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Since the 1970s, several authors have studied the structure of the set partitioning polytope and proposed adaptations of
the simplex algorithm that find an optimal solution via a sequence of basic integer solutions. Balas and Padberg in 1972
proved the existence of such a sequence with nonincreasing costs, but degeneracy makes it difficult to find the terms of the
sequence. This paper uses ideas from the improved primal simplex to deal efficiently with degeneracy and find subsequent
terms in the sequence. When there is no entering variable that leads to a better integer solution, the algorithm referred
to as the integral simplex using decomposition algorithm uses a subproblem to find a group of variables to enter into the
basis in order to obtain such a solution. We improve the Balas and Padberg results by introducing a constructive method
that finds this sequence by only using normal pivots on positive coefficients. We present results for large-scale problems
(with up to 500,000 variables) for which optimal integer solutions are often obtained without any branching.

Subject classifications : integral simplex; set partitioning problem; decomposition.
Area of review : Optimization.
History : Received October 2011; revisions received March 2013, October 2013; accepted October 2013. Published online

in Articles in Advance February 20, 2014.

1. Introduction
Consider the set partitioning problem (SPP)

min cx

4�5 Ax = e

xj binary1 j ∈ 811 0 0 0 1 n91

where A is an m · n binary matrix, c an arbitrary n-vector,
and e = 411 0 0 0 115 an m-vector. Let (�′) be the linear pro-
gram obtained from (�) by replacing xj binary with xj ¾ 0,
j ∈ 811 0 0 0 1 n9. We can assume without loss of generality
that A is full rank and has no zero rows or columns and
does not contain identical columns. We denote by Aj the
jth column of A. Also, for a given basis B we denote Āj =

4āij51¶i¶m = B−1Aj .
This article uses some results of Balas and Padberg

(1972), which are presented in detail in §2.1. We first use
their results on the existence of a sequence of basic inte-
ger solutions, connected by simplex pivots, from any ini-
tial integer solution to a given optimal integer solution.
The costs of the solutions in this sequence form a descend-
ing staircase. The vertical section of a step corresponds to
a basic change leading to a decrease in the cost of the solu-
tion. Each step generally contains several basic solutions
associated with the same extreme point of the polyhedron
of �′. These solutions are obtained by a sequence of degen-
erate pivots forming the horizontal section of a step.

We also use the results of Balas and Padberg (1975) on
the necessary and sufficient conditions for a set of columns

to ensure a transition from one integer solution to another
one when they are entered into the basis. A minimal set
satisfying these conditions permits to move to an adjacent
integer extreme point. The authors also present an enumer-
ation method to find minimal sets that allow the transi-
tion from one integer solution to a better adjacent integer
solution.

Several other authors have presented enumeration meth-
ods that move from one integer solution to a better adja-
cent integer solution: Haus et al. (2001), Thompson (2002),
Saxena (2003), and Rönnberg and Larsson (2009). How-
ever, these enumeration methods, moving from a basis to
an adjacent (often degenerate) basis, need in practice com-
putation times growing exponentially with the size of the
problem, mainly due to severe degeneracy.

This article also uses results on the improved primal
simplex (IPS) algorithm for degenerate linear programs
(Elhallaoui et al. 2011, Raymond et al. 2010). These results
are presented in more detail in §2.2. This algorithm sepa-
rates the problem into a reduced problem (RP) containing
nondegenerate constraints and a complementary problem
(CP) containing degenerate constraints. The latter gener-
ates combinations of variables that improve the reduced
problem solution. These variable combinations are minimal
because they do not contain strict subsets that permit the
improvement of the solution.

Section 3 starts with a global view of the integral simplex
using decomposition algorithm (ISUD) we propose in this
paper and contains theoretical results proving its validity.
Each subsection explains and justifies a procedure of the
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algorithm. We discuss the relationships between the combi-
nations of variables generated by the complementary prob-
lem of IPS and the minimal sets of Balas and Padberg
(1975). We present the conditions to be added to the com-
plementary problems to obtain combinations of columns
that permit us to move from one integer solution to a better
one. Interestingly, the generated combinations often satisfy
the conditions and are generally small. When the condi-
tions are not satisfied, we can use a branching method for
the complementary problem to satisfy them. This leads to
an efficient method for obtaining combinations of columns
that permit moving from an integer solution to a better one.

Section 4 presents improvements to Balas and Padberg’s
(1972, 1975) theoretical results on the sequence of adjacent
integer bases permitting to move from an initial integer
solution to an optimal integer solution. We show that ISUD
uses ordinary pivots on positive coefficients only.

Section 5 presents ideas permitting to obtain an efficient
first implementation of the algorithm. This section contains
empirical observations on which some strategies are based
to speed up the algorithm.

Section 6 presents numerical results for bus driver and
aircrew scheduling problems with up to 500,000 variables
and 1,600 constraints. We show that ISUD is able to find
(but not necessarily prove) optimal solutions to the hardest
instances in less than 20 minutes. CPLEX was not able
to find any feasible solution to such difficult instances in
10 hours.

2. Preliminaries

2.1. Results from Balas and Padberg

Balas and Padberg (1972) established the following results.
Two bases for a linear program are called adjacent if they
differ in exactly one column. Two basic feasible solutions
are called adjacent if they are adjacent vertices of the con-
vex polytope that is the feasible set. This distinction is nec-
essary, since two adjacent bases may be associated with the
same solution, and two adjacent (basic) feasible solutions
may be associated with two nonadjacent bases.

The solution associated with a feasible basis B is integer
if and only if there exists Q, a subset of columns of B, such
that

∑

j∈QAj = e. If A is of full row rank, every feasible
integer solution to �′ is basic.

For i = 112, let xi be a basic feasible integer solution to
�′, Bi an associated basis, Ii and Ji the basic and nonbasic
index sets, and Qi = 8j � xj = 19.

Theorem 3.1 (Balas and Padberg 1972). If x2 is an opti-
mal solution to �, then there exists a sequence of adjacent
bases B101B111B121 0 0 0 1B1p such that B10 = B1, B1p = B2,
and

(a) the associated basic solutions x1 = x101 x111 x121 0 0 0 1
x1p = x2 are all feasible and integer,

(b) c · x10 ¾ · · ·¾ c · x1p, and
(c) p = �J1 ∩Q2�.

In the proof of this theorem we see that the column piv-
oted in may have null reduced cost (c̄j = 0) and pivots on
negative āij may appear.

Balas and Padberg (1975) observed the difficulty of iden-
tifying the improving sequence of pivots when the optimal
solution x2 is unknown. The authors stated, “Since set par-
titioning problems tend to be highly degenerate, the feasible
polytope usually contains an enormous number of vertices
adjacent to a given vertex. Furthermore, lexicographic or
similar techniques are of no avail in coping with degen-
eracy, since the sequence of pivots required to reach an
adjacent vertex may include pivots on a negative entry in a
degenerate row” (Balas and Padberg 1975, p. 75).

The article establishes relationships between two adja-
cent or nonadjacent integer solutions, and the sets of
columns on which we must carry out pivots in order to
move from one to the other.

Theorems 1 and 2 (Balas and Padberg 1975) (without
the Tucker tableau notation). Let x1 be a basic integer
solution and I1, J1, and Q1 the associated index sets.

There exists Q ⊆ J1 such that

Q+
=

{

k

∣

∣

∣

∣

∑

j∈Q

ākj = 1
}

⊆Q11 (1)

Q−
=

{

k

∣

∣

∣

∣

∑

j∈Q

ākj = −1
}

⊆ I1 ∩ Q̄1 (2)

∑

j∈Q

ākj = 0 ⊆ I1\8Q
+

∪Q−9 (3)

if and only if

x2
j =

{

1 if j ∈Q∪Q− ∪ 4Q1 −Q+5

0 otherwise

is a feasible integer solution obtained from x1 by perform-
ing pivots on Q.

Remark 1. The columns associated with (entering) vari-
ables in Q∪Q− are disjoint, i.e., not covering the same set
partitioning constraints and these entering variables replace
those in Q+ (the leaving variables).

A set Q ⊆ J1 for which (1)–(2) hold will be called
decomposable if Q can be partitioned into subsets Q∗ and
Q∗∗ such that (1)–(3) hold for both Q∗ and Q∗∗. That means
that columns with indexes in Q ∪ Q− will replace those
with indexes in Q+ in x1 in order to obtain an improved
solution x2.

Theorem 3 (Balas and Padberg 1975). Let x1 and x2 be
two integer solutions to �, with Q = J1 ∩ Q2. Then x2 is
adjacent to x1 if and only if Q is not decomposable.

The paper (Balas and Padberg 1975) describes proce-
dures for generating all-integer vertices of x adjacent to a
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given vertex. Unfortunately, the procedures are combinato-
rial and can not solve large problems.

Corollaries 3.2, 3.3, and 3.5 (Balas and Padberg 1975).
Let x1 and x2 be two nonadjacent vertices in the feasible
domain of � related to each other by pivots on Q = J1 ∩Q2.

(a) Then there exists a partition of Q1Q =
⋃h

i=1 Qi, such
that Qi satisfies (1)–(2) and Qi is not decomposable.

(b) For any H ⊆ 811 0 0 0 1 h9 the pivots on
⋃

i∈H Qi start-
ing from x1 reach a feasible integer solution to �.

(c) Any permutation of 811 0 0 0 1 h9 defines a path of adja-
cent vertices from x1 to x2.

2.2. Results from the Improved Primal
Simplex

We present the results of Elhallaoui et al. (2011) using the
notation introduced by Balas and Padberg (1972, 1975),
and Raymond et al. (2010). We discuss these results for
�′, the linear relaxation of the set partitioning problem,
although they were developed for a general linear program-
ming problem.

The following notation is used (please note the I and J
used in this section for illustrating IPS are different from
the I and J used by Balas and Padberg 1972, 1975). If x ∈

Rn and I ⊆ 811 0 0 0 1 n9 is an index set, xI denotes the sub-
vector of x indexed by I . Similarly for the m · n matrix
A1AI denotes the m · �I � matrix whose columns are indexed
by I . If J = 811 0 0 0 1 n9\I , x = 4xI 1 xJ 5 is used even though
the indices in I and J may not appear in order. In the
same way the superior indices denote the subset of rows.
The vector of all ones with dimension dictated by the con-
text is denoted e.

The paper defines a reduced problem with nondegenerate
constraints. This problem is defined according to a feasible
basis B that provides the basic feasible solution x̄ = B−1b.
Let P be the index set of the p positive components of
this solution. Most of the time, a basic solution to a set
partitioning problem is degenerate and p < m. Let N be
the index set of the zero basic variables. With the partition
(P1N ) of the constraints and after multiplying by B−1 the
linear system Ax = b becomes
[

ĀP

ĀN

][

xP

xN

]

=

[

b̄P

b̄N

]

1 (4)

with b̄N = 0, b̄P > 0, and ĀN
j = 0, ∀ j ∈ P .

Definition 1. The jth variable xj of �′ is said to be com-
patible with this basis if and only if ĀN

j = 0. Otherwise, it
is said to be incompatible.

It is worthy to outline, as observed in Metrane et al.
(2010), that a variable is equivalently said to be compat-
ible with a basis if it is linearly dependent on the posi-
tive (nondegenrate) variables (columns) of this basis. Please
note that the terms “variable” and its associated “column”
are used interchangeably throughout the paper. It is this
observation that is used to prove Proposition 6. Let C ⊆

811 0 0 0 1 n9 be the index set of compatible variables and I =

811 0 0 0 1 n9\C the index set of incompatible variables; xC
and xI are the subvectors of x of compatible and incompat-
ible variables, respectively. The cost vector is partitioned
into cC and cI and the columns of A into AC and AI .

The linear system (4) can be rewritten as follows:

ĀP
CxC + ĀP

I xI = b̄P

ĀN
CxC + ĀN

I xI = 00

The reduced problem RP is obtained by imposing xI = 0.
Hence,

min
xc

cC · xC

subject to ĀP
CxC = b̄P 1 xC ¾ 0

(RP)0

When xI = 0 the constraints indexed by N are satisfied
because ĀN

C = 0.

Observations.
• A compatible variable with negative reduced cost

enters into the basis with a nondegenerate pivot and a lower
cost solution is obtained.

• An optimal solution x∗
C of RP can easily be obtained

with the primal simplex. Each pivot moves from an extreme
point to an adjacent extreme point with a lower cost.
The set P is reduced if degenerate constraints appear.

• Compared to a previous feasible solution, x = 4x∗
C105

is an improved feasible solution to �′.
In §3 we will discuss the optimization of RP when the

starting solution x̄ is integer. The complementary problem
is defined when RP is optimal and P , N , C, and I have
been readjusted if necessary. The complementary problem
is defined with the degenerate constraints, the incompatible
variables, and the reduced cost vector c̄I in the follow-
ing way:

ZCP
= min

v
c̄I · v

subject to ĀN
I v = 01 e · v = 11 v¾ 0

(CP)

where c̄I = cI − cP Ā
P
I .

The one-norm bounding constraint (e · v = 1) also called
convexity constraint plays an important role in the effi-
ciency of the proposed algorithm, as will be discussed
in §5. It helps finding small combinations of columns that
are often disjoint.

Proposition 2 (Elhallaoui et al. 2011). If CP is infeasible
or ZCP ¾ 0 then 4x∗

C105 is an optimal solution to �′.

Lemma 1 (Elhallaoui et al. 2011). If CP is feasible, v∗ is
an optimal solution with ZCP < 0, and S is the subset of
indices for which v∗

j > 0, then adding the variables in S to
RP reduces the cost of the solution.

Proposition 3 (Elhallaoui et al. 2011). The convex com-
bination w =

∑

j∈S Ajv
∗
j is compatible with RP and the set

S is minimal in the sense that no convex combination of a
strict subset of S is compatible with RP .
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Elhallaoui et al. (2010) presented an efficient algorithm
for the linear relaxation of the set partitioning problem
using compatible variables and a reduced problem RP . This
paper contains an interesting result for us.

Proposition 5.6 (Elhallaoui et al. 2010). If x1 is a nonde-
generate feasible integer solution to RP and if there exists
a compatible variable with a negative reduced cost, then
the new solution obtained by pivoting on this variable is
an improved integer solution.

3. The Integral Simplex Using
Decomposition Algorithm

Balas and Padberg (1972) showed that between two integer
solutions there exists a sequence of integer solutions with
nonincreasing costs for which the associated bases are adja-
cent. However, some pivots between adjacent bases must be
carried out on negative coefficients. We propose the inte-
gral simplex using decomposition, a new algorithm based
on the IPS decomposition to find a sequence of adjacent
basic solutions of nonincreasing costs leading to optimality.
Furthermore, the algorithm carries out simplex pivots only
on the positive coefficients. This point is discussed in §4.

ISUD Algorithm (Global View)
Step 0. Start with an initial integer solution.
Step 1.

• Improve the current integer solution with efficient
pivots in the reduced problem (see §3.1 for details).

• Each pivot produces a better integer solution by
increasing one variable. This creates a step in the staircase
with a single basis change to move to a better adjacent
extreme point.

• When there is no improvement with Step 1, go to
Step 2.

Step 2.
• Improve the current integer solution with a solution

to the complementary problem: a group of disjoint vari-
ables having (together) a negative reduced cost (see §3.2
for details).

• This step produces a better integer solution by
increasing many variables. This creates a step in the stair-
case with many basis changes by degenerate pivots before
a nondegenerate pivot, permitting to move to a better adja-
cent extreme point, is executed.

• Some branching can be necessary in this step to
obtain a column-disjoint solution to CP (see §3.3 for
details).

Control step:
• If Step 2 improves the solution, go to Step 1.
• If there is no more improvement with Step 2, the

integer solution is optimal (see §3.4 for details).
We first add a result to the work of Balas and Padberg

(1972). The result is an extension of a basic result of linear
programming on the transition between two adjacent basic

solutions. When x2 is obtained from x1 by a simplex pivot
entering xj into the basis at value 1, we know that

c · x2
= c · x1

+ c̄j = c · x1
+ cj − cBĀj1

where cB is the cost of the basic variables and c̄j is the
reduced cost of variable j . We extend this result to a move
from x1 to x2 with a sequence of pivots on variables of
a set Q. Generally, some reduced costs are modified after
each pivot and the cumulative effect can be complex. In our
case, the properties of the set Q as explained below permit
to prove the following result.

Proposition 4. If x1 and x2 are two integer solutions
related by a sequence of pivots on the variables of a set Q
satisfying (1)–(3), then

c · x2
= c · x1

+
∑

j∈Q

cj − cB ·
∑

j∈Q

Āj 0

Proof. Consider the aggregated variable that is the sum
of the (entering) variables in Q ∪Q− . Its reduced cost is
∑

j∈Q∪Q− c̄j . As outlined in Remark 1, pivoting on variables
in Q has the same effect as pivoting on the aggregated
variable. So, we have

c · x2
= c · x1

+
∑

j∈Q∪Q−

c̄j 0

As the reduced cost of variables in Q− is null because
they are basic, we obtain the desired result:

c · x2
= c · x1

+
∑

j∈Q

cj − cB ·
∑

j∈Q

Āj 0 �

3.1. Improvement of the Current Integer Solution
by RP

This subsection explains and justifies Step 1 of the algo-
rithm. The IPS method is here specialized for set partition-
ing problems starting with an initial integer solution. In this
case, we will see that the optimization of the reduced prob-
lem involves carrying out pivots on variables that move
from one integer solution to a better one.

Let x be an integer solution to the set partitioning prob-
lem and P the index set of its positive components. Define
an associated basis for which the first p variables are those
of P and the remaining m−p are artificial variables of cost
M ; M is sufficiently large to ensure that the artificial vari-
ables do not appear in an optimal solution. The constraints
are also partitioned into (P1N ), where P is the index set
of the nondegenerate constraints and N the index set of the
degenerate constraints. The same set P is used for variables
and constraints because it is the same set after reordering
the constraints and variables to obtain AP

P = I . The basis
with this partition is

B=

[

AP
P AP

N

AN
P AN

N

]

=

[

I 0
AN

P I

]

0 B−1
=

[

I 0
−AN

P I

]

because

[

I 0
−AN

P I

][

I 0
AN

P I

]

=

[

I 0
AN

P −AN
P I

]

=

[

I 0
0 I

]

0
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Multiplying by B−1 the system Ax = b becomes
[

ĀP

ĀN

][

xP

xN

]

=

[

b̄P

b̄N

]

1

where
[

ĀP
j

ĀN
j

]

=

[

I 0
−AN

P I

][

AP
j

AN
j

]

=

[

AP
j

−AN
P AP

j +AN
j

]

1 (5)

ĀN
j = 0 ∀ j ∈ P because AP

P = I , and

[

b̄P

b̄N

]

=

[

I 0
−AN

P I

][

bP

bN

]

=

[

bP

−AN
P bP + bN

]

=

[

e
0

]

0

By definition, the jth variable xj of � is said to be com-
patible with the basis B if and only if ĀN

j = 0.
Using C and I , the index sets of compatible and incom-

patible variables, xC and xI are a partition of the variables,
cC and cI are a partition of the variable costs, and AC and
AI are a partition of the columns of A. The reduced prob-
lem RP is obtained by imposing xI = 0. It is

min
xC

cC · xC

s.t. ĀP
CxC = b̄P 1 xC ¾ 00

(RP)

In this case the basis AP
P = I , b̄P = e, and xP = IxP = e.

Proposition 2. If x is a nonoptimal integer solution to
RP then there exists a compatible variable with negative
reduced cost and the new solution obtained by pivoting on
this variable is an improved integer solution.

Proof. If x is nonoptimal then there exists a compatible
variable with negative reduced cost. Furthermore, if x is
integer, feasible, and nondegenerate then by Proposition 5.6
(Elhallaoui et al. 2010) the new solution obtained by piv-
oting on this variable is an improved integer solution. �
Proposition 3. If we start with a feasible integer solution
to RP , x1, and apply the simplex algorithm while elimi-
nating the degenerate constraints and the resulting incom-
patible columns as they appear, we generate a sequence
x11 x21 0 0 0 1 xk of solutions with the following properties:

1. c · x1 > c · x2 > · · ·> c · xk;
2. x11 x21 0 0 0 1 xk are integer solutions of �;
3. xk is an optimal solution to the linear relaxation of

the final RP problem.

Proof. Given xi, let RP i be the associated reduced prob-
lem. If there exists a compatible variable with a negative
reduced cost, the solution xi+1 after a simplex pivot is inte-
ger and cxi > cxi+1 by Proposition 5. RP i+1 is defined
by eliminating the degenerate constraints if they exist.
The process continues while there is at least one compatible
variable with a negative reduced cost.

The solutions xi of the RP i problems are solutions of �
if we complete them by adding incompatible variables set
to zero values.

xk is an optimal solution to the linear relaxation of the
problem RP k because there are no more compatible vari-
ables with negative reduced costs. �

However, this optimal solution to RP might not be an
optimal solution to �. In the following subsection, we dis-
cuss how to improve it.

3.2. Improvement of the Current Integer Solution
by CP

This section explains and justifies Step 2 of the algorithm
in the basic case when the branching is not necessary. Sec-
tion 3.3 discusses the branching procedure called when
necessary.

We now suppose that x is an optimal integer solution to
RP and RP has been reduced as necessary so that x is non-
degenerate, and B is the associated basis after completing
P with artificial variables. The optimization of the comple-
mentary problem is used to find variables that permit the
improvement of the integer solution if they are all entered
into the current basis. The complementary problem CP is

ZCP
= min c̄I · xI

s.t. ĀN
I xI = 01 e · xI = 11 xI ¾ 00

(CP)

In this case,

ĀN
I = −AN

P A
P
I +AN

I 1

c̄I = cI − 4AP
P 5

−1AP
I cP = cI −AP

I cP 0

Proposition 4. If x∗
C is an optimal integer solution to RP

and CP is infeasible or ZCP ¾ 0 then (x∗
C10) is an optimal

solution to �.

Proof. (x∗
C10) is an optimal solution to �′ by Proposition 5

(Elhallaoui et al. 2011). Since �′ is a relaxation of �, this
integer solution is an optimal solution to �. �

Let x∗
I be an optimal solution to CP and S the set of

indices j ∈ I such that x∗
j > 0.

Proposition 5. The convex combination w =
∑

j∈S Ajx
∗
I is

compatible with RP , and the set S is minimal in the sense
that no convex combination of a strict subset of S is com-
patible with RP .

Proof. This follows from Proposition 6 (Elhallaoui et al.
2011). �

We introduce the following definition before establishing
the relationship between the sets S of IPS and the sets Q
of Balas and Padberg (1972, 1975).

Definition 2. Let S ⊆ I be a set of columns, then S is
column disjoint if Aj1

·Aj2
= 0, ∀ 4j11 j25 ∈ S × S1 j1 6= j2.

For Propositions 6, 7, 10, and 11, consider the following
context: Let x∗

C be an optimal solution to RP having a set
of constraints P , x∗

I an optimal solution to CP , and S the
set of indices j ∈ I such that x∗

j > 0. Consider the case
where c̄I · x∗

I < 0 and S is column disjoint.
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Proposition 6. The value the nonzero variables x∗
j , j ∈ S

take in an optimal solution to CP is x∗
j = 1/�S� for j ∈ S.

Proof. Every solution to CP is compatible. So, we can
say that this solution is a linear combination of the positive
variables of the basis, i.e., the columns of S. Mathemati-
cally speaking,

∑

j∈S xjAj =
∑

k∈P �kAk, where 4�k5k∈P are
reals. The normalization constraint must be satisfied, mean-
ing that

∑

j∈S xj = 1. The optimal solution to CP we are
looking for is integer, i.e., its columns are disjoint. We also
know that the current solution to RP (and also to the origi-
nal problem) is integer. So, we can say that the columns of
this solution are disjoint too. From all of that, we easily can
see that x∗

j = �∗
k = 1/�S�, j ∈ S, k ∈ P is a feasible solution

to CP.
We know, as highlighted in §2.2, that every solution to

CP is minimal. Using the minimalistic property, and as
proven in Elhallaoui et al. (2011), we can confirm that this
solution to CP is unique, in a sense that x∗

j , j ∈ S must take
1/�S� as value. �
Proposition 7. S corresponds to a nondecomposable set
Q (Balas and Padberg 1975) that permits us to obtain x∗∗,
a new lower-cost integer solution to � and Q− = �.

Proof. We consider
∑

j∈S Ā
k
j to determine the variables

that are modified in order to obtain a feasible solution when
we set to 1 the variables with indices in S.

For k ∈N
∑

j∈S

ākj = �S�
∑

j∈S

ākjx
∗

j = 00

For k ∈ P , we have ākj = akj by 5 and
∑

j∈S akj is binary
because the columns Aj , j ∈ S are disjoint.

Let

S+
=

{

k

∣

∣

∣

∣

∑

j∈S

ākj =1
}

⊆P1 Q−
=S−

=

{

k

∣

∣

∣

∣

∑

j∈S

ākj =−1
}

=�0

S satisfies the condition (1)–(2) of Theorems 1 and 2 of
Balas and Padberg (1975) and

x∗∗

j =

{

11 j ∈ S ∪ S− ∪ 4P − S+5= S ∪ 4P − S+5

01 otherwise

is a feasible integer solution to �.
We now calculate the cost of solution x∗∗. By Proposi-

tion 4, we have

c · x∗∗
= c · 4x∗

c 105+
∑

j∈S

cj − cB
∑

j∈S

Āj1

c · x∗∗
= c · 4x∗

c 105+
∑

j∈S

cj − cP
∑

j∈S

AP
j 1

because
{

k

∣

∣

∣

∣

∑

j∈S

ākj 6= 0
}

= S+
⊆ P ⊆ B1 ĀN

j = 01 j ∈ S and

ĀP
j =AP

j 1 j ∈ S0

c · x∗∗
= c · 4x∗

c 105+
∑

j∈S

c̄j because c̄j = cj − cPA
P
j

c · x∗∗
= c · 4x∗

c 105+ �S� · c̄Ix
∗

I 0

Therefore,

c · x∗∗ < c · 4x∗

c 105 because c̄I · x∗

I < 00

Thus, we obtain a new lower-cost integer solution. �
Remark 2. The sets S generated by the CP are a partic-
ularly interesting case of the sets Q of Balas and Padberg
(1975).

Since S− = �, we move from the integer solution (x∗
c 10)

to the adjacent integer solution x∗∗ by adding only the set
S to the variables equal to 1. We do not set to 1 basic vari-
ables that were previously 0. The variables of S+ change
from 1 to 0 as in Balas and Padberg (1975).

3.3. Branching to Obtain Column-Disjoint
Solutions to CP

When the solution to CP is not column disjoint, we use the
following branching method. Let V be the columns of S
that have a nonempty intersection with another column of
S; V = 8j � j ∈ S, there exists i ∈ S such that Ai ·Aj 6= 09.
V 6= � because S is not column disjoint. We define �V �+1
branches, a branch 0 and a branch j for each j ∈ V :

Branch 0: xj = 0 for j ∈ S. These constraints are easy to
impose. It is sufficient to remove the variables set to zero
from CP .

Branch j: xi = 0 for i ∈ I , i 6= j and Ai ·Aj 6= 0 and xj
free. These constraints are easy to impose. It is sufficient
to remove variables set to zero from CP . It would be good
to impose xj 6= 0 in order to have disjoint branches but
this is not easy. We can not impose xj = 1 because in any
solution to CP we have xj < 1. We can not impose xj =

1/�S� because the size of S can change at the next solution
of CP .

All these branches eliminate the current solution xj > 0,
j ∈ S because we fix to zero at least one variable of S.
When exploring the branches, the algorithm gives priority
to the zero branch. The idea is that solutions to CP have a
high probability of being column disjoint. If a solution is
not, we look elsewhere where it probably is. If the solution
to CP in branch 0 is not column disjoint, we branch again
and explore the next zero branch. This deep search con-
tinues as long as the marginal cost of the solution of CP
is negative. If we must explore the j branches to obtain a
solution, we start with j having minimum c̄j .

It is not necessary to explore the full branching tree.
As soon as a column-disjoint solution with a negative
marginal cost is obtained in some branch, it can be added
to RP to improve the current integer solution. The current
tree is abandoned and a new tree is considered at the sub-
sequent iteration.

3.4. Improving the Current Integer Solution by CP
Is Sufficient to Reach Optimality

This section justifies the control step of the algorithm. It is
sufficient to prove that Step 2 permits to reach optimality.
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A pivot in Step 1 is a special case of Step 2 where the
set Q reduces to a single column. Step 1 is a faster way to
improve the integer solution when it is possible.

The following proposition shows that the sets Q with
Q− = � are sufficient to move from an integer solution to
� to an optimal solution to �. For i = 112, let xi be an
integer solution to �, Ii and Ji the basic and nonbasic index
sets, and Qi = 8j � xi

j = 19.

Proposition 8. If x1 is a nonoptimal integer solution to
� and x2 is a lower-cost integer solution to � then there
exists Q ⊆ J1 such that

1. Q+ = 8k �
∑

j∈Q Ā
k
j = 19⊆Q1,

2. Q− = 8k �
∑

j∈Q Ā
k
j = −19= �,

3. Q2 =Q∪Q− ∪ 4Q1 −Q+5,
4. Q is column disjoint.

Proof. Let Q = Q2 − 4Q1 ∩ Q25. To study Q+ =

8k �
∑

j∈Q2−4Q1∩Q25
Āj = 19, we first prove the following

lemma. �
Lemma 2.

∑

j∈Q1−4Q1∩Q25

Āj =
∑

j∈Q

Āj 0

Proof. First
∑

j∈Q1
Aj =

∑

j∈Q2
Aj = e because x1 and x2

are solutions to �.
We obtain by subtracting the Aj , j ∈Q1 ∩Q2:
∑

j∈Q1−4Q1∩Q25

Aj =
∑

j∈Q2−4Q1∩Q25

Aj =
∑

j∈Q

Aj 0

Multiplying by B−1, the inverse of the basis B associated
with x1, we obtain

∑

j∈Q1−4Q1∩Q25

Āj =
∑

j∈Q

Āj 0 �

Proof of 1. We have

Q+
=

{

k

∣

∣

∣

∣

∑

j∈Q1−4Q1∩Q25

Āj = 1
}

=Q1 − 4Q1 ∩Q25⊆Q1

because

Āj = ej for j ∈Q11 where ej is a column of I 0

Proof of 2. We have

Q−
=

{

k

∣

∣

∣

∣

∑

j∈Q

Āk
j = −1

}

=

{

k

∣

∣

∣

∣

∑

j∈Q1−4Q1∩Q25

Āj = −1
}

= �

because

Āj = ej for j ∈Q10

Proof of 3. We have

Q∪Q−
∪4Q1 −Q+5

=4Q2 −4Q1 ∩Q255∪�∪4Q1 −4Q1 −4Q1 ∩Q2555

using the definition of Q and the values of Q− and Q+.

=4Q2 −4Q1 ∩Q255∪4Q1 ∩Q25=Q20

Proof of 4. Q is column disjoint because Q ⊆Q2, which
is a basic integer solution of the set partitioning problem.

Let us show that Q of Proposition 11 defines a column-
disjoint solution to CP with a negative reduced cost.

Proposition 9. If x1 is a nonoptimal integer solution to �,
x2 a lower-cost integer solution to �, and Q the set defined
in Proposition 11, then x̂j = 1/�Q�, j ∈Q and x̂j = 0, j yQ
is a feasible solution, with a negative reduced cost, to the
complementary problem defined from x1.

Proof. For the solution x1, Q1 is the index set of the non-
degenerate constraints and its complement N is the index
set of the degenerate constraints:
∑

j∈Q

Āj =
∑

j∈Q1−4Q1∩Q25

Āj by Lemma 20

=
∑

j∈Q1−4Q1∩Q25

ej because Āj = ej1 j ∈Q10

Therefore,
∑

j∈Q

ĀN
j =

∑

j∈Q1−4Q1∩Q25

0N
= 0 because N ∩Q1 = �0

Hence,

∑

j∈I

ĀN
j x̂j =

∑

j∈Q

ĀN
j x̂j =

1
�Q�

∑

j∈Q

ĀN
j = 00

The last constraint is also satisfied:

e · x̂ =
∑

j∈I

x̂j =
∑

j∈Q

x̂j = �Q� ·
1

�Q�
= 10

The reduced cost of this solution is
∑

j∈Q c̄j · x̂j =
∑

j∈Q c̄j41/�Q�5= 41/�Q�5
∑

j∈Q c̄j .

This value is calculated from the result of Proposition 4:

c · x2
= c · x1

+
∑

j∈Q

cj − c ·
∑

j∈Q

Āj 0

Hence,

0 > cx2
− cx1

=
∑

j∈Q

cj − cB ·
∑

j∈Q

Āj1

0 >
∑

j∈Q

cj − cP
∑

j∈Q

ĀP
j − cN ·

∑

j∈Q

ĀN
j

using the row partition (P1N ), on the column.

In the basis, a column corresponds to each row:

0 >
∑

j∈Q

cj − cP
∑

j∈Q

AP
j because

∑

j∈Q

ĀN
j = 0 and ĀP

j =AP
j 1

0 >
∑

j∈Q

c̄j 0

The reduced cost of this solution is thus negative. �
Remark 3. The set Q from Propositions 11 and 12 can
be decomposable. In this case, there are nondecomposable
subsets Qi of Q. Proposition 12 also applies to each set Qi.
Each Qi defines a minimal feasible solution to the comple-
mentary problem.
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4. Improvement of Balas and Padberg
Results on the Sequence of Adjacent
Bases Leading to Optimality

Balas and Padberg (1972, 1975) proved the existence of
a sequence of adjacent bases of nonincreasing cost from
an initial integer solution to a given better integer solution.
Their sequence uses some pivots on negative Āk

j . ISUD is a
constructive approach producing a sequence without pivots
on negative Āk

j and does not need to know a better a priori
integer solution.

4.1. The Type of Pivots Used by the ISUD
Algorithm

As discussed in §3, the RP can be solved with the simplex
algorithm using regular pivots on positive Āk

j . The pivots
on negative Āk

j are not necessary with ISUD. In the other
algorithms presented in the literature (Balas and Padberg
1972, 1975; Haus et al. 2001; Rönnberg and Larsson 2009;
Thompson 2002), the basis contains zero variables. Degen-
erate pivots on negative Āk

j are used to exchange some zero
variables in the basis with nonbasic variables. In ISUD,
there are no zero basic variables, and these kinds of pivots
are not necessary.

The CP can also be solved with ordinary simplex pivots.
It is an ordinary linear programming problem embedded in
a branching tree. Because ISUD uses only ordinary simplex
pivots the algorithm can be implemented with a regular
simplex algorithm program without any internal modifica-
tion. We implemented it with CPLEX taking advantage of
all the know-how embedded in this black box.

4.2. The Number of Pivots in ISUD

Balas and Padberg (1972, 1975) present a bound on the
number of primal pivots in their sequences of adjacent
bases between two integer solutions but the proof supposes
the knowledge of the final solution. ISUD does not use
this information and does not have the same strong result.
It is possible to prove that ISUD does exactly �S� pivots
when adding a set S to improve the solution of RP (see
Propositions EC.1 and EC.2 in the e-companion available
at http://dx.doi.org/10.1287/opre.2013.1247). This proof is
not for a practical use. Actually, ISUD uses a better and
simple solution method to update the current integer solu-
tion (see §5).

When we solve CP with the primal simplex without
knowing the set S in advance, more than �S� pivots may be
necessary to reach the optimal solution when the entry cri-
terion is to choose the variable with the minimum reduced
cost. For example, if there are several sets Sl defining fea-
sible solutions of CP , we can enter into the basis variables
from several Sl via degenerate pivots before to reach an
optimal solution. Indeed, even if Sl∗ has a minimal mean
marginal cost (i.e.,

∑

j∈Sl∗
c̄jxj is minimal s.t.

∑

j∈Sl∗
xj = 1)

this does not imply that the c̄j of the set Sl∗ are inferior to
all the c̄j of the set I − Sl∗ .

The e-companion translates the sequence of basic solu-
tions generated by ISUD into the original polyhedron and
discusses the difference with the sequence of Balas and
Padberg.

5. Implementation Tips
This section presents some efficient methods to solve the
reduced problem and the complementary problem. For
example, the multi-phase strategy explained below permits
a significant speedup of the algorithm. The justifications in
this section are based on intuitive discussions, observations,
and numerical results presented in §6. Nothing in this sec-
tion can infirm the validity of the algorithm. The effects are
only on its speed.

The RP is a nondegenerate linear program. It can easily
be solved with the primal simplex algorithm. Each pivot
improves the solution. Furthermore, the pivots are regular
pivots on positive Āk

j . The implementation of ISUD per-
forms better than the simplex algorithm in solving the RP
by using the following remark.

Remark 4. In Step 1 and Step 2, modifications to the RP
solution can be conducted without using simplex pivots.

Actually, updating the RP solution (that is also solution
to the original problem) either by entering into the basis a
single compatible variable xj (in Step 1), (say S = 8j9) or
by many incompatible variables xj , j ∈ S (in Step 2), where
S is associated with a solution to CP , is done as follows:

• the new solution is obtained by changing from 0 to
1, xj , j ∈ S and by changing from 1 to 0 the variable(s)
covering the same constraints,

• the new basis is still I,
• the new dual variables are � = cB B−1 = cB I = cB.
And because CP is severely degenerate primal simplex is

not a good algorithm to solve it, the dual simplex is a more
appropriate algorithm. The solution that sets to 1 the vari-
able with the most negative reduced cost is a good starting
dual feasible solution. Another method that is effective for
this problem is the Presolve algorithm of CPLEX. It often
reduces the CP problem by more than 90% and the solu-
tion to the residual problem with the dual is rapid. In §6,
we present numerical experiments on the solution of the
complementary problem.

The numerical results show that the set S associated with
the optimal solution to CP is not only minimal but gener-
ally small. Indeed, for the solutions in the form identified
in Proposition 9, the objective value is 41/�S�5

∑

j∈S c̄j . It is
therefore equal to the average cost of the c̄j in S. This
cost is minimal if S contains the smallest c̄j allowing the
constraints to be satisfied. Increasing the set S leads to the
addition of larger c̄j values. We discuss the potential impact
of the test problems properties on the size of sets S in the
numerical results section (§6). Another formulation of CP
has been considered; it replaces the constraint

∑

i∈I xi = 1
by xi ¶ 1, i ∈ I . This formulation produces much larger
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sets S and does not have the same good properties: S is
larger and not minimal, the probability of being column
disjoint is small, and the values of the positive variables
can be different of 1/�S�.

Small S sets are more likely to be column disjoint.
Indeed, we will see in the numerical results that the opti-
mal solutions of CP are often column disjoint even if this
constraint is relaxed. The solution of CP is therefore an
effective way to identify sets of columns that permit us
to move from one integer solution to an adjacent integer
solution of a lower cost.

The multi-phase strategy introduced by Elhallaoui et al.
(2010) could be used here to accelerate solving CP . This
strategy proceeds through a sequence of phases. Each phase
corresponds to a different level of partial pricing. The level
is defined by the number of incompatibilities that a col-
umn j ∈ I can have with respect to the partition defined
by the integer solution to RP . Let the cluster of this parti-
tion defined by the columns for which xl = 1, l = 11 0 0 0 1 p
be Wl = 8k � Ak

l = 19, l = 11 0 0 0 1 p. This number can be
mathematically defined as follows:

Definition 3. Given a partition Wl = 8k � Ak
l = 19, l =

11 0 0 0 1 p and a column j , the number of incompatibilities
of j with respect to W is given by kWj =

∑p
l=1 klj , where

klj is equal to 1 if column j covers some, but not all, of
the elements in Wl, and 0 otherwise. A column j and its
associated variable xj are said to be k-incompatible with
respect to W if kWj = k. Compatible columns and variables
are also qualified as 0-incompatible variables.

A phase of the ISUD algorithm is defined as follows.

Definition 4. The ISUD algorithm is said to be in phase
k when, among the variables xj , only those that are q-
incompatible with q ¶ k are priced out by CP. k is called
the phase number.

The sequence of phases that the algorithm goes through
is predetermined and, to ensure the exactness of the algo-
rithm, it must terminate with a phase where all variables
are priced out. Observe that p is an upper bound on
kWj . The advantages of the multi-phase algorithm on the
mono-phase algorithm are presented in the experimentation
section.

The results in §6 are produced with the implementation
tips described above.

6. Experimentation
We tested the ISUD algorithm on a 2.8 Ghz dual core Linux
machine where a single processor is used. The solver used
is CPLEX (version 12.0). In our experiments, we run both
CPLEX and ISUD on different instances and compared
their performances. On the ISUD side, we included results
from its mono-phase and multi-phase versions. The mono-
phase version refers to the version of ISUD where we do
not use the multi-phase strategy.

This first experimentation presents results from a heuris-
tic branching for CP . The branching is a deep search
without backtracking; exploring only the zero branch.
The exploration stops when the reduced cost of the solution
becomes greater or equal to zero. This partial exploration
produces optimal solutions in many cases and near optimal
solutions in the majority of the other cases.

6.1. Instances

To test the performance of ISUD on problems of different
size, we used three problems:

• sppaa01 (small): aircrew scheduling problem from
OR-Lib (∼ 800 constraints × 81000 variables).

• vcs1,200 (medium): randomly generated bus and
driver scheduling problem (∼ 11200 constraints × 1301000
variables).

• vcs1,600 (large): randomly generated bus and driver
scheduling problem (∼ 11600 constraints × 5001000
variables).

The number of nonzeros per column is in average nine
in sppaa01 and 40 in vcs1,200 and vcs1,600 instances.
These numbers of nonzeros are typical for aircrew and bus
driver scheduling problems. They do not increase with the
number of constraints. They are related to the number of
flights per pairing for aircrews and the number of pieces of
work per duty for bus drivers. Thus, these problems become
fairly sparse when the number of constraints increases. This
should help obtain disjoint columns in CP solutions more
frequently. The ISUD is well adapted to real-life large-scale
vehicle and crew scheduling problems and probably would
work better on larger problems.

ISUD needs an initial solution to start from. So, those
problems are first solved using CPLEX for the small
problem and GENCOL for the medium and large prob-
lems. GENCOL is a commercial software developed at the
GERAD research center in Montreal and now owned by
AD OPT Technologies, a division of KRONOS. GENCOL
supports the column generation method and is widely used
to solve vehicle and crew scheduling problems. For the set
partitioning problem, a greedy heuristic produces infeasible
solutions most of the time. We discuss at the end of §6.2
the results obtained when starting up the ISUD with such
greedy poor solutions.

We developed a method to randomly perturb the optimal
solution to obtain a feasible initial solution with a certain
level of good primal information similar to initial solutions
generally available in practice for crew scheduling prob-
lems. The columns of the perturbed solution are added to
the problem with a high cost. This method permits to obtain
many instances (many starting solutions) from an initial
problem.

The motivation behind this perturbation method comes
from two observations. Firstly, in crew scheduling prob-
lems, we observe that crews do not change their vehicles
very often; their rotations have thus many parts in common
with the vehicle routes. Secondly, for reoptimization of

D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
s.

or
g 

by
 [

13
2.

20
7.

4.
76

] 
on

 1
2 

N
ov

em
be

r 
20

25
, a

t 1
3:

01
 . 

Fo
r 

pe
rs

on
al

 u
se

 o
nl

y,
 a

ll 
ri

gh
ts

 r
es

er
ve

d.
 



Zaghrouti, Soumis, and El Hallaoui: Integral Simplex Using Decomposition
444 Operations Research 62(2), pp. 435–449, © 2014 INFORMS

crew or vehicle schedules during their operation we notice
that reoptimized solutions deviate slightly from planned
ones. Consequently, many consecutive tasks (flights, bus
trips) on the initial paths (the vehicle or planned solu-
tion paths in aircrew or bus and crew scheduling problems
described above) will remain grouped in an optimal solu-
tion. The variables are associated with paths (pilot or driver
schedules) that are feasible with regards to a set of prede-
fined rules. A path contains an ordered sequence of tasks
and possibly other activities (breaks, rests, briefings, 0 0 0 ).

We can consider as a measure of good primal informa-
tion the percentage of consecutive pairs of tasks in the
initial solution that remain grouped in the optimal solu-
tion. An initial solution following the bus route as much as
possible has generally 90% or more of good primal infor-
mation. In fact, in an optimal solution a bus driver stays
on the same bus over 90% of the relief points, i.e., loca-
tions where driver exchanges can occur. Similarly, an ini-
tial crew pairing solution following the aircraft route has a
high percentage of good primal information. For the short
and medium haul problems, crews operate approximately
five flights a day. Generally, more than 50% of them stay on
the same aircraft all the day. The others change the aircraft
one or two times a day. Less than 5% changes the aircraft
two times. At the end of their working day, 20% operate
the same aircraft the following day. For a typical day of
five flights, we have an average of 1.35 aircraft changes
(008 × 1 at the end of the day, and 005 × 0 + 0045 × 1 +

0005 × 2 during the day). From that, we can conclude that
an aircrew changes the aircraft (after a flight) 27% (1035/5)
of the time or less. Meaning that an initial solution follow-
ing the aircraft routes has more that 73% of good primal
information.

Below, we present a perturbation process of the optimal
solution to create an initial solution with a high percent-
age of good primal information. The perturbation process
of a solution consists in randomly selecting two of its
columns and replacing them with two columns covering
same tasks as the two original columns. The perturbation
process chooses two tasks belonging to two different paths
in the solution (set of paths) and connecting them to create
a new path.

This process is repeated until the number of unchanged
columns (belonging to an initial solution) goes below a cer-
tain percentage of the number of columns in the solution.
For our tests, we set this number to 50%, 35%, and 20%.
Also, the newly generated columns are added to the prob-
lem and given the maximum cost of all columns in the
problem. The perturbed columns are often selected again
for supplementary perturbations and this process can go far
from the initial optimal solution. Note that the optimal solu-
tion columns are not removed from the problem. The per-
centage of good primal information in the initial solutions
we start from is discussed in the following subsection.

6.2. Results

Table 1 shows the mono-phase version of ISUD and
CPLEX results from a set of 10 executions on different
instances of the small problem (perturbed to 50%). We read
from left to right: the percentage of the optimal solution
columns left in the initial solution, the ISUD execution
time, the CPLEX execution time, the time ratio comparing
the performance of the two algorithms, the initial ISUD
error on the optimal objective value (a percentage express-
ing how far is the optimal value from the one ISUD starts
from), the final ISUD error, the number of CPs solved
by ISUD, the number of the ones that had disjoint solu-
tions among them, the maximum size of the disjoint solu-
tions and their average. The bottom line contains column
averages.

The mono-phase version was able to find disjoint solu-
tions in 73% (on average) of the cases and succeeds to
reach optimality in seven instances over 10. However,
CPLEX was faster than the mono-phase version for this
small problem. In fact, we include all the incompatible
columns in CP . So, the CP time increases significantly
and CP may select large sets of nondisjoint columns as
candidates to improve the current solution. This means
that strategies that help reducing CP time (like the multi-
phase strategy) are needed to efficiently solve set partition-
ing problems. In three instances, the mono-phase version
failed to reach optimality and the error was high. Actually,
since the branching implemented is deep only, columns that
would possibly be part of a better disjoint solution could
be eliminated. A more sophisticated branching may reduce
such errors.

Table 2 shows results for the multi-phase version of
ISUD and CPLEX on 10 instances of the small problem
for each level of perturbation. Two new columns are added
to this table: the time ISUD reached its optimal solution
(Opt.) and the phase in which ISUD finds its best solution
(Phase). In this table, we observe that the multi-phase ver-
sion is faster than CPLEX in most cases (and obviously
largely faster than the mono-phase version). It reaches opti-
mal solutions even faster in nine cases over 10. Actually,
it produces solutions with less error on the objective value
than the mono-phase version. Interestingly, it presents a
higher ratio of disjoint solutions (81%) than the mono-
phase version; which means it, more often, finds disjoint
solutions without a need to branch. Observe that the solu-
tion time increases with the perturbation level of the initial
solutions.

Figure 1 shows how fast each algorithm (mono-phase
ISUD, multi-phase ISUD, CPLEX) reaches an optimal
solution on instance 1 of the small problem perturbed to
50%. The multi-phase version of ISUD is definitely faster
than the mono-phase version. Even if it solves more com-
plementary problems than the mono-phase version, those
problems are way smaller. In fact, it makes more iterations
with small improvements to the initial solution but in a very
short time. In this example, CPLEX is the fastest. Figure 2
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Table 1. Mono-phase ISUD vs. CPLEX (small instance).

Time (sec.) Objective value (%) CP solutions

Orig. col. (%) ISUD CPLEX Ratio % Init. err. Err. Total Disj. Max Avg.

50 27 5 540 36006 0 15 13 17 309
24 17 14102 35704 0 14 11 13 407
30 13 23008 34707 0 17 15 11 305
28 16 175 35608 20203 20 9 7 207
25 14 17806 35303 0 17 15 13 304
24 16 150 35208 0 13 11 15 408
32 15 21303 36402 0 17 15 9 305
14 17 8204 368 31109 10 3 2 2
28 16 175 36001 0 15 12 14 402
10 15 6607 36609 27601 8 3 8 4
2402 1404 19503 358078 79003 1406 1007 1009 3067

Table 2. Multi-phase ISUD vs. CPLEX (small instance).

Time (sec.) Objective value (%) CP solutions

Orig. col. (%) ISUD Opt. CPLEX Ratio % Init. err. Err. Phase Total Disj. Max Avg.

50 12 6 5 240 36006 0 4 35 29 6 204
9 4 17 5209 35704 0 3 38 31 7 204
9 5 13 6902 34707 0 4 33 27 4 204

13 10 15 8607 35608 0.1 5 56 39 8 209
9 5 13 6902 35303 0 4 33 27 4 204
8 4 16 50 35208 0 4 33 27 5 206
8 4 14 5701 36402 0 4 38 32 5 202

10 6 18 5506 368 0 4 41 33 9 209
11 7 16 6808 36001 0 5 32 26 7 205
10 5 15 6607 36609 0 4 36 31 10 205

909 506 1402 81062 358078 0.01 401 3705 3002 605 2052
35 12 8 13 9203 47201 0 5 42 33 7 3

13 8 16 8102 47208 0 6 39 29 19 304
9 4 18 50 46407 0 3 37 31 7 206

10 6 9 11101 46804 0 5 35 27 17 301
10 6 14 7104 46305 0 4 37 32 5 208
11 8 15 7303 46603 0 5 50 39 8 208
16 13 18 8809 45603 0 5 43 36 10 305
10 5 15 6607 47106 0 3 46 39 5 203
12 8 13 9203 46902 0.6 4 46 37 10 301

9 6 7 12806 46406 0 5 40 30 7 207
1102 702 1308 85058 466095 0.06 405 4105 3303 905 2093

20 12 9 14 8507 57002 0 5 44 40 15 303
19 15 18 10506 561 0 5 53 44 8 301
13 8 19 6804 55909 138.2 5 44 23 18 403
14 10 7 200 55707 0 4 48 43 13 303
18 14 17 10509 56205 0 5 52 43 13 306
14 10 14 100 561 0 5 42 33 12 304
12 7 10 120 57301 0 4 47 40 8 208
16 12 19 8402 56906 0 6 51 40 8 302
17 12 17 100 56903 0 4 63 51 14 303

9 4 13 6902 57307 200.6 4 43 31 11 305
1404 1001 1408 10309 56508 33.88 407 4807 3808 12 3038

represents multi-phase ISUD and CPLEX on instance 4 for
the small problem perturbed to 50%. The multi-phase ver-
sion is faster than CPLEX but not optimal because of the
partial branching. This version of ISUD finds many inte-
ger solutions that are close to each other. This property is
good when using heuristic stopping criteria in large-scale
problems.

Tables 3–4 show the same information collected on exe-
cutions of the multi-phase version of ISUD, which we
refer to hereunder by ISUD (without mentioning that is
mutiphase), on the medium and large instances. The tables
do not show any CPLEX execution because the latter
was not able to find any integer solution in a reason-
able time. In fact, we tried CPLEX to solve six samples
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Figure 1. Mono-phase ISUD vs. multi-phase ISUD vs. CPLEX (small problem, instance 1, 50%).
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Figure 2. Multi-phase ISUD vs. CPLEX (small problem, instance 4, 50%).
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(three instances of the medium problem and three of the
large one). All the tests were aborted after 10 hours of
CPLEX runtime. CPLEX showed an average of 69.55 sec-
onds on the LP relaxation solution time for the medium
instances and 592.25 seconds for the large ones. Within the
time frame of 10 hours, not even a single integer solution
was encountered for all the samples. Interestingly, CP pro-
duces relatively small convex combinations with size vary-
ing between 2 and 13. These convex combinations are often
column disjoint (89%). The ISUD results are very good for
both medium and large instances. When the initial solution
is far from the optimal solution, the quality of ISUD solu-
tions decreases and the computation time increases. Devel-
oping smart heuristics to find better initial solution will help
reducing ISUD time especially for large instances.

The mutli-phase version of ISUD outperforms CPLEX in
most test cases. They behave in the same way for small test
instances with a slight advantage for ISUD, but for large
instances, ISUD solves in few minutes what the CPLEX
cannot solve.

We can say that ISUD is particularly useful when the
size of the problem is large. As a whole, we conclude the
following:

• ISUD reaches optimal solutions most of the time.
• ISUD is faster than CPLEX.
• ISUD is relatively stable compared to CPLEX.
• The quality of ISUD solutions is better for large prob-

lems (smaller error).
• The solution time increases with the perturbation level

of the initial solutions. It profits from a good heuristic solu-
tion if available.
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Table 3. ISUD results for medium instances.

Time (sec.) Objective value (%) CP solutions

Orig. col. (%) ISUD Opt. Init. err. Err. Phase Total Disj. Max Avg.

50 59 24 53043 0 4 15 14 3 201
89 55 51039 0 5 17 16 3 201
81 51 53043 0 5 16 15 3 202

126 55 53044 0 5 15 14 4 204
145 93 51038 0 6 15 12 6 204

63 32 51038 0 5 16 15 3 201
165 107 51038 0 6 18 16 3 201
264 110 51038 0 6 18 16 3 201
200 102 51038 0 7 19 15 5 203

57 21 51038 0 4 15 14 3 201
12409 65 52000 0 503 1604 1407 306 2019

35 221 165 65077 0 6 24 21 4 203
98 68 65077 0 5 18 17 4 203

147 80 65077 10.27 6 19 15 3 203
308 128 67083 12.33 7 22 17 3 202
360 191 65077 0 7 23 19 5 205
159 107 67083 0 6 22 20 6 203
324 222 67082 0 7 24 20 4 204
114 60 65077 0 6 16 14 8 207
167 113 65077 0 6 22 19 5 203
167 110 67083 0 6 22 20 3 202
20605 12404 66059 2.26 602 2102 1802 405 2035

20 397 230 82021 0 8 22 17 8 302
268 201 82021 0 6 26 24 4 206
142 105 82021 0 5 25 24 5 205
241 176 82021 0 6 25 23 5 207

89 64 82021 41.11 6 15 15 4 205
38 17 82021 63.72 6 8 8 3 201

383 215 82021 0 8 27 21 5 206
243 146 82021 22.61 6 21 18 4 206
298 124 82021 0 6 23 21 5 206
114 55 82021 32.88 6 16 15 5 204
22103 13303 82021 16.03 603 2008 1806 408 2058

• CP produces relatively small and often disjoint convex
combinations with size varying between 2 and 19.

These good results were obtained on airline crew pair-
ing problems and on bus driver scheduling problems. These
are two important domains where set partitioning prob-
lems are utilized by the industry. In these domains, it is
easy to obtain an initial solution containing good primal
information.

Table 5 presents some information on the initial solution
of the first problem of each group. We observe that the
percentage good primal information is similar to what is
available for real-life crew scheduling problems. The last
two columns of Table 5 give the maximum and the aver-
age degree of incompatibilities of the columns. These large
numbers prove that the same columns were perturbed many
times. The number of perturbations grows with the size of
the problem. We needed to perturb more before reaching a
desirable percentage of unperturbed columns.

We also experiment with a greedy solution for the small
problem. This solution has only 29% of good primal infor-
mation and 37% of the flights are covered with artificial
variables. The ISUD improved 46 times the greedy solu-

tion, i.e., ISUD found a decreasing sequence of 46 integer
solutions, before stopping and reduced to 7% the number
of flights covered by artificial variables. The mean cost per
column (excluding the artificial ones) was 35% below in
the greedy than the mean cost per column in the optimal
solution. The greedy solution contains columns good with
regards to the dual feasibility but very poor in primal infor-
mation. It is the opposite of what ISUD likes to exploit.

It is also possible to have good primal information for
vehicle, crew, and many other personnel scheduling prob-
lems when we reoptimize a planned solution after some
perturbations. A large part of the planned solution will
remain in the reoptimized solution. A similar situation
appears in two-stage stochastic programming solved with
the L-shaped method. For each scenario, a subproblem
updates the planned solution according to the modified
data. A large part of the planned solution remains in the
solution of each subproblem.

Even if the conclusion of the experimentation cannot yet
be generalized to all set partitioning problems, it is already
applicable to a wide class of problems very important in
practice. For the other problems, one could see how to
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Table 4. ISUD results for large instances.

Time (sec.) Objective value (%) CP solutions

Orig. col. (%) ISUD Opt. Init. err. Err. Phase Total Disj. Max Avg.

50 996 461 51088 0 6 18 18 4 204
11173 542 50034 0 6 19 19 4 202

473 194 50034 0 5 17 17 4 202
303 198 50035 13.73 5 15 15 2 2

11815 520 50034 0 7 16 16 4 205
392 183 51087 0 5 19 19 3 201
725 323 50034 10.68 7 16 13 4 203

11050 376 50035 0 6 17 17 4 202
918 321 51087 0 6 16 16 4 204

21887 648 50034 0 7 19 19 3 202
1107302 37606 50080 2.44 6 1702 1609 306 2025

35 11258 632 65060 0 6 25 25 3 202
11166 557 65060 0 6 23 23 5 205
11102 438 65059 0 6 24 24 5 203
21655 765 65060 0 7 26 26 5 203

623 351 65060 15.26 6 23 21 5 203
21061 813 65060 0 7 24 24 5 204

460 268 65060 19.83 5 18 17 5 205
517 419 65060 6.10 5 24 24 5 203

21691 11191 65059 0 8 27 25 4 206
928 436 65060 10.68 6 23 22 7 205

1134601 587 65060 5.19 602 2307 2301 409 2039
20 21806 11402 82038 0 7 27 27 7 304

21968 11194 80085 0 8 24 22 13 307
21472 11029 80085 0 7 31 30 7 205
21363 11120 80086 0 8 23 21 13 304
31556 11981 80086 0 8 30 27 8 303
11553 11076 80086 0 6 32 32 6 206

229 138 80085 56.45 6 12 12 4 203
31293 11845 80085 0 7 31 31 8 302
21008 842 80086 0 8 21 19 10 306
21923 11247 80086 0 7 34 33 4 206
2141701 1118704 81001 5.64 702 2605 2504 8 3006

Table 5. Information on initial solutions.

% of Max. Avg.
Orig. good primal degree of degree of

Problem col. % information incompatibility incompatibility

Small 50 88 7 102
(airline) 35 82 9 2

20 73 12 3
Medium 50 94 17 206

(bus) 35 90 17 405
20 88 17 503

Large 50 91 12 202
(bus) 35 83 15 401

20 73 22 608

adapt the multi-phase strategy by modifying the way we
compute the degree of incompatibilities.

7. Conclusion
We introduce a constructive method that finds a decreasing
sequence of integer solutions to a set partitioning problem
by decomposing it into a reduced problem RP and a com-
plementary problem CP .

The optimization of RP with the primal simplex involves
carrying out pivots on variables that move from one inte-
ger solution to a better one. When the RP has no more
improving pivots, the CP identifies a group of variables
producing a sequence of pivots moving to a better integer
solution after some degenerate pivots. Iterations on RP and
CP permit to reach an optimal integer solution by only
using normal pivots on positive coefficients.

A first implementation of the algorithm with only a
partial branching procedure produces optimal solutions in
many cases and near optimal solutions in the majority of
the other cases. On large scale problems, the very good
solutions are obtained in a small fraction of the time to
obtain same quality integer solutions with the LP relax-
ation and the branch and bound approach. In fact, when
we relax the disjoint columns condition, the CP becomes
a linear program to solve. This relaxed problem produces
disjoint columns most of the time and permits to rapidly
improve the integer solution. This opens up a new way to
obtain very good integer solutions for large set partitioning
problems.
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Future research on branching strategies and/or cutting
plane methods should be able to close the small optimal-
ity gap and produce a new optimal solution method. Many
good branching/cutting methods have been proposed in the
literature for the set partitioning problem. Some of these
methods could probably be adapted to the RP −CP decom-
position of ISUD. Also, combining ISUD and metaheuris-
tics to find a good initial solution and to well populate CP
could reduce significantly the solution time and produce
solutions with higher quality.

Supplemental Material
Supplemental material to this paper is available at http://dx.doi
.org/10.1287/opre.2013.1247.
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