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RÉSUMÉ

Pour une large gamme d’applications en ingénierie, allant des matériaux de conversion

de l’énergie thermoélectrique aux matériaux d’interface thermique, la conductivité thermique

dans les structures à l’échelle nanométrique fût un sujet intéressant et important à la fois

dans la recherche fondamentale et appliquée. La théorie classique de Fourier ne permet pas de

décrire la conduction thermique dans les matériaux nanostructurés en raison de la négligence

des événements de la limite de diffusion qui jouent un rôle très important dans les structures à

l’échelle nanométrique. Le but ultime de ce travail est d’établir un cadre général pour étudier

la conductivité thermique dans les nanodispersions. Dans cette thèse, en passant en revue

les principes de base du transport des phonons dans les nanostructures, les coefficients de

conductivité thermique qui se posent dans la théorie de la chaleur macrosopique de Fourier

sont modifiés et rendus applicables pour les nanodispersions. Afin d’adapter la conductivité

thermique macroscopique aux besoins de cette étude, l’influence de la limite de diffusion des

phonons est prise en compte. La majorité des libres parcours moyens de la matrice et des par-

ticules dispersées fournis par la théorie cinétique sont modifiés de façon à capturer les effets

de la limite de diffusion. Un bon accord entre les prédictions de nos modèles et les résultats

expérimentaux et numériques disponibles a été trouvé. Notre analyse théorique permet de

comprendre comment la taille des particules, la fraction volumique des particules dispersées,

leur forme, les propriétés de l’interface particule-matrice, et l’agglomération des particules

influencent la conductivité thermique des nanodispersions. Nous étudions également les na-

nodispersions hybrides dans lesquelles les particules en suspension sont de différents types

(par exemple, des nanofils et des nanosphères). Notre modèle montre que la conductivité

thermique augmente à mesure que la spécularité de l’interface augmente. Pour la dispersion

de particules anisotropes, l’influence de l’orientation des particules sur la conductivité ther-

mique est mise en évidence. Lorsque plus de nanoparticules sont orientées dans la direction

du flux thermique, une conductivité thermique plus élevée est prévue en raison des zones plus
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petites pour la limite de diffusion des phonons. Dans l’étude des nanodispersions hybrides,

nous utilisons deux approches différentes. On observe que les résultats de ces deux approches

sont en très bon accord. Un des avantages les plus importants de notre modèle est qu’il offre

la possibilité d’étudier systématiquement la dépendance en température de la conduction

thermique des nanodispersions. On constate que la limite de dispersion est dominée pour de

faibles températures, tandis que la diffusion phonon-phonon est le mécanisme de diffusion

efficace à des températures plus élevées. La dépendance en température de la conductivité

thermique dans des dispersions hybrides est étudiée pour différentes tailles de particules,

fractions volumiques, formes et orientations. A des températures plus élevées, en raison de

la forte incidence de la diffusion phonon-phonon, il est démontré que le changement dans la

taille, la composition, l’orientation et la forme des particules ne peut pas changer de manière

significative la conductivité thermique.
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ABSTRACT

For a wide range of engineering applications, ranging from thermoelectric energy conver-

sion materials to thermal interface materials, the thermal conductivity in nanoscale structures

has been an interesting and an important subject in both fundamental and applied research.

The classical Fourier theory is not able to describe the heat conduction in nanostructured

materials due to the neglect of boundary scattering events that play a very important role at

nanoscale structures.

The ultimate purpose of this work is to establish a general framework for studying the ther-

mal conductivity in nanodispersions. In this dissertation, by reviewing the fundamentals of

the phonon transport in nanostructures, the heat conductivity coefficients arising in macro-

scopic Fourier heat theory are modified and made applicable for nanodispersions. In order

to adapt the macroscopic thermal conductivity for the purpose of this study, the influence of

the phonon-boundary scattering is taken into account. The phonon mean free paths in both

the matrix and the dispersed particles, that is provided by kinetic theory, are modified in a

way to capture the boundary scattering effects.

A good agreement between predictions of our models and available experimental and numer-

ical results is found. Our theoretical analysis helps to understand how the particle size, the

volume fraction of dispersed particles, their shape, the particle-matrix interface properties,

and the particle agglomeration influence the thermal conductivity of nanodispersions. We

also investigate hybrid nanodispersions in which the suspended particles of are of different

types (for example nanowires and nanospheres). Our model shows that the thermal conduc-

tivity increases as the specularity of interface increases. For dispersion of anisotropic particles,

the influence of particle orientation on the thermal conductivity is highlighted. When more

nanoparticles are oriented in the direction of the heat flux, a higher thermal conductivity is

expected due to smaller area on which the phonon-boundary scattering takes place. In the

investigation of hybrid nanodispersions we use two different approaches and show that results
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obtained by following them are in a very good agreement.

One of the most important advantages of our model is that it offers a possibility to investi-

gate systematically the temperature dependence of the heat conduction in nanodispersions.

It is observed that the boundary scattering plays a dominant role at lower temperatures,

while phonon-phonon scattering is the dominant scattering mechanism at higher tempera-

tures. The temperature dependence of thermal conductivity in hybrid dispersions is studied

for particles with different sizes, volume fractions, shapes, and orientations. At higher tem-

peratures, due to strong impact of phonon-phonon scattering, we see that changes made in

size, composition, orientation and shape of particles cannot significantly change the thermal

conductivity.
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INTRODUCTION

Dispersion of particles of different sizes, of different types, and of different shapes in a

continuous matrix is one of the most common and the most successful technique to produce

new materials with desired mechanical, electrical, and thermal properties. Miniaturization of

the dispersed phase toward the nanoscale has stimulated an interest in understanding the

physics underlying the thermal transport in small dimension structures. Modeling the ther-

mal transport in nanostructures such as nanodispersions, thin films, and nanowires, provides

an insight that is then very useful for fabrication of electronic devices. In small-scale struc-

tures, the assumption of continuum, that is made in conventional heat transport models like

the classical Fourier heat conduction theory, breaks down. The thermal conductivity which is

generally treated only as a function of material and temperature becomes in small scales also

size dependent. Consequently, the conventional Fourier theory cannot be directly applied.

The macroscopic models for predicting thermal conductivity in small-scale dispersions be-

come unreliable since they do not take and cannot take into account the complex interactions

between heat carriers and boundaries.

Instead of using microscopic approaches, such as those based on the Boltzmann transport

equation or on the Monte Carlo and molecular dynamic simulations, that need an extensive

numerical calculations, we follow a theoretical approach that is also microscopic but leads

to analytical closed-form formulas for the heat conduction coefficients. In our investigation

we take into account many different scattering mechanisms of heat carriers. Temperature,

particle size, composition, geometry, orientation, and degree of dispersion (well-dispersed or

agglomerated) as well as interface properties are some of the parameters on which the ef-

fective thermal conductivity of nanodispersions depends. Our main objective is to develop a

comprehensive model capable of making accurate predictions of the thermal conductivity of

nanodispersions in dependence on the above-mentioned parameters. The results of this study

represent a reliable approximation of the thermal conductivity of nanodispersions for either
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the thermal management in electronic devices or thermoelectric energy conversion applica-

tions. To achieve the objective, a theoretical framework is constructed. In this framework the

phonon viewpoint of heat transfer is used to establish a passage from heterogeneous to an

effective homogeneous structure. According to this framework, the bulk mean free path of

the heat carrier is modified to take into account the influence of multiple scattering events.

This methodology will also be useful in studying the thermal conductivity of nanodispersions

under more widespread circumstances. Finally, the framework that we use enables us also

to extend our investigation to more complex as well as potentially more useful and more

interesting structures such as hybrid dispersion of nanoparticles with variety of shapes in a

homogeneous matrix.

This dissertation is organized into 9 chapters. The core of the text are four articles that have

been published or submitted to scientific journals and is organized as follow :

i. a critical literature review considering the related issues is presented in Chapter 2.

ii. Chapter 3 introduces briefly the objectives.

iii. Chapter 4 describes the organization of the articles.

iv. Four scientific articles written in the scope of this work are included in Chapter 5, 6, 7,

and 8.

v. A general discussion regarding to the results obtained in this study is presented in Chapter

9.

vi Finally, Chapter 10 presents the conclusions of this study and the recommendations for

future work.
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CHAPTER 1

LITERATURE REVIEW

From both practical and fundamental perspectives, thermal properties of nanostructured

materials have been an interesting subject of many studies during decades.

From energy and environmental viewpoints, significant researches have been devoted to

provide different types of energy conversion technologies which are supposed to be considered

as an alternative energy source other than fossil fuels. Among these different technologies,

thermoelectric materials have attracted more attentions due to their simplicity, no moving

parts, high reliability and miniaturization. However, the operational efficiency of thermoe-

lectric materials is not high enough to be broadly used in a wide range of applications.

Nevertheless, a large market is expected for thermoelectric materials in the near future[1, 2].

Figure (1.1) has summarized some applications for thermoelectric materials.

In order to evaluate the efficiency of thermoelectrics, the dimensionless thermoelectric

figure of merit ZT = S2σT
k

is defined ; where S, σ, T , and k are respectively, the Seebeck

coefficient, the electrical conductivity, absolute temperature, and the thermal conductivity.

It is pointed out that the higher is ZT , the more efficient is the thermoelectric material[1–5].

In 1950s, bulk structures emerged as the first generation of thermoelectric materials which

were discovered to have ZT of 0.8 ∼ 1. The best conversion efficiency of these class of ther-

moelectric materials was reported not to exceed 5− 6%.

During these years, the basic science of thermoelectric materials developed sufficiently and,

simultaneously thermoelectric materials were commercialized for solid-state power generation

and cooling system applications. In 1990, after four-decade of stagnancy in research and de-

velopment, thermoelectric materials became again interesting for new potential applications.

It was suggested that miniaturization can improve thermoelectric properties by dramatically

suppressing the thermal conductivity ; subsequently emergence of small scale materials such
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as nanowires, thin films, supperlattices and nanotubes resulted in a remarkable progress in

improving thermoelectric properties. Dispersion of nanoscale inclusions in a host has been

another approach to improve the efficiency of thermoelectric materials[5–10]. Thermoelectric

Figure 1.1 Some of the thermoelectric applications [9].

materials are capable to act as the power generation or solid-state refrigerators[1–4, 11].

When a temperature gradient is imposed on a thermoelectric couple consisting of n-type

(electron-transporting) and p-type (hole-transporting) legs, the mobile charge carriers (elec-

trons or holes) at the hot side will have higher thermal energy and tend to diffuse to the

cold side. In this condition, more negative charges are accumulated in the cold side of n-type

leg and similarly more positive charges are accumulated in the cold side of p-type leg. It

means higher density of mobile carriers are expected to be at the cold side than the hot

side. This inhomogeneous density distribution makes an electric field in opposite direction

to diffusion. Equilibrium condition is defined when a balance between the rate at which car-

riers move from the hot end to the cold end due to temperature gradient and the rate at

which carriers move from the cold end to the hot end due to electric field is obtained. The

electric potential (voltage) produced in response to the temperature gradient in equilibrium
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is known as the Seebeck effect (power generation) and the proportionality constant between

the amount of voltage produced per unit temperature gradient is named Seebeck coefficient

(see Figure (1.2.a)). Figure (1.2.b) shows thermoelectric materials as the solid-refrigerators

when a current is made to flow along a thermoelectric couple. This mode is known as the

Peltier effect. Depending on the direction of current flow, heat will be generated at one end

and absorbed at the other[2–4, 12–14]. It has been experimentally and theoretically observed

Figure 1.2 Schematic illustrations of thermoelectric devices for (a.) the power generation
mode (Seebeck effect) and (b.) the refrigeration mode (Peltier effect)[4].

that a reduction on the thermal conductivity, k would be a successful strategy to increase

the efficiency of thermoelectrics [10, 15–20].

Contrary to thermoelectric applications, fast and efficient heat removal has been a crucial

issue in electronic and optoelectronics industries where thermally conductive materials are

used for thermal interface materials (TIMs). Thermal interface materials with typical ther-

mal conductivity in range of 1-5 W/mK are located between heat sources and heat sinks in

order to improve thermal management[21–23]. Conventional thermal interface materials are

produced by embedding thermally conductive particles like metals and metal oxides particles
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into a polymer matrix. It was reported that dispersion of 50− 70 vol% of such fillers within

the matrix is required to achieve desired properties for thermal interface materials [24–26]. It

is remarkable to note that dispersion of nanostructured materials such as carbon nanotubes

and graphite nanoplatelets in a polymer matrix can be a promising approach to increase the

thermal conductivity of thermal interface materials [22, 27, 28]. It has been reported that a

hybrid dispersion of carbon nanotubes and graphite nanoplatelets in a polymer matrix shows

higher thermal conductivity than the dispersion utilizing either pure carbon nanotubes or

graphite nanoplatelets [29].

Summing up, it has been observed that dispersion of nanostructured particles within a ho-

mogeneous matrix would be resulted in an improvement in properties of devices for both

above-mentioned applications. Properties of dispersions can be strongly affected by dispersed

particle size, volume fraction, shape, orientation, degree of agglomeration and matrix-particle

interface properties.

1.1 Macroscopic heat conduction

In the macroscopic view, heat conduction occurs if there is a temperature difference bet-

ween two points in a medium which may be a solid, a liquid, or a gas. In this condition, the

heat conduction is typically a diffuse process and stated by the well-established phenomeno-

logical Fourier law as follow

q = −k∇T (1.1)

where q and ∇T stand for the heat flux and the temperature gradient, respectively. By k, the

thermal conductivity is denoted. Fourier law is the well-known approach in the formulation

of the macroscopic heat conduction, where the importance of the size and time on the heat

transport could be neglected. The underlying assumption of the Fourier law is that the heat is
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conveyed from one spot to another by diffuse collision (experiencing many collisions) between

heat carriers in the medium. Depending on the type of the medium, different heat carriers

can participate in the heat conduction process. In metals, the majority of heat is carried

by electrons while in insulators phonons are dominant heat carriers. For radiative transfer,

photons are responsible for thermal energy transport [30–32].

1.2 Lattice vibration in solids

In crystalline solids, atoms are structured in periodical arrays known as lattice. Lattice vi-

brations contribute to the thermal conductivity. If two atoms in a solid body are far apart, an

attractive force will be observed between atoms, while the interaction force will be repulsive

(because of the overlap of electronic orbits in the atoms), if two atoms are close to each other.

The minimum potential defines the equilibrium positions of atoms where the repulsive and

attractive forces balance each other. Atoms in a solid body vibrate about their equilibrium

position due to presence of interatomic forces. The vibration of each lattice atom is constrai-

ned by its neighbouring atoms through the interatomic potential. A mass-spring system is a

simplified picture of the interatomic interaction in crystalline solids. In such a system, the

vibration of the atoms is not independent of each other and can cause the vibration of the

whole system by creating a lattice wave. Clearly, the atoms near the hot side of the solid

have larger vibrational amplitudes, which will be felt by atoms of the other side of the solid

through the propagation and interaction of the lattice waves [30, 33].

According to the principle of quantum mechanics, the energy of each lattice wave is

discrete and must be a multiple of energy (h̄ω), where h̄ is the Planck’s constant and ω is

the frequency. The minimum energy of hω, a quantized lattice vibrational wave, is called a

phonon. For non-metals, it is repeated that heat is transferred by phonons. Under the phonon

viewpoint, we can leave behind atoms and consider lattice waves or phonon particles in a

crystalline structure. Although phonons can have both wave and particle characteristics, it is

more convenient to treat phonons as particles. The length scale associated with the particle
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nature of phonons is called the mean free path (Λb). When the characteristic length of the

medium is in order of the phonon mean free path but larger than the phonon wavelength,

the coherence effects are neglected and phonons are treated as particles [30, 32, 34, 35]. Note

that the mean free path is the average distance travelled by phonon particle between two

subsequent collisions. The mean free path is usually used to estimate whether a transport

phenomena belongs to the macro-scale regime or falls into the micro-scale regime.

1.3 Phonon mean free path

When the mean free path of heat carriers is comparable to or larger than the characteristic

length of the medium, the diffuse nature of heat conduction breaks down and the conventional

Fourier heat conduction leads to erroneous thermal conductivity predictions. In order to

distinguish whether the heat conduction belongs to the macroscopic regime or falls into the

microscopic regime, the Knudsen (Kn) number is defined as the ratio of the mean free path to

the characteristic length of the medium [30–32, 36]. Depending on the value of the Knudsen

number, three heat conduction regimes are specified ; (i) For Kn << 1, the heat conduction

regime is called diffuse. Macroscopic laws such as Fourier law are valid and the system is

close to local thermal equilibrium. (ii) For Kn >> 1, the heat conduction regime can not

be described by conventional macroscopic laws. In this condition the heat conduction regime

is called ballistic. (iii) For Kn ≈ 1, the heat conduction regime can be called partially

diffuse-partially ballistic [30, 33, 37].

When the mean free path is smaller than the characteristic length of the medium, internal

scatterings (phonon-phonon collision) dominate the heat conduction process, suggesting that

the heat transfer belongs to the macroscopic regime. Thus, the Fourier law would be able to

predict the heat conduction. As the size of the medium decreases (the characteristic length

is in order of or smaller than the phonon mean free path), its surface area to volume ratio

increases, the probability of phonon-boundary scatterings (surface effects) increases while

the probability of volumetric effects such as phonon-phonon scattering decreases, and conse-
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quently the thermal boundary resistance affected significantly the heat conduction. However,

the microscopic heat conduction regime is dominated and the failure of the Fourier law to

predict the thermal conductivity is observed. In such conditions, ab initio methods have

been engaged to predict the thermal properties where the influence of the thermal boundary

resistance due to the size reduction is particularly strong [33, 38–49].

Apart from either macroscopic or microscopic natures of heat conduction, the Boltzmann

transport equation under relaxation time approximation can be used to study thermal beha-

viours of the medium.

1.4 Boltzmann transport equation

The well-known phenomenological transport expressions such as Ohm’s law, Fick’s law,

Fourier’s law and hyperbolic heat equations can be derived from the Boltzmann transport

equation in the macroscopic limit. Once the particle nature of carriers is considered, the

transport phenomena can be described by the Boltzmann transport equation. The equation

is established by tracking the statical behaviour of particles over time at different spatial

locations.

It is supposed a particle at the spatial location r moves with a group velocity v at time t. At

t+dt, without a collision with another particle, the particle will reach position r+dr = r+vdt

and its velocity will be v + dv = v + adt. Where a = F/m is the acceleration in a body

force field. Therefore, the initial form of the Boltzmann transport equation in the absence of

collision term is written as

f(r + dr, v + dv, t+ dt)− f(r, v, t)

dt
=
∂f

∂t
+ v.

∂f

∂r
+ a.

∂f

∂v
= 0 (1.2)

where f(r, v, t) is the single particle distribution function which shows how a particle is

distributed in the phase space at any given time. By assuming that no external forces are

applied on particles the third term of equation (1.2) can be neglected. In the presence of the
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collision between particles, the Boltzmann transport equation can be written as

∂f

∂t
+ v.

∂f

∂r
= [

∂f

∂t
]coll (1.3)

The terms on the left side are named drift terms, while that on the right side is called the

scattering term. Equation (1.3) is a complicated nonlinear integro-differential equation which

can not be solved exactly. To facilitate the solution of the Boltzmann transport equation for

a given application, the collision term is linearised by the relaxation time approximation. It

provides a linear collision term as follow

[
∂f

∂t
]coll =

f0 − f

τ
(1.4)

where f0 and τ stand for the equilibrium distribution and relaxation time, respectively [30,

32, 33, 50].

Consider a phonon as a particle with energy h̄ω and momentum h̄v, when the characteristic

length of the system is larger than the phonon mean free path. However the influence of the

boundary scattering is not taken into account and only collision between phonons becomes

important. The internal energy is determined by multiplying h̄ω by the number (density) of

states D(ω), and the distribution function of phonons f , and integrating it over the phase

space for a large range of frequencies. The internal energy for r-direction (1−D) is given by

er =

∫ ωD

0

f(r)h̄ωD(ω)dω (1.5)

Consequently, the heat flux is obtained by multiplying the internal energy expression by the

group velocity of the phonon.

qr =

∫ ωD

0

f(r)h̄ωD(ω)vrdω (1.6)
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Where ωD is the Debye frequency, h̄, and ω are modified Plank’s constant, and frequency

respectively.

Under steady state condition and making the relaxation time approximation, the 1-D

(r-direction) Boltzmann transport equation is reformulated as

vr
∂f

∂r
=
f0 − f

τ
(1.7)

It is further assumed that f is not very far away from equilibrium (f0), so the local thermal

equilibrium approximation would be applied

∂f

∂r
=
∂f0
∂r

=
df0
dT

dT

dr
(1.8)

Substituting equation (1.8) in equation (1.7) leads to the following expression

vr
df0
dT

dT

dr
=
f0 − f

τ
(1.9)

Rearranging the above equation gives

f − f0 = −vrτ
df0
dT

dT

dr
(1.10)

Multiplying equation (1.10) by h̄ωD(ω)vr and integrating it over all frequencies gives

qr =

ωD
∫

0

−v2rτh̄ωD(ω)
df0
dT

dT

dr
dω (1.11)

Note that
∫ ωD

0
f0h̄ωD(ω)vrdω = 0. Because f0 is equilibrium distribution.

The velocity of phonons is assumed to be identical in all directions (v2r = v2/3) and τ.v ≡ Λb.

By Λb, we denote the mean free path of phonons. Thus, equation (1.11) can be rewritten in
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the following form

q = −1

3

dT

dr
vΛ

ωD
∫

0

df0
dT

h̄ωD(ω)dω (1.12)

where
∫ ωD

0
df0
dT
h̄ωD(ω)dω is the internal energy with respect to temperature, which is known

as the lattice specific heat C. Recalling equation (1.12) in the spirit of the lattice specific

heat, we have

q = −1

3
CvΛb

dT

dr
(1.13)

by 1
3
CvΛb the phonon thermal conductivity, k is introduced which is exactly the kinetic

theory result [30, 32].

1.5 Scattering mechanisms

In addition to phonon-phonon (internal) scattering which is generally dominated in ma-

croscopic heat conduction, phonons can be scattered by various phonon scattering agents

such as defects, boundaries, free electrons. These scattering mechanisms can take place if

the phonon mean free path is in order of or larger than the characteristic length of the me-

dium. The phonon mean free path and consequently the phonon thermal conductivity would

be significantly affected by resistances produced by above mentioned scattering mechanisms

[10, 51–55].

Figure 1.3 Different phonon scattering mechanisms that reduce the thermal conductivity of
the medium, ds is the film thickness [51].

Figure (1.3) illustrates phonon scattering mechanisms that decrease the thermal conduc-
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tivity. In order to show the influence of different scattering mechanisms on the phonon mean

free path, Matthiessen’s rule is employed. According to the Matthiessen’s rule, the resistivity

due to one scattering event is independent of the existence of any other scattering event[49].

Thus,

1

Λ
=
∑

i

1

Λi
(1.14)

1.5.1 Phonon-phonon scattering

Contributions of phonon-phonon scatterings on heat conduction are summarized into two

Umklapp (U-process) and normal (N-process) processes.

Probability of interactions between four or higher phonons on the thermal resistance

is considered to be too rare, however, for phonon-phonon scattering usually interactions

involving three phonons are taken into account. Note that interactions between at least

three phonons are required for the energy conservation. In a three-phonon process, either a

single phonon can break into two phonons or two phonons can merge to form a third one.

Spontaneous appearance or disappearance of three phonons can not occur due to energy

conservation. Conditions to conserve the phonon energy and momentum are given by

h̄ω1 + h̄ω2 = h̄ω3 or h̄ω1 = h̄ω2 + h̄ω3 (1.15)

and

h̄κ1 + h̄κ2 = h̄κ3 + ζh̄G or h̄κ1 = h̄κ2 + h̄κ3 + ζh̄G (1.16)

where κ is the wavevector, ζ is an integer and G is a reciprocal lattice vector. If interactions

between phonons stay inside the first Brillouin zone, the N-process is observed. The N-process

does not change the direction of the heat flux (both the energy and momentum are conserved),
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hence, in equation (1.16) ζ = 0 and consequently the N-process does not contribute to the

thermal resistance.

For U-process, interactions between phonons can form a third one whose wavevector stays

outside the Brillouin zone, then the process can be completed with introducing the addition

of what is called the reciprocal lattice vector.

In such condition, phonon momentum is not conserved during the U-process (ζ is nonzero),

which creates resistance against heat flow and thus reduces the thermal conductivity of the

medium. It is noted that an infinite thermal conductivity is predicted, if the N-process is only

taken into account [30, 33, 49, 50, 56].

Schematic illustration of phonon-phonon scattering processes have been shown in Figure

(1.4).

Figure 1.4 Schematic illustration of normal and Umklapp phonon-phonon scatterings [30].

1.5.2 Influence of temperature on phonon scattering mechanisms

Phonon wavelength is strongly affected by the temperature according to the Wien’s dis-

placement law. Therefore, different phonon scattering mechanisms can dominate at different
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temperatures. According to Wien’s displacement law, the phonon wavelength depends inver-

sely on temperature. Therefore, the wavelength of dominant phonons significantly decreases

as the temperature rises. The effect of temperature on the thermal conductivity has been

well-explained by Figure (1.5). Figure (1.5) is a plot of the thermal conductivity of CoSb3

as a function of temperature. At low temperatures, the phonon wavelength is long and the

Umklapp scattering does not make a significant contribution to the thermal conductivity. Ho-

wever, it would be said that the boundary scattering is dominating and the role of medium

size on the thermal conductivity is significant. As the temperature gradually increases, the

phonon wavelength obviously decreases and becomes comparable to the size of defects. Thus,

defect scattering becomes important. Finally, at higher temperatures, the phonon wavelength

is shortened and the Umklapp scattering becomes important.

Figure 1.5 Thermal conductivity of CoSb3 as a function of temperature. The dots and solid
lines represent the experimental and theoretical results[57].

The empirical expression for the temperature dependence phonon bulk mean free path

can be written as [30, 54, 58]

Λb(T, ω) =
exp( θ

T
)

BTω2
(1.17)
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Here, θ and B are constant parameters. In order to find θ and B, the temperature de-

pendent expression of the thermal conductivity is fitted by experimental results. The general

expression of the thermal conductivity can be predicted by using Callaway’s model [49, 53, 54]

k =

∫ ωD

0

h̄2

2π2v2kBT 2

ω4 exp(h̄ω/kBT )Λb(T, ω)

[exp(h̄ω/kBT )− 1]2dω
(1.18)

Figure (1.6) shows how well equation (1.18) is fitted with experimental results [59] of Bi2Te3.

B = 3.242× 10−21s2m−1K−1 and θ = 5.45K are led to the best fit. For Bi2Te3, the phonon

group velocity is assumed to be 2950ms−1[46], and the Debye frequency cuttoff is 2.029 ×

1013s−1[60].
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Figure 1.6 Predicted temperature dependent thermal conductivity of Bi2Te3 compared with
the experimental results obtained from Ref.[59].

In Figure (1.6), a continuous reduction of the bulk thermal conductivity versus tempe-

rature is observed. Since the bulk thermal conductivity of Bi2Te3 is not influenced by the

thermal boundary resistance, the only dominant scattering mechanism is the phonon-phonon

scattering. At lower temperatures, the phonon-phonon scattering is not significantly contri-

buting to the thermal conductivity, and a higher thermal conductivity is observed. While, the
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higher is temperature, the more significant is the resistance produced by the phonon-phonon

scattering, and consequently the lower is the thermal conductivity.

1.6 Thermal boundary resistance

The interface between two dissimilar materials produces a barrier against heat flow which

depends on densities and phonon propagation speeds of the two materials. This barrier is

often referred as the thermal boundary resistance, RBD = q
∆T

where q is the heat flux across

the interface and ∆T is the interfacial temperature drop [30, 49].

The effect of the thermal boundary resistance manifests itself as a discontinuity in the tem-

perature across the interface of two materials when the heat flow is imposed.

The heat flux across the interface from side (1) to side (2) can be expressed by

qinterface =

∫∫

2π

[t12v1 cos θ1h̄ω[f(ω, Te1)− f(ω, Te2)]
D1(ω)

4π
dω]dΩ1 (1.19)

where t12 is the phonon transmission probability from side (1) to side (2), D1(ω) is the

density of states, f(ω, T ) is the Bose-Einstein phonon distribution function, ω is the phonon

frequency, dΩ = sin θdθdφ is the differential angle[32]. The rearranging equation (1.19) gives

qinterface = (Te1 − Te2)

∫ 2π

0

∫ π/2

0

∫ ωD

0

t12v1h̄ω
df

dT

D1(ω)

4π
cos θ1 sin θ1dωdθ1dφ (1.20)

where Te1 and Te2 are emitted temperatures of side (1) and (2), respectively. Considering the

definition of the volumetric specific heat capacity of phonons, the general equation for the

thermal boundary resistance becomes

1

RBD
=

1

2

∫ 1

0

t12(µ1)C1v1µ1dµ1 (1.21)

where µ1 is cos θ1. Depending on properties of the interface, i.e. specular or diffuse, the

transmission coefficient is determined. At room temperature, it has been theoretically and
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experimentally observed that values of the thermal boundary resistance typically range from

10−9m2KW−1 to 10−7m2KW−1 [61–66]. These values do not have a significant influence on

the thermal conductivity when heat transport belongs to macroscopic regime.

The influence of the thermal boundary resistance is more significant in low dimensional

structures when the dimension of the structure is comparable to the mean free path. In

this condition, phonons will be propagated more ballistically which have less contribution to

thermal transport. Therefore, it is pointed out that the thermal boundary resistance is size

dependent. In other words, the thermal boundary resistance decreases as the characteristic

length of the medium increases. It happens due to an increase in probability of phonon-

phonon scattering as compared to phonon-boundary scattering [61, 66, 67].

There have been two well-known theoretical ways developed to predict the thermal boundary

resistance [49]. The acoustic mismatch model (AMM) was proposed to take the specular

scattering of phonons at the interface between two dissimilar materials into account. This

model is successful to predict the thermal boundary resistance at low temperatures where

the wave nature of phonons is considered [68]. Also the diffuse mismatch model (DMM) was

proposed to account for the diffuse scattering of phonons at the interface [69].

1.6.1 Acoustic Mismatch Model

An incident phonon at the interface can be either reflected or transmitted. The phonon

transmission probability at the interface is influenced by properties of the interface. For a

perfect interface and at lower temperatures when the phonon wavelength is long, the wave

nature of the incident phonon at the interface between two materials can be considered.

Note that conditions for perfect interface can be satisfied if the roughness of the interface is

assumed to be smaller than the incident phonon wavelength. Thus, the specular scattering

of phonons is probable at low temperatures. In order to show the degree of specularity of
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phonons at the interface, the specularity parameter, s is defined as

s = exp[−16π2δ2rms
∆2

] (1.22)

Note that δrms and ∆ are the asperity parameter of the interface and the coherence length,

respectively. The expression for ∆ is hv/kBT , where h is the Plank’s constant, v is the pho-

non velocity and kB and T are the Boltzmann’s constant and temperature, respectively. The

specular (smooth) interface is defined, if the specularity parameter is unity. For totally diffuse

phonon scattering, s = 0. It is obvious that temperature rising results in an increase of the

probability of diffuse scattering [70, 71].

Figure 1.7 Schematic of many possibilities of an incident phonon at the interface between
two dissimilar materials [69].

For specular interface, when a phonon is incident at the interface, four general possible

conditions as shown in Figure (1.7) can be expected. The phonon can specularly reflect,

reflect and mode convert, refract or refract and mode convert.
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The probability of the specular phonon transmission from side (1) to side (2) is given by

t
(s)
12 =

4ρ1v1ρ2v2 cos θ1 cos θ2
(ρ1v1 cos θ1 + ρ2v2 cos θ2)2

(1.23)

By t
(s)
12 , the probability of specular transmission is noted, and ρi and θi are the material

density and the angle of incidence of the phonons in each side, respectively. The relation

between the angles of reflection and refraction with or without mode converts are calculated

by the Snell’s law for acoustic waves[32, 72, 73].

sin θ1
v1

=
sin θ2
v2

(1.24)

For a case of v1 > v2, above equations can be used without any restriction. While the

critical angle, θc = arcsin(v1
v2
) is required to define in a case of v1 < v2. If θ1 < θc, the

above equations are still valid, while the probability of phonon transmission will be vanished,

t
(s)
12 = 0 and only internal reflection occurs, if θ1 > θc[73, 74]. For totally specular interface,

the thermal boundary resistance can be expressed as

R
(s)
BD =

2

C1v1
∫

t
(s)
12 (µ1)dµ1

(1.25)

1.6.2 Diffuse Mismatch Model

Under the diffuse mismatch model assumption, incident phonons at the interface totally

lose their memory. Therefore, the probability of transmission from side (1) is equal to the

probability of reflection from side (2).

t
(d)
21 = r

(d)
12 = 1− t

(d)
12 (1.26)
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tij and rij stand for probabilities of transmission and reflection from side (i) to side (j),

respectively. Note that upper index (d) shows the totally diffuse phonon scattering at the

interface. It is also assumed that both sides of the interface are at the same temperature,

thus applying the principle of energy balance yields

t
(d)
12

∫

h̄ωv1D1(ω)f(ω)dω = t
(d)
21

∫

h̄ωv2D2(ω)f(ω)dω (1.27)

Under elastic scattering limit, a phonon with frequency ω from side (1) can only emit a phonon

from side (2) with same frequency. Recalling equation (1.27), the elastic diffuse transmission

coefficient can be written as

t
(d)
ij =

1
v2j

1
v2j

+ 1
v2i

(1.28)

At higher temperatures, the accuracy of the above expression is under doubt, however inelas-

tic scattering of phonons at the interface is taken into account. Under inelastic scattering,

phonons of all frequencies can participate in transmission process through the interface. The

transmission coefficient under the inelastic diffuse scattering is given by [32, 69–73]

t
(d)
ij =

Cjvj
Civi + Cjvj

(1.29)

Under the totally diffuse phonon-boundary scattering limit, the thermal boundary resistance

(equation (1.21)) is written as follow

R
(d)
BD =

4

t
(d)
12 C1v1

(1.30)

Note that the transmission coefficient under the diffuse mismatch model is a rough approxi-

mation and is obviously not applicable when the two materials are very similar. In the case of

similar materials, equation (1.29) predicts the transmission coefficient approaching 0.5 while



22

the t
(d)
12 = 1 is expected.

Figure 1.8 Presentations of (a.) phonon transport at the interface between side (1) and side
(2) and (b.) equilibrium and emitted phonon temperature at interface[73].

It would be considered that the phonon scattering process at the interface can be treated

as partially diffuse-partially specular rather than extreme situations of either totally diffuse or

totally specular. Introducing specularity parameter, s the overall thermal boundary resistance

is given by [32, 72, 74]

RBD = (1− s)R
(d)
BD + sR

(s)
BD =

2

C1v1
(

s
∫

t12(µ1)(s)dµ1

+
2(1− s)

t
(d)
12

) (1.31)

It is noted that the thermal boundary resistance under the diffuse phonon scattering is hi-

gher than the specular thermal boundary resistance due to higher confinement of phonon

transport at the interface.

An obvious trouble can be observed by definition of the thermal boundary resistance under

the temperature of emitted phonons. For the interface between the two very similar materials

or where the transmissivity is assumed to be one, the thermal boundary resistance should ap-

proach zero. But the diffuse and specular thermal boundary resistance expressions presented

by equations (1.25) and (1.30) give finite thermal boundary resistances. This dilemma can
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arise from the definition of temperature at the interface. The thermal boundary resistances

represented in equations (1.25) and (1.30) have been derived based on the temperature of

emitted phonons, Te. As presented in Figure (1.8.a), three groups of phonons can contribute

in energy transport at the interface ; incident, reflected and transmitted phonons. However,

the thermal boundary resistance can not only be defined based on the emitted temperature.

Since the phonon energy transport at the interface, specially for low dimensional structures

is highly non-equilibrium, thus the concept of the temperature at the interface is defined by

the equivalent equilibrium temperature which represents the average energy of all phonons

around a local point. The relation between the equivalent equilibrium temperature, T and

emitted temperature can be expressed by

T1 = Te1 − (Te1 − Te2)

∫

t12(µ1)µ1dµ1 (1.32)

and

T2 = Te2 + (Te1 − Te2)

∫

t21(µ2)µ2dµ2 (1.33)

therefore

T1 − T2 = (Te1 − Te2)[1−
∫

t12(µ1)µ1dµ1 −
∫

t21(µ2)µ2dµ2] (1.34)

Based on the equivalent equilibrium temperature, the diffuse and specular thermal boundary

resistances are expressed as

R
(d)
BD =

4[1− 0.5(t
(d)
12 + t

(d)
21 )]

t
(d)
12 C1v1

(1.35)

and

R
(s)
BD =

2[1−
∫ 1

0
t
(s)
12 (µ1)µ1dµ1 −

∫ 1

0
t
(s)
21 (µ2)µ2dµ2]

C1v1
∫ 1

0
t
(s)
12 (µ1)µ1dµ1

(1.36)

Thus, the diffuse and specular thermal boundary resistances based on the emitted and equi-

valent equilibrium temperatures are presented in Table 1.1.
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Table 1.1 Thermal boundary resistance based on acoustic and diffuse mismatch models.

Thermal boundary Emitted temperature Equivalent equilibrium
resistance temperature

Diffuse mismatch model 4

t
(d)
12 C1v1

4[1−0.5(t
(d)
12 +t

(d)
21 )]

t
(d)
12 C1v1

Diffuse mismatch model 2

C1v1
∫
t
(s)
12 (µ1)dµ1

2[1−
∫ 1
0 t

(s)
12 (µ1)µ1dµ1−

∫ 1
0 t

(s)
21 (µ2)µ2dµ2]

C1v1
∫ 1
0 t

(s)
12 (µ1)µ1dµ1

1.7 Thermal conductivity of dispersions

Embedding of particles with specific properties within a homogeneous matrix can result

in outstanding properties of the dispersion which can be used in a large variety of applica-

tions ranging from mechanical to thermal and electrical. It has been observed that several

elements such as particle size, shape and volume fraction, orientation and degree of dispersion

(from fully dispersed to fully agglomerated) of particles, temperature as well as the interface

properties between matrix and dispersed particles can be affected on the final properties of

dispersions. For heat transfer subject, several attempts have been made to predict theoreti-

cally and numerically the thermal conductivity of dispersions. The early theoretical model

to calculate the thermal conductivity of spherical particles in the matrix was presented by

Maxwell[75].

Later some theoretical models have been proposed to capture the influence of the thermal

boundary resistance on the thermal conductivity. There are several works which have focused

on thermal conductivity of dispersions with either imperfect[76–78] or perfect [79] interfaces

between dispersed phase and the matrix. Nan et al. introduced a general expression for

the thermal conductivity of dispersions which is applicable for the wide variety of dispersed

phase shapes and also includes the thermal boundary resistance[77]. Although those models

are considerably successful to predict the thermal conductivity under the macroscopic heat

conduction regime, they are generally failing to estimate the thermal conductivity of nanodis-

persions where the characteristic length of dispersed particles are comparable to the carrier

mean free path. This is because thermal conductivities of dispersed particles and the matrix
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in a nanodispersion significantly differ from their corresponding bulk thermal conductivities

due to strong influence of the interface scattering.

Figure 1.9 Schematic illustration of carrier-particle collision in a heterogeneous dispersion[80].

To study the thermal conductivity of dispersions when the heat transport does not be-

long to macroscopic regime, plenty of numerical and theoretical attempts can be found in

the literature. In numerical point of view, several ab initio methods have been employed to

predict the thermal conductivity of nanodispersions. Some researchers have used the Boltz-

mann transport equation simulations to numerically address the effect of boundary scatterings

created by nanoscale particles[40, 43, 44]. In the context of first-principles calculation also,

either equilibrium with Green-Kubo formula or nonequilibrium molecular dynamic simula-

tions [41, 42] are carried out to characterize the scattering events in nanoscale structures due

to calculate the thermal conductivity.

A modified view of the Maxwell’s homogenization has been presented to theoretically predict
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the thermal conductivity of nanodispersions. In these attempts, the bulk mean free path of

the dispersed particles and the matrix are modified in a way to take the influence of the

carrier-boundary scattering into account. It is worthwhile to note that embedding nanoscale

particles within the matrix shortens the mean free path of carriers in the matrix phase (see

Figure(1.9)). In order to manifest the influence of carrier-particle collision, the collision mean

free path, Λcoll is defined as the distance travelled by the heat carrier before being scattered

by the dispersed particles divided by the number of collisions[80, 81]. According to the unit

cell approach, it is assumed that an individual particle is embedded in the unit cell from the

matrix with effective length of α. Thus, for a spherical particle with radius of ap, the volume

fraction, φ is defined as

φ =
4/3πa3p
α3

(1.37)

If a phonon travels a distance L, it will experience nπa2pL collisions. Note that n = 1/α3

stands for the density of nanoparticles. Thus, the collision mean free path for a dispersion

consisting of spherical particles can be written as[81] :

Λcoll =
L

n(πa2pL)
=

4ap
3φ

(1.38)

The mean free path of the carrier inside the dispersed phase also decreases by boundary

scattering events. Obviously, this reduction will be more significant, if the mean free path is

in order or greater than the characteristic length of the particle phase. Thus, the effective

mean free path should be defined for the particle phase[80–83].

There are different models which have been introduced to calculate the thermal conducti-

vity of nanoscale materials with different geometries such as thin films, and nanowires. The

analytical model presented by McGaughey et. al has been successful to predict the thermal

conductivity of thin films in longitudinal direction, while their model has not been in good

agreement with experimental results for transverse direction[84]. From direct solution of the

Boltzmann transport equation under relaxation time approximation, the thermal conducti-
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vity of the thin film in the longitudinal direction has been expressed as follow

k =
1

3
CvΛb(1−

1− s

δ

1− exp(−δ)
1− s exp(−δ)) (1.39)

where δ = L
Λb
. Note that L stands for the thickness of the film[38]. In another work, it has

also been observed that the solution of the Boltzmann transport equation for thin films lead

to the following expression[30, 85] :

k

kbulk
= 1− 3Kn

2

∫ ∞

0

(
1

t3
− 1

t5
)(1− exp(

−t
Kn

))dt (1.40)

Majumdar has introduced another model to show the influence of the thickness on the

thermal conductivity reduction of thin films[86]. His model is presented as follow :

k

kbulk
=

1

1 + 3Λb

8L

(1.41)

Based on the kinetic theory of transport processes, Maldovan has studied the effects of phonon

boundary scattering on the thermal conductivity of semiconductor thin films. His results are

in good agreement with experimental observations[87].

It is pointed out that the influence of boundary scattering on the thermal conductivity of

thin films and nanowires with different cross-sections can be addressed by using phonon

hydrodynamic models[88–91].

1.8 Influence of dispersed particle anisotropy and orientation on the thermal

conductivity

Dispersion of anisotropic particles such as nanowires, nanotubes, and thin films with dif-

ferent aspect ratio in an isotropic matrix can provide highly anisotropic thermal conductivity

of the nanodispersion. For thermal interface materials application, a higher thermal conduc-

tivity has been observed when dispersed phase is aligned parallel to heat flow direction. For
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dispersion of 11wt% graphite nanoplatelet in epoxy matrix, it was observed that the in-plane

thermal conductivity is about four times of the cross-plane thermal conductivity[50]. For

dispersion of 0.4vol% carbon nanotube in the polymer S160, the thermal conductivities of

the dispersions with aligned and randomly dispersed carbon nanotubes were reported as 1.21

and 0.59Wm−1K−1, respectively. Note that the thermal conductivity of the pure S160 was

reported as 0.52Wm−1K−1[92]. The perpendicular thermal conductivity of neat Elvax 260

has changed from 0.311Wm−1K−1 to 0.356Wm−1K−1 when 20wt% multi-walled carbon na-

notube is dispersed in the matrix. While for the parallel thermal conductivity, a significant

increase has been observed (from 0.324Wm−1K−1 to 2.318Wm−1K−1)[93].

It is remarkable to note that the alignment of thermally conductive fillers in the heat flow

direction can effectively facilitate heat transfer through the dispersion by making less barriers

against the heat carrier motion which is resulted in an increase in the thermal conductivity

of the dispersion. Recently, the Monte Carlo simulation was performed to study anisotropic

thermal conductivity of the PEEK matrix containing single-walled carbon nanotube and

tungsten disulfide. Results clearly showed that the more aligned are the carbon nanotubes in

heat flow direction, the higher is thermal conductivity[94]. Three possible orientations of ani-

sotropic particles for heat removal in electronic packaging applications have been presented

in Figure (1.10).

For dispersion of nano-silicon wires in germanium matrix, numerical results have shown

that lower thermal conductivity can be achieved if nanowires are oriented perpendicular to

heat flow direction[40, 95].

Only a few theoretical attempts have been made to comprehensively study the sensiti-

vity of the thermal conductivity of nanodispersions to all possible governing parameters. It is

pointed out that the influence of volume fraction, particle size, and the totally diffuse phonon-

boundary scattering on the thermal conductivity of nanodispersions has been addressed in

previous works available in literature[80–83, 96, 97]. However, the role of other important

parameters, in particular including temperature, the properties of the interface (i.e. totally
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Figure 1.10 (a). Schematic description of thermal interface materials for heat removal in
electronic packaging. Possible alignments of anisotropic particles in thin thermal interface
material layer : (b). parallel, (c). random, and (d). perpendicular to the thickness[28].
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specular or partially diffuse-partially specular) between particle phase and the matrix, orien-

tation, and degree of dispersion of the dispersed phase as well as the hybrid dispersion of

dispersed phases has not been addressed.
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CHAPTER 2

OBJECTIVES

Predictions of the thermal conductivity of nanodispersions are needed in order to de-

sign products with desired properties. Nanodispersions have attracted a large interest due

to their quicker and cheaper fabrications as well as their remarkable features to merge the

mechanical, electrical and thermal properties for a particular application. Despite unique and

tunable properties of nanodispersions, their theoretical investigation is lacking a systematic

investigation of the importance of different factors such as particle size, volume fraction and

particle geometry, interface properties and temperature on the thermal conductivity. Thus,

the main objective of this study is :

To construct a general framework for a systematic theoretical investigation of

the thermal conductivity of nanodispersions

To meet this objective, a particular attention is paid to the phonon viewpoint of heat conduc-

tion in nanodispersions. The phonon transport, in both the matrix and dispersed phase, is

crucial for the study of the role of boundary scattering on the thermal conductivity. In each

phase, the impact of the phonon-phonon and the phonon-boundary scattering is taken into

account in the effective mean free path expressions represented by Mattheissen’s rule.

Depending on the dispersed phase geometry, different collision and thermal boundary resis-

tance mean free paths are defined. The influence of the size, the shape, and the orientation of

dispersed particles as well as their volume fraction on the heat conductivity is investigated.

Finally, a new approach is presented to study the thermal conductivity of hybrid dispersions

consisting dispersed particles with different shapes and sizes. This approach is performed

on two different nanodispersions ; first, on hybrid dispersion of sphere particles and their
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agglomerates, and second on hybrid dispersion of spheres and wires.
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CHAPTER 3

ORGANIZATION OF THE ARTICLES

The following four chapters are four articles in which results of our investigation are pre-

sented :

The first article, presented in Chapter 4, is entitled ”Influence of particle-matrix interface,

temperature, and agglomeration on heat conduction in dispersions”. In this work, the phonon

viewpoint of heat conduction is employed to modify the Fourier heat conduction expression

for dispersion of nanospheres in order to take the microscopic nature of heat transfer into

account. The collision and the thermal boundary resistance mean free paths under specu-

lar and diffuse scatterings of phonons at boundaries are defined. Results are compared with

available experimental and numerical simulation data. For different particle sizes and volume

fractions, the impact of temperature on the thermal conductivity of dispersions consisting of

nanosphere particles is demonstrated. Finally, using a homogenization approach, the thermal

conductivity of nanodispersions consisting of nanospheres and their agglomerates are studied.

This article has been published in Journal of Applied Physics, 2013 Vol. 114, pp 014305.

The article in Chapter 5 is entitled ”Effective heat conduction in dispersion of wires”. The

approach used in the first article is extended to study the thermal conductivity of anisotropic

nanowires in a homogeneous matrix. Influence of the size, volume fraction, specularity of

the interface as well as the orientation of nanowires on the thermal conductivity of nanodis-

persions is entirely studied. As the conclusion, a good agreement between numerical results

obtained from the Boltzmann transport equation simulations and our analytical results is

observed. This article has been published in Applied Physics Letters, 2014 Vol. 104, pp

063106.

The third article, presented in Chapter 6 is entitled Effective heat conduction in hybrid sphere

& wire nanodispersions. In this work, two different approaches of homogenization are used to
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predict the thermal conductivity of dispersion of sphere and wire nanoparticles in a homoge-

neous matrix. It is seen that predicted results from both approaches are in good agreement.

During this part of study, the influence of different effective parameters consisting volume

fraction, size, orientation and properties of the interface on the thermal conductivity of hy-

brid dispersion is evaluated. This article has been published in Applied Physics Letters, 2014

Vol. 104, pp 233111.

The fourth article in Chapter 7 is entitled Temperature dependence of thermal conducti-

vity in hybrid nanodispersions. In this work, our previous model is extended to predict the

thermal conductivity of nanodispersions consisting of cuboid nanowires. The results show

a good agreement with available numerical data. Afterwards, the influence of the tempera-

ture on the thermal conductivity of hybrid dispersion of nanospheres and nanowires in a

homogeneous matrix is studied. It is observed that the influence of interface produced by

embedding nanoparticles in the matrix is only significant at lower temperatures while the

possible benefit of hybrid nanodispersions in fabricating electronic devices diminishes with

increasing the temperature. This article has been published in RSC Advances, 2014, DOI :

10.1039/C4RA12368A.
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CHAPTER 4

ARTICLE1 : Influence of particle-matrix interface, temperature, and

agglomeration on heat conduction in dispersions

A. Behrang, M. Grmela, C. Dubois, S. Turenne and P. G. Lafleur

Journal of Applied Physics, 2013 Vol. 114, pp 014305

Abstract

A combination of the effective medium and the phonon approaches is used to investigate

heat conduction in heterogeneous media composed of a homogeneous matrix in which sphe-

rical particles of micro and nano sizes are dispersed. In particular, we explore the effect of

different types of scattering on the particle-matrix interface, temperature dependence of the

effective heat conduction coefficient, and the effect of various degrees of agglomeration of the

particles. Predictions, calculated explicitly for Si nanoparticles dispersed in Ge matrix, agree

with available results from Monte Carlo simulations. Moreover, our predictions show that the

higher is the temperature, the lower is the heat conductivity and the smaller is the influence

of the details of the particle-matrix interface. Regarding the agglomeration, we predict both

decrease and increase of the heat conductivity depending on the degree of agglomeration.

4.1 Introduction

We investigate heat conduction in two component heterogeneous media. One component

is a homogeneous matrix in which the second component is dispersed in the form of spherical

particles. If the dimension of the spheres is larger than the phonon mean free path then the

heat conduction is well described by the classical Fourier theory. Its application results in a

complex system of partial differential equations and boundary conditions. It has been shown

in Refs.[1, 2] that the system can be approximately reduced to a much simpler system of
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equations corresponding to a homogenized effective medium. This type of reduction is called

an effective medium approach (introduced originally in the context of electric conductivity

in Ref.[3]). The heat conductivity keff of the effective medium that arises in Ref. [2] is given

by

keff = km
2km + (1 + 2α)kp + 2φ[(1− α)kp − km]

2km + (1 + 2α)kp − φ[(1− α)kp − km]
(4.1)

The symbol φ stands for the volume fraction of the dispersed particles, and km and kp for

the heat conductivity coefficient of the matrix and the dispersed particle. The influence of

the particle-matrix interface is expressed in Eq.(4.1) in the dimensionless parameter α = aK
ap

where ap is the radius of the spherical particle and aK = Rkm is defined as the thickness of

the matrix-filled layer surrounding the particle in which the same temperature drop occurs

as that at the interface. The coefficient R is called a thermal boundary resistance coefficient.

If aK = 0 and thus α = 0, then the interface is called a perfect interface.

If, on the other hand, the dimension of the spheres is smaller than the phonon mean free

path then the heat conduction has to be approached with the Boltzmann-Peierls theory in

which heat is seen as a gas of phonons (see Refs.[4–7]). The mathematical formulation consists

of the Boltzmann-type equation governing the time evolution of the one-phonon distribution

function in the heterogenous medium under consideration. We shall not take this route.

In this paper we follow a third route, introduced originally in Refs.[8, 9], that is a hybrid

of the previous two. The starting point is the expression Eq.(4.1) for the heat conductivity of

an effective homogeneous medium. The phonon viewpoint of heat is introduced into Eq.(4.1)

in expressions for the coefficients km, kp and α that arise in the Boltzmann-Peierls phonon

theory. Our contribution consists in : (i) a new consideration of the matrix-particle interface

(Section 4.2), (ii) an explicit investigation of the temperature dependence of keff that follows

from its phonon representation (Section 4.3), and (iii) an investigation of the influence of

various degrees of agglomeration of the dispersed particles (Section 4.4). Our motivation and

a potential domain of application is an attempt to increase the efficiency of thermoelectric

devices measured by S2σT/k, where S is the Seebeck coefficient, σ is the electric conductivity,
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T the absolute temperature, and k the thermal conductivity[10, 11]. In this paper we are

addressing only the heat conductivity. Previous experimental observations[12–17] indicate

that it is the reduction in thermal conductivity that plays a dominant role in increasing the

thermoelectric efficiency.

4.2 Phonon representation of the effective Fourier heat conduction

We recall first the phonon representation of Eq.(4.1) derived in Refs.[8, 9]. The Boltzmann-

Peierls phonon theory applied to a homogeneous medium leads to the following expression

for the heat conductivity coefficient k,

k =
1

3

∫

C(ω)v(ω)Λ(ω)dω ≈ 1

3
CvΛ (4.2)

where C is the volumetric specific heat per unit frequency at the frequency ω, v the phonon

group velocity, and Λ the phonon mean free path. The heterogeneity of the medium is taken

into account in Refs.[8, 9] by using Matthiessen’s rule expressing Λ in the form

1

Λj
=

1

Λb,j
+

1

Λcoll,j
j = m, p (4.3)

where the subscript p and m denote ”particle” and ”matrix” respectively, b stands for ”bulk”,

and coll for ”collisions”. Alternatively, the expression Eq.(4.3) is also written in the form

Λj = FjΛb,j, i = p,m which defines the scaling factor Fj by requiring that this expressions and

Eqs.(4.3) are equivalent. For the collision contribution to the mean free paths, the expressions

Λcoll,m = 4ap
3φ

and Λcoll,p = 2ap are used in Minnich and Chen[8]. As for the coefficient α

representing in Eq.(4.1) the medium-particle interface, its phonon representation used by

Chen in Ref.[18] is α = Rkm
ap

with R = 4
(

Cmvm+Cpvp
CmvmCpvp

)

. By inserting these expressions into

Eq.(4.1), one obtains the phonon representation of Eq.(4.1) derived in Refs.[8, 9].

Now we proceed to present our alternative approach. Our intention is to pay more atten-

tion to the medium-particle interface. We do not account for it in (4.1) in the parameter α
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(we put α = 0 in Eq.(4.1)). Instead, we do it in modified expressions for the heat conductivity

coefficients. In addition to considering in Λ the effect of collisions, as it is done in Eq.(4.3),

we also consider in Λ the effect of the interface. This alternative approach will give us a pos-

sibility to consider both diffuse and specular scattering of phonons on the interface. Instead

of Eq.(4.3), we write

1

Λ
(i)
j

=
1

Λ
(i)
b,j

+
1

Λ
(i)
coll,j

+
1

Λ
(i)
TBR,j

i = s, d j = m, p (4.4)

The upper index ”(s)” stands for ”specular” and ”(d)” for ”diffuse” and ΛTRB is the thermal

boundary resistance mean free path. With this modification, we are able to consider two

types of scatterings on the interface : diffuse (considered in Refs. [8, 9] ) and also specular.

For diffuse collisions and for particles, we use Λ
(d)
coll,p = 3ap

4
proposed in Ref.[19]. For the

matrix, we keep the same Λ
(d)
coll,m as in Minnich and Chen analysis [8] (i.e. Λcoll,m = 4ap

3φ

and Λcoll,p = 2ap). For the specular collisions we make the same choice as for the diffuse

collisions except that, following Ref.[20], we replace the particle radius ap with an effective

particle radius a
(s)
p = ap

1+s
1−s

, where the parameter 0 ≤ s ≤ 1 is the probability of the specular

scattering of phonons on the particle-matrix interface, 1− s is the probability of the diffuse

scattering. Consequently, Λ
(s)
coll,m =

4a
(s)
p

3φ
and Λ

(s)
coll,p =

3a
(s)
p

4
. We note that for the pure specular

collisions (Λ
(s)
coll,m)

−1 = 0 and consequently (see Eq.(4.4)) collisions do not contribute to the

effective mean free path.

Now we turn to ΛTBR. Following Refs.[18, 21], we use expressions based on the equivalent

equilibrium temperature :
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Λ
(i)
TBR,p = 0 for i = s, d

Λ
(d)
TBR,m =

apt
(d)
mp

φ
[

1− 1
2
(t

(d)
mp + t

(d)
pm)
]

Λ
(s)
TBR,m =

2ap
∫ µcrit
0

t
(s)
mp(µm)µmdµm

φ
[

1−
∫ µcrit
0

t
(s)
mp(µm)µmdµm −

∫ µcrit
0

t
(s)
pm(µp)µpdµp

] (4.5)

The symbol t
(d)
jl denotes the probabilities of transmission from side ”j” to side ”l” in the

diffuse scattering. They are given by t
(d)
jl = Clvl

Cjvj+Clvl
, j, l = p,m; j 6= l. The symbol t

(s)
jl

denotes the probabilities of transmission from side ”j” to side ”l” in the specular scattering.

They are given by t
(s)
pm = 4ρpvpρmvmµpµm

(ρpvpµp+ρmvmµm)2
and t

(s)
mp =

Cpv3p
Cmv3m

t
(s)
pm, where µm = cos θm and

µp = cos θp are related by Snell’s law sin θm
vm

= sin θp
vp

, the critical angle θcrit appearing in the

formula for F
(s)
m is given by θcrit = arcsin vp

vm
if vm > vp and = 0 if vm < vp for phonon

transmission from particle to matrix. In the opposite case for phonon transmission from

matrix to particle, θcrit = arcsin vm
vp

if vp > vm and = 0 if vp < vm. By a
(s)
p = ap

1+s
1−s

, we

denote the effective particle radius, ρm and ρp denote the mass density of the matrix and the

particle, respectively. The expressions for the probabilities of specular transmission are valid

when the incident angle is smaller than a critical angle θc. Otherwise, there is no transmission

of phonons[18]. With these expressions for the heat conductivity coefficients, the expression

Eq.(4.1) takes the form

keff = sk
(s)
eff + (1− s)k

(d)
eff (4.6)

where
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k
(i)
eff =

1

3
CmvmΛb,mF

(i)
m ×

2
3
CmvmΛb,mF

(i)
m + 1

3
CpvpΛb,pF

(i,1)
p + 2φ

(

1
3
CpvpΛb,pF

(i,2)
p − 1

3
CmvmΛb,mF

(i)
m

)

2
3
CmvmΛb,mF

(i)
m + 1

3
CpvpΛb,pF

(i,1)
p − φ

(

1
3
CpvpΛb,pF

(i,2)
p − 1

3
CmvmΛb,mF

(i)
m

)

i = s, d (4.7)

where F , scaling coefficients related to the mean free paths Λ by the relation (Λj =

FjΛb,j, i = p,m), are given by

F (i,1)
p = F (i,2)

p ; i = s, d

F (d)
m =

4
ap

Λb,m
t
(d)
mp

4
ap

Λb,m
t
(d)
mp + φ[t

(d)
mp − 2t

(d)
pm + 4]

F (s)
m = (4

ap
Λb,m

∫ µcrit

0
t(s)mp(µm)µmdµm)/(4

ap
Λb,m

∫ µcrit

0
t(s)mp(µm)µmdµm +

φ[2(1−
∫ µcrit

0
t(s)pm(µm)µmdµm) +

∫ µcrit

0
t(s)mp(µp)µpdµp(

3ap

a
(s)
p

− 2)])

F (d)
p =

3
ap
Λb,p

3
ap
Λb,p

+ 4

F (s)
p = 1 (4.8)

The formulas derived in Refs.[8, 9] are a particular case of Eqs.(4.6), (4.7) corresponding to

no specular scattering (i.e. s = 0 and thus also F
(s)
m = 0, F

(s,1)
p = 0, F

(s,2)
p = 0) and F

(d)
m =

4ap
Λb,m

( 4ap
Λb,m

+3φ)−1, F
(d,1)
p =

(

2ap
Λb,p

)

(1+2α(φ, ap))(
2ap
Λb,p

+1)−1, F
(d,2)
p =

(

2ap
Λb,p

)

(1−α(φ, ap))( 2ap
Λb,p

+

1)−1, together with α = aK/ap with the thermal boundary resistance coefficient (i.e. R).

4.2.1 Comparison with results of Monte Carlo simulations and experimental

observations

We illustrate the expression (4.6) on SiGe nanocomposite with Si nanoparticles dispersed

in a Ge matrix. The material parameters used in calculation are presented in Table 4.1.
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Figure 4.1 (Color online) Effective thermal conductivity of a SiGe nanocomposite comprising
spherical Si particles with the radius : (a) ap = 5nm, (b) ap = 25nm, and (c) ap = 100nm
as a function of the particle volume fraction φ.



42

This nanocomposite has also been previously simulated by Monte Carlo method [22]. Fig.4.1

compares our results with the Minnich-Chen [8] formula and with Monte Carlo simulations

for ap =5, 25, 100 nm. We see that in the case s = 1 (i.e. for pure specular reflection)

the predictions implied by Eqs.(4.6) and (4.7) differ substantially from the Monte Carlo

simulations. On the other hand, in the case of pure diffuse scattering (i.e. when s = 0) we

see an agreement for all volume fractions. A significant difference between the specular and

diffuse effective thermal conductivities is observed in particular in higher volume fractions.

It is worthwhile to remark that our results (except in the case when s = 1) are similar to

those implied by the Minnich and Chen formula for smaller particle volume fractions. For

all particle sizes and in the case of pure diffuse scattering (i.e. s = 0), the formulas (4.6),

(4.7) predict higher values than does the Minnich-Chen formulas. Moreover, the effective heat

conductivity calculated from Eqs.(4.6)and(4.7) approaches the effective thermal conductivity

kp of dispersed nanoparticles when φ → 1. This difference between our results and the

Minnich-Chen formulas becomes more pronounced when the particle radius increases. A

difference is also seen for smaller particle sizes in moderate volume fractions. By choosing

an appropriate value for s (in other words, choosing an appropriate combination of specular

and diffuse scattering), we are able to bring predictions implied by Eqs.(4.6)and (4.7) closer

to results of Monte Carlo simulation for all particle sizes. Our results also indicate how

the effective thermal conductivity of the nanocomposite would change if the particle-matrix

surfaces were modified (for example lowering the temperature to a few Kelvin or changing

the roughness of the nanoparticle) to favor specular reflections.

Finally, our results are compared with the experimental data[26] for the effective thermal

conductivity of nanocomposites with silicon dioxide (SiO2) and aluminium nitride (AlN)

particles embedded in epoxy matrix. The material parameters required for calculations are

presented in Table 4.1. Fig.4.2 depicts the nanocomposite with SiO2 particles. Our predictions

appear to be in a very good agreement with the experimental data. This is not however the

case for the nanocomposite with AlN particles. This maybe due to the fact that our model
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Table 4.1 Material parameters used in calculations.

Material C v Λb ρ
[×106Jm−3K−1] [ms−1] [nm] [kgm−3]

Si 0.931 18041 2681 23301

Ge 0.871 10421 1711 53301

SiO2 1.6872 44002 0.5582 22782

AlN 2.73 69723 514 33003

Epoxy 1.915 24005 0.116 19705

1 Ref[18].
2 Ref[23].
3 Ref[24].
4 Calculated from Λb = 3k/Cv by considering k =
320Wm−1K−1 from Ref[24].

5 Ref[25].
6 Calculated from Λb = 3k/Cv by considering k =
0.168Wm−1K−1 from Ref[26].

assumes spherical particles of the same size and AlN nanoparticles are not spherical and nor

their size distribution is wide. On the other hand, the SiO2 nanoparticles are spherical and

they have a narrow size distribution.

Summing up, our results confirm an anticipated conclusion that the more obstacles the

phonons encounter (in particular the larger is the particle-matrix interface and the more

diffuse is the scattering on it) the lower is the thermal conductivity.

4.3 Temperature dependence of keff

The transformation that we have made in Section 4.2, namely the transformation from

Eq.(4.1) to Eq.(4.7), provides also the dependence of keff on the temperature T . We have lost

it in the previous section in the approximation made in the second equality in Eq.(4.2). The

temperature dependence of k enters in Eq.(4.2) as a parameter in the dependence of C, v and

Λ on ω. We shall now repeat the calculations made in the previous section but without the

approximation. We restrict ourselves in this section to diffuse scattering (i.e. we put s = 0 in

Eq.(4.6)). In order to deduce from (4.2) the temperature dependence, we need the functions
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Figure 4.2 (Color online) Experimental and calculated values of the effective thermal conduc-
tivity as a function of the volume fractions φ of SiO2 and AlN embedded in epoxy resin.

C(T, ω), v(T, ω),Λ
(d)
b,i (T, ω),Λ

(d)
coll,i(T, ω), and Λ

(d)
TBR,i(T, ω), i = p,m. They all are well known

in the Boltzmann-Peierls theory of phonon propagation.

Following Refs.[21, 27, 28], we use the Debye approximation, take the phonon group

velocity v to be a constant independent of ω and T , and the volumetric specific heat per unit

frequency at the frequency ω, C(T, ω), given by

C(T, ω) =
3h̄2

2π2v3i kBT
2

ω4 exp(h̄ω/kBT )

[exp(h̄ω/kBT )− 1]2
i = m, p (4.9)

where h̄ is the reduced Planck’s constant, kB is the Boltzmann constant. The limits of inte-

gration in Eq.(4.2) are 0 and ωD that is the Debye frequency cutoff.

Next, we turn to the phonon mean free paths. As for the collision contribution, we see

that both Λ
(d)
coll,m and Λ

(d)
coll,p are independent of ω and T . As for the Λ

(d)
b,m and Λ

(d)
b,p , we use the

expression 1

Λ
(d)
b,i

= BiTω
2 exp(−θi

T
); i = m, p. B and θ are constant parameters determined

by fitting experimental data[54].

Finally, we address Λ
(d)
TBR,m and Λ

(d)
TBR,p. We use the expressions given in Eq.(4.5) with
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t
(d)
jl =

3h̄2

2π2v2
l
kBT 2

ωD,l
∫

0

ω4 exp(h̄ω/kBT )
[exp(h̄ω/kBT )−1]2

dω

3h̄2

2π2v2
l
kBT 2

ωD,l
∫

0

w4 exp(h̄ω/kBT )
[exp(h̄ω/kBT )−1]2

dω + 3h̄2

2π2v2j kBT
2

ωD,j
∫

0

ω4 exp(h̄ω/kBT )
[exp(h̄ω/kBT )−1]2

dω

j, l = p,m; j 6= l (4.10)

We have now all what we need to evaluate the effective heat conductivity coefficient keff

given in Eq.(4.7). We shall make the evaluation explicitly for the dispersion of Si particles in

Ge discussed already in Section 4.2.1. We need the parameters B and θ, appearing in bulk

mean free path expression, for both Si and Ge. We find them by fitting the experimental data

reported in Ref.[29]. For Si, we obtain B = 5.753× 10−23s2m−1K−1 and θ = 199.2K and we

expect the best fit coefficients for the Ge as B = 1.655 × 10−22s2m−1K−1 and θ = 78.92K.

Fig.4.3 shows how well the bulk thermal conductivity model fits the experimental data for

both silicon and germanium. The Debye frequency cutoff of Si and Ge are 9.12 × 1013s−1

and 5.14 × 1013s−1[30] respectively, and the phonon group velocities for Si and Ge 6400

m/s and 3900 m/s[18]. Fig.4.4 shows the thermal conductivity of SiGe nanocomposites as a

function of volume fraction of silicon for different temperatures and different silicon particle

sizes. The thermal conductivity decreases from 72 Wm−1K−1 at φ = 1% to 26 Wm−1K−1

at φ = 20% for 200 K, while there is almost no difference in the thermal conductivity of the

nanocomposite (14Wm−1K−1 at φ = 1% to 10Wm−1K−1 at φ = 20%) at high temperatures

around 1000 K. This observation may be explained by the fact that the effect of the interface

scattering is more important at lower temperatures, while the Umklapp (internal) scattering

has a strong effect at high temperatures[31]. Another argument explaining Fig.4.4 is the fol-

lowing : An increase in the temperature causes a reduction in the transmission coefficient

from matrix to particles. This reduction then increases the thermal boundary resistance, and

consequently the thermal conductivity of the dispersion is reduced. Thermal conductivities

of nanocomposites calculated for different particle sizes and volume fractions as a function of
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Figure 4.3 (Color online) Temperature dependence of theoretical phonon thermal conducti-
vities for bulk silicon and germanium fitted to experimental data.

temperature are plotted in Fig.4.5. As shown in Fig.4.5(a), the thermal conductivity is signi-

ficantly reduced with increasing the temperature for all particle sizes at the concentration of

1%. In this condition, due to small amount of nanoparticles, probability of phonon-interface

scattering decreases, while, possibility of phonon-phonon (internal) scattering rises. As we

expect, the thermal conductivities are the smallest at high temperatures.

At elevated volume fractions and smaller particle sizes, the thermal conductivity of nanocom-

posites is seen to become almost independent of the temperature (Fig.4.5(b) for ap = 10nm).

This is due to the dominance of the interface scattering. However, it is remarkable to note

that the influence of the internal scattering (phonon-phonon Umklapp scattering) may even

become weaker than that of the interface scattering. This happens when nanocomposites

have high volume fractions and smaller particle sizes. Despite the insensitivity of the heat

conductivity to temperature changes at higher volume fractions and smaller particle sizes,

the smallest thermal conductivities are expected to arise precisely in such conditions due to

the relative increase in the interface scattering area per unit volume [32] implying strong

confinement of phonon transport at the particle matrix interface.



47

Figure 4.4 (Color online) Effective thermal conductivity of a SiGe nanocomposite comprising
spherical Si particles with the radius : (a) ap = 10nm, and (b) ap = 50nm as a function of
the particle volume fraction φ in different temperatures.
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Summing up, we see the heat conductivity decreases with increasing the temperature.

Moreover, we see again that the larger are obstacles for phonons (i.e. the larger is the particle-

boundary interface) the smaller is the heat conductivity. The difference becomes however

significantly smaller for high temperatures.

4.4 Influence of various degrees of agglomeration on keff

The distribution of dispersed particles has been so far always uniform (i.e. independent

of the spatial coordinate). We now allow the particles to agglomerate. Some of the origi-

nal particles will form clusters (agglomerates) and the dispersion becomes a dispersion of

two types of ”particles” : the remaining original particles (their number is N (out)) and the

agglomerates (their number is N (agg)). Both the original particles and the agglomerates are

assumed to be uniformly distributed (i.e. their distribution is assumed to be independent of

the spatial coordinate). If N (in) is the number of the original particles in a single agglomerate

and N (p) is the number of the original particles in the dispersion without agglomeration then,

N (p) = N (out) +N (in)N (agg), which then implies a similar relation for the volume fractions φ,

φ(p) = φ(out) + φ(in)φ(agg) (4.11)

where

φ(p) =
N (p)V (p)

V
; φ(out) =

N (out)V (p)

V
;

φ(in) =
N (in)V (p)

V (agg)
; φ(agg) =

N (agg)V (agg)

V
(4.12)

V is the total volume of the dispersion, V (p) is the volume of a single original particle, and

V (agg) volume of a single agglomerate.

To investigate heat conduction in media with agglomerates, we use the same effective

medium approach that we have used in previous sections for media without agglomerates.
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Figure 4.5 (Color online) Calculated temperature-dependent thermal conductivity of a Si/Ge
nanocomposite for a three differences particle sizes and volume fraction (a) φ = 0.01, and (b)
φ = 0.5.
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We apply it now in three steps : (Step 1 ), we homogenize inside a single agglomerate, (Step 2 ),

we homogenize outside the agglomerates, and finally (Step 3 ), we homogenize the dispersion

of agglomerates. For each step of inhomogeneity, we use the formula (4.6) derived in Section

4.2.

For Step 1 and Step 2, we apply Eq.(4.6) with related volume fractions φ(in) and φ(out),

respectively. Note that the specific heat capacity, phonon group velocity and bulk mean

free path of the matrix and the dispersed particles in Step 1 and Step 2 are presented

in Table 4.1 ; also the size of dispersed particles for these steps is the same and equal to

the size of the original particles in the dispersion without agglomeration. After performing

the first two steps, the equivalent bulk thermal conductivities of the matrix and dispersed

particles are determined. It means that we have now a heterogeneous media consisting an

equivalent bulk matrix phase resulted from Step 2 and an equivalent bulk dispersed phase

(agglomerates) resulted from Step 1. In Step 3, we need the specific heat capacities Cm, Cp,

and the phonon group velocities vm, vp. We calculate them by using the mixing rule (i.e.

C
(agg)
m = C

(out)
m (1− φ(out)) + C

(out)
p φ(out) and similarly for Cp, vm, vp). The mean free paths of

the matrix and agglomerates are calculated by using Eq.(4.2). Eventually, we use Eqs.(4.6)

and (4.7) to determine the effective thermal conductivity of the dispersion. The particle size

in Step 3 is the size of the agglomerate.

Figs.4.6(a-b) illustrate the evolution of thermal conductivity of dispersion with φ(in). As a

case study, we look at the thermal conductivity of SiGe dispersion. The material parameters

used in this calculation have been already presented in Table 4.1. The radius of the original

particles is 20 nm and the gyration radius of the agglomerates are assumed 5 times the

radius of original particles. The x-axis is the volume fraction φ(out) of the original particles

outside agglomerates. Passing from left to right is thus passing from low to higher degrees of

agglomeration.

The matrix-agglomerate scattering is assumed to be purely diffuse. This is because we

expect the matrix-agglomerate interface to be, in general, rougher than the particle-matrix
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Figure 4.6 (Color online) Effect of agglomeration on the thermal conductivity of dispersion.
(a) φ(p) = 0.1, and (b) φ(p) = 0.3 as a function of the volume fraction of well-dispersed
particles, φ(out) for different degree of agglomeration.
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interface. In Figs. 4.6(a-b) we also assume that the matrix-particle scattering is purely diffuse.

The effect of specularity in the particle-matrix scattering leads to an increase in the thermal

conductivity.

Results show that agglomeration can either decrease or increase the thermal conductivity.

The increase occurs for compact agglomerates (i.e. for large φ(in)) and decrease for agglome-

rates that are less compact. For intermediate degrees of compactness of the agglomerates (i.e.

intermediate values of φ(in)) the heat conductivity first increases with increasing the degree

of agglomeration (i.e. with decreasing φ(out)) and then, after reaching a certain critical va-

lue of the agglomeration, starts to decrease. We believe that the possibility to influence the

heat conductivity by nonuniform distribution of particles may be of particular importance

for optimizing efficiency of thermoelectric devices.

4.5 Concluding remarks

We have used the well known combination of the effective medium approach and the pho-

non approach to study heat conduction in heterogeneous media composed of a homogeneous

matrix in which spherical particles are dispersed. In particular, we have investigated how

the effective heat conductivity coefficient keff of the composite is influenced by the type of

phonon scattering on the particle-matrix interface, by changes in the temperature, and by va-

rious degrees of agglomeration of the dispersed particles. The influence of the interface enters

the analysis in the thermal boundary resistance phonon mean free path. The temperature

dependence, implicitly appearing in the frequency dependencies of all the phonon-related

quantities entering the formula for keff , is made explicit with the assistance of computers. In

the investigation of the influence of agglomeration, we apply homogenization separately to

the medium inside the agglomerate, outside the agglomerates, and finally to the dispersion

of agglomerates.

Our results show that the more obstacles the phonons encounter in the composites the

lower is the thermal conductivity. The main obstacle is the particle-matrix interface. Given the
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Figure 4.7 (Color online) Thermal conductivity of dispersions consisting two different ag-
glomeration sizes as a function of the volume fraction of well-dispersed particles,φ(out) for
different degree of agglomeration. Parameters used in calculation for curve (1) are φ(p) = 0.3,

φ(inA) = 0.35, φ(inB) = 0.4, φ(aggA) = 0.1φ(aggB), a
(A)
p = 60nm, a

(B)
p = 200nm and

a
(out)
p = a

(inA)
p = a

(inB)
p = 20nm. Parameters in curve (2) are same as curve (1) but

φ(aggA) = 1.5φ(aggB). For curves (3) and (4), parameters presented in curve (1) are consi-

dered but φ(inA) = 0.5 for curve (3) and a
(B)
p = 300nm for curve (4). Note that in these

curves the order of homogenization is : phase in → phase inA → phase aggA → phase
inB → phase aggB. Curves (5 to 8) are corresponded to curves (1-4), but the method of
homogenization is phase in → phase inB → phase aggB → phase inA → phase aggA.
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volume fraction of the particles, the particle-matrix interface can be increased by decreasing

the size of the particles and increasing their number. We also show that the more diffuse

is the phonon-interface scattering the lower is the thermal conductivity. By comparing our

predictions with results of experimental observations we have seen that the diffuse scattering

is dominant but a small amount of the specular scattering is needed to improve the fit.

As for the temperature dependence, we see the decrease of the heat conductivity with

increasing the temperature. Moreover, we also see that the differences caused by changes in

the size of the particle-matrix interface and the type of phonon-particle scattering, become

considerably smaller for higher temperatures.

Particularly interesting results arise in the study of the influence of the agglomeration on

the effective heat conductivity coefficient keff . Our investigation shows that both decrease

and increase of keff can be achieved. The increase occurs in general for compact agglomerates

and the decrease for agglomerates that are only slightly more compact than the initial nonag-

glomerated composite. We do not investigate in this paper the influence of the agglomeration

on the electric conductivity coefficient. In a future paper we intend to explore the potential

of agglomeration as a tool to increase the efficiency of thermoelectric devices.
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CHAPTER 5

ARTICLE2 : Effective heat conduction in dispersion of wires

A. Behrang, M. Grmela, C. Dubois, S. Turenne, P. G. Lafleur and G. Lebon

Applied Physics Letters, 2014 Vol. 104, pp 063106

Abstract

We derive a formula for the heat conductivity coefficient of dispersions of wires in a ho-

mogeneous matrix. Such formula is particularly useful for thermoelectric applications. The

method used to derive this type of formula in [A. Behrang, M. Grmela, C. Dubois, S. Turenne,

P. Lafleur , J. Appl. Phys., 114, 014305 (2013)] for spherical particles is adapted to generally

oriented wires of a finite length. Both diffuse and specular scattering on the wire-matrix in-

terface is considered. The results obtained previously from numerical solutions of the phonon

kinetic equation under the assumption of diffuse scattering agree with predictions based on

the formula.

The overall heat conductivity coefficient, k, of a dispersion of particles in a homogeneous

matrix depends on the following factors :

(i) The factors determining heat conductivity of particles and the matrix when they are

separated one from the other. We denote them by the symbols bulkp and bulkm addressing

respectively the bulk of the particles and the matrix.

(ii) The volume fraction of particles, φ.

(iii) The temperature, T .
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(iv) The shape of the particles (denoted shape).

(v) The way the particles are dispersed and oriented (denoted dispersion).

(vi) The matrix-particle interface (denoted interface).

Our objective in this paper is to derive a formula

k = k(bulkp, bulkm, T, φ, shape, dispersion, interface) (5.1)

for a dispersion of fibers in a homogeneous matrix.

There are essentially three routes that can be taken in such investigation.

Route 1 : Maxwell’s homogenization. On this route one begins and remains in the

setting of the classical Fourier heat conduction theory. The passage from a heterogeneous

to an effective homogeneous medium has been worked out by Maxwell in Ref. [1] (in the

context of electric conductivity) and by Nan et al. (using an alternative approach) in Ref. [2].

The bulk properties are represented on this route by the bulk heat conductivity coefficients

(i.e. bulkp = kp, bulkm = km). The temperature dependence enters (5.1) only through the

temperature dependence of kp and km. The shapes for which the formula (5.1) has been

worked out include ellipsoids, wires and flat plates. The particles are assumed to be distributed

homogeneously and if their shape is not isotropic then all have the same orientation. Certain

types of inhomogeneous distributions of isotropic particles can be however considered. For

example, let isotropic particles be dispersed in the form of a homogeneous distribution of

agglomerates (i.e. regions with higher volume fraction φ). To investigate this type of dispersion

we make the homogenization in two steps : first we homogenize inside the agglomerates and

then we homogenize the homogeneous dispersion of the agglomerates (see Ref. [3]). As for the

influence of the interface, this factor is represented in (5.1) by one scalar parameter (denoted

usually by the symbol α) that involves the Kapitza radius (see more in Ref. [2]).

The formula (5.1) obtained in this way is applicable to dispersions in which the particle

dimensions are sufficiently large (larger than the phonon mean free path).

Route 2 : Mesoscopic analysis.When the size of particles is smaller than the phonon
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mean free path then the investigation has to be conducted in a setting that is more microscopic

(mesoscopic) than the setting of the Fourier theory. It can be for example the setting of the

Boltzmann-Peirels kinetic theory of phonons (see Ref. [4]) or the setting of various phonon

hydrodynamic theories as for instance the Cattaneo or the Guyer-Krumhansl theories used in

the investigation presented in Refs. [5, 6]. The bulk properties are represented on this route in

the material parameters entering the mesoscopic theories. The more microscopic viewpoint

makes it possible to investigate details of the temperature, the shape, and the interface

dependence of the heat transfer that are beyond the reach of the classical Fourier theory. The

main problem in this approach is that the microscopic information needed as the input of

the analysis is usually difficult to acquire and that the mathematical formulation is complex.

The passage from the governing equations to predictions of the effective heat conductivity

coefficient k involves complex numerical analysis of partial differential equations.

Route 3 : Maxwell’s homogenization followed by a mesoscopic analysis. The

question arises as to whether the passage from dispersions of large particles to dispersions

of nano particles can also be achieved by a mesoscopic adaptation of the Maxwell homoge-

nization. Minnich et Chen have suggested in Ref. [7] to apply the mesoscopic setting only

after making the Maxwell homogenization. The factors bulkp, bulkm, interface entering the

Maxwell formula (5.1) are subsequently investigated and expressed in Ref. [7] in the settings

of the kinetic theory of phonons. The advantage of this combined approach is that the final

outcome is still a closed form formula of the type of (5.1) and complex numerical analysis is

not needed. Our goal in this paper is to extend this type of investigation made in Ref. [3] for

spherical particles to wires.

We begin by considering dispersions of wires of infinite length that are all aligned in one

direction. The formulas arising in the Maxwell homogenization for such dispersions (without

taking into account the influence of the interface, or in other words, for the so called perfect
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interface - see Ref. [2]) are :

k⊥ = km
kp + km + φ(kp − km)

kp + km − φ(kp − km)

k‖ = (1− φ)km + φkp (5.2)

where the superscript ⊥ (resp. ‖) denotes that the direction of the heat flux is perpendicular

(resp. parallel) to the direction of the wires. Now we want to adapt this formulas to nanowires.

We follow closely the physical considerations that we have made in the adaptation from

spheres to nanospheres in Ref. [3].

We leave the Fourier theory and continue in the setting of the phonon kinetic theory.

We express in this mesoscopic setting the bulk heat conductivity coefficients kp and km

appearing in (5.2). In this analysis we shall consider the influence of the interface, shape, and

also a general orientation of nanowires and the heat flux. As for the interface, we consider

two types of phonon scattering : specular and diffuse. We introduce a phenomenological

parameter 0 ≤ s ≤ 1 having the physical interpretation of the probability of the specular

scattering of phonons on the particle-matrix interface. Regarding the shape of the particles,

we consider only wires of the radius ap and length L. In the case of the general orientation

of the wires and heat flux, we denote the angle between the two orientation by the symbol

θ. The overall heat conductivity coefficient as well as the bulk heat conductivity coefficients

kp and km become now functions of the four parameters (s, L, ap, θ) :

k(s, L, ap, θ) = s
[

k(‖,spec)(s, L, ap, θ) cos
2 θ

+k(⊥,spec)(s, L, ap, θ) sin
2 θ
]

+(1− s)
[

k(‖,diff)(s, L, ap, θ) cos
2 θ

+k(⊥,diff)(s, L, ap, θ) sin
2 θ
]

(5.3)

We recall that in the previous investigations reported in Refs. [8–10] the length L is infinite,
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phonon interface scattering is totally diffuse (i.e. s = 0), and θ is only either zero or π/2.

What remains is to express k(i,j) (i =‖,⊥ refers to the Maxwell formulas (5.2), and

j = spec, diff) appearing in (5.3) in the setting of the phonon kinetic theory. The bulk heat

conductivity coefficients entering these formulas take the form (see Refs. [7, 11])

k
(j)
l (s, L, ap, θ) =

1

3

∫

C(ω)v(ω)Λ
(j)
l (ω, s, L, ap, θ))dω

≈ 1

3
CvΛ

(j)
l (s, L, ap, θ) j = spec, diff, l = m, p (5.4)

where ω is the phonon frequency, C denotes the volumetric specific heat capacity per unit

frequency at the frequency ω, v the phonon group velocity, and Λ the phonon bulk mean free

path. By using Matthiessen’s rule, we express Λ in terms of the bulk Λb, the collision Λcoll,

and the thermal boundary resistance ΛTBR mean free paths :

Λ−1 = Λ−1
b + Λ−1

coll + Λ−1
TBR (5.5)

We now investigate the mean free paths for the matrix and then for the particles.

First, we turn to the matrix. The bulk mean free path Λb,m for the matrix is a material

parameter (it remains the same for the specular and the diffuse scattering) in which the

individual features of the matrix are expressed in the phonon kinetic theory.

In the collision mean free path Λcoll, we shall make no distinction between specular and

diffuse scattering but we let it depend on the parameter s. We thus use Λ
(spec)
coll = Λ

(diff)
coll =

Λcoll(s), where

1

Λcoll(s)
= φ

1− s

1 + s

(

1

Ξ(⊥)
+

1

Ξ(‖)

)

(5.6)

with 1/Ξ(‖) = (1/L+ 2ζ/(πap)) cos θ and 1/Ξ(⊥) = 2 sin θ/(πap) denoting characteristic

lengths of the nanowires of length L and angle θ with respect to the heat flux direction

(θ = 0 when all of nanowires are aligned in heat flow direction and θ = π/2 for nanowires
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perpendicular to heat flow). By multiplying the characteristic length by 1+s
1−s

we obtain an

effective characteristic length. By the symbol ζ we denote the probability of the phonon-wire

scattering when phonon travels in the longitudinal direction : ζ =
√
φ/(

√
φ+ 1).

We now turn to the thermal boundary resistance mean free path ΛTBR. We write it in

the form

1

Λ
(j)
TBR

=
φ

Γ(j)

(

1

Ξ(⊥)
+

1

Ξ(‖)

)

, j = spec, diff (5.7)

where Γ(diff) =
3t

(diff)
mp

4(1− 1
2
(t

(diff)
mp +t

(diff)
pm ))

and Γ(spec) =
3
∫ µcrit
0 t

(spec)
mp (µm)µmdµm

2(1−
∫ µcrit
0 t

(spec)
mp (µm)µmdµm−

∫ µcrit
0 t

(spec)
pm (µp)µpdµp)

.

By the symbols tmp and tpm we denote probabilities of transmission from matrix ”m” to

particles ”p” and vis-versa. Explicit expressions for these quantities in both specular and

diffuse transmissions are given in Ref. [3].

Figure 5.1 (Color online) Influence of the radius of wires ap and the volume fraction φ on :
(a) transverse thermal conductivity k⊥, (b) longitudinal thermal conductivity k‖ of SiGe
nanocomposite.



64

Next, we discuss the particles. Following Refs. [3, 8], we take Λ−1
TBR = 0 and

Λ(⊥) = Λb,p

(

ap(s)/Λb,p
ap(s)/Λb,p + 1

)

(5.8)

where Λb,p is the material parameter in which the individual features of the particles are

expressed in the phonon kinetic theory, ap(s) = ap
1+s
1−s

is the effective wire radius.

As for Λ(‖), we write it (following Ref. [12]) in the form

1

Λ(‖)(L)
=

1

Λ(‖)

(

1 +
Λ(‖)

2L(s)

)

(5.9)

where L(s) = L1+s
1−s

, Λ(‖) = Λb,p×[1− 12
π

∫ 1

0
(1−x2)0.5B4(

2ap(s)x

Λb,p
)dx] is the effective longitudinal

mean free path for a infinite nanowire ; B4(x) =
∫ π/2

0
exp[ −x

sin θ
] cos2 θ sin θdθ [9]. When the

angle between the orientation of wires and the heat flux is θ, then (5.8) and (5.9) combine to

give

Λ(ap, L, θ) = Λ(‖)(L) cos2 θ + Λ(⊥) sin2 θ (5.10)

The formula (5.3) for the effective heat conductivity of suspensions of wires is now com-

plete. The material parameters entering it are :

Cm, Cp, vm, vp,Λb,m,Λb,p, ap, L, θ, s, φ, T (5.11)

If the length, L, and the orientation, θ, of the dispersed particles is not fixed but instead

we know the distribution functions f(θ) and f(L) then the heat conduction coefficient is

obtained by averaging.

As a case study, we apply the formula (5.3) to two-dimensional SiGe nanodispersion with

Si nanowires aligned in the direction of the heat flux embedded in Ge matrix. This dispersion

has been extensively studied in Si-based applications such as high efficiency thermoelectric

materials. We use the same material parameters as the ones used in Ref. [8] (namely : Cm =

0.87×106, Cp = 0.93×106Jm−3K−1, vm = 1042, vp = 1804ms−1,Λm = 198.6,Λp = 268.2nm)
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Figure 5.2 (Color online) Influence of the interface specularity parameter s and the volume
fraction φ on : (a) k⊥, (b) k‖ of SiGe nanocomposites ; Si wires are long (L→ ∞) and their
radius ap = 25nm.

and compare our results with results obtained by taking the mesoscopic Route 2 (i.e. with

results based on numerical solutions of the Boltzmann kinetic equation) presented in Ref. [8].

Figure 5.1(a,b) depicts the dependence of the longitudinal and the transverse thermal

conductivities of the dispersion of Si wires in Ge matrix on the size and the volume fraction

of the wires. This figure illustrates that predictions based on the formula (5.3) (in which

we consider only the totally diffuse interface scattering) essentially coincide with predictions

based on numerical solutions of the phonon kinetic equation presented in Ref. [8]. We note

that for a fixed volume fraction φ, the effective longitudinal thermal conductivity decreases

with decreasing the radius ap of the wires. Indeed, when ap decreases and φ = const. then

the effective area of the wire-matrix interface increases and the phonon-interface scattering

plays more important role in hindering the passage of phonons. When the volume fraction

increases we see two different scenarios. For small wire radius, the heat conductivity decreases

as the volume fraction increases (due to the enlargement of the wire-matrix interface) while for
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larger wire radius the heat conductivity increases as the volume fraction increases (due to the

reduction of the wire-matrix interface). We also note that the influence of phonon-interface

scattering decreases as the wire radius increases and 1/Λcoll, 1/ΛTBR → 0. Then, the principal

contribution to the resistance of the phonons comes from phonon-phonon collisions expressed

mathematically in the bulk mean free path. Therefore, the thermal conductivities of the

matrix and of the dispersed phase tend to their corresponding bulk thermal conductivities.

Since the bulk thermal conductivity of silicon (the dispersed phase) is higher than germanium

(the matrix phase), we expect an increase on the thermal conductivity as the volume fraction

increases. We thus conclude that if in applications we aim at low thermal conductivity then

we should use thin nano-size wires and high volume fractions. In the opposite case, if we need

to disperse the heat, wires of larger radius are recommended.

Comparison between predictions based on the formula (5.3) for the thermal conductivity

in ⊥ direction with those based on numerical solutions of the phonon kinetic equation is

depicted in Figure 5.1(a). Again, our results are in good agreement with results based on

numerical solution of the Boltzmann transport equation especially at small wire radius. We

note that the dependence on the wire radius and the volume fraction is qualitatively the same

as for the longitudinal thermal conductivity.

In the next step we examine influence of the type of the phonon-interface scattering. We

recall that only one type of scattering, namely diffuse scattering, was previously investigated

in Refs. [7, 9, 10]. With the formula (5.3) we are in position to include into the investigation

also the specular scattering that, as it has been suggested in Ref. [13], may possibly play an

important role. Figure 5.2(a,b) shows the influence of the specular parameter s (we recall that

0 ≤ s ≤ 1 and if s = 0 the scattering is totally diffuse) of interface on the longitudinal and

transverse thermal conductivities of dispersions with long silicon nanowires. The thermal

conductivity in both longitudinal and transverse directions increases with increasing the

specularity of interface. We see that the higher is the specularity parameter s, the lower is the

phonon confinement at the interface and consequently the larger is the thermal conductivity.
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When the specularity parameter s increases the phonon confinement at the interface decreases

and consequently the thermal conductivity of the dispersion increases in both directions.

In Figure 5.3(a), the influence of nanowire length on the longitudinal thermal conductivity

of dispersion is qualitatively illustrated. Our results show that for all volume fractions the

longitudinal thermal conductivity of dispersions increases with L and approaches a plateau at

larger lengths. We note that the plateau corresponds to the value of k for nanowires of infinite

length. Obviously, the longitudinal thermal conductivity decreases with increasing the volume

fraction of silicon nanowire due to relative enhancement in phonon-interface scattering.

Figure 5.3 (Color online) (a)Influence of the length of wires L and volume fraction φ on
thermal conductivity ( k‖ ) of SiGe dispersion ; the radius ap = 20nm. (b) Influence of the
nanowire orientation distribution f(θ) on the thermal conductivity of dispersions.

In Figure 5.3(b), we show the role of the nanowire orientation on the thermal conductivity.

As an illustration, we take the orientation distribution function f(θ) used in Ref. [14] :

f(θ) =
(sin θ)2p−1(cos θ)2q−1

∫ θmax

θmin
(sin θ)2p−1(cos θ)2q−1dθ

(5.12)

where p and q are the shape parameters. We note that when p = q = 1 then the most probable
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orientation angle θmod = π/4 ; p = 1 and q > 1, θmod < π/4 ; p > 1 and q = 1, θmod > π/4 ;

when p = 1/2, θmod = 0 ; q = 1/2, θmod = π/2. The nanowires are distributed randomly

if p = q = 1/2. In Figure 5.3(b) we see that the thermal conductivity of nanodispersions

increases as the angle of the orientation of the most probable nanowire shifts from θmod = π/2

toward θmod = 0. This is due to a decrease of the effective area for phonon-interface scattering.

We also observe that the thermal conductivity increases if either the specularity parameter s

or the size of the wire increase. Depending on the size of the wire and on s, the parameter β

defined by β = (k‖−k⊥)/k‖×100 is about 10−24% ; lower β corresponds to nanodispersions

with larger sizes of the nanowires. The parameter β could be made larger by changing the

size and volume fraction of nanowires (e.g. β ≈ 42% for φ = 0.1, ap = 10nm,L = 300nm and

s = 0).

The investigation presented in this paper is a part of the larger investigation whose ob-

jective is to increase efficiency of thermoelectric devices. Such efficiency is measured by the

parameter ZT = S2σT
k

, where S is the Seebeck coefficient, σ the electrical conductivity coef-

ficient, T the absolute temperature, k the thermal conductivity coefficient[15–17].

The formula for k presented in this paper has the advantage of being simple (no numerical

solution of partial differential equations are needed), and of taking into account : (i) details

of the phonon scattering on the wire-matrix interface (both diffuse and specular scattering

are considered), (ii) finite length and general orientation of the wires.

This article was partially supported by Natural Sciences and Engineering Research Council

of Canada.
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CHAPTER 6

ARTICLE3 : Effective heat conduction in hybrid sphere & wire nanodispersions

A. Behrang, M. Grmela, C. Dubois, S. Turenne, P. G. Lafleur and G. Lebon

Applied Physics Letters, 2014 Vol. 104, pp 233111

Abstract

Heat conductivity of dispersions can be modified by varying shapes of dispersed particles

and also by making hybrid dispersions containing particles of different shapes and sizes.

Spheres and their agglomerates that we have investigated previously are replaced in this pa-

per by spheres and wires. The method used to derive the formulas for the overall effective

heat conductivity is based on the Maxwell homogenization (adapted to hybrid dispersions)

followed by a mesoscopic analysis in which heat transfer is regarded as transport of phonons.

The mesoscopic formulation provides then also a setting for investigation the role of particle-

matrix nanoscale interfaces.

Electric and thermal conductivity of materials used in the fabrication of electronic devices

have a large influence on their overall efficiency. In this paper we concentrate on the thermal

conductivity and investigate theoretically its changes caused by dispersing nano-size particles

into a homogeneous matrix. In Refs. [1, 2] we have conducted such investigation for disper-
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sions of spherical particles and wires respectively. In Ref. [1] we have also explored hybrid

particle-agglomerate dispersions. The sensitive dependence of the thermal conductivity on

the composition of the hybrid dispersion seen in this study motivates us to investigate also

other types of hybrid dispersions. In this paper the dispersed particles are spheres and wires.

As in Refs. [1, 2], we begin with Maxwell’s homogenization (see Refs. [3, 4]) but we need to

adapt it to hybrid dispersions. We make two types of adaptation : one developed in Refs. [1, 2]

in the context of dispersions with agglomerates (we call it Hybrid I ), and the other, called

Hybrid II, developed in Ref. [16]. Subsequently, due to the nanometric size of the dispersed

particles, we introduce (following Refs. [1, 2, 6]) into the analysis the microscopic (phonon)

viewpoint of the heat transport. The effective heat conductivity coefficients of dispersions

arise in our investigation in the form of closed formulas that are easily evaluated.

In the context of the Fourier heat conduction theory, the effective thermal conductivity

coefficient keff of a dispersion composed of a matrix in which particles of a single shape and

size are distributed is given by the formula (see Refs. [3, 4], and Refs. [5, 7])

keff =

∑

i=m,p

kiφi
γβ

(γ−1)β+ki

∑

i=m,p

φi
γβ

(γ−1)β+ki

(6.1)

where φ is the volume fraction, k is the thermal conductivity, and subscripts ”m” and ”p”

stand for matrix and dispersed phases respectively. We shall use hereafter particles of two

shapes : spheres (denoted by the subscript ”sph”), and wires (denoted by the subscript ”w”)

Depending on the shape of the dispersed particles, the parameters γ and β take different

values. Namely : γ = 3 and β = km for spheres, γ → ∞ or β = ki for wires oriented in the

direction of the heat flow (denoted by ‖), and γ = 2 and β = km for wires oriented in the

direction that is perpendicular to the heat flow (denoted by ⊥) (see Ref. [5]).

In this paper we explore heat conduction in hybrid dispersions composed of a matrix in

which particles having the shape of both spheres and wires are uniformly distributed. The

formula (6.1) has to be therefore extended to this more general situation. There are in fact
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many ways to do it. We shall follow two routes (denoted (Hybrid I) and (Hybrid II)) and

compare the results. We shall see at the end that the values of the effective heat conductivity

coefficients keff obtained on both routes remain very close. Next, we describe the routes

(Hybrid I) and (Hybrid II).

(Hybrid I)extension of (6.1). On this route we follow the method introduced in Ref. [1]

to investigate heat conductivity in hybrid spherical-particle&agglomerate dispersions. This

method, if adapted to the hybrid sphere&wire dispersions, consists of the following two steps.

First, we homogenize (by following Ref. [1]) the matrix and the spheres. We obtain in this

way a new matrix that we denote (m&sph). In the second step we homogenize (by follo-

wing Ref. [2]) this new matrix and the wires. This then results in a homogeneous material

((m&sph)&w). Of course, we can also begin with the wires and then include the spheres

to obtain another homogeneous material ((m&w)&sph). It has been shown in Ref. [1] that

the effective heat conductivity coefficients do not change much by changing the order of the

homogenization. When presenting the results in Section , we shall always present the average

k(m&sph&w) =
φ
(sph)
p

φ
(sph)
p +φ

(w)
p

k((m&sph)&w) +
φ
(w)
p

φ
(sph)
p +φ

(w)
p

k((m&w)&sph) and the average of the difference

between the results obtained in the two homogenizations ((m&sph)&w) and ((m&w)&sph).

The difference between k((m&sph)&w) and k((m&w)&sph) is presented in the results in one number

η = (
∫

(k((m&sph)&w))(x)− k((m&w)&sph)(x))
2dx/

∫

dx)1/2 where x is the x− axis of the graphs.

(Hybrid II)extension of (6.1).On this route we follow Ref. [5]. We briefly recall this method

and adapt it to the dispersion under investigation. We assume a homogeneous matrix with

two dispersed phases of wires and spheres. It is assumed that the matrix phase is to be

divided between the two dispersions with a volume fraction ∆m belonged to the dispersion of

wires and 1−∆m belonged to the dispersion of spheres. By considering the role of ∆m, it is

assumed that the effective thermal conductivity keff of the hybrid dispersion of particles in

the shape of sphere and wires is identical to the effective thermal conductivities of dispersions

of particles of the shape ”j = sph, w”.

We now proceed to specify separately the effective thermal conductivity of the hybrid
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dispersion of wires and spheres for the wires oriented in the direction of the heat flow (” ‖ ”)

and the wires oriented in the direction that is perpendicular to the heat flow (” ⊥ ”). The

appropriate form of the Eq.(6.1) for dispersions in which wires are oriented in the direction

of the heat flow is

k
(‖)
eff =

k
(w,‖)
m (1− φ

(w)
p )∆m + k

(w,‖)
p φ

(w)
p

(1− φ
(w)
p )∆m + φ

(w)
p

(6.2)

=
k
(sph)
m (1− φ

(sph)
p )(1−∆m) + k

(sph)
p φ

(sph)
p

3k
(sph)
m

2k
(sph)
m +k

(sph)
p

(1− φ
(sph)
p )(1−∆m) + φ

(sph)
p

3k
(sph)
m

2k
(sph)
m +k

(sph)
p

Now, we specify ∆m. We assume that the thermal conductivity of the matrix phase in

both dispersions of spheres and wires is identical, i.e. k
(w,l)
m = k

(sph)
m = k

(l)
m , l =‖,⊥ . Finally,

we obtain

k
(‖)
eff = (k(w,‖)p k(sph)p (φ(sph)

p − 1)φ(w)
p + k(‖)m (k(sph)p (1 + 2φ(sph)

p )(φ(w)
p − 1) + 2k(w,‖)p (6.3)

(φ(sph)
p − 1)φ(w)

p ) + 2k2(‖)m (φ(sph)
p − 1 + φ(w)

p − φ(sph)
p φ(w)

p ))/(k(sph)p (φ(sph)
p − 1) +

k(‖)m (−2 + φsphp (3φ(w)
p − 1)))

In a similar way we arrive at the effective heat conductivity k
(⊥)
eff of the hybrid dispersion

in which the wires are oriented in the direction that is perpendicular to the direction of the

heat flow. In this case Eq.(6.1) takes the form

k
(⊥)
eff =

k
(⊥)
m (1− φ

(w)
p )∆∗

m + k
(w,⊥)
p φ

(w)
p

2k
(⊥)
m

k
(⊥)
m +k

(w,⊥)
p

(1− φ
(w)
p )∆∗

m + φ
(w)
p

2k
(⊥)
m

k
(⊥)
m +k

(w,⊥)
p

(6.4)

=
k
(sph)
m (1− φ

(sph)
p )(1−∆∗

m) + k
(sph)
p φ

(sph)
p

3k
(sph)
m

2k
(sph)
m +k

(sph)
p

(1− φ
(sph)
p )(1−∆∗

m) + φ
(sph)
p

3k
(sph)
m

2k
(sph)
m +k

(sph)
p

Finally, we arrive at
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k
(⊥)
eff = −(k(⊥)

m (2k2(⊥)
m (φ(sph)

p − 1)(φ(w)
p − 1) + k(sph)p k(w,⊥)

p (1 + φ(sph)
p (2− 4φ(w)

p ) (6.5)

+φ(w)
p ) + k(⊥)

m (−k(sph)p (1 + 2φ(sph)
p )(φ(w)

p − 1)− 2k(w,⊥)
p (φ(sph)

p − 1)

(1 + φ(w)
p ))))/(k(sph)p k(w,⊥)

p (φ(sph)
p − 1 + φ(w)

p − φ(sph)
p φ(w)

p ) + k(⊥)
m (k(w,⊥)

p

(2 + φ(sph)
p )(φ(w)

p − 1) + k(sph)p (φ(sph)
p − 1)(1 + φ(w)

p )) + k2(w,⊥)
m (−2(1 + φ(w)

p )

+φ(sph)
p (5φ(w)

p − 1)))

In order to be able to apply the formulas (6.3) and (6.5) to nanodispersions (where the

particle size is comparable to the phonon mean free path), we have to modify them. Following

Refs. [1, 2, 6], we make the modification by expressing the bulk heat conductivity coefficients

k
(j)
i , where i = m, p and j = sph, w, appearing in (6.3) and (6.5) in the form in which

they arise in the phonon kinetic theory. In these expressions we then take into consideration

the specificity of interactions of the phonons with the matrix-particle interface. Importance

of such interactions in the heat conduction has also been revealed in microscopic ab initio

calculations in Refs. [8–13].

In this paper we follow the extension of the formulas arising in the Maxwell homoge-

nization to formulas involving quantities characterizing propagation of phonons developed

in Refs. [1, 2]. Adaptation of the extension to the hybrid dispersion is straightforward. We

therefore recall only the essential steps.

The nanospheres in the dispersion have radius a
(sph)
p and the nanowires have length L(w)

and radius a
(w)
p . Let θ(w) be the angle between the direction of the wire and the direction of

the heat flux (note that θ(w) = 0 if all the nanowires are aligned in the direction of the heat

flow and θ(w) = π/2 if the nanowires are aligned in the direction that is perpendicular to the

direction of the heat flow).
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From the phonon kinetic theory we use the expression

k
(j,l)
i (s(j), L(j), a(j)p , θ(j)) =

1

3

∫

C(ω)v(ω)Λ
(j,l)
i (ω, s(j), L(j), a(j)p , θ(j))dω

≈ 1

3
CvΛ

(j)
i (s(j), L(j), a(j)p , θ(j))

i = m, p, j = sph, w, l = spec, diff (6.6)

where ω is the phonon frequency, C denotes the volumetric specific heat capacity per

unit frequency at the frequency ω, v the phonon group velocity, and Λ the phonon mean free

path. We note that for j = sph in Eq.(6.6), L(sph) and θ(sph) are not defined. The remaining

parameter in Eq.(6.6) is 0 ≤ s ≤ 1 which is the probability of the specular scattering of

phonons on the particle-matrix interface. We denote the specular (i.e. s = 1) and diffuse (i.e.

s = 0) types of scattering of phonons at the matrix-particle interface by ”spec” and ”diff”,

respectively.

Next, we find the phonon mean free paths of the matrix and the dispersed phases. By

using Matthiessen’s rule, we express them in terms of the bulk phonon mean free paths Λb,

the phonon mean free path Λcoll addressing the collisions of the phonons on the interface,

and the thermal boundary resistance phonon mean free path ΛTBR :

Λ−1 = Λ−1
b + Λ−1

coll + Λ−1
TBR (6.7)

In our previous work[1, 2], the collision and the thermal boundary resistance mean free

paths in dispersions of wires and spheres have been expressed separately. Now, for the hybrid

dispersion of wires and spheres, the phonon mean free path of the matrix is written as follows

1

Λm
=

1

Λb,m
+ φ(w)

p

(

1− s

1 + s
+

1

Γ(w,l)

)(

1

Ξ(w,‖)
+

1

Ξ(w,⊥)

)

+

(

1− s

1 + s
+

1

Γ(sph,l)

)

(

φ
(sph)
p

Ξ(sph)

)

(6.8)
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Note that 1/Ξ(w,‖) = (1/L+2ξ/(πa
(w)
p )) cos θ(w), 1/Ξ(w,⊥) = 2 sin θ(w)/(πa

(w)
p ), and 1/Ξ(sph) =

3/(4a
(sph)
p ) are the characteristic lengths of nanowires in ‖, ⊥ directions to the heat flux and

the characteristic length of nanospheres, respectively. By ξ =

√

φ
(w)
p /(1+

√

φ
(w)
p ), we denote

the probability of the phonon-wire scattering when phonon travels in the longitudinal direc-

tion. The specular and diffuse properties of the particle-matrix interface take the following

form Γ(j,diff) =
3t

(diff)
mp

4(1− 1
2
(t

(diff)
mp +t

(diff)
pm ))

and Γ(j,spec) =
3
∫ µcrit
0 t

(spec)
mp (µm)µmdµm

2(1−
∫ µcrit
0 t

(spec)
mp (µm)µmdµm−

∫ µcrit
0 t

(spec)
pm (µp)µpdµp)

, j = w, sph. By the symbols tmp and tpm we denote probabilities of the transmission from

matrix ”m” to particles ”p” and vis-versa. Explicit expressions for these quantities in both

specular and diffuse transmissions are given in Ref. [1].

Next, we turn our attention to the mean free paths of the dispersed phases.

For the wires we have 1

Λ
(w,⊥)
p

= 1

Λ
(w)
b,p

+ 1
ap(s)(w) and

1
Λp(L)(w,‖) =

1

Λ
(w,‖)
p

+ 1
2L(s)

[14], where L(s) =

L1+s
1−s

is the effective wire length, Λ
(w,‖)
p = Λ

(w)
b,p ×[1− 12

π

∫ 1

0
(1−x2)0.5B4(

2a
(w)
p (s)x

Λ
(w)
b,p

)dx] is the effec-

tive longitudinal mean free path for a infinite nanowire ; B4(x) =
∫ π/2

0
exp[ −x

sin θ
] cos2 θ sin θdθ

[15] and ap(s)
(w) = a

(w)
p

1+s
1−s

is the effective wire radius[16].

For the spheres we have [17] 1

Λ
(sph)
p

= 1

Λ
(sph)
b,p

+ 4
3ap(s)(sph)

.

When the angle between the orientation of wires and the heat flux is θ(w), then these

expressions combine to give Λp(a
(w)
p , L, θ(w)) = Λ

(w,‖)
p (L) cos2 θ(w) + Λ

(w,⊥)
p sin2 θ(w).

By using (6.6) we arrive at the coefficients of the effective thermal conductivity of each

individual phase in the hybrid dispersion of wires and spheres.

Finally, when we take into account the influence of the orientation of wires, the overall

heat conductivity coefficient of the hybrid dispersion of wires and spheres takes the form

keff (s, L, a
(w)
p , a(sph)p , θ(w)) = s

[

k
(‖,spec)
eff (s, L, a(w)p , a(sph)p , θ(w)) cos2 θ(w)

+k
(⊥,spec)
eff (s, L, a(w)p , a(sph)p , θ(w)) sin2 θ(w)

]

+(1− s)
[

k
(‖,diff)
eff (s, L, a(w)p , a(sph)p , θ(w)) cos2 θ(w)

+k
(⊥,diff)
eff (s, L, a(w)p , a(sph)p , θ(w)) sin2 θ(w)

]

(6.9)

In order to illustrate expression (6.9), we consider the hybrid dispersion of silicon nano-
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Figure 6.1 (Color online) (a.)Dependence of the diffuse thermal conductivity of the hybrid

dispersion on the size of dispersed nanospheres for θ(w) = 0, a
(w)
p = 20nm and L = 300nm.(b)

Influence of the nanowire orientation on the thermal conductivity of hybrid dispersion under
totally diffuse interface and L = 600nm, 1. a

(w)
p = 10nm, a

(sph)
p = 100nm, φ(t) = 0.1 and

φ(w) = 0.08, 2. a
(w)
p = 100nm, a

(sph)
p = 10nm, φ(t) = 0.1 and φ(w) = 0.08, 3. a

(w)
p = 10nm,

a
(sph)
p = 100nm, φ(t) = 0.25 and φ(w) = 0.05, 4. a

(w)
p = 100nm, a

(sph)
p = 10nm, φ(t) = 0.25

and φ(w) = 0.05, 5. a
(w)
p = 25nm, a

(sph)
p = 80nm, φ(t) = 0.4 and φ(w) = 0.2
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Figure 6.2 (Color online)(a.)Thermal conductivity of the hybrid dispersion of silicon nano-

wires and spheres in germanium matrix as a function of φ
(sph)
p when θ(w) = π/4, L = 400nm

and 1. a
(w)
p = 70nm, a

(sph)
p = 80nm, s = 0, 2. a

(w)
p = 25nm, a

(sph)
p = 50nm, s = 0,3. a

(w)
p =

25nm, a
(sph)
p = 50nm, s = 0.2, 4. a

(w)
p = 60nm, a

(sph)
p = 40nm, s = 0.(b.)Thermal conduc-

tivity of the hybrid dispersion of silicon nanowires and spheres in germanium matrix as a
function of φ

(sph)
p when θ = 0, s = 0, L = 600nm and 1. a

(w)
p = 25nm, a

(sph)
p = 80nm,

2. a
(w)
p = 25nm, a

(sph)
p = 60nm,3. a

(w)
p = 40nm, a

(sph)
p = 60nm, 4. a

(w)
p = 10nm, a

(sph)
p =

30nm
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wires and nanospheres in the germanium matrix. This is one of the most promising compo-

sition that is widely used in thermoelectric application in which low thermal conductivity

is sought[18–20]. Uniform dispersions of only nanospheres[1, 6] or nanowires [2, 8, 9, 15] of

Si embedded in Ge have already been extensively studied. Here, we used the same material

parameters as in Ref. [8]. Figure (6.1).a shows the diffuse thermal conductivity of the hybrid

dispersion (k
(‖)
eff , s = 0) as a function of the size a

(sph)
p of the nanosphere silicon particle for

different volume fractions. Note that φ
(t)
p = φ

(sph)
p +φ

(w)
p where φ

(t)
p is the total volume fraction

of the particle phase. We see that the predicted results from Hybrid I and Hybrid II are

in good agreement. Apart from the dependence on the volume fraction, we also observe that

the thermal conductivity of hybrid dispersion increases monotonically with increasing a
(sph)
p .

This is expected due to reduce phonon scattering by interface. In other words, phonons are

less hindered by the interface for larger particle sizes and the role of the phonon-phonon scat-

tering (i.e. internal resistance) becomes more significant than the role of the phonon-interface

scattering (i.e. the interface resistance). Note that the internal resistance is expressed in the

bulk mean free path Λb while the collision Λcoll and the thermal boundary resistance ΛTBR

mean free paths represent the interface scattering. When the hybrid dispersion is filled mainly

with the nanospheres then the slope of keff vs. a
(sph)
p is greater than in the hybrid disper-

sion with less volume fraction of nanospheres. It means that the higher is φ
(sph)
p , the more

significant is the contribution of nanospheres on the thermal conductivity. In other words,

an increase in the particle size of nanospheres does not play a significant role on the thermal

conductivity of the hybrid dispersion if φ
(sph)
p is much smaller than φ

(w)
p . However, the major

contribution to the thermal conductivity comes from nanowires. A gentle slope is observed

for keff vs. a
(sph)
p . The same pattern is expected to be seen in the influence of a

(w)
p on the

thermal conductivity of hybrid dispersions. In Figure (6.1).b, the influence of nanowire orien-

tation θ(w) on the diffuse thermal conductivity of hybrid dispersion is shown. We take the

same orientation distribution function used in our previous study in Ref. [2]. Again, results

obtained from the Hybrid I method agree well with results of the Hybrid II method. It is
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clearly seen that the thermal conductivity decreases when the θ(w) moves toward π/2. We can

say that the effective area for phonon-interface scattering and eventually resistance against

heat flow will increase if more wires are oriented perpendicularly to heat flow direction, thus

the thermal conductivity decreases. As presented in this figure, we see an almost plateau

line under some circumstances. This means that the thermal conductivity is less sensitive on

orientation of the nanowirs. Figure (6.2).a depicts the behavior of the thermal conductivity of

hybrid dispersion when θ = π/4 and φ
(t)
p changes between two extremes of φ

(sph)
p = 0 which is

dispersion of nanowires and φ
(sph)
p = φ

(t)
p which is dispersion of nanospheres. Depending on the

specularity of the interface, nanoparticle sizes and volume fractions, the thermal conductivity

of the hybrid dispersion changes in different ways. For instance, an undershoot is observed

for curve 1, while by changing the size of nanoparticles, we can see either an increase or

decrease in the thermal conductivity of the hybrid dispersion. It is obvious that the thermal

conductivity increase with increasing the specularity of interface (compare curves 2 and 3 in

Figure (6.2).a). In other words, the higher is the specularity of the interface s, the lower is

phonon confinement at the interface and the higher is the thermal conductivity.

As another illustration in Figure (6.2).b, we present the longitudinal (θ(w) = 0) thermal

conductivity of the hybrid dispersion for different values of a
(w)
p and a

(sph)
p when the interface

is totally diffuse. Here, overshoots can be observed for curves 1 and 4. For regions where

the contribution of nanowires is significant (i.e. φ
(sph)
p → 0), it is observed that the thermal

conductivity of hybrid dispersion increases with increasing the nanowire size due to less

confinement of phonon transport by the boundary for larger particle sizes. Depending on the

thermal conductivity of the dispersion of nanowires (i.e. φ
(sph)
p = 0) and nanospheres (i.e.

φ
(w)
p = 0), we can see either increase or decrease with or without overshoot or undershoot of

the thermal conductivity curve of hybrid dispersions against volume fraction of nano particles.

An important part of the search for suitable materials in the fabrication of electronic

devices is an investigation of thermal and electric conductivities. The goal is to identify

modifications of the materials that change the two conductivities in two different ways. In
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this paper we look only at the thermal conductivity and explore theoretically its changes

due to mixing a homogeneous material with nano-size particles of different types, different

shapes, and different sizes. Our investigation shows that the composition of the dispersion

has indeed a strong influence on the thermal conductivity.

We use the same approach as we used in Refs. [1, 2]. The new challenge is to adapt to

hybrid dispersions the Maxwell homogenization (providing the effective heat conductivity

inside the Fourier heat theory) and the subsequent analysis in the context of the phonon

kinetic theory. For the former we use two methods. One is an adaptation of the method

that we introduced in Ref. [1] to investigate hybrid sphere&agglomerate dispersions and

the other is an adaptation of the method developed in Refs. [5]. We show that both (very

different) methods lead to essentially identical results. The adaptation of the subsequent

phonon analysis to hybrid dispersions is straightforward.

This article was partially supported by Natural Sciences and Engineering Research Council

of Canada.
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CHAPTER 7

ARTICLE4 : Temperature dependence of thermal conductivity in hybrid

nanodispersions

A. Behrang, M. Grmela, C. Dubois, S. Turenne and P. G. Lafleur

RSC Advances, 2014, DOI : 10.1039/C4RA12368A

Abstract

We derive first a formula for the overall heat conductivity for dispersions of cuboid na-

nowires and recall similar formulas derived previously in [Behrang et al., Applied Physics

Letters, 2014, 104, 233111 , 104, 063106 and Behrang et al., Journal of Applied Physics,114,

014305 ], by using the same method, for several other morphologies (dispersions of nano-size

spheres, nano-size spheres of different sizes, nano-wires, rectangular cuboid nano-wires, and

nano-spheres and nano-wires). The temperature dependence of the microscopic quantities

(like the phonon mean free path) entering the formulas is known from the phonon kinetic

theory. The formulas thus provide a setting for investigating the temperature dependence

of the overall heat conductivity of dispersions. In general, we see that the interface that is

present in hybrid nanodispersions influences significantly the thermal conductivity only in

lower temperatures. This then means that the possible benefit of hybrid nanodispersions in

fabricating electronic devices diminishes with increasing the temperature.

7.1 Introduction

The heat and electric conductivities depend in heterogeneous materials on the nature of

their homogeneous components, on the morphology, and on the nature of the interface among

the components. Consequently, by varying these three elements a large family of materials

with a wide spectrum of heat and electric conductivities can be created. Heterogeneous ma-
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terials are therefore often used in the fabrication of electronic devices where such materials

are needed.

In this paper we continue our investigation Refs. [1–3] of the heat conductivity in hete-

rogeneous materials created by dispersing nano-size particles of various shapes and sizes in

a homogeneous matrix. We follow the method pioneered by Minnich et al. in Ref. [4]. The

Maxwell homogenization (Ref. [5]) made in the first step is followed by the second step in

which the Peierls kinetic theory of phonons[6] is employed. The second step, needed due to the

nano-size morphology, transforms the expressions for the effective overall heat conductivity

obtained in the first step into expressions involving microscopic quantities (like for instance

the phonon mean free paths, heat capacities, and the parameters characterizing interactions

of phonons with the interface) entering the phonon kinetic theory. In this paper we concen-

trate in particular on one gain made in such transformation. We can theoretically predict

the temperature dependence of the overall heat conductivity. This is because the kinetic

theory provides a setting for investigating the temperature dependencies of the microscopic

quantities entering it. Having known these dependencies, and having an expression for the

overall heat conductivity in terms of the microscopic quantities, we obtain the temperature

dependence of the heat conductivity of heterogeneous material.

The paper is organized as follows. First, we apply the method used in Refs. [1–3] to a

new morphology, namely to dispersions of rectangular cuboid wires for which there is a large

amount of microscopic simulation data with which our predictions can be compared. This

first part gives us also an opportunity to recall general features of the setting that we have

used for all the morphologies (namely for dispersions of nano-size spheres, nano-size spheres

of different sizes, nano-wires, and nano-spheres & nano-wires). The temperature dependence

of the overall heat conductivity is calculated and presented in the second part.
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7.2 Dispersion of rectangular cuboid wires

The Maxwell homogenization in dispersions of nanowires of infinite length that are all

oriented in one direction leads [7, 8] to the following expression for the overall Fourier heat

conductivity

keff =

∑

i=m,p

kiφi
γβ

(γ−1)β+ki

∑

i=m,p

φi
γβ

(γ−1)β+ki

(7.1)

By the symbol φ we denote the volume fraction of the dispersed phase, k is the thermal

conductivity, and subscripts ”m” and ”p” stand for matrix and dispersed phases respectively.

Depending on the direction of the dispersed particles against heat flow, the parameters γ

and β take different values. γ → ∞ or β = ki for rectangular cuboid wires aligned in the

direction of the heat flow (denoted by ‖), and γ = 2 and β = km for rectangular cuboid wires

oriented in the direction that is perpendicular to the heat flow (denoted by ⊥). In this paper

we consider nano rectangular cuboid wires of thickness ap, width bp, and length L with the

orientation characterized by the angle θ with respect to the orientation of the heat flow.

In order to take into account the nano-size of the wires, we pass now to the phonon kinetic

theory. The thermal conductivity of the homogeneous component arises in the kinetic theory

in the form

k
(j)
i (s, ap, bp, L, θ, T ) =

1

3

∫

C(T, ω)v(T, ω)Λ
(j)
i (s, ap, bp, L, θ, T, ω)dω

j = spec, diff, i = m, p (7.2)

where ω is the phonon frequency, T is the temperature, C denotes the volumetric specific

heat capacity per unit frequency at the frequency ω, v the phonon group velocity, and Λ the

phonon mean free path. By 0 ≤ s ≤ 1, we denote the probability of the specular scattering
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of phonons on the particle-matrix interface is presented. The phonon scattering is diffuse if

s = 0 and specular if s = 1. The angle between the direction of wires and the direction of heat

flux is denoted by θ. Note that θ = 0 if all the nanowires are oriented in the direction of the

heat flow and θ = π/2 if all the nanowires are aligned in the direction that is perpendicular

to the direction of the heat flow. We assume in addition that ap − L face is exposed to heat

flux when θ = π/2

We now continue to investigate further the mean free paths. We begin with the matrix

phase. The Matthiessen rule is employed to express the influence of boundary scattering :

Λ−1 = Λ−1
b + Λ−1

coll + Λ−1
TBR (7.3)

where Λb is the mean free path in the bulk, Λcoll is the mean free path associated with the

collision, and ΛTBR the thermal boundary resistance mean free paths. We now adapt the

method developed in Refs. [1–3] to rectangular cuboid wires of length L and thickness ap and

width bp and arrive at

1

Λm
=

1

Λb,m
+ φ(

1− s

1 + s
+

1

Γ(j)
)(

1

Ξ(‖)
+

1

Ξ(⊥)
) (7.4)

We point out that 1/Ξ(‖) = (1/L + ξ/bp + ζ/ap) cos θ and 1/Ξ(⊥) = (1/bp + ζ/ap) sin θ

are the characteristic lengths of nanowires in ‖ and ⊥ directions respectively. Note that

ξ = ap/(ap +
√

apbp/φ) and ζ = bp/(bp +
√

apbp/φ) denote the probabilities of phonon-wire

scattering when phonon scatters with faces ap − L and bp − L, respectively. The diffuse and

specular behaviour of phonons at the matrix-particle interface is defined by
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Γ(diff) =
3t

(diff)
mp

4(1− 1
2
(t

(diff)
mp + t

(diff)
pm ))

Γ(spec) =
3
∫ µcrit
0

t
(spec)
mp (µm)µmdµm

2(1−
∫ µcrit
0

t
(spec)
mp (µm)µmdµm −

∫ µcrit
0

t
(spec)
pm (µp)µpdµp)

(7.5)

By the symbols tmp and tpm we denote probabilities of the transmission from matrix ”m”

to particles ”p” and vice versa. Explicit expressions for these quantities in both specular and

diffuse transmissions are given in Ref. [1].

Next, we direct our attention to dispersed particles and phonon scattering inside them.

For nanowire in ⊥ direction, we have

1

Λ
(⊥)
p

=
1

Λb,p
+

1

ap(s)
+

1

bp(s)
(7.6)

Note that ap(s) = ap
1+s
1−s

and bp(s) = bp
1+s
1−s

are the effective nanowire thickness and width

respectively [9].

For ‖ direction and when L >> ap, bp, the phonon kinetic theory provides (see [10]) the

expression

Λ(‖)
p = Λb,p(1−

3

2π

∫ π

0

sinψ cos2 ψ

[

∫ arctan(ap/bp)

arctan(−ap/bp)

(1− s)
exp(− bp

2Λb,p sinψ cos δ
)

1− s exp(− bp
2Λb,p sinψ cos δ

)
dδ +

∫ π−arctan(ap/bp)

arctan(ap/bp)

(1− s)
exp(− ap

2Λb,p sinψ cos δ
)

1− s exp(− ap
2Λb,p sinψ cos δ

)
dδ]dψ)

(7.7)

where ψ and δ are the polar and azimuthal angles respectively. In order to take into
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account the influence of the length of nanowires, we modify the expression (7.7) (following

[11]) into

1

Λ
(‖)
p (L)

=
1

Λ
(‖)
p

(

1 +
Λ

(‖)
p

2L(s)

)

(7.8)

Note that L(s) = L1+s
1−s

.

When the angle between the orientation of wires and the heat flux is θ, then (7.6) and

(7.8) combine to give

Λ(s, L, ap, bp, θ) = Λ(‖)
p (L) cos2 θ + Λ(⊥)

p sin2 θ (7.9)

Expressions (7.4) and (7.9) help us to show the influence of boundaries and their properties

created by incorporating nanoscale particle sizes into the homogeneous matrix. Substituting

these expressions into (7.2), the thermal conductivities of the matrix and dispersed phases

which are function of (s, L, ap, bp, θ) are determined. Thus, recalling (7.1) in its appropriate

form, the overall heat conductivity coefficient of the nanodispersion of rectangular cuboid

wires is written as

k(s, L, ap, bp, θ) = s
[

k(‖,spec)(s, L, ap, bp, θ) cos
2 θ

+k(⊥,spec)(s, L, ap, bp, θ) sin
2 θ
]

+(1− s)
[

k(‖,diff)(s, L, ap, bp, θ) cos
2 θ

+k(⊥,diff)(s, L, ap, bp, θ) sin
2 θ
]

(7.10)

Next, we compare (qualitatively and quantitatively) our results with available results ob-

tained by microscopic direct simulations. We make the comparison for Bi2Te3 − Sb2Te3 and

then SiGe which have been considered as candidates for nanostructure materials used in ther-

moelecteric applications. The material parameters are presented in Table(7.1). Note that for

the sake of consistency between the structure of our nanodispersion and the nanodispersions
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investigated previously in [12, 13], it is assumed that ap = bp.

Table 7.1 Material parameters used in calculations

Material C v Λb Density
[×106Jm−3K−1] [ms−1] [nm] [kgm−3]

Si (Ref. [13]) 1.001 2403 172 2330
Ge (Ref. [13]) 0.933 1308 133 5330
Bi2Te3 (Ref. [12]) 0.5 212 31 -
Sb2Te3 (Ref. [12]) 0.53 200 25.4 -

Figures (7.1)a-b show the influence of the volume fraction φ and the size ap of dispersed

Sb2Te3 particles on the thermal conductivity of Bi2Te3 − Sb2Te3 nanodispersion perpendi-

cular to the heat flow direction. We note a good agreement with results obtained from the

Boltzmann-Peirels transport equation for Bi2Te3 − Sb2Te3 nanodispersion [12].

In Figure (7.1)a, we see that an increase in the volume fraction φ leads to a decrease of

k(⊥). This is due to the influence of the phonon-boundary scattering. For a fixed particle size,

an increase in the volume fraction increases the chance of the phonon-boundary scattering

which in turn causes the thermal conductivity to decrease.

Figure (7.1)b, shows that k(⊥) increases monotonically with increasing the size of dispersed

Sb2Te3 particles. The reason behind this enhancement is the decrease of the probability of

the phonon-boundary scattering with the increase of ap leading to a weaker resistance against

heat transfer. In other words, the role of the phonon-boundary interactions (i.e. boundary

resistance) is suppressed at larger particle sizes and the phonon-phonon scattering (i.e. the

internal resistance) dominates. Consequently, the thermal conductivities of the matrix and of

the dispersed particles come close to their values in bulk where the boundary effects are absent

and the macroscopic nature of the heat conduction prevails. Note that the boundary scattering

is expressed in Λcoll and ΛTBR and the internal scattering in Λb. For large dispersed particles

the obstacles to the motion of phonons caused by boundaries are smaller and consequently

the thermal conductivity is higher.

We have also compared our results with the Monte Carlo simulations with SiGe nano-

dispersions [13]. In Figure (7.2)a, Si wires are embedded in Ge matrix. The dispersion of Ge
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Figure 7.1 The effect of (a). volume fraction for ap = 25.4Å, and (b). particle size on the
thermal conductivity of Bi2Te3 − Sb2Te3 nanodispersion in ⊥ direction.

particles in Si matrix is presented in Figure (7.2)b. For both cases, our results are in good

agreement with results of the Monte Carlo simulation in particular for smaller particle sizes.

Theses results confirm again that the boundary scattering, caused by the presence of na-

noscale particles, create strong obstacles against phonon mean free path which then results

in lower thermal conductivity of the dispersion. We can indeed anticipate that a simulta-

neous decrease of the particle size and increase of the volume fraction of the dispersed phase

will intensify impact of the phonon-boundary scattering. In other words, the probability of

phonon-boundary scattering will be greater than the probability of phonon-phonon scattering

at higher volume fractions and smaller particle sizes. This then leads to a significant reduction

in the thermal conductivity. In Figure (7.2)c, we show the agreement between our results and

results presented in Ref[13] for the thermal conductivity of nanodispersion of Si embedded

rectangular cuboid wires in Ge matrix where Si wires are oriented in ‖ direction to the heat

flow. Comparing to the thermal conductivity in ⊥ direction, higher thermal conductivity is

expected in ‖ direction due to less phonon-boundary scattering events. As the final comment

on Figures (7.1)a and (7.2), we can see a dramatic dependence of the thermal conductivity
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Figure 7.2 The sensitivity of the thermal conductivity of (a). Si nanowires embedded in Ge
matrix for ⊥ direction, (b). Ge nanowires embedded in Si matrix for ⊥ direction, and (c). Si
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on the degree of homogeneity of the dispersion. This means that in these graphs the thermal

conductivity curves show an exponential decay behavior with high sensitivity to an incorpo-

ration of dispersed phase at low volume fractions where a small amount of dispersed particles

results in a significant reduction in the thermal conductivity of dispersion. This sharp drop in

the thermal conductivity can be interpreted by the concept of interparticle distance. In this

region, a smaller change in the volume fraction of dispersed phase at a certain particle size

induces an intense reduction in the interparticle distance which then dramatically increases

the chance of the phonon-boundary scattering which then leads to a sharp reduction in the

thermal conductivity. For the central region of the graph we note that the thermal conduc-

tivity is almost independent of φ. In this region the size of the dispersed particles influences

more the thermal conductivity rather than the volume fraction (the behavior investigated in

Refs. [14–17]).

Figure (7.3) depicts the influence of other parameters on the thermal conductivity. In

order to take into account the role of the nanowire alignment, the orientation distribution

function f(θ) presented in Ref. [18] is considered :

f(θ) =
(sin θ)2p−1(cos θ)2q−1

∫ θmax

θmin
(sin θ)2p−1(cos θ)2q−1dθ

(7.11)

where p and q are the shape parameters. We note that when p = q = 1 then the most

probable orientation angle θmod = π/4 ; p = 1 and q > 1 or p > 1 and q = 1, θmod > π/4 ;

when p = 1/2, θmod = 0 ; q = 1/2, θmod = π/2. The nanowires are distributed randomly if

p = q = 1/2.

In Figure (7.3), the dispersion of Si nanowires of thickness ap, width bp and length L in

the Ge matrix is shown. It is observed that the thermal conductivity of dispersion decreases

when the orientation of nanowires changes from 0 toward π/2. This reduction arises due to

an increase in the probability of phonon-boundary scattering. In other words, once the orien-

tation of the nanowires tends toward π/2, the effective cross section for scattering of phonons
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Figure 7.3 Sensitivity of the thermal conductivity of the Si nanowires incorporated in Ge
matrix to orientation of nanowires.

by boundaries increases. Consequently, phonons experience more boundary scatterings and as

the result the thermal conductivity decreases. We also point out that the thermal conductivity

of dispersion increases with increasing the probability of the specular scattering of phonons

on the particle-matrix interface (i.e. with the increase of the speculariry parameter “s”). One

can see that the higher is the specularity parameter, the lower is the phonon confinement at

the interface and consequently the larger is the thermal conductivity. Finally, we note that

phonons are encountered with more obstacles if the width of nanowire bp decreases which

then means that the thermal conductivity decreases.

7.3 Temperature dependence

Now we turn to the main objective of this paper. We use the expressions obtained in the

previous section and similar expressions obtained in Refs. [1–3] to investigate the thermal

dependency of the effective heat thermal conductivity of hybrid heterogeneous materials.

We begin by specifying the temperature dependence of all the microscopic quantities

entering the expression (7.1) and similar expressions obtained in Refs. [1–3].
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First, we assume (following Refs. [19, 20]) that the phonon group velocity is independent

of the temperature.

For the specific heat capacity, we assume [21, 22]

Ci(T, ω) =
3h̄2

2π2v3i kBT
2

ω4 exp(h̄ω/kBT )

[exp(h̄ω/kBT )− 1]2
i = m, p (7.12)

where h̄ is the reduced Planck’s constant, kB is the Boltzmann constant.

For the bulk mean free paths, we take

Λb,i =
exp(θi/T )

BiTω2
, i = m, p (7.13)

where B and θ are constant parameters determined by fitting experimental data[20, 21].

The temperature dependence of the transmission coefficients (t
(diff)
mp and t

(diff)
pm ) entering

(7.5) is given in Ref. [1]

t
(diff)
il = [

3h̄2

2π2v2l kBT
2

∫ ωD,l

0

ω4 exp(h̄ω/kBT )

[exp(h̄ω/kBT )− 1]2
dω]/

[
3h̄2

2π2v2l kBT
2

∫ ωD,l

0

w4 exp(h̄ω/kBT )

[exp(h̄ω/kBT )− 1]2
dω

+
3h̄2

2π2v2i kBT
2

∫ ωD,i

0

ω4 exp(h̄ω/kBT )

[exp(h̄ω/kBT )− 1]2
dω]

i, l = m, p; i 6= l (7.14)

By substituting the above expressions into (7.2) we obtain [19, 20]

ki(ap, bp, L, θ, T ) =
∫ ωD,i

0

h̄2

2π2v2i kBT
2

ω4 exp(h̄ω/kBT )Λi(T, ω)

[exp(h̄ω/kBT )− 1]2
dω

i = m, p (7.15)
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As for the phonon-boundary scattering, we limit ourselves hereafter only to the diffuse

scattering.

As the case study, we take the dispersion of Si wires in Ge matrix. This type of hete-

rogeneous materials is widely used in thermoelectric applications. First, we need to identify

the constants entering the expression (7.13). For silicon and germanium, we use (see Ref. [1])

where the constants have been found by making the best fit with experimental results re-

ported in Ref. [23]. For Si the values are : B = 5.753 × 10−23s2m−1K−1 and θ = 199.2K.

For Ge the values are : B = 1.655 × 10−22s2m−1K−1 and θ = 78.92K. Finally , we use the

temperature dependence given in (7.4) and (7.9).

For the temperature dependence investigation we use the material parameters calculated

by Debye model. This then means that the Debye frequency cutoff of Si and Ge are assumed

to be 9.125× 1013s−1 and 5.14× 1013s−1 [24] and the phonon group velocities for Si and Ge

6400ms−1 and 3900ms−1[25], respectively.

Figures (7.4)a-b, depict k(⊥) as a function of the particle size (note that ap = bp) for

φ = 0.05 and φ = 0.4 at four different temperatures. For lower temperatures, the thermal

conductivity decreases monotonically with decreasing the particle size. This is due to the

relative increasing of the boundary scattering area per unit volume. As the temperature

increases, the sensitivity of the thermal conductivity to the particle size is weakened and

we can observe a smooth trend at higher temperatures. We note that as the temperature

increases, the impact of phonon-phonon scattering reflected by Λb term is strengthened and

at the same time the influence of the phonon-boundary scattering expressed in Λcoll and

ΛTBR terms becomes less significant. In other words, reduction of the thermal conductivity

by creating more obstacles against phonon transport is smaller at higher temperatures.

In order to observe the dependence of k(⊥) on the temperature for different particle sizes

and volume fractions, Figures (7.5)a-b are presented. In both figures we can observe the

same scenario in which a decrease in the thermal conductivity is a consequence of an in-

crease in the temperature. Note that the influence of the particle size (phonon-boundary
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Figure 7.4 Size dependent thermal conductivity of nanodispersions of Si nanowires embed-
ded in a Ge matrix for four different temperatures when (a).φp = 0.05 and (b).φp = 0.4,
respectively.
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scattering) is not taken into account if ap >> Λb. This means that the resistance against

phonon transport caused by boundaries fades. This then implies that the mean free paths

and consequently also the thermal conductivities of the matrix and dispersed particles tend

toward their corresponding bulk values. At lower temperatures, one can see a strong depen-

dence of the thermal conductivity on the particle size and the volume fraction, while, apart

from particle size and volume fraction, almost the same thermal conductivities are observed

at higher temperatures. To sum it up, the phonon-phonon scattering becomes more impor-

tant and the phonon-boundary scattering less important as the temperature increases. We

also see that the thermal conductivity of dispersion is almost independent of temperature

for higher volume fractions and smaller particle sizes (see Figure (7.5)a for ap = 10nm and

φ = 0.3). In other word, the influence of the boundary scattering dominates and the contri-

bution of phonon-phonon scattering (i.e. internal scattering) becomes even smaller than that

of boundary scattering when the nanodispersion is fabricated with higher volume fraction

and smaller size dispersed particles. Generally speaking, the lower is temperature, the hi-

gher is the contribution of phonon-boundary scattering (i.e. boundary resistance) while the

higher is temperature, the more significant is the phonon-phonon scattering (i.e. the internal

resistance).

Figure (7.6)a depicts the comparison between k(‖) and k(⊥). Since phonons experience less

boundary scattering when they travel along L direction, the higher thermal conductivity is

expected in ‖ direction. k(‖)vs.φ is illustrated in Figure (7.6)b. When the volume fraction

increases, a significant reduction of thermal conductivity is observed for lower temperatures,

while the sensitivity of the thermal conductivity to the volume fraction becomes reduced as

the temperature is elevated. Such behavior again confirms the importance of the boundary

scattering at lower temperatures and the internal scattering at higher temperatures. In other

words, when temperature is low (say 200K) and volume fraction increases monotonically, the

boundary scattering plays the key role and the thermal conductivity of nanodispersion (apart

from either in ‖ or ⊥ directions) experiences a significant reduction due to an increase of the
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Figure 7.6 (a) Comparison between the thermal conductivity of nanodispersions in ‖ and
⊥ directions as the function of temperature for different particle sizes and φp = 0.25 and
(b). thermal conductivity of nanodispersions as a function of the volume fraction for ap =
bp = 25nm and different temperatures. Nanodisperions of Si nanowires/Ge matrix has been
illustrated.

effective area for phonon-boundary scattering. Consequently, as the temperature increases

(for example 1000K) the scenario changes and the contribution of phonon-phonon scattering

becomes important, thereby an increase in the volume fraction of the dispersed particles does

not affect significantly the thermal conductivity. We see a weak sensitivity of the thermal

conductivity of nanodispersion to changes in the volume fraction (note an almost plateau

curve for k‖ or ⊥ vs. φ ).

We turn now our attention to our previous work (presented in Ref. [3]) where we have

investigated hybrid dispersion of nanowires and nanospheres. We concentrate on the tempe-

rature dependence. The hybrid dispersion under investigation is composed of nanowires with

radius of a
(w)
p , length of L(w) and volume fraction of φ

(w)
p and nanospheres with radius of a

(sph)
p

and volume fraction of φ
(sph)
p . In Ref. [3], two different methods of homogenizations have been

derived and performed on such hybrid dispersions. It was observed that the results of theses

different approaches are in an excellent agreement. For the sake of simplicity, we take here
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Figure 7.7 Thermal conductivity of hybrid dispersion of Si nanospheres and nanowires in Ge
matrix against the volume fraction of nanospheres for different temperatures when a

(w)
p =

10nm, a
(sph)
p = 100nm, L(w) >> a

(w)
p &a

(sph)
p , θ = π/2 and φ

(t)
p = 0.4 .

the second method of homogenization presented in Ref[3]. In the study the influence of tem-

perature, we assume that only diffuse scattering of phonons on the interfaces takes place. In

Figure (7.7), the thermal conductivity of hybrid dispersion in ⊥ direction is plotted against

the volume fraction of spheres, φ
(sph)
p for four different temperatures. Note that in this figure,

a
(w)
p = 10nm, a

(sph)
p = 100nm, L(w) >> a

(w)
p &a

(sph)
p and φ

(sph)
p + φ

(w)
p = φ

(t)
p , where φ

(t)
p is

the total volume fraction of the dispersed components. In Figure(7.7), φ
(t)
p = 0.4. For lower

temperatures, we note that the thermal conductivity of the hybrid dispersion becomes smal-

ler when the volume fraction of nanospheres decreases (φ
(sph)
p → 0). Provided a

(w)
p < a

(sph)
p ,

such behavior is a consequence of the confinement of the phonon transport by boundaries

when φ
(w)
p → φ

(t)
p . When the temperature increases, another scenario emerges in which the

sensitivity of the thermal conductivity to the composition of hybrid dispersion significantly

decreases and almost a plateau line is observed (see Figure(7.7) for 1000K). This behavior

is observed because the possibility of phonon scattering at high temperatures is mostly the

internal (phonon-phonon) scattering and subsequently the role of the boundary (the phonon-
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boundary scattering) is smaller. Summing up, we note that fabrication of hybrid dispersions

may not lead to a desired flexibility in influencing the thermal conductivity if the tempe-

ratures used in applications are high. We see that at higher temperatures, apart from the

particle sizes, the thermal conductivity of the hybrid dispersion does not dramatically vary

from those nanodispersions of single particle shape of nanowires (φ
(w)
p = φ

(t)
p ) or nanospheres

(φ
(sph)
p = φ

(t)
p ). Figures (7.8) and (7.9) also confirm such observation.

The dependence of the thermal conductivity of hybrid dispersion in ⊥ direction on the

temperature is shown in Figure (7.8). One can see a notable difference between the ther-

mal conductivity of hybrid dispersions at low temperatures, while apart from the size of

nanoparticles, all curves converge at high temperatures. For lower temperatures, the lower

thermal conductivity is expected for a situation in which the influence of phonon-boundary

scattering is more significant. Note that for a fixed volume fraction, the smaller is the par-

ticle size, the stronger is phonon confinement by boundaries. In opposite situation when

a
(w)
p , a

(sph)
p >> Λ

(w)
b ,Λ

(sph)
b (i.e. sign of macroscopic heat conduction where the boundary

scattering is eliminated), the higher thermal conductivity of hybrid dispersion is achieved at

lower temperatures.

Since the boundary scattering does not influence the thermal conductivity at higher tem-

peratures, the advantage of nanostructuration is diminished. Accordingly, no remarkable

difference is found between the thermal conductivities of hybrid dispersions with different

particle sizes.

As shown in Figure(7.9)a-b, the thermal conductivity of hybrid dispersions versus particle

size of wires have been depicted for two temperatures of 200K and 1000K in ‖ and ⊥

directions when a
(sph)
p = 80nm and L(w) >> a

(w)
p &a

(sph)
p . In Figure (7.9)a, φ

(t)
p = 0.2 and

φ
(sph)
p = 0.15 and φ

(t)
p = 0.6 and φ

(sph)
p = 0.2 are considered for Figure (7.9)b.

The illustrations show that the thermal conductivity of the hybrid dispersion is insensitive

to the composition of hybrid dispersion (i.e. φ
(t)
p , φ

(sph)
p &φ

(w)
p ), particle size of nanospheres,

particle size and orientation (either in ‖ or ⊥ directions) of nanowires at higher temperatures
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Figure 7.8 Sensitivity of the thermal conductivity of hybrid dispersion of Si nanospheres and
nanowires in Ge matrix to temperature for different particle sizes when L(w) >> a

(w)
p &a

(sph)
p ,

θ = π/2, φ
(t)
p = 0.3 and φ

(sph)
p = 0.15 .

(see Figures (7.9)a-b for 1000K). This means that the strength of phonon-boundary scattering

created by incorporation of hybrid nanoparticles with different compositions, sizes, shapes

and orientations within a homogeneous matrix reduces as temperature elevated. Therefore,

for high temperature applications, we can not benefit from fabrication of hybrid dispersions.

On the other hand when the temperature is low, the influence of the phonon-boundary

scattering is more significant than the influence of the phonon-phonon scattering and also the

influence of changes in the composition, size, shape and orientation of hybrid nanoparticles.

7.4 Conclusion

In this paper we present two results.

First, we adapt the method used in Refs. [1–3] to nanodispersions of rectangular cuboid

wires. The values of the coefficient of the overall heat conductivity calculated from the ana-

lytical formula derived in the paper agree well with results coming from direct simulations.

We see that : (i) the smaller is the particle size and the higher is volume fraction, the hi-
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Figure 7.9 Thermal conductivity of hybrid dispersion of Si nanospheres and nanowires in Ge
matrix as a function of the nanowire particle size for a

(sph)
p = 80nm, L(w) >> a

(w)
p &a

(sph)
p and

temperatures of 200K and 1000K in ‖ and ⊥ directions when (a).φ
(t)
p = 0.2 and φ

(sph)
p = 0.15

and (b).φ
(t)
p = 0.6 and φ

(sph)
p = 0.2.

gher is phonon-boundary scattering and the lower is the thermal conductivity. (ii) As the

specularity of the interface increases, the confinement of phonons by boundaries decreases

and the thermal conductivity increases. (iii) When more nanowires are aligned perpendicu-

larly (θ → π/2) to the direction of heat flow then the chance of phonon-boundary scattering

increases and the thermal conductivity is lowered.

Second, we systematically study the temperature dependence of the thermal conducti-

vity of hybrid dispersions of particles of various shapes (spheres, circular and rectangular

cuboid wires) and sizes. This investigation is based on the formulas (derived in this and

the previous papers Refs.[1–3]) in which the coefficient of the overall heat conductivity is

expressed in terms of microscopic quantities (like the phonon mean free path) for which the

temperature dependence is known from the phonon kinetic theory. As for the results, we see

that at low temperatures the temperature dependence is sensitive to differences in dispersion

morphologies. Such sensitivity disappears at higher temperatures.
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CHAPTER 8

GENERAL DISCUSSION

From research, economic and engineering considerations, nanostructured materials have

undergone a remarkable progress to manufacture materials for either electric power genera-

tion and solid-state cooling or thermal interface materials applications. It has been pointed

out that performance improvement of these materials significantly depends on the thermal

conductivity properties. It has been conceptually established and experimentally proven that

boundaries produced in nanostructured materials can give the thermal conductivity a size de-

pendence. In other words, the thermal conductivity of nanostructured materials significantly

differ from their corresponding bulk thermal conductivities. Thus, the influence of dominant

parameters on the thermal conductivity of nanodispersions should be determined. It is too

expensive, difficult and time consuming to find experimentally an optimized nanostructure

and optimized geometric factors for specific materials under different processing conditions.

Meanwhile, several ab initio calculations have been used to study the thermal conductivity

in nanostructures. However, it would be difficult to apply ab initio approaches to study the

influence of different parameters such as orientation of anisotropic particles, agglomeration,

and dispersion of hybrid nanoparticles on the thermal conductivity of nanodispersions.

Theoretical approaches are seemingly the best way to predict the thermal conductivity. Howe-

ver, for dispersion of nanostructured particles in a matrix, the effective thermal conductivity

cannot be described by the conventional macroscopic heat transport models in which the

importance of the size and time on the heat transport is not taken into account.

Despite the importance of nanodispersion materials for many practical applications, there

are not many theoretical attempts which have been devoted to understand the heat carrier

transport, and subsequently the thermal conductivity in nanodispersions.

Although theoretical studies can provide a reliable prediction about the thermal conductivity
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of nanodispersions, the effect of some other parameters such as particle size distribution, irre-

gularity of particle and agglomeration shapes would result in a difference between theoretical

and experimental results.

The first part of this work is aimed at fundamentally understanding the possible scattering

mechanisms that a heat carrier can undergo during its motion in a heterogeneous medium.

For the matrix phase, it is assumed that the mean free path of the heat carrier is shortened

due to multiple scattering events between the heat carrier and dispersed particles. Thus, col-

lision and thermal boundary resistance mean free paths are defined as barriers to the heat

carrier motion. The influence of particle size, volume fraction, and orientation can be clearly

observed in the collision and thermal boundary resistance mean free path expressions. Also,

effects of different types of scattering mechanisms including totally specular, totally diffuse,

and partially specular-partially diffuse on the particle-matrix interface are explored. For the

dispersed phase, the heat carrier mean free path is also significantly confined by boundaries.

The collision mean free path for the dispersed phase is then defined as the distance traveled

by the heat carrier before experiencing scattering at the boundary of the particle phase. Ap-

plying the Matthiessen’s rule, the bulk mean free path of the heat carrier presented by the

kinetic theory is modified to take the effect of different scattering mechanisms into account.

Since the effective area for the heat carrier-particle scattering varies with particle geometry,

for different particle shapes, different collision and thermal boundary resistance mean free

paths are defined.

After making the framework, a homogeneous matrix consisting of nano spherical particles is

considered as the first case study. For fully dispersion (no agglomeration) of nanoparticles

in the matrix, reliability of the results is confirmed by available numerical simulation ob-

servations and experimental data. Over a wide range of temperature, the sensitivity of the

thermal conductivity to the volume fraction and particle size is studied. For temperature

dependent studies, specular scatterings on the matrix-particle boundary is not evaluated due

to more complexity. Thus, we restrict ourself to cases where interfaces are totally diffuse. In
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order to make the study more comprehensive, the sensitivity of the thermal conductivity to

the dispersed particle aggregation is addressed. The importance of nonuniform dispersion of

particles in nanodispersions for practical applications has been a motivation to see how the

degree of agglomeration (from fully-dispersed to fully-agglomerated) can be influenced on the

thermal conductivity. Depending on how compact are the agglomerates (the volume fraction

of individual particles inside the agglomerate shows the degree of compaction), the thermal

conductivity either decreases or increases.

After successful evaluation of the feasibility of the model for dispersion of nanospheres, the

impact of anisotropic particles (nanowires) on the thermal conductivity is studied. The in-

fluence of the specularity of the nanowire-matrix interface is determined. Results show that

an increase in the specularity of the interface is led to the thermal conductivity enhancement.

The sensitivity of the thermal conductivity to the radius and volume fraction of nanowires is

also illustrated. The analytical results are in good agreement with previous numerical results.

The proposed framework is further modified to capture the influence of the nanowire length

into account. It seems interesting to observe how the alignment of nanowires can control the

thermal conductivity of dispersions. Results reveal that the thermal conductivity of nano-

dispersions decreases when the orientation of nanowires moves from parallel to the heat flow

direction toward perpendicular to the heat flow direction.

The extension of the framework to include more complicated structures is sought. Thus, the

thermal conductivity of the hybrid dispersion of nanospheres and nanowires is considered as

the next case study. Two different methods of homogenizations are performed to determine

the thermal conductivity of hybrid nanodispersions. The obtained results from both methods

of homogenization are in good agreement. The importance of different governing elements

such as particles size, volume fraction, orientation, specularity of the interface and etc, on

the thermal conductivity of hybrid nanodispersions is illustrated.

Afterwards, the temperature dependent thermal conductivity of the hybrid dispersion of na-

nospheres and nanowires brings very interesting results which can be useful to design hybrid
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nanodispersions for different applications. At higher temperatures, it is observed that size

of particles and composition of the hybrid dispersion do not have a remarkable effect on

the thermal conductivity, while in lower temperatures (room temperature) evidence of the

opposite scenario is found. As another verification of the framework, thermal conductivity of

nanodispersions when the cross section of nanowires changes from circle toward rectangular

is taken into consideration. When compared with simulation observations of Bi2Te3−Sb2Te3
and SiGe nanodispersions, the presented results in this study show a good agreement over a

wide range of particle size and volume fraction.

The presented framework cannot be performed on dispersion of metal nanoparticles in a non-

Figure 8.1 Illustration of coupling process to study heat transfer between metal and non-metal
across the interface[98].

metal matrix due to domination of different types of heat carriers in metals and non-metals.

Note that phonons dominate heat conduction in semiconductors and insulators whereas the

heat carriers in metals are mainly electrons. This restriction can be solved by electron-phonon

coupling inside the metal and subsequently considering interactions between phonons of me-

tal and phonons of non-metal (see Figure(8.1)).

Further modifications on the framework will be required if the heat conduction in nanofluids
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are desired to be included.
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CONCLUSIONS AND RECOMMENDATIONS

8.1 Conclusions

In this dissertation we have developed a fundamental and comprehensive framework for

investigating thermal conductivity in nanodispersions involving a large variety of particles of

different sizes, volume fractions, geometries, and orientations as well as interface properties

between matrix and particles. The study sheds light on how the temperature and disper-

sion of hybrid nanoparticles influences the thermal conductivity. The framework is based on

the phonon viewpoint of heat conduction in nanostructured materials in which the phonon

transport is influenced by several scattering mechanisms in the bulk and on boundaries. The

following conclusions are drawn from this study :

i. For a certain volume fraction, the thermal conductivity decreases with decreasing the par-

ticle size due to strong phonon confinement effects. In other words, phonon confinement is

gradually weakened as the particle size increases and consequently the thermal conductivity

increases. For a specific particle size, two different scenarios can be observed for the evolu-

tion of thermal conductivity of nanodispersions as a function of particle volume fraction. For

smaller particle sizes, the thermal conductivity decreases with increasing the volume fraction

due to monotonic increase in effective area for phonon-boundary scattering. For large particle

sizes, boundary scattering effects are gradually weakened and effective thermal conductivities

of the matrix and dispersed particles tend toward their corresponding bulk values. In this

condition, if the bulk thermal conductivity of dispersed phase is higher than the matrix, the

thermal conductivity of dispersion will increase with increasing the volume fraction.

ii. It was observed that the thermal conductivity is very sensitive to the interface properties

between matrix and dispersed particles. The larger is the specularity of the interface the

lower is the phonon confinement at the interface and consequently the higher is the thermal

conductivity of nanodispersion. For incorporation of anisotropic particles in a host matrix,
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the thermal conductivity appears to be larger when all particles are aligned in heat flow

direction. The thermal conductivity of nanodispersions monotonically decreases when the

orientation of nanodispersed particles shifts from parallel to the direction of heat flux toward

perpendicular to the direction of heat flux.

iii. Depending on degrees of agglomeration of the dispersed particles (from fully dispersed

to fully aggregated) as well as degrees of compactness of the agglomerates, either an increase

or a decrease in the thermal conductivity of nanodispersions was observed.

iv. Fabrication of dispersions consisting hybrid nanospheres and nanowires gives an oppor-

tunity to benefit from the properties of both nanospheres and nanowires.

It was also concluded that composition, size, shape and orientation of nanoparticles do not

play a dominant role on the thermal conductivity of hybrid dispersions when the tempera-

ture is high. At higher temperatures, internal (phonon-phonon) scattering events are more

likely and are more significant than boundary (phonon-boundary) scattering events. On the

other hand, at lower temperatures, boundaries produced by nanoscale particles create strong

obstacles against phonon transport which then implies the thermal conductivity reduction.

Consequently, for high temperature applications, we can not benefit from fabrication of hybrid

dispersions. A similar trend is observed for temperature evolution of the thermal conductivity

for dispersions consisting uniform nanoparticles.

8.2 Recommendations

The following aspects are recommended for more exploration in future studies :

i. In view of the importance of the electrical conductivity particularly in thermoelectric ma-

terials, further studies on the influence of particle size, volume fraction, shape, orientation,

degree of dispersion as well as temperature on the electrical conductivity of nanodispersions

is recommended.

ii. To develop presented framework for nanoporous materials. Note that nanoporous materials

with thermal insulating properties appear to be attractive candidates for sensor development.
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iii. To extent the framework for the thermal and electrical conductivities of nanofluids by

considering the influence of the Brownian motion of nanoparticles.

iv. To present an effective thermal conductivity expression in dispersion of nanometals in

a non-metal matrix by gaining further insight into the heat conduction mechanism across

interfaces between metal and non-metal materials.

v. To study the influence of some important parameters such as interparticle distance effect

and tunnelling process between dispersed particles on the thermal conductivity of dispersions

consisting nanoparticles with different shapes.

vi. To measure the thermal conductivity of nanodispersions in melt state by transient heat

conduction method. To study the influence of the shear rate on the nanoparticle orientation

and consequently on the thermal conductivity of nanodispersions.
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