonction de retour a la capacie de parfaitement remplacer les stratgies dans la
description des jeux, notamment parce que la correspondance de meilleure eponse dans
I'espace des strakgies est naturellement assoceea une correspondance de meilleure eponse
dans I'espace des fonctions de retour. Il est tout aussi important que lesequilibres de Nash des
strakgies correspondent aussi naturellement auxequilibres de Nash des fonctions de retour.

Si les fonctions de retour sont toutes aussi acequates pour cecrire treoriquement les jeux,
elles ont aussi et surtout I'avantage de bien mieux se préter aux calculs informatiques. En
particulier, elles sont naturellement adaptes a la dynamique ductitious play, eta des
jeux ai I'e et des actions des joueurs sur les utilies des autres est indirect. D'un point de
vue conceptuel, les fonctions de retour permettent aussi de justi er le concept dequilibre
de Bayes-Nash, dont la di cule vient de la non-observabilie des straegies des autres. Au
contraire, les fonctions de retour sont des objets construitsa partir d'informations qui sont
accessibles aux joueurs.

Dans le premier axe de recherche, nous avons aussi fourni des esultats nuneriques pour
cemontrer |'utilie des fonctions de retour d'un point de vue plus pratique. Ces esultats
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cecrivent lesequilibres de Bayes-Nash d'un partage de gateau, qui auraientee tes di cile
a obtenir sans passer par letude et I'impementation des fonctions de retour.

En n, nous avons egalement proed a une preuve theorique de la convergence d'une
dynamique de meilleures eponses dans l'espace des fonctions de retour, malge des erreurs
cumulatives dans leurs approximations algorithmiques. Cette preuve exploite la structure
topologique naturelle que I'on peut fournira I'espace des fonctions de retour.

8.1.2 Optimisation heuristique des necanismes

La fonction de retour est un nouvel outil formidable pour calculer lesequilibres de Bayes-
Nash qui nous etaient inaccessibles jusque h. Arnmes de ce nouvel objet, nous pouvons ce-
sormais pousser plus loin les fronteres de la treorie de la conception de necanismes. En
particulier, nous pouvons cesormais exploiter la pleine puissance du principe de e\elation.
Ce principe assure que, pour peu que l'on puisse calculer unequilibre de Bayes-Nash, on peut
sysematiquement construire un nmecanisme aequilibre honnéte a partir de n'importe quel
mecanisme.

Ceci nous a conduita un algorithme d'optimisation heuristique de necanismes. Cet algo-
rithme consistea parcourir un espace de necanismes paranetes,a calculer leursequilibres
de Bayes-Nash eta appliquer le principe de ewelations. C'est ainsi que I'on parcourt un
espace de necanismes paranetes a equilibres honnétes. On propose alors d'optimiser les
parametres.

Dans le second axe de recherche, nous avons appligle ces icekesa un probeme de partage
de gateau. Nous avons d'abord monte que la rationalie des agents conduita une nette sous-
optimalie du partage de gateau pour le mecanisme iceal corcu pour des agents honnétes.
En e et, pour ce mecanisme ickal, les strakgies des agentsa lequilibre de Bayes-Nash les
conduisenta biaiser le jeua tel point que les agents sans pekrences marqgiees y perdent
beaucoup compae aux autres.

Pour recti er le tir, nous avons poink le fait que, lorsqu'ils jouent le necanisme iceal, les
agents ont ineréta annoncer des petrences moins marqlees que leurs vrais petrences le
sont. Par exemple, si un agent adore le chocolat et ceteste la vanille, il a ineréta dire qu'il
pekre seulement egerement le chocolata la vanille. Pour battre I'agenta son propre jeu,
nous avons propose de modi er le necanisme iceal et de donnera l'agent un ratio chocolat
sur vanille comparablea sa pekrence relative du chocolat par rapporta la vanille.

En utilisant cette remarque, nous avons construit des mecanismes de bien meilleure qua-
lie, tout enetantaequilibre honnéte. Les esultats incluent des aneliorations de I'ordre de
10a 15 %.
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8.1.3 Nouvelles a nitions de kquie

En troiseme lieu, nous nous sommes ineresesa la probematique de lequie. En nous
inspirant des ce nitions fournies dans le cadre du partage de gateau, nous avons introduits
de nouvelles normalisations des fonctions d'utilie des joueurs, qui reposent sur des principes
philosophiques plus convaincants.

De manere traditionnelle, les fonctions d'utilie sont souvent normalies par valeurs
extrémes. Par exemple, dans le partage du gateau, il est classique de consicerer que ['utilie
de ne pas avoir de gateau (qui est alors minimale) est 0, tandis que l'utilie d'avoir tout le
gateau (qui est alors maximale) est 1. Toutefois, il n'est pas clair qu'une telle normalisation
repose sur des fondations raisonnables.

A contrario, dans le troiseme axe de recherche, nous avons introduit une nouvelle nor-
malisation qui repose sur la comparaison du bien de chacun avec les biens des autres. Plus
peciement, chaque joueur percoit les biens des autresa travers sa fonction d'utilie, ce qui
nous fournit une distribution des utilies de ce joueur pour les biens des autres. C'esta cette
distribution que le joueur compare son utilie pour son bien. L'utilie normalisse socialement
comptea combien decart-types au-dessus de la moyenne se trouve I'utilie (non-normalisee)
du joueur. Cette e nition gereralise bien les concepts dequie sans-jalousie et dequie pro-
portionnelle, qui compare uniquement l'utilie (non-normalisee) du joueur au maximum eta
la moyenne de la distribution.

Nous avons ensuite pouss nos ickes de normalisation plus loin, en incluant un eseau
social qui dicte les interactions entre les individus. En e et, nous faisons la remarques que les
individus ont tendancea se comparer avec ceux avec qui ils interagissent. Ceci nous anene
aux concepts dequit locale, selon lesquels les individus ne se comparent qua ceuxa qui
ils sont les dans le eseau social. En particulier, la normalisation sociale locale diere de la
normalisation sociale, en consicerant la distribution des utilies d'un individu pour les biens
des autres ponceee par les liens sociaux entre l'individu et les autres.

Ces utilies normaliees nous ont ensuite amerea ¢ nir des mesures d'injustice sociale.
Pour ce faire, pour chaque individu, on ¢ nit son potentiela se plaindre comme une fonction
cecroissante et convexe de son utilie normalie. Puis on compare ce potentiel, au poten-
tiel moyena se plaindre des individus de son voisinage. La partie positive de la dierence
entre ces deux termes ck nit ensuite le sentiment d'injustice de l'individu, et la moyenne
de ces sentiments d'injustice ce nit notre mesure d'injustice sociale. C'est celle-ci que nous
proposons de minimiser.
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8.1.4 Construction de quarts avec peérences

En n, dans un quatreme et dernier temps, nous nous sommes ineresses au probeme de la
construction de quarts avec les pekrences des employes sur un horizon d'une semaine. D'un
point de vue algorithmique, nous avons propo% une nethode en deuxetapes. La premere
a deux fonctionnalies. D'abord, elle calcule le codt minimal du probeme de construction
d'horaires. Ensuite, elle gerere de nombreuses colonnes prometteuses pour la seconde phase.
La seconde phase maximise alors le surplus collectif en combinant les colonnes gereees et en
respectant la contrainte selon laquelle le co0t des quarts avec petrences ne doit pas exeder
d'un faible pourcentage le co0t minimal sans petrences.

Par ailleurs, nous avons introduit un dispositif fonce sur le logiciel MACBETH pour ce-
crire les pekerences des employes. Ce dispositif repose sur une cecomposition multi-attributs
des fonctions d'utilie. Nous avons ainsi propos une telle cecomposition avec pour attributs
le nombre d'heures travailees, les jours de conge, I'activie de travail et les periodes de jourree
travailees.

La principale avanee proposee par ce dernier axe de recherche concerne la normalisation
des fonctions d'utilie multi-attributs. Celle-ci exploite la hormalisation sociale corete des
fonctions d'utilie partielles assocees aux attributs. Cette normalisation est un cas particulier
de normalisation sociale locale, ai le eseau social est construita partir des corelations entre
les pekrences des dierents individus.

Par ailleurs, la normalisation multi-attribut inclut une normalisation des poids qui, de
facon inhabituelle, ne correspond pasa les sommera une constante. La normalisation des
poids que nous avons propose repose sur les fonctions dites d'utilie standarg. Celles-ci
sont des descriptions de la relation entre les poids et les utilies partielles. Labonne>
normalisation consiste alorsa sommer les utilies partielles ponceees et attenduesy (W)

a une constante.

Nous avons monte la pertinence de notre approchea la fois avec I'exemple conceptuel
du busy Christmas et avec des esultats nuneriques convaincants. En plus d'une meilleure
optimisation du surplus collectif, nous avons monte que, en bonus, la maximisation des
utilies normalisees conduisaienta une meilleureequie entre les employes.

8.2 [eveloppements en cours

Avant m&me que cette threse soit achewee, nous avons eali® de nombreuses avanees qui
sortent du cadre de la trese. Nous pesentons ici brevement le contenu de ces avanees.
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8.2.1 Convergence des fonctions de retour

Dans le premier axe de recherche de cette these, nous avons fourni une preuve de conver-
gence de la dynamique de meilleure eponse des fonctions de retour. Cette preuve requiert
toutefois I'nypotrese selon laquelle il est possible d'approximer les fonctions de retour aussi
bien que l'on veut.

Toutefois, il n'est pasevident que tel est le cas. Apes tout, une fonction de retour est
une fonction qui retourne un distribution probabiliste sur I'ensemble des esultats. Or, si
I'ensemble des esultats est in ni (par exempleR), il n'est pasevident qu'un apprentissage
de la fonction de retour parechantillonnage puisse fournir une bonne approximation.

Nous avons trouwe des esultats treoriques positifsa cette condition, en gereralisant la
loi forte des grands nombres, et enetudiant la topologie de lI'ensemble des actions.

8.2.2 Analyse tleorique du partage de géteau optimal

Le necanisme optimal de partage de gateau est tes probablement non analytique, ce
qui rend toute discussion sur ses proprees di cile. Toutefois uneetude des synetries et de
la topologie des nmecanismes permet d'en apprendrea ce sujet. En particulier, nous avons
prouwe que, lorsque des synetries entre les agents ou entre les parts d'un gateau existent, ces
symetries sont pesentes aussi dans un nmecanisme optimal.

D'autre part, des consicerations topologiques nous ont conduita la preuve que sous des
hypotteses simples, les necanismesaequilibre honnéte optimaux sont strictement moins bons
gue les nmecanismes ickaux joles par des joueurs honnétes. En d'autres termes, en gereral, la
rationalieego este des joueurs a un colt strictement positif.

8.2.3 Straegies dans la construction de quarts avec peérences

Dans le quatreme axe de recherche de la these, pour des raisons de simplicie, nous avons
suppos les employes honnétes. Toutefois, surtout au vu des premiers axes de la trese, il
semble important de se demander ce qui se passerait si ceux-ci netaient pas honnétes.

Ceci nous amerea cevelopper une exgerience dont I'objectifetait de con rmer l'intuition
selon laquelle, en gereral, I'honnéteke n'est pas unequilibre de Bayes-Nash. Pour ce faire,
nous avons euni 20 participants. Au cebut de I'expgerience, nous avons assigre une petrence
< eelle >a chaque participant. Puis, chaque jour durant deux semaines, nous avons demanck
aux participants de eweler des peerences annonees. Ce sont ces pekrences annonees qui
furent utilisees dans l'algorithme de construction de quarts chaque soir, attribuant ainsi
un quarta chaque participant. Chaque participant recut alors un score, qui cepend de ses
petrences eelles et du quart qui lui est assigre. L'objectif de chaque participant est alors
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de maximiser ce score. Au 20 participants humains, nous avons ajoue 9 participants virtuels
qui se contentaient de e\eler leurs pekrences honnétement.

Les esultats de I'experience montrent qu'apes un dur apprentissage, les participants ont
su ceterminer des strakgies non-honnétes qui leur ont garanti de meilleurs scores que s'ils
avaientee honnétes. En particulier, les 9 participants virtuels ont vu leurs scores diminuer
au cours des derneres ierations.

8.3 Futures recherches

En n, nous concluons cette these sur des questions ouvertes ou en tout cebut de develop-
pement, qui repesentent des sujets de futures recherches prometteurs.

8.3.1 Approximations algorithmiques des fonctions de retour

L'objectif initial de la fonction de retour etait le calcul des equilibres de Bayes-Nash
dans le probeme de construction de quarts avec peerences. Cette etape est, rappelons-le,
incontournables dans la conception d'un mecanisme aequilibre honnéte par le principe de
ewelation.

Malheureusement, ce cadre plus eel nous a pos des probemes de calculs importants que
nous n‘avons pas su kesoudre dans cette these. Le probeme est dda la grande dimension
de l'espace des actions dans ce probeme (environ 20). Les techniques de decompaosition par
attributs pour acekrer la vitesse des calculs n‘ont paset concluantes, car elles ont conduit
a des approximations trop importantes. De méme, les techniques d'interpolation que nous
avons utilisees ont sembk trop limiees pour permettre des esultats ineressants.

Un calcul plus pecis des fonctions de retour est recessaire pour mettrea jour la pleine
puissance de ces objets. Un tel calcul pourrait peut-etre se faire par des nethodes plus
evolees d'optimisation de botes noires.

8.3.2 Tleorie des cakgories appliquee aux jeux

Dans un jeu (bayesien), la relation entre strakgies et fonctions de retour est si cele qu'l
semble appropre de la decrire par le langage de la treorie des cakegories. En fait,il semble
gue ce lien ne soit pas restreint aux fonctions de retour, et que d'autres objets ineressants
de la theorie des jeux puissent &tre reles la méme manere. C'est le cas, par exemple, des
contrbles des joueurs et de la trajectoire de la masse en treorie des jeuxa champs moyens.

L'usage du puissant formalisme de la theorie des cakgories pourrait permettre une com-
pehension plus gererale des moyens de cecrire e cacement les jeux.
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8.3.3 Jeuxevolutionnaires bagesiens

La theorie des jeuxevolutionnaires est un sous-domaine de la theorie des jeux qui s'ine-
ressent aux questions de stabilie et de slection desequilibres de Nash. Ces aspects semblent
incontournables pour comprendre la pertinence des pedictions de la treorie des jeux. Dans
le cas gereral, il semble que la plupart desequilibres de Nash mixtes en information compekte
ne sont pas stables.

L'intuition apporee par la fonction de retour suggere que lesequilibres de Bayes-Nash
sont eux, en gereral, stables. Toutefois, il n'est pas clair comment cette stabilie peut étre
formaliee dans le cadre des jeux bayesiens. La fonction de retour pourrait €tre un outil
acequat pour adresser cette question.
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