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DU DIPLÔME DE PHILOSOPHIÆ DOCTOR

(GÉNIE MÉCANIQUE)
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Montréal for providing the computers that made this research possible.

I would like to thank the Natural Sciences and Engineering Research Council of Canada

(NSERC) for their financial support through scholarships.

I would like to take this opportunity to thank my parents for providing unconditional

support throughout the good and the bad times of a long journey. You were my source of

motivation all along the project. Finally, I would like to thank my dear wife who provided me

with her love and was admirably patient and understanding untill the end of my research.



v

RÉSUMÉ

Le Volume Élémentaire Représentatif (VÉR) joue un rôle important dans la mécanique des

matériaux composites dans le but de déterminer leurs propriétés effectives. L’homogénéisation

numérique permet de calculer avec précision les propriétés effectives des composites étant

donné que le VÉR soit utilisé. Dans le cadre d’homogénéisation numérique, le VÉR réfère à

un ensemble de volumes élémentaires du matériau qui produisent, en moyenne, les propriétés

effective du composite. Plusieurs définitions quantitatives du VÉR, détaillant les méthodes de

sa détermination, sont trouvées dans la littérature. Dans cette étude, les différentes définitions

du VÉR sont évaluées vis à vis leurs estimations des propriétés effectives du composite.

L’étude est réalisée sur une microstructure élastique bi-phasée, les composites renforcés par

des fibres aléatoirement dispersées.

Des simulations par la méthode des éléments finis à grand nombre de degrés de liberté

sur des volume de taille différentes sont parallélisées sur des serveurs de calculs. Les volumes

élémentaires du matériau sont générées virtuellement et assujetties à des conditions aux rives

périodiques. Il est démontré que les définitions populaires du VÉR, basées sur la convergence

des propriétés moyennes, produisent des propriétés erronées. Une nouvelle définition du VÉR

est introduite basée sur les variations statistiques des propriétés issues des volumes élémen-

taires. Cette définition est démontrée apte à estimer avec grande précision les propriétés

effectives des composites à fibres aléatoires. De plus, la nouvelle définition permet de calculer

les propriétés effectives à un VÉR plus petit que celui nécessaire selon les autres définitions,

mais aussi de réduire considérablement le nombre de simulations nécessaires pour déterminer

le VÉR.

Les propriétés effectives calculés par homogénéisation numériques sont comparées à celles

des modèles d’homogénéisation analytiques. Les comparaisons sont réalisées sur une large

gamme de rapports de forme des fibres (allant jusqu’à 120), de contraste des propriétés

(allant jusqu’à 300) pour des fractions volumiques à moins de 20%. Le modèle de Mori-

Tanaka, ainsi que les méthodes d’homogénéisation par deux étapes de Mori-Tanaka/Voigt et

Lielens/Voigt produisent des estimations précises des propriétés effectives des composites à

fibres aléatoirement dispersées et ce jusqu’au rapport de forme de 100. Ceci permet d’utiliser

ces modèles analytiques dans un calcul rapide et de grande précision des propriétés effectives

de ce type de composites. Pour des fibres de rapports de forme dépassant 100, une satura-

tion de la rigidité effective est observée dans les résultats numériques et aucun des modèles

analytiques ne produit des estimations précises des propriétés effectives pour cette gamme

de microstructures.
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Ce travail peut être vu comme une alerte concernant la validité des définitions du VÉR

couramment utilisées dans la littérature. Ceci est une première étape envers l’optimisation des

méthodes de détermination du VÉR visant à déterminer avec précision les propriétés effectives

des composites. L’objectif est d’explorer de nouvelles définitions susceptibles à obtenir des

volumes de plus petites tailles et dont le coût de détermination est moindre tout en préservant

la précision des propriétés effectives calculées.
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ABSTRACT

The Representative Volume Element (RVE) plays a central role in the mechanics of com-

posite materials with respect to predicting their effective properties. Numerical homogeniza-

tion delivers accurate estimations of composite effective properties when associated with a

RVE. In computational homogenization, the RVE refers to an ensemble of random material

volumes that yield, by an averaging procedure, the effective properties of the bulk material,

within a tolerance. A large diversity of RVE quantitative definitions, providing computational

methods to estimate the RVE size, are found in literature. In this study, the ability of the

different RVE definitions to yield accurate effective properties is investigated. The assess-

ment is conducted on a specific random microstructure, namely an elastic two-phase three

dimensional composite reinforced by randomly oriented fibers.

Large scale finite element simulations of material volumes of different sizes are performed

on high performance computational servers using parallel computing. The materials volumes

are virtually generated and subjected to periodic boundary conditions. It is shown that most

popular RVE definitions, based on convergence of the properties when increasing the material

volume, yields inaccurate effective properties. A new RVE definition is introduced based on

the statistical variations of the properties computed from material volumes. It is shown to

produce more accurate estimations of the effective properties. In addition, the new definition

produced RVE that are smaller in size than that of other RVE definitions ; also the number

of necessary finite element simulations to determine the RVE is substantially reduced.

The computed effective properties are compared to that of analytical models. The compa-

risons are performed for a wide range of fibers aspect ratios (up to 120), properties contrast

(up to 300) and volume fractions only up to 20% due to computational limits. The Mori-

Tanaka model and the two-step analytical methods of Mori-Tanaka/Voigt and Lielens/Voigt

are best suited for estimating the effective elastic properties of composites reinforced by ran-

domly oriented fibers of aspect ratio up to 100. This finding allows the future utilization of

those analytical models for very quick and accurate effective properties calculations for this

class of composites. For aspect ratios larger than 100, a stiffening saturation occurs and no

analytical model delivers accurate estimations of the effective properties.

The present work can be regarded as an awareness flag regarding the validity of currently

utilized RVE determination techniques. Moreover, this study provides a first step towards

optimization of the RVE determination methods for computing accurate effective proper-

ties. The aim is to explore new RVE definitions that yield smaller volumes and have lower

determination costs, while yielding accurate effective properties.
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INTRODUCTION

Heterogeneous materials are used in engineering applications at a macroscopic scale that

is orders of magnitude larger than that of their constituents. Micromechanical homogeniza-

tion methods aim at predicting the macroscopic properties of heterogeneous materials based

on the knowledge of the constitutive laws (e.g., elasticity) and of the microstructure (e.g.,

constituents properties and spatial arrangement), as schematized in Figure 0.1. Several semi-

nal works exist on the topic, like those of Willis (1981), Mura (1982), Nemat-Nasser and Hori

(1993), Suquet (1997), Ponte Castañeda and Suquet (1997), Bornert et al. (2001), Torquato

(2002) and Milton (2002).

Analytical, as well as numerical, homogenization methods have been developed and ap-

plied for numerous types of composites. Analytical homogenization models, generally based

on ideal representations, produce quick estimations or rigorous bounds for the effective prop-

erties of composites. Unless for very specific microstructures (see Ghossein and Lévesque

(2012)), their accuracy has not been thoroughly evaluated and this has hindered their appli-

cation into an industrial context.

Numerical homogenization is accomplished by simulating artificial loadings on three-

dimensional (3D) representations of the material. The response of the volume is computed

using numerical techniques such as the Finite Element (FE) and Fast Fourier Transform

(FFT). The accuracy of the numerical homogenization relies on the elementary notion of the

Representative Volume Element (RVE). In the framework of homogenization, a RVE basi-

cally refers to a material volume that is large enough to yield accurate effective properties of

the bulk material. Simulating volumes that are smaller than the RVE produces properties

that are different from those of the bulk composite. On the other hand, very large volumes

Figure 0.1 Bridging from the microscale to the macroscale through micromechanics.
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Figure 0.2 Representation of the convergence of the average properties with respect to the
volume size under different boundary conditions for a) low properties contrast and b) high
properties contrast.

are impossible to solve due to their computational burden, thus there is an interest to de-

termine the minimal size RVE that delivers accurate predictions of the effective properties.

Since the effective properties are initially unknown, it is not trivial to verify the validity of a

RVE. The RVE is usually validated through the satisfaction of different physical and/or geo-

metrical criteria proposed in literature (Kanit et al., 2003; Stroeven et al., 2004; Trias et al.,

2006; Gitman et al., 2007; Pelissou et al., 2009). However, only one criterion has been proven

to rigorously determine effective properties with a given accuracy, by computing bounds on

the effective properties of the bulk material. The bounds are obtained by applying uniform

displacement and traction boundary conditions on a material volume of any size, as proven

by Huet (1990). The larger the volume element, the tighter the bounds are, as shown in

Figure 0.2a). The material volume size is usually increased until the bounds are close enough

to guarantee a user-prescribed accuracy. Difficulties arise when dealing with high property

contrasts between constituents, resulting in a large gap between both bounds and a very low

convergence rates when increasing the volume size. Thus, very large material volumes are

necessary to compute accurate properties, resulting in most cases in very high computational

costs, as shown in Figure 0.2b). It has been shown (Kanit et al., 2003) that by applying Peri-

odic Boundary Conditions (PBC), one can compute accurate estimations at smaller material

volumes than when using their uniform counterparts. Other sets of RVE criteria have been

used in literature (compare Trias et al. (2006), Gitman et al. (2007)) using PBCs, but only

to provide estimations of the effective properties of unknown accuracy. The ability of those
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RVE quantitative definitions to deliver accurate effective proeprties has not been validated

yet. Moreover, the RVE determination cost has led to its ignorance in many homogenization

studies published in literature.

The principal objective of this thesis is to evaluate the performance, in terms of accuracy

and computational cost, of various RVE quantitative definitions. As a second objective,

and also as a rigourous case study, the thesis aims at evaluating the accuracy of analytical

homogenization models for Randomly Oriented Fiber Reinforced Composites (ROFRC). Such

materials have been studied by few authors (Böhm et al., 2002; Kari et al., 2007; Mortazavi

et al., 2013; Hua and Gu, 2013) but in all these studies, the RVE has never been clearly

established, which questions the validity of the conclusions drawn.

The validation of the RVE determination methods would allow to valid modeling methods

from the microscale to the macroscale. Results of validated RVEs can be used as bench-

marks for ideal representations of the composite microstructure. ROFRCs can describe the

microstructure of injection molded fiber reinforced composites, or even of nanocomposites re-

inforced by nanofibers. The latter is due to the complexity of nanoscale control and alignment

of fibers.

The outcome of the thesis is a valid and efficient RVE definition for an accurate numer-

ical modeling of composite materials. Effective properties issued from that RVE definition

can be used as benchmarks for ideal representations of composite materials. ROFRCs stud-

ied in this thesis can be found in injection molded fiber composites and in nanocomposites

reinforced by nanofibers. The latter is due to the complexity of orientation control at the

nanoscale. By using accurate effective properties issued from numerical modeling of validated

RVEs as benchmarks, the analytical models can be assessed. The outcome is the range of

accuracy of the different analytical models, hence allowing an accurate and efficient homog-

enization of ROFRCs. Such validated analytical models are very useful for the industries

(e.g., automotive) and can be further developed to implement imperfections in the composite

microstructure.

This thesis is organized as follows:

Chapter 1 presents a literature review on the RVE concept and quantitative definitions as

well as the analytical and numerical homogenization methods applicable to ROFRCs. In

Chapter 2, the research objectives are introduced along with the publication strategy of the

scientific articles. The two articles resulting from this work are included in Chapters 3 and 4.

Chapter 3 presents a rigorous study on the validity of existing RVE quantitative definitions

for ROFRCs and introduces a new definition. In Chapter 4, the predictions of the effective

properties using different analytical methods are compared to that of numerical modeling

using well established RVEs. Chapter 5 discusses the relationships between the articles, as
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well as, complementary work performed during this project. The contributions from this

thesis are finally summarized and topics for future studies are recommended.
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CHAPTER 1

Literature review

1.1 Analytical homogenization

This section aims at presenting the basic equations necessary for the development of

homogenization models for composites reinforced by randomly oriented inclusions. For a more

thorough theoretical treatment of micromechanics and analytical homogenization models, one

can refer to the works of (Mura, 1982; Nemat-Nasser and Hori, 1993; Suquet, 1997; Bornert

et al., 2001; Torquato, 2002; Milton, 2002), whereas a more application related and updated

recollection of works in micromechanics can be found in the report by Böhm (2012).

All mathematical expressions given in this work apply to two-phase composites with

matrix-inclusion microstructures, both matrix and reinforcements being assumed to be isotrop-

ically elastic. Reinforcements are taken to be ellipsoids of identical shapes, to be perfectly

bonded to the matrix and to be randomly oriented and distributed.

Homogenization computes the composite’s effective stiffness tensor C∗ such that:

Σ = C∗ : E, (1.1)

where Σ and E are the macroscopic stress and strain responses of the composite. Bridging

between the micro- and macroscopic scales is performed by relating the microscopic fields to

the macroscopic responses, such as:

<ε(x)> = E, (1.2a)

<σ(x)> = Σ, (1.2b)

where σ and ε are the local strain and stress fields, respectively, and <.> denotes the volume

averaging operation:

<f(x)> =
1

V

∫
V

f(x)dV , (1.3)

where V is the volume of the composite that is being homogenized.

The microscopic fields can be calculated using the hereby defined localization tensors:

ε(x) = A(x) : <ε>, (1.4a)
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σ(x) = B(x) : <σ>. (1.4b)

Consequently, one can obtain:

<σ> = <C(x) : A(x)> : <ε>. (1.5)

The knowledge of A(x) provides the solution for the homogenization problem. However, the

exact expression of A(x) cannot be given analytically for general microstructures such as

ROFRCs. Different assumptions and approximations are introduced in analytical homoge-

nization models to obtain analytical expressions for A(x). The phase averaged strains and

stresses can be related to the overall strains and stresses by the phase averaged strain and

stress localization tensors (Hill, 1963):

<ε>m = Am : <ε>, (1.6a)

<ε>f = Af : <ε>, (1.6b)

where subscripts ‘m’ and ‘f’ denote the matrix and the fiber phases, respectively, < · >i is

the volume average in phase ‘i’ and Ai is the average localization within the phase. Similar

relations can be obtained for the stress phase averages. The strain and stress concentration

tensors can be shown to fulfill the relations (Hill, 1965):

cmAm + cfAf = I, (1.7)

where cm and cf are the matrix and the fibers volume fractions and I is the fourth order

identity tensor.

Under uniform displacement and traction boundary conditions on the boundaries of V ,

one obtains for two-phase composites:

<ε> = cm〈ε〉m + cf〈ε〉f, (1.8a)

<σ> = cm〈σ〉m + cf〈σ〉f. (1.8b)

Use of Eq.1.6a to Eq.1.8b leads to:

C∗ = Cm + cf(Cf −Cm) : Af, (1.9a)

C∗−1 = Cm
−1 + cf(Cf

−1 −Cm
−1) : Bf. (1.9b)

For the special case of randomly oriented inclusions, Benveniste (1987) has obtained the
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following expressions:

<ε> = cm〈ε〉m + cf{〈ε〉f}, (1.10a)

<σ> = cm〈σ〉m + cf{〈σ〉f}, (1.10b)

where {.} denotes orientation averaging, such as:

{σij} =

π∫
−π

π∫
0

π/2∫
0

ωipωjqσpq sin(φ)dθdφdψ

π∫
−π

π∫
0

π/2∫
0

sin(φ)dθdφdψ

, (1.11a)

{Cijkl} =

π∫
−π

π∫
0

π/2∫
0

ωipωjqωkrωlsCpqrs sin(φ)dθdφdψ

π∫
−π

π∫
0

π/2∫
0

sin(φ)dθdφdψ

, (1.11b)

where θ, φ and ψ are the Euler angles and ω is the rotation tensor from (θ, φ, ψ) to (0,0,0),

given explicitly in many references, see (Odegard et al., 2003).

Consequently, the effective stiffness tensor for randomly oriented inclusions is given by:

C∗ = Cm + cf{(Cf −Cm) : Af}. (1.12)

Eq. 1.12 provides direct estimations of the effective stiffness tensor of composites rein-

forced by randomly oriented inclusions based on the knowledge of Af. Such methods that

provide straightforward effective properties of composites are hereby referred to as one-step

methods. Expressions for Af are given in Section 1.1.1. It is also possible to homogenize com-

posites reinforced by randomly oriented inclusions by first using Eq.1.9b for aligned inclusions

followed by a second step of homogenization in which an orientation averaging procedure is

performed. Two-step methods are presented in Section 1.1.2.

1.1.1 One-step methods

Dilute solution

Most mean field homogenization methods are based on the work of Eshelby (1957). His

study dealt with the strain field of a homogeneous ellipsoidal inclusion (i.e., inclusion con-

sisting of the same material as the matrix) subjected to a uniform stress-free strain and

surrounded by an infinite matrix. He has shown that the resulting strain field in the con-
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strained inclusion is uniform and given by:

εi = S : εt, (1.13)

where S is Eshelby’s tensor, εt is a uniform stress-free strain and εi is the uniform strain

in the constrained inclusion. Expressions for Eshelby’s tensor S are found in Mura (1982)

for several inclusions shapes, and material symmetries. For complex shapes and material

symmetries, Eshelby’s tensor can be numerically calculated following the methodology of

Gavazzi and Lagoudas (1990).

For composites of very low volume fractions, it can be assumed that the inclusions do

not have any interaction between each other. Such cases can be handled on the basis of

Eshelby’s theory for homogeneous inclusions, as per Eq.1.13, by replacing the heterogeneity

by an equivalent homogeneous inclusions subjected to a stress-free strain (Withers et al.,

1989). As a result, for the Dilute (Dil) solution, Af can be given by:

ADil
f = [I + S : C−1

m : (Cf −Cm)]−1. (1.14)

Based on Eq.1.12 and 1.14, the effective properties of dilute ROFRCs are given by:

CDil = Cm + cf{(Cf −Cm) : [I + S : C−1
m : (Cf −Cm)]−1}. (1.15)

Mori-Tanaka model

In the model of Mori and Tanaka (1973) (M-T), the inclusion fields phase averages are

expressed as a function of the matrix average fields as:

<ε>f = ADil
f : <ε>m, (1.16a)

<σ>f = BDil
f : <σ>m. (1.16b)

The following localization tensor is obtained (Benveniste, 1987):

AM-T
f = ADil

f : [(1− cf)I + cf{ADil}]−1. (1.17)

Consequently, the effective stiffness tensor is expressed by:

CM-T = Cm + cf{(Cf −Cm) : ADil
f } : [cmI + cf{ADil

f }]−1. (1.18)
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It should be noted that Eq.1.18 delivers non-symmetric effective elasticity tensors for

many microstructures (e.g., fibers with different aspect ratios) (Ferrari, 1991; Benveniste

et al., 1991; Schjodt-Thomsen and Pyrz, 2001). Non-symmetric elasticity tensors are phys-

ically invalid. However, for the case presented in this study (i.e., isotropic constituents and

inclusions that have the same aspect ratio), Eq. 1.18 yields symmetric effective elasticity

tensors.

Self-consistent scheme

In the Self-Consistent (SC) scheme, the inclusion is immersed in the effective material.

The corresponding localization tensor is given by:

ASC
f = [I + SSC : (CSC)−1 : (Cf −CSC)]−1, (1.19)

and SSC is Eshelby’s tensor where the effective composite is the infinite media. Consequently,

the effective stiffness tensor is expressed by:

CSC = Cm + cf{(Cf −Cm) : [I + SSC : (CSC)−1 : (Cf −CSC)]−1}. (1.20)

Eq.1.20 is implicit and must be solved iteratively.

Ponte-Castañeda and Willis model

Employing the variational formulation of Hashin and Shtrikman (1962a,b), Ponte-Castañeda

and Willis (1995) (PCW) developed a model to estimate the effective elastic moduli of two-

phase composites. The inclusions spatial arrangement is enforced using different shapes of

safety cells englobing the inclusions. For the case of randomly oriented inclusions, safety cells

are spherical, as presented in Figure 1.1. For a two-phase composite consisting of an isotropic

matrix and randomly oriented isotropic ellipsoidal inclusions, the effective stiffness tensor is

given by:

CPCW = Cm + cf[I− cf{(Cf −Cm) : ADil
f } : Sd : C−1

m ]−1 : {(Cf −Cm) : ADil
f }, (1.21)

where Sd is Eshelby’s tensor that depends on the safety ellipsoid aspect ratio. The effective

properties, as per Eq.1.21, are physically valid provided that the safety cells embedding the

inclusions do not interpenetrate. The range of physically valid volume fractions is limited to
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Figure 1.1 Model of PCW: randomly oriented ellipsoidal particles embedded in spherical
safety cells.

1/ρ2 where ρ is the aspect ratio of the fibers given by:

ρ = lf/df, (1.22)

where lf and df are the fiber length and diameter, respectively. For example, the volume

fraction limits are found to be only of 1% and 0.01% for fibers with an aspect ratio of 10 and

100, respectively.

Hu and Weng (2000b) compared the model of PCW to the bounds of Hashin and Shtrik-

man. They observed that the PCW estimations violate the rigorous bounds of Hashin and

Shtrikman for volume fractions higher than the physical limit of 1/ρ2. It is important to notice

also that the Double-Inclusion model (Hori and Nemat-Nasser, 1993) is equivalent to that of

PCW for the case of randomly oriented inclusions, as demonstrated in (Hu and Weng, 2000a).

1.1.2 Two-step methods

A general two-step homogenization procedure was originally proposed by Camacho et al.

(1990) and studied into more details by Pierard et al. (2004). In such methods, the RVE is

first decomposed into N discrete subregions where the fibers are aligned along a unique arbi-

trary direction and the volume fraction in each subregion is equivalent to that of the original

composite, as seen in Figure 1.2. The first step computes the properties of a subregion α

(α = 1, 2, . . . N) using a two phase homogenization model for aligned-fiber reinforced com-
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posites. Various micromechanical models for such composites are presented in the following;

more models can be found in the review of Tucker III and Liang (1999). Homogenization

over all subregions is performed in a second step using a second homogenization model.

First step: Subregion with Aligned fibers

Analytical homogenization models for aligned inclusions have been extensively studied

in the literature (see Tucker III and Liang (1999)). Therefore, only the expressions of the

effective stiffness tensors are presented in the following.

For dilute composites, the effective stiffness tensor is given by:

CDil
α = Cm + cf(Cf −Cm) : [I + S : C−1

m : (Cf −Cm)]−1. (1.23)

According to the Mori-Tanaka model, the effective stiffness tensor is expressed by:

CM-T
α = Cm + cf(Cf −Cm) : ADil :

[
cmI + cfA

Dil
]−1

. (1.24)

In the self-consistent (SC) scheme (Hill, 1965; Budiansky, 1965), the effective stiffness

tensor is given by:

CSC
α = Cm + cf(Cf −Cm) : [I + Sα : (CSC

α )−1 : (Cf −CSC
α )], (1.25)

where Sα is Eshelby’s tensor where the infinite media is the effecitve composite included in

region α.

The model of Lielens et al. (1998) (Li) interpolates between the upper and lower Hashin-

Shtrikman bounds for aligned reinforcements. The effective stiffness tensor CLi is given by:

CLi
α = Cm + cf(Cf −Cm) : Â

Li
: [(1− cf)I + cfÂ

Li
]−1, (1.26)

where

Â
Li

= {(1− c∗)[Â
lower

]−1 + c∗[Â
upper

]−1}−1. (1.27)

c∗ is related to the volume fraction of the particle as:

c∗ =
cf + c2

f

2
, (1.28)
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Figure 1.2 The 2-step homogenization procedure. The composite is decomposed into subre-
gions. STEP 1: homogenization of each subregion. STEP 2: homogenization of the set of
homogenized subregions (Pierard, 2006).

and Â
lower

and Â
upper

are expressed as:

Â
lower

= [I + Sm : (Cm)−1 : (Cf −Cm)]−1, (1.29a)

Â
upper

= [I + Sf : (Cf)
−1 : (Cm −Cf)]

−1, (1.29b)

where Sf is Eshelby’s tensor where the infinite media has the properties of the fibers.

It has been shown by Tucker III and Liang (1999), for aligned-fiber composites, that the

SC scheme overestimates the axial modulus at high volume fractions, whereas the M-T model

yields the most accurate predictions for large aspect ratio fibers. They also pointed out that

Lielens model may improve on the Mori-Tanaka model for higher fiber volume fractions or

rigidity contrasts (Tucker III and Liang, 1999).

Second step: homogenization over all subregions

The different subregions form a multi-phase composite that can be homogenized by one of

several homogenization models. For example, the overall stiffness tensor according to Voigt
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model is written as:

CVoigt = 〈Cα〉 =

n∑
α=1

CαVα

V
, (1.30)

where V and Vα are the volume of composite and the volume of each subregion, respectively.

The effective stiffness tensor according to Reuss model is calculated as:

CReuss = 〈Cα
−1〉−1 =


N∑
α=1

C−1
α Vα

V


−1

. (1.31)

When fibers are uniformly dispersed into all possible orientations, it can be demonstrated

that the volume averaging operations <C> and <C−1> in Eq. (4.14) and (4.15) are equiv-

alent to orientational averages {C} and {C−1}, respectively. For more particular orientation

distributions (e.g., partial alignment), orientation distribution functions can be implemented

in two-step homogenization approaches (Schjodt-Thomsen and Pyrz, 2001).

1.1.3 Bounds of Hashin and Shtrikman

Bounds on the macroscopic effective properties of heterogeneous materials can be obtained

from a variational formulation given by Hashin and Shtrikman (1961). The Hashin and

Shtrikman (1963) bounds (HS) for bulk k and shear G moduli are expressed by:

kHS = km + cf
kf − km

1 + cm

(
kf−km
k∗+kf

) , (1.32a)

GHS = Gm + cf
Gf −Gm

1 + cm

(
Gf−Gm

G∗+Gf

) , (1.32b)

where ∗ denotes the reference material which is the fiber and the matrix for the upper and

lower bounds, respectively. These bounds apply to heterogeneous materials with isotropic

phases that show overall isotropic behavior. For small contrasts, the upper and lower bounds

are close and produce good estimations of the effective properties. Conversely, for high

contrasts and volume fractions the bounds are very distant and provide little information on

the effective properties.
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1.2 Numerical homogenization

In contrast to analytical methods where the local fields are approximated, numerical

methods compute accurate local fields in a finite volume representation of the microstructure.

Therefore, numerical homogenization is considered as an accurate homogenization method,

given that the simulated volume is a RVE. However, in numerical modeling, one is often

constrained to work with volumes that are smaller than the RVE. Following the terminology

of Huet (1990), the properties of such volumes are referred to as “apparent properties”,

whereas that of the RVE are referred to as “effective properties”. The apparent elastic tensor

of an arbitrary volume of the composite material is such that:

<σ> = C̃ : <ε>, (1.33)

Alternatively, the apparent elastic tensor can also be defined based on the strain energy:

<σ : ε> = <ε> : C̃ : <ε>. (1.34)

The application of the so-called Hill lemma (Hill, 1963; Hazanov and Huet, 1994) shows

that both definitions are in fact equivalent for an arbitrary volume for three different sets

of boundary conditions: uniform displacement (also called kinematic or Dirichlet), uniform

traction (also called static or Neumann) and mixed boundary conditions. When the volume

under study is large enough (mathematically infinite), the apparent properties of random

materials become equivalent to the effective properties under any set of boundary conditions,

as proved by Sab (1992).

The computation of the apparent properties of a single given volume is described in Section

1.2.1. The RVE concept, quantitative definitions and determination methods are reviewed in

Section 1.2.2.

1.2.1 Numerical homogenization of an arbitrary material volume

In a numerical homogenization approach, a three dimensional (3D) representation of the

microstructure is necessary. In the following, different methodologies of 3D microstructure

generation are first described. Second, different numerical methods are presented for the

computation of local stress and strain fields. Different sets of boundary conditions are then

presented to simulate different loadings on the microstructure. Finally, the apparent proper-

ties of the microstructure are calculated.
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Figure 1.3 Volume generated using random sequential adsorption algorithm, including 30
randomly oriented fibers of aspect ratio 5 with 10% volume fraction (Hua and Gu, 2013).

Random microstructure generation methods

3D microstructure can be either obtained by imagery of a real microstructure sample or by

a computer generated realization of the microstructure using random generation algorithms.

Experimental image reconstruction techniques (Huang and Li, 2013) require expensive spe-

cialized equipments and involves destructive imaging of experimental samples. This work

focuses solely on random generation methods, namely: random sequential adsorption (RSA)

(Feder, 1980; Talbot et al., 1991), Monte-Carlo simulations (Gusev, 1997), molecular dy-

namics simulations (Lubachevsky, 1990) and random walk methods (Altendorf and Jeulin,

2011a).

The random sequential adsorption (RSA) algorithm has been the most commonly used

method for random microstructures generation due to its simplicity. Figure 1.3 presents a

ROFRC microstructure, generated using RSA method, including 30 fibers of aspect ratio 5

at 10% volume fraction. The method consists of adding one fiber at a time into a volume

while checking interferences with all other fibers. If a newly added fiber interferes with other

fibers, it is removed and then repositioned randomly in the same volume. This operation

is repeated until the fiber location is accepted. Methodically, non-overlapping fibers are

randomly added one after another until the target volume fraction is reached. Achievable

microstructures using RSA algorithm are limited to low volume fractions, also known as
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Figure 1.4 Volume generated using Monte-Carlo algorithm, including 350 randomly oriented
fibers of aspect ratio 200 at 0.5% volume fraction (Lusti and Gusev, 2004).

jamming limit (Feder, 1980), due to fiber interpenetration.

In Monte-Carlo simulations, all the particles are placed at initial positions in a large

volume (dilute volume fraction). At each step, the volume size is reduced and particles

intersections are checked. If intersection occurs after shrinkage, the inclusions positions are

randomly altered until an interference-free microstructure is obtained. Repeatedly, volume

shrinkage followed by inclusions random movements are simulated. The simulation ends when

the target volume fraction is attained without any overlapping. Monte-Carlo methods have

also shown relatively low volume fraction jamming limits. Lusti and Gusev (2004) generated

microstructures with randomly oriented fibers of aspect ratio of 100 and 200 and low volume

fractions up to 1%, as presented in Figure 1.4.

Lubachevsky (1990) proposed a method based on molecular dynamics to generate random

spheres or disks packings. In their algorithm, all particles are initially positioned with a

null volume and each particle is assigned a randomly oriented velocity. The particles volume

increases throughout the simulation and particles can collide with each other or with the cube

face. This method has been able to generate very high volume fractions (74%) of spherical

particles in a matrix (Ghossein and Lévesque, 2012). The method has been extended to

ellipsoidal inclusions, but has been applied only for low aspect ratios of less than 5 (Donev

et al., 2004; Man et al., 2005).

Most recent generation methods have achieved greater results by using a random-walk
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Figure 1.5 Microstructure volume generated using a random walk process, including 90 ran-
domly oriented fibers of aspect ratio 33 with 50.35% volume fraction (Altendorf and Jeulin,
2011a).

based method as proposed by Altendorf and Jeulin (2011a). They used a random-walk process

to position balls in several chains that will initially form a set of overlapping bent fibers. The

balls forming the fibers are then subjected to a set of repulsive forces to separate overlapping

balls and recover forces only within each balls-chain to preserve the fiber structure. Volume

fractions up to 65% were achieved for randomly oriented bent fibers having an aspect ratio

of 10, and up to 50% for aspect ratios of 33 as presented in Figure 1.5 (Altendorf and Jeulin,

2011a). However, such performances (e.g., high volume fractions) is limited to cases where

fiber bending is permitted (Altendorf and Jeulin, 2011b).

Numerical resolution methods

Several numerical methods, such as the FE method and the FFT (Moulinec and Suquet,

1994, 1998), can be used to compute the local stress and strain fields of a given 3D microstruc-

ture. A listing of some other numerical methods can be found in Böhm (2012) and Pierard

(2006). Most numerical methods require the discretization of the microstructure geometry.

The discretized elements must be smaller than the intrinsic microstructure length scales in

order to compute accurate local fields. Very fine discretization is necessary when a large

contrast of length scales exists within the microstructure, as for the case of microstructures

with very long fibers. The solution of such microstructures necessitates very large computa-
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(a) (b)

Figure 1.6 a) Fiber and b) Volume meshing of a ROFRC including 30 randomly oriented
fibers of aspect ratio 5 with 10% volume fraction (Hua and Gu, 2013).

tional memory to store all the numerical system, and very long processing times to perform

computations over the numerical system.

The FFT solution scheme requires uniform discretization of a 3D microstructure image

into equal size cubic volume elements called voxels. The number of voxels required to ade-

quately represent the geometry of high aspect ratio fibers becomes very important and would

lead to very large computational memory.

In contrast, the FE method allows for a non-uniform discretization of microstructure per-

mitting different levels of mesh refinements in different parts of the microstructure. Moreover,

different shapes of elements (e.g., tetrahedrons) can be used, enabling the representation of

fiber circular cross-sections using very small number of elements when compared to FFT

method. Figures 1.6a) and b) present the meshed particles and volume, respectively, of a

ROFRC microstructure including 30 fibers of an aspect ratio of 5 at 5% volume fraction.

However, by opposition to FFT based methods, FE methods require user input, which ren-

ders its automation quite challenging (Ghossein and Lévesque, 2012).
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Boundary conditions

Homogenization can be performed under any set of boundary conditions. Different bound-

ary conditions on the same material volume, that is smaller than the RVE, yield different

apparent properties. By carefully choosing particular sets of boundary conditions, one can

compute more accurate estimations, or even obtain rigorous bounds of the effective properties

for a given volume size.

Uniform displacement boundary conditions overestimate the effective properties (Huet,

1990) and are given by:

u(x) = E · x ∀ x ∈ V S (1.35)

where u is the displacement vector and V S is the surface of the volume element.

Uniform traction boundary conditions underestimate the effective properties and are such

that:

σ(x) · n = Σ · n ∀ x ∈ V S (1.36)

where n is the normal vector at position x on V S.

For high contrast of phases properties, the properties computed using both boundary

conditions are very far apart and do not yield accurate estimations of the effective properties.

On the other hand, PBCs were shown (Kanit et al., 2003) to deliver more accurate estimations

of the effective properties. PBCs are applied by assuming that local fields are periodic:

u(x) = E · x + u∗(x) (1.37)

where u∗ is the periodic displacement fluctuation. It takes the same values at positions x

and x + L, where L is a translation vector such that each of its components can be either 0

or L (L=edge length of V ). The macroscopic strain tensor E can be chosen arbitrarily and

is discussed in Section 1.2.1.

Periodic fields are an integral part of the FFT formulation. However, implementation of

PBCs within the FE method is a more complex process. Practically, a periodic microstructure

and a periodic meshing are required in order to enforce PBCs. A periodic microstructure

is such that an inclusion that intersects a surface of V continues from the opposite surface

(see Figure 1.3), whereas periodic meshing implies that the meshing on opposite surfaces of

the cubic volume is identical. Then, PBCs can be enforced by coupling the displacements of

mirror nodes on opposing surfaces:

u(x2)− u(x1) = E · x, (1.38)
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where x1 and x2 are the coordinates of two mirror nodes located on opposite surfaces.

The PBCs requirements of microstructure periodicity and matching nodes were stated in

several works as very complex processes, especially for the case of ROFRCs (Mortazavi et al.,

2013; Böhm et al., 2002). Nguyen et al. (2012) have suggested overcoming these difficulties

by adapting the PBCs to non-matching meshes. They have presented a new FE formulation

to impose PBCs on arbitrary meshes using polynomial interpolation. However, selecting the

appropriate polynomial parameters (e.g., order of Lagrange interpolation, number of seg-

ments in a spline interpolation) is not trivial to reach a given accuracy.

Computing apparent properties

Using the major and minor symmetry properties of elasticity tensors, the macroscopic

constitutive behavior for a finite volume can be written in a matrix notation as:

Σ11

Σ22

Σ33

Σ23

Σ13

Σ12


=



C̃1111 C̃1122 C̃1133

√
2C̃1123

√
2C̃1131

√
2C̃1112

C̃2211 C̃2222 C̃2233

√
2C̃2223

√
2C̃2231

√
2C̃2212

C̃3311 C̃3322 C̃3333

√
2C̃3323

√
2C̃3331

√
2C̃3312√

2C̃2311

√
2C̃2322

√
2C̃2333 2C̃2323 2C̃2331 2C̃2312√

2C̃3111

√
2C̃3122

√
2C̃3133 2C̃3123 2C̃3131 2C̃3112√

2C̃1211

√
2C̃1222

√
2C̃1233 2C̃1223 2C̃1231 2C̃1212





E11

E22

E33

E23

E13

E12


. (1.39)

All terms of the apparent elastic tensor can be calculated by independently applying six

orthogonal macroscopic deformation states E on V (e.g., three pure longitudinal and three

pure shear deformations). Thus, six different simulations are required for each realization

of the microstructure. For ROFRCs, the effective media is orientation independent, hence

exhibits an isotropic behavior (Benveniste, 1987). Therefore, the bulk k and shear G moduli

are sufficient to represent the effective elastic behavior of the material. The apparent bulk

and shear moduli can be calculated using the isotropy projectors, resulting in the following

relations:

k̃ = C̃iijj/9, (1.40a)

G̃ =
3C̃ijij − C̃iijj

30
. (1.40b)

It is important to note that if a small volume of the microstructure is simulated, the apparent

elastic tensor is generally not isotropic. However, Kanit et al. (2003) demonstrated that by

averaging the apparent elasticity tensors of several realizations of the microstructure, isotropy

can be retrieved.
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One can also choose fewer deformation states to straightforwardly compute the desired

properties. To determine the apparent bulk and shear moduli of isotropic effective materials,

only two cases of deformation were used by Kanit et al. (2003):

Ek ≡



1/3

1/3

1/3

0

0

0


,EG ≡



0

0

0

0

0

1/2


, (1.41)

expressed in a matrix notation. The corresponding apparent bulk and shear moduli are given

by:

k̃ = <σ> : Ek, (1.42a)

G̃ = <σ> : EG. (1.42b)

1.2.2 RVE determination

Defintion The scientific literature presents a diversity of RVE definitions, the most impor-

tant being listed below:

– Hill (1963): The RVE refers to “a sample that a) is structurally entirely typical of the

whole mixture on average, and b) contains a sufficient number of inclusions for the

apparent overall moduli to be effectively independent of the surface values of traction

and displacement, so long as these values are macroscopically uniform.” While a) is a

condition to the microstructure morphology, b) expresses the RVE independency of the

applied boundary conditions. The latter condition has been proved Sab (1992).

– Drugan and Willis (1996): The RVE is “the smallest material volume element of the

composite for which the usual spatially constant “overall modulus” macroscopic consti-

tutive representation is a sufficiently accurate model to represent a mean constitutive

response.”

– Gusev (1997): The RVE is a material volume that computes the same effective prop-

erties as the bulk material.

– Ostoja-Starzewski (2006):The RVE is defined by three conditions: “(i) statistical homo-

geneity (stationarity) and ergodicity; (ii) Hill condition leading to admissible boundary

conditions; (iii) variational principle.”

Those definitions generally deal with either the morphology of the microstructure or its phys-

ical behavior, or both, as in Hill’s definition. Depending on the RVE application domain,
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not all of the RVE definitions should be necessarily satisfied. In the framework of homoge-

nization, the aim is to obtain accurate effective properties. Thus, homogenization works as

in (Kanit et al., 2003; Kari et al., 2007; Barello and Lévesque, 2008; Ghossein and Lévesque,

2012) have most often adopted the RVE defined by a volume element that computes the same

target property as the bulk material.

For random media, a volume element is exactly representative when it contains and in-

finity of heterogeneities (Ostoja-Starzewski, 2002). For finite volumes, the RVE of a random

medium cannot be reached exactly. In practice, a user-prescribed error tolerance is necessary

in a quantitative definition of the RVE. In that regard, Kanit et al. (2003) demonstrated that

a quantitative RVE is not necessarily defined by a single finite volume. It can be defined by an

ensemble of r random finite volumes, including n heterogeneities each, that yields by an aver-

aging process accurate effective properties, within a tolerance. Although it was demonstrated

by Kanit et al. (2003) that smaller volumes can produce equally accurate results, provided

that a sufficient number of realizations r is considered, a bias in the estimation of the effective

properties is observed for too small volumes. Therefore, numerical RVE acceptation criteria

are needed to determine the volume size (or number of fibers n) and number of random

material volumes (r) that define a RVE large enough to compute accurate estimations of the

effective properties, within a tolerance.

Quantitative estimates A quantitative definition of the RVE consists of a set of numerical

criteria for the determination of both parameters, n and r.

In several works (Ostoja-Starzewski, 1999; Terada et al., 2000), uniform displacement and

traction boundary conditions were enforced to determine n such as:

εn =
|Z̄d

n − Z̄t
n|(

Z̄d
ni

+ Z̄t
ni

)
/2
≤ εtol, (1.43)

where εtol is the desired tolerance, Z̄d
n refers to a mean physical property (e.g., mean bulk

shear modulus) computed for random material volumes including n heterogeneities each under

uniform displacement boundary conditions and Zt
n refers to that computed under uniform

traction boundary conditions. For large constituent mechanical properties contrasts, the

bounds are very far apart and slowly converge towards the effective properties. Periodic

boundary conditions have quicker convergence rates. Figure 1.7 presents the convergence

of the bulk modulus of random material volumes of a voronöı mosaic microstructure under

periodic, uniform displacement and traction boundary conditions (Kanit et al., 2003). It

is observed that the apparent properties have converged towards the effective properties

for significantly smaller volumes than uniform boundary conditions. Thus, other criteria
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Figure 1.7 Mean bulk modulus of a voronöı mosaic composite as a function of volume size V
measured by the number of grains included. Three different types of boundary conditions are
considered: Kinematic Uniform Boundary Conditions (KUBC), Static Uniform Boundary
Conditions (SUBC) and PERIODIC boundary conditions. For clarity, the errorbars are
slightly shifted around each studied volume size V (Kanit et al., 2003).

have been proposed to estimate the RVE based on the statistics of the apparent properties

computed under any set of boundary conditions, rather than on the rigorous bounds under

uniform boundary conditions. A list of numerical criteria found in literature for determining n

is compiled in Table 1.1. It is important to note that only criteria based on physical properties

(e.g., bulk and shear moduli) are presented. Several works have proposed criteria based on

morphological statistics (e.g., neighbor distance) to estimate the RVE, see for example Trias

et al. (2006).

In order to determine the number of needed random realizations, only one criterion has

been proposed by Kanit et al. (2003) based on the confidence interval of the apparent prop-

erties:

εr =
2 CIZ̄
Z̄
≤ εtol, (1.44)

where Z̄ is the mean apparent property, CIZ̄ is its confidence interval and εtol is the user-

prescribed tolerance.
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1.3 Works on homogenization of ROFRCs

Very few authors dealt with 3D numerical homogenization of randomly dispersed fibers in

space due to its complexity. Böhm et al. (2002) studied the elastic and elastoplastic behavior

of metal matrix composites reinforced by randomly oriented short fibers. They generated

material volumes including 15 randomly oriented fibers of aspect ratio ρ = 5 at 15% volume

fraction using the RSA generation method. The overall elastic and elastoplastic behaviors

were simulated by performing FE simulations under PBCs on three random realizations,

without thorough determination of the RVE. They found good agreement between the ap-

parent elastic properties and the analytical results of the one-step model of Mori-Tanaka, the

self-consistent scheme and the model of Kuster and Toksöz (1974).

Lusti and Gusev (2004) generated microstructures with 3D randomly dispersed carbon

nanotubes, considered as cylindrical inclusions, of high aspect ratios (ρ = 100 and 200)

limited to low volume fractions (up to 1%) using Monte-Carlo algorithms, as presented in

Figure 1.4. They performed FE simulations under PBCs without determining the RVE.

They also computed the apparent properties of composites reinforced by aligned nanotubes

of similar volume fractions and aspect ratios, followed by an orientational averaging. They

found good agreement between computed apparent properties of their 3D microstructures

and that of the orientational averages of aligned-fiber composites.

Kari et al. (2007) generated microstructures of randomly dispersed fibers using a modified

RSA algorithm. Figure 1.8 a), b) and c) present a generated microstructure of a ROFRC, its

(a) (b) (c)

Figure 1.8 a) Generated microstructure of a ROFRC; b) FE meshing of the fibers and; c) FE
meshing of the volume (Kari et al., 2007).
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(a)

(b)

Figure 1.9 Comparison between FE and Mori–Tanaka (MT) estimates of normalized Young
modulus with respect to that of the matrix, for a two-phase random composite materials
for different inclusions geometries, volume fractions of 1% and 3% and different contrast in
material properties of a) 50 and b) 500. (Mortazavi et al., 2013).

fiber and volume meshings, respectively. Using FE simulations under PBCs, they determined

the RVE for a relatively low aspect ratio of 5. They computed the effective properties of
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ROFRCs with aspect ratios up to ρ = 15, under the assumption that the RVE determined

at ρ = 5 is still valid. After comparing numerical results to analytical models estimates,

they concluded that the SC scheme delivers best estimates of the elastic properties. They

also observed that the aspect ratio of fibers in ROFRCs has no effect on the effective elastic

properties.

Mortazavi et al. (2013) studied the effective elastic properties of composites reinforced by

cylinders with aspect ratios ranging from 1/100 (i.e., platelets) up to 60 (i.e., fibers) for two

low volume fractions (1% and 3%) and contrast of properties (50 and 500). A single random

realization was computed for each microstructure type (i.e., volume fraction, aspect ratio)

without consideration of the RVE. No indication was given on the number of inclusions

represented in their material volumes. They compared the effective elastic properties to

that obtained using the Mori-Tanaka model. Figure 1.9 a) and b) present the normalized

effective Young modulus with respect to the aspect ratio for properties contrast of 50 and 500,

respectively. They observed that Mori-Tanaka estimates were accurate for all aspect ratios

and properties contrasts at a low volume fraction of 1%. It can be observed in Figure 1.9 a)

that for a volume fraction of 3% and a contrast of 50, FE results deviate from Mori-Tanaka

estimates. The FE results show no additional increase of the effective Young’s modulus for

fibers of aspect ratios larger than 20. Similar observations apply to a properties contrast of

300, however the FE deviations initiate at a larger aspect ratio.

Hua and Gu (2013) studied the effective properties of SiC reinforced metal matrix com-

posites. They generated a single ROFRC microstructure including 30 fibers of aspect ratio

Figure 1.10 Comparisons among the M–T theory, FE model, and the experimental data.
Experimental data from (Chawla et al., 2006) and image from (Hua and Gu, 2013).
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5 up to 30% volume fraction using RSA method, as presented in Figure 1.3. They computed

the effective properties using the FE method and compared them to that of experiments

and of the Mori-Tanaka model, as presented in Figure 1.10. They concluded that the model

of Mori-Tanaka produces accurate estimations of the elastic properties of ROFRCs. Then,

they used the Mori-Tanaka model to conduct a parametric study of the effective properties

of ROFRCs for different contrasts of properties and volume fractions. They concluded that

fibers with larger aspect ratios generally led to a composite with increased effective Young’s

modulus, as well as reduced Poisson’s ratio. They also observed that for aspect ratios larger

than 10, the overall material properties were almost unchanged.

It is clear from analyzing the literature that numerical challenges have limited the nu-

merical homogenization of ROFRCs to low aspect ratios and/or low volume fractions. Most

importantly, all numerical studies have been reported without a thorough determination of

the appropriate RVE of the microstructure due its computational burden. Results of numer-

ical studies without a thorough determination of the RVE are questionable. Consequently,

they cannot be confidently used for the assessment of the analytical models.
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CHAPTER 2

OBJECTIVES AND SCIENTIFIC APPROACH

The literature survey revealed that:

– By definition, the RVE should yield accurate effective properties that are similar to

those of the macroscopic material. However, the ability of quantitative RVE definitions

to deliver accurate estimations of the effective properties has not been verified yet.

– The most common RVE determination method based on convergence of apparent prop-

erties over increments of number of fibers (Gusev, 1997; Kanit et al., 2003) induces very

large number of computations. A more cost-efficient RVE determination method is re-

quired to facilitate the RVE determination process and reduce computational costs.

– The RVE has not been determined for ROFRCs of aspect ratio higher than 5. Moreover,

the effect of inclusions aspect ratio on the RVE size has not been established yet for

any type of composite.

– Several analytical models exist for predicting the elastic properties of ROFRCs. How-

ever, none of the models estimations have been rigorously verified. Thorough assess-

ment of the analytical models is required in order to be able to use them in quick and

accurate predictions of ROFRCs properties. Assessment of analytical models is usually

done by comparison with numerical homogenization of the RVE.

– Numerical homogenization studies on ROFRCs were limited to low volume fractions

due to challenges related to 1) low jamming limits in random generation methods and

2) dealing with very large numerical models. The random-walk process of Altendorf

and Jeulin (2011a) was able to generate relatively high volume fractions of composites

reinforced by randomly oriented bent fibers. However, in order to assess analytical

models, only straight fibers should be considered. Improvements on random generation

methods and the use of cost-reduction computation techniques are necessary to extend

the range of achievable microstructures (i.e., fibers volume fractions and aspect ratios).

– Numerical homogenization has been performed for a small range of ROFRC microstruc-

ture parameters. Most studies present a single case or a small range of microstructural

parameters. Accurate effective properties for a wide range of microstructure parame-

ters can be useful for direct predictions of a given composite, but also for assessment

of current and future analytical models.
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2.1 Objectives

The specific objectives of this research are as follows:

1. Assessment of existing RVE quantitative definitions and investigation of new

RVE definitions

The objective is to assess quantitative RVE definitions by comparing their estimated

effective properties to that computed from very large material volumes considered as

the exact solution. The RVE were determined for ROFRCs of different aspect ratios,

following different quantitative definitions of the RVE.

2. Assessment of analytical model prediction of elastic properties

The objective is to compare the estimations of different analytical models to accurate

results for a wide range of microstructural parameters in order to determine the best

suited model for ROFRCs. The numerical results were computed using the appropriate

RVE definition following the results of the first objective.

2.2 Scientific approach

Two research papers were prepared in order to achieve the two above-mentioned objec-

tives.

2.2.1 Article 1: Assessment of existing and introduction of a new and robust

efficient definition of the representative volume element

The first paper presents an examination of quantitative RVE definitions largely accepted

in the literature and the proposition of several new quantitative definitions. All presented

quantitative RVE definitions were applied to ROFRCs of different aspect ratios (up to 60).

In order to assess the results of different RVEs, volumes including very large numbers of

fibers were simulated and their effective properties were computed. The effective properties

of very large volumes were compared to the corresponding estimated effective properties of

the different RVE definitions.

The main findings of this paper are:

1. Current RVE quantitative definitions can produce biased RVEs yielding erroneous ef-

fective properties (i.e. effective properties that are different than those of a very large

material sample). This finding questions, and could invalidate, a number of published

papers related to numerical homogenization.

2. The definition of the RVE in terms of the statistical scatter of the apparent elasticity

tensor, which is the basis of a newly proposed criterion, is a more robust criterion than
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defining it in terms of the convergence of the apparent properties, as is widely done in

the literature. Moreover, this new criterion, in addition to being more robust, requires

less computations and is believed to be more efficient than current definitions.

3. Material volumes for which apparent elastic tensor exhibits isotropy yield accurate

effective properties of ROFRCs, hence can be considered as RVE.

This article was submitted to the “International Journal of Solids and Structures” on

February 6, 2013. This journal publishes research on the mechanics of solid materials and

the mechanics of structures and has published main works on the subject of the RVE, e.g.,

(Ostoja-Starzewski, 1998; Terada et al., 2000; Kanit et al., 2003; Pelissou et al., 2009). This

article was written almost entirely by the author of this thesis.

2.2.2 Article 2: Evaluation of analytical homogenization models for randomly

oriented and high aspect ratio fiber reinforced composites

This paper presents a rigorous assessment of existing analytical homogenization models

for predicting the effective elastic properties of ROFRCs. Two categories of analytical models

were considered: one-step and two-step homogenization models. The analytical estimations

were compared to the results of 3D finite element simulations of RVEs determined using the

new quantitative definition presented in Article 1. Comparisons were performed for a wide

range of microstructural parameters: aspect ratios up to 120, contrast of properties up to

300 but the volume fractions were limited to 20% due to computational limitations. More

than 2500 random microstructures were simulated in the course of this study.

The main findings of this paper are:

1. None of the current analytical models produces accurate estimations of the effective

properties of ROFRCs with very long fibers (aspect ratio over 100). For relatively

short fibers (aspect ratio under 100) and low volume fractions (up to 5%), the analytical

models deliver accurate estimations.

2. The two-step Lielens/Voigt analytical model is the best suited model for the widest

range of ROFRC microstructural parameters.

3. It was also demonstrated that one can accurately estimate the effective properties of

ROFRCs with very long fibers (mathematically infinite) with that of fibers with an

aspect ratio of approximately 100. This finding can be applied in the modeling of

advanced composites (e.g. nanocomposites) that are impossible to model using current

computational resources.

This article was submitted to “Composites Part B: Engineering” on February 20, 2013.

This journal publishes research on the mechanics and the material aspects of composites
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and has recently published several studies on the effective properties of ROFRCs (Mortazavi

et al., 2013; Hua and Gu, 2013). The work described in this article was led by the author

of this thesis and was performed in part in collaboration with Maryam Pahlavanpour, a

PhD candidate under the supervision of prof. Martin Lévesque, who assisted in generating

the analytical models results. This article was written almost entirely by the author of this

thesis.



33

CHAPTER 3

ARTICLE 1: Assessment of existing and introduction of a new and robust

efficient definition of the representative volume element

H. Moussaddy, D. Therriault, M. Lévesque (2013). Submitted to: “International Journal of

Solids and Structures”.

3.1 Abstract

Accurate numerical homogenization necessitates the thorough determination of the Rep-

resentative Volume Element (RVE). This paper demonstrates that common techniques, based

on studying the convergence rate of the effective properties with respect to the volume el-

ement size, are invalid for a certain range of microstructures and yield erroneous estimates

of their effective properties. Different RVE determination methods were tested for the case

of composites reinforced by randomly oriented and high aspect ratio fibers. Following the

failure of traditional RVE determination methods, we proposed a new RVE determination

criterion that is not based on the average property stability, but its statistical variations. Our

new proposed criterion has been shown to be more accurate than other criteria in computing

the effective properties of composites for aspect ratios up to 60. Moreover, the proposed cri-

terion does not necessitate a convergence study over the volume element size, hence reducing

considerably the RVE determination cost. Finally, our work questions the validity of many

published works dealing with composites including heterogeneities of high aspect ratios.

3.2 Introduction

Three-dimensional (3D) numerical homogenization can deliver accurate effective proper-

ties for composites with arbitrary microstructures. Several authors have studied specific mi-

crostructures, such as randomly dispersed spheres (Ghossein and Lévesque, 2012) or aligned

fibers (Tucker III and Liang, 1999), using 3D numerical homogenization methods based on

the Finite Element (FE) and Fast Fourier Transforms (FFT). However, only a few works on

Randomly Oriented Fiber Reinforced Composites (ROFRCs) are reported in the literature

and are limited, due to computational challenges, to low volume fractions (e.g., Lusti and

Gusev (2004) up to 1%, Mortazavi et al. (2013) at 1% and 3%) and low fibers aspect ratios

AR = lfiber/dfiber where lfiber is the fiber length and dfiber is the fiber radius (e.g., AR = 5

in Böhm et al. (2002), AR ≤ 15 in Kari et al. (2007)). Most importantly, most ROFRCs
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numerical studies were conducted without a rigorous determination of the Representative

Volume Element (RVE). In the sequel, the “apparent properties” refer to the properties of an

arbitrary volume element, whereas “effective properties” refer to that of the RVE.

The RVE determination is of paramount importance to numerical homogenization meth-

ods since it ensures accurate estimations of the effective properties. The RVE is classically

defined as a volume of the material large enough to represent the material macroscopic be-

havior, i.e. a volume that yields the same effective properties as the bulk composite. The

volume of the material is hereby quantified by the number of heterogeneities/fibers that are

represented within. Larger volume elements include larger number of heterogeneities. The

process of establishing the RVE is traditionally based on the criterion of apparent property

stability, within a tolerance, when incrementing the number of heterogeneities in the compos-

ite volume (Gusev, 1997; Kanit et al., 2003). However, no studies have verified the validity

of this method for the case of heterogeneities with high aspect ratios (AR>10). The RVE

determination process generally requires the numerical homogenization of a large number of

random microstructure realizations (i.e., 3D virtual images of ROFRC microstructures) for a

series of volumes with an incrementing number of heterogeneities (e.g., number of fibers rep-

resented in the ROFRC virtual image) (Kanit et al., 2003). The high computational cost of

the RVE determination process for ROFRCs has lead many authors to ignore the elementary

RVE concept in their studies (Böhm et al., 2002; Kari et al., 2007; Lusti and Gusev, 2004;

Mortazavi et al., 2013). As a result, one could question the accuracy of the results in most

of the published papers dealing with ROFRCs.

The objective of this paper is to rigorously study the RVE determination process for the

case of ROFRCs with different aspect ratios. Different methods of RVE determination were

tested through a series of FE numerical simulations of a ROFRC with 5% volume fraction

of fibers and for different aspect ratios. The validity of the different RVE determination

methods was assessed by comparing their corresponding effective properties to those of very

large volumes. To the authors’ knowledge, the RVE determination has neither been rigorously

analyzed nor even attempted, yet, for ROFRCs.

The challenges for each step of a numerical homogenization process are first reviewed.

In Section 3.4, several RVE determination criteria and methods are presented. Section 3.5

describes briefly the numerical simulations and the parameters used in this study. Section 3.6

contains a comparison between the results of different RVE determination methods. Finally,

the main conclusions of this work are listed in Section 3.7.
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3.3 Background

Most numerical homogenization studies follow the methodology described below. First,

a 3D image of a random microstructure is generated (Section 3.3.1). Then, the 3D image is

discretized following the technique of FE or FFT (Section 3.3.2). Boundary conditions are

then enforced on the model (Section 3.3.3), followed by the computation of the microstructure

apparent properties (Section 3.3.4). Several techniques can help reducing the computational

cost of the numerical homogenization process (Section 3.3.5). Finally, the RVE is determined

by analyzing the numerical results of several random microstructures (Section 3.3.6).

3.3.1 Random microstructure generation

The first step in numerical homogenization of ROFRCs is to generate a 3D image of a

microstructure where the fibers are randomly positioned and oriented. Different methods are

commonly used for constructing random microstructure volumes, namely: random sequen-

tial adsorption (RSA) (Feder, 1980; Talbot et al., 1991), Monte-Carlo simulations (Gusev,

1997), molecular dynamics simulations (Ghossein and Lévesque, 2012; Lubachevsky, 1990),

random-walk methods (Altendorf and Jeulin, 2011a) and experimental image reconstruction

techniques (Huang and Li, 2013). The RSA algorithm (Feder, 1980; Talbot et al., 1991), pre-

sented herein, has been the most commonly used method for random microstructures genera-

tion due to its simplicity. Among the other above-mentioned methods, only the random-walk

method has been shown recently to generate more compact packings for ROFRCs (Altendorf

and Jeulin, 2011a). However, the method is limited to bended fibers only, which are not

desired in our case since this work aims at comparing the computed effective properties with

that estimated from micromechanical analytical models (e.g., Mori and Tanaka (1973)) that

assume straight fibers.

The RSA method consists of sequentially adding fibers into a volume, while checking for

contact interferences with all previously generated fibers, until the target volume fraction is

reached. If a newly added fiber overlaps with another fiber, it is removed and then reposi-

tioned randomly in the same volume. This repositioning operation is repeated until the new

fiber location is free from interferences. However, achievable microstructures by RSA are

limited to low volume fractions, due to fiber interpenetration, also known as the jamming

limit (Feder, 1980). The RSA process becomes even more complicated for high aspect ratio

fibers because they have more probability to interfere with each other. This can be observed

in the percolation theory where it is predicted that longer and randomly oriented fibers have

an increased probability of forming a connected network (Sandler et al., 2003). This explains

partially why ROFRCs efforts have been limited to low aspect ratios. Kari et al. (2007) pro-
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posed a modification to the original RSA scheme to overcome the jamming limit by adding

smaller fibers to fill-up the volume after reaching the jamming limit at a given initial fiber

size. However, discrepancies in aspect ratios and sizes of fibers in the same microstructure

induce very refined discretizations of microstructures, increasing substantially the computa-

tional cost. Therefore, there is still a need to improve the RSA method for randomly oriented

straight fibers in order to extend the range of achievable volume fractions and aspect ratios.

An original modification to the RSA scheme is proposed in Appendix where a displacement

is imposed on added fibers that interfere with existing fibers.

3.3.2 Numerical solution methods and geometry discretization

The FE and the FFT methods are among the most used numerical methods to estimate the

effective properties of composite microstructures. The latter has been reported by (Moulinec

and Suquet, 1994, 1998) and has been recently used in a study on the effective properties

of sphere reinforced composites (Ghossein and Lévesque, 2012). The FFT method requires

uniform discretization of a three dimensional microstructure image into equal size cubic

volumes (i.e., voxels) in order to enjoy the computational efficiency of FFT. The principal

advantage of this method is that it avoids the meshing difficulties usually associated with FE

and can be fully automated, by opposition to FE where user input is required in most cases.

However, the number of voxels required to represent adequately the geometry of high aspect

ratio fibers becomes very important and leads to very large computational costs. The FE

allows for a non-uniform distribution of elements (i.e., free meshes) permitting different levels

of mesh refinements in different parts of the microstructure. Moreover, different types and

shapes of elements can be used to accurately represent the fiber circular cross-section. When

the meshing is complete, boundary conditions are enforced on the meshing as described next.

3.3.3 Boundary conditions

For an infinitely large volume, the effective properties are independent of the applied

boundary conditions (Hill, 1963; Sab, 1992). Therefore, regardless of the enforced boundary

conditions, all apparent properties should converge to the effective properties when increas-

ing the number of heterogeneities. The main criterion that should be driving the choice of

boundary conditions is the convergence rate of the apparent properties towards the effective

properties. It has been demonstrated (Kanit et al., 2003) that periodic boundary conditions

converge towards the effective properties for smaller volumes than uniform tractions or dis-

placements. By definition, periodic boundary conditions are implemented into FFT methods

(Moulinec and Suquet, 1998). However, the implementation of periodic boundary conditions
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into FE models is more challenging. Periodic boundary conditions application in FE packages

can be achieved through the elimination method using Multiple-Point Constraints (MPC).

In order to exactly meet the periodicity of the displacement field, the microstructure must be

periodic and the meshes on opposite faces of the volume element must be identical. Following

the meshing, all matching nodes displacements are coupled through the periodic boundary

conditions equation:

u(x2) − u(x1) = E · (x2 − x1), (3.1)

where u(xi) is the displacement vector of the node at location xi, x1 and x2 are the coor-

dinates of two matching nodes on opposite faces of the cubic volume and E is the applied

macroscopic strain (set by the user). The reader is referred to (Barello and Lévesque, 2008)

for a more detailed discussion on periodic boundary conditions implementation in numerical

homogenization problems. Following the boundary conditions enforcement, the numerical

model is solved and the apparent elastic properties are consequently determined as described

in the next section.

3.3.4 Computation of the elastic properties

The apparent elastic tensor C̃ of a volume element is computed through:

Σ = C̃ : E, (3.2)

where Σ is the macroscopic stress tensor. Σ and E are defined as :

Σ = 〈σ(x)〉V (3.3a)

E = 〈ε(x)〉V (3.3b)

where σ and ε are the local stress and strain fields, respectively. Angle brackets 〈.〉 indicate

an averaging over the volume V as

〈σ (x)〉V =
1

V

∫
V

σ (x) dV. (3.4)

For discretized elements, angle brackets 〈.〉 indicate a volume averaging of the discrete field:

〈σi〉V =
1

V

∑
Vi σi, (3.5)

where Vi and σi are the volume and stress attributed to the ith finite element (or integration

point).
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In order to show explicitly how the effective elastic tensor C̃ is calculated, the modified

Voigt (Mandel) notation is used by which Eq.3.2 becomes:

Σ11

Σ22

Σ33√
2Σ12√
2Σ13√
2Σ23


=



C̃1111 C̃1122 C̃1133

√
2C̃1112

√
2C̃1113

√
2C̃1123

C̃2211 C̃2222 C̃2233

√
2C̃2212

√
2C̃2213

√
2C̃2223

C̃3311 C̃3322 C̃3333

√
2C̃3312

√
2C̃3313

√
2C̃3323√

2C̃1211

√
2C̃1222

√
2C̃1233 2C̃1212 2C̃1213 2C̃1223√

2C̃1311

√
2C̃1322

√
2C̃1333 2C̃1312 2C̃1313 2C̃1323√

2C̃2311

√
2C̃2322

√
2C̃2333 2C̃2312 2C̃2313 2C̃2323





E11

E22

E33√
2E12√
2E13√
2E23


.

(3.6)

In order to obtain all the terms of the apparent elasticity tensor C̃, each FE model can

be solved 6 times using 6 orthogonal deformation states, namely:

E1 =



ε

0

0

0

0

0


; E2 =



0

ε

0

0

0

0


; E3 =



0

0

ε

0

0

0


; E4 =



0

0

0

ε
√

2

0

0


; E5 =



0

0

0

0

ε
√

2

0


; E6 =



0

0

0

0

0

ε
√

2


.

(3.7)

Each deformation state is applied separately on the non-deformed FE model. By imple-

menting 3.7 in 3.6, each deformation state results in a single column of the apparent elastic

tensor C̃ in its matrix notation. Consequently, all 6 columns of the apparent elasticity tensor

can be calculated. Conversely, if tractions based boundary conditions were to be applied,

six orthogonal states of applied tractions would be needed to determine the 36 terms of the

compliance tensor S̃ in its matrix notation. It should be noted that for infinitely large volume

elements, at most 21 constants need to be determined due to the symmetry of the stress and

strain tensors.

It is well established that a random orientation distribution of fibers should lead to

isotropic effective properties (Benveniste, 1987). Therefore, only two elastic parameters are

sufficient to describe the effective behavior of the composite. Assuming the isotropy of the

volume element, the apparent bulk modulus k̃ and shear modulus G̃ can be calculated from C̃

using the isotropy projectors resulting in the following equations expressed using the Einstein

summation convention:

k̃ =
C̃iijj

9
, (3.8a)

G̃ =
3 C̃ijij − C̃iijj

30
. (3.8b)
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It should be noted that only two loading cases are required to estimate k̃ and G̃. However,

we performed the 6 load cases, stated in Eq.3.7, required to obtain the full stiffness tensor in

order to study its deviation from isotropy (see Section 3.3.4).

3.3.5 FE computation techniques

ROFRCs discretized microstructures usually require large FE models with a very high

number of degrees of freedom (DOF). With 15 randomly oriented fibers of aspect ratio 5 and

a volume fraction of 15%, Böhm et al. (2002) obtained a 130,000 nodes FE model (390,000

DOF). The number of DOF substantially increases for higher aspect ratios of fibers. The

computational memory required for the solution of the corresponding FE models cannot be

handled by typical workstation computers and classical solving methods. However, specific

techniques can reduce the memory requirements and computational time of the FE compu-

tations. One important technique to significantly reduce the computational cost is the use of

iterative solvers. Iterative solvers such as the Krylov subspace methods (e.g. pre-conditioned

conjugate gradient) can significantly reduce the memory required as well as the computa-

tional time when compared to the direct sparse solver. These types of solvers are most

efficient when used for block-like structures with high number of DOF (i.e., over a million)

(ABAQUS Analysis User’s Manual, 2010), as for the case of ROFRC volume elements. Most

commercial FE packages (e.g., Abaqus/Standard v6.10, ANSYS v13.0) have iterative solvers

already implemented but must be specified by the user. However, certain element types, con-

tact or non-linearity of material properties or geometries can lead to ill-conditioned models

which will slowly or even fail to converge.

Another important aspect of large model computation is parallelization. Thread-based-

parallelization can be utilized to parallelize independent tasks and loops. Moreover, Message

Passing Interface (MPI) based parallelization in domain decomposition methods (Farhat

et al., 1994; Farhat and Roux, 1991; Lenhardt and Rottner, 1999) can be utilized in paral-

lelizing the model on a computer cluster. FE Tearing and Interconnecting method (FETI)

(Farhat et al., 1994; Farhat and Roux, 1991) is a domain decomposition method which breaks

down the model into subdomains that share only interfaces. Forces and displacements at the

interfaces of subdomains are determined iteratively in an automated process without any

user intervention. The N subdomains are solved in N different processes that communi-

cate through the MPI. The combination of iterative solvers and parallelization schemes can

help widen the range of achievable volume fractions and fibers aspect ratios for ROFRCs.

However, not every combination of parallelization scheme and solver is possible. For more

information about FE solvers and parallelization, the reader is referred to (Farhat and Roux,

1994).
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3.3.6 RVE determination

RVE definitions

The validity of the numerical homogenization relies on the notion of the RVE. As originally

described by Hill (1963) and later by others (Drugan and Willis, 1996; Ostoja-Starzewski,

1998; Sab, 1992), the “theoretical RVE” refers to a sample that is large enough 1) to in-

clude a sampling of all microstructural heterogeneities that occur in the composite and 2)

to deliver effective properties that are independent of boundary conditions. The theoretical

RVE definition is simple in its physical meaning but remains challenging to determine in

practice. A more practical RVE definition is found in the framework of homogenization in

which a “numerical RVE” is defined as the smallest volume element that has the same target

property/behavior as the full scale material (Gusev, 1997; Kanit et al., 2003). While the

theoretical RVE is specific for the microstructure under study (e.g., volume fraction, contrast

of properties, heterogeneities shapes, dispersion and orientation), the numerical RVE is in

addition specific to the targeted property/behavior (e.g., bulk modulus, shear modulus, ther-

mal properties) (Gitman et al., 2007; Harper et al., 2012; Kanit et al., 2003; Pelissou et al.,

2009). The numerical RVE definition is more interesting than that of a theoretical RVE from

a practical standpoint. Numerical RVE should result in smaller volumes while still satisfying

the homogenization primary objective of having accurate effective properties.

Numerical RVE determination

A numerical RVE is usually characterized by the number of represented heterogeneities in

the volume. The number of heterogeneities that are required in a RVE is estimated through

the verification of specific criteria. Those RVE determination criteria should, necessarily,

be able to identify a RVE with accurate properties and, ideally, with the smallest volume

element as possible. Selecting appropriate RVE criteria is not trivial. Inadequately selected

criteria can lead either to a volume smaller than the RVE, hence yielding erroneous results,

or to a very large RVE that induces prohibitively large computational costs.

The first numerical RVE criteria reported in the literature relied on the stability of the

apparent properties of volume elements over increments of the number of heterogeneities in

the volume (Gusev, 1997). Gusev (1997) used this determination criterion to determine the

RVE of randomly dispersed spheres reinforced composites. Later on, Kanit et al. (2003) have

presented an algorithm to determine the RVE defined not only by its number of represented

heterogeneities, but also by the number of random realizations of the volume element required

to have confidence in the results. In Kanit et al. (2003), it is shown that by performing a

certain number of realizations with fewer heterogeneities, it is possible to obtain the same
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property as that of a single and larger RVE and with the same accuracy. However, this was

shown to be untrue for small volume sizes, as there is a bias caused by deterministic size effects

(e.g., boundary effects) which cannot be eliminated through ensemble averaging (Kanit et al.,

2003). Hence the numerical RVE is defined as the representative ensemble of realizations,

with the fewest number of heterogeneities , which yields by average the composite effective

properties, within a given tolerance.

Several determination criteria have been used in the literature (Ghossein and Lévesque,

2012; Gitman et al., 2007; Kanit et al., 2003; Moussaddy et al., 2011; Pelissou et al., 2009;

Salmi et al., 2012; Trias et al., 2006) to determine RVE parameters (nRV E, rRV E). To the au-

thor’s knowledge, only one criterion was used, under several forms, to determine the number

realizations required rRV E (Ghossein and Lévesque, 2012; Gitman et al., 2007; Moussaddy

et al., 2011; Pelissou et al., 2009). The criterion aims at the determination of the ensemble size

r of realizations that will give satisfactory confidence in the average properties. Precisely, the

criterion ensures that the ensemble of realizations average property should be representative,

within a tolerance, of the average of the whole statistical population of possible microstruc-

tures at that number of heterogeneities. In contrast, several different criteria were used to

determine the number of heterogeneities in the RVE nRV E. The first, and most commonly

used, criterion is that of effective property stability over increments of number of hetero-

geneities in the volume (Barello and Lévesque, 2008; Ghossein and Lévesque, 2012; Gusev,

1997; Kari et al., 2007; Pelissou et al., 2009; Trias et al., 2006). The only difference from the

early definition of the criterion, used by Gusev (1997), is that the stability criterion is applied

to the ensemble average properties and not to a single volume element for each volume size.

Another criterion was based on increasing the number of heterogeneities until the bounds of

effective properties, issued from uniform displacement and uniform traction boundary condi-

tions, are close within a tolerance (Salmi et al., 2012). Even though this criterion is the only

one to provide exact bounds and errors for the effective properties, uniform displacement and

traction boundary conditions are too distant apart for high contrasts of constituents’ prop-

erties. It was demonstrated in Salmi et al. (2012) that uniform displacement and traction

boundary conditions converge faster for a free-form volume element, whose side does not in-

tersect with heterogeneities, than for a cubic volume element which intersects heterogeneities.

Whether the refined bounds converge quicker than periodic boundary conditions or not is left

for future studies since the generation of free form VE for the microstructures studied herein

would require significant amount of work. A third criterion to determine nRV E is that of

enforcing that the variation/deviation of the targeted property over all realizations is within

a tolerance of their average (Salmi et al., 2012; Trias et al., 2006). Indeed, very low scattering

of the effective properties would be observed if an arbitrarily large number of heterogeneities
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were included in the volume. Other RVE size determination criteria were developed based

on geometrical and statistical properties of the realizations (Trias et al., 2006), but are not

directly related to the effective properties and, hence, are not included in this study.

The process of determining the RVE parameters is therefore usually done using a two-fold

convergence. First the number of realizations is incremented until satisfying the first criterion

and determining rRV E. Second, the volume size is incremented until satisfaction of the second

criterion and determining nRV E. This process usually leads to a very large number of FE

models to evaluate, among which only one set will be defined as the RVE. Furthermore, no

studies have verified the validity of the different criteria results, especially for the case of

heterogeneities with high aspect ratios. For example, the stability criterion verifies only the

convergence rate of the targeted property over size increments without any indication on the

effective properties accuracy. There might be cases where the property converges very slowly

over size increments and the numerical stability criterion is not strict enough to ensure that

the property of interest has effectively stabilized. As a result, premature convergence towards

false results is possible. In this study, an attempt was made to evaluate the accuracy of the

stability criterion, but also to suggest and assess the robustness of new methods of RVE

determination.

3.4 RVE determination methods

Several RVE determination methods were tested to determine both RVE parameters

(nRV E, rRV E). Each method consists of an algorithm involving two RVE determination cri-

teria. In the following, the determination criteria are first presented, followed by the listing

of the general algorithm for all determination methods.

3.4.1 Determination criteria

Two groups of determination criteria were tested to compute the RVE parameters (nRV E,

rRV E). The first group lists the number of realizations rRV E determination criteria, while the

second group lists number of fibers nRV E determination criteria. While the bulk modulus is

studied below for illustration purposes, the criteria can be applied to any elastic property.

Ensemble size criteria

An ensemble size criterion aims at ensuring that the ensemble of realizations is large

enough to have confidence in the ensemble average apparent properties. Two criteria are

used: the confidence interval criterion and the ensemble isotropy criterion.
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Confidence criterion: This criterion has been used under different forms in several RVE

determination studies (Ghossein and Lévesque, 2012; Kanit et al., 2003; Moussaddy et al.,

2011). The criterion states that the ensemble size is satisfactory if the confidence interval

relative error is within a certain tolerance, namely:

ζcon =
I95%

k̃

/
2

k
r

n

≤ tol, (3.9)

where I95%

k̃
is the 95% confidence interval of the apparent bulk moduli, tol is the fixed

tolerance, and k
r

n represents the arithmetic averaging of the apparent bulk moduli over the r

realizations with n fibers each.

Ensemble isotropy criterion: This criterion imposes the condition that the ensemble

average properties should have the same material symmetry as the full scale material, which

is isotropy in our case. Using this criterion, individual realizations should not be necessar-

ily isotropic, but the average stiffness tensor of the representative ensemble of realizations

should be. The average stiffness tensor isotropy should always be true for an arbitrarily

large ensemble of realizations since the theoretical orientation averaging of the stiffness or

compliance tensor of even a single fiber composite over all orientations exhibits isotropic be-

havior. Several isotropy indices can be found (Bucataru and Slawinski, 2009; Ranganathan

and Ostoja-Starzewski, 2008) in the literature but none of them provides a percentage error

measurement. It is therefore not trivial to define a range in which the isotropy index provides

an acceptable isotropy. Moreover, these indices collapse the whole elasticity matrix into one

single index value. This operation can be practical in most cases, but may lead to inaccurate

isotropy measurements.

A new isotropy error is hereby proposed that computes an error for each non-zero term of

the stiffness matrix. For a single random microstructure, the isotropy error matrix is given
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by:
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and for an ensemble of r realizations, the isotropy error matrix is expressed by:
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(3.11)

where C(k̃,G̃) is the isotropic stiffness matrix recalculated from the apparent elastic properties

k̃ and G̃ and C(k,G) is the isotropic stiffness matrix recalculated from the average apparent

elastic properties k and G.

The criterion dictates that the maximum term of the isotropy error matrix should be

lower than a fixed tolerance:

ζiso = max (|Λr|) ≤ tol, (3.12)

where max (|Λr|) indicates the maximum value of the matrix components.

Volume size criteria

Stability criterion: The property stability criterion is the most commonly used RVE

determination criterion. It aims at the determination of the point of convergence of the target
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property when the number of heterogeneities is increased. Thus, we propose a generalized

form of the stability criterion for an arbitrary increment of the number of fibers represented.

To reach stability, the criterion states that the convergence rate of the bulk modulus should

be within a certain tolerance:

δstab =

∣∣∣kr2n2
− kr1n1

∣∣∣
k
r2
n2

×
(

∆n

n2 − n1

)
≤ tol, (3.13)

where n2 is larger than n1, and ∆n indicates the chosen reference step size. The ratio between

∆n and n2−n1 is hereby proposed to generalize the stability criterion for an arbitrary choice

of volumes n1 and n2. The criterion’s ability to determine accurately the RVE value depends

on the choice of the tolerance value and of the reference volume step size ∆n. Even though

this criterion works well for microstructures with randomly dispersed spheres (Ghossein and

Lévesque, 2012; Gusev, 1997), or grains (Kanit et al., 2003), the microstructure of ROFRCs

with high aspect ratios fibers were not tested and should provide more insight into the

problems that can be faced.

Deviation criterion: The standard deviation of the target property is an indicator of the

scatter in the ensemble of realizations. When the number of fibers increases, lower property

variations should be observed. Theoretically, no variations should be observed when the RVE

is reached since the latter is typical of the whole microstructure. In this perspective, the RVE

can be identified by fixing a maximum deviation tolerance for an ensemble of realizations:

δdev =
srn
k
r

n

≤ tol, (3.14)

where srn is the standard deviation of the target property for an ensemble r with n fibers in

each volume.

Averaging variations criterion (new): All previous criteria were based on the arithmetic

mean of the apparent target property for the ensemble. The arithmetic mean value of the

apparent properties of the realizations was considered as the overall ensemble property. Here

we consider the arithmetic and harmonic means of the stiffness tensor:

C =
1

r

r∑
i=1

C̃i, (3.15a)

C =

(
1

r

r∑
i=1

C̃−1
i

)−1

. (3.15b)
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where C̃i is the apparent elastic tensor of the ith realization. The corresponding bulk moduli

are given by:

k̄ =
Ciijj

9
, (3.16a)

¯̄k =
Ciijj

9
. (3.16b)

It can be demonstrated that the result of Eq.3.16a is equivalent to the arithmetic mean of k̃

evaluated by
[

1
r

∑r
i=1 k̃

i
]
, hence the arithmetic mean symbol k̄ is used. However, Eq.3.16b is

different than the harmonic mean of k̃ evaluated by

[
r∑r

i=1
1

k̃i

]
.

The estimation of the average properties of the ensemble is taken as the average of both

means:

k̂r =
k
r

+ k
r

2
(3.17)

By construction, we have that:

k
r
≤ k̂r ≤ k

r
(3.18)

Equality in Eq.3.18 can only be obtained when all realizations lead to identical properties.

This new criterion states that the RVE is obtained when the difference between the ensemble

average properties k̂r and any of k
r

or k
r

is within a certain tolerance of their mean:

δav =

(
k̂r − k

r

k̂r

)
=

(
k̂r − kr

k̂r

)
≤ tol (3.19)

Isotropy criterion (new): This last criterion investigates if a single isotropic microstruc-

ture can provide accurate estimations of the effective properties. For this purpose, particular

isotropic microstructures, within a tolerance, were searched for among all generated volume

elements. The criterion states:

δiso = max (|Λ|) ≤ tol, (3.20)

where Λ is calculated using Eq.3.10. The RVE consists of the smallest volume element which

satisfies Eq.3.20.

Determination algorithm

Each RVE determination Method (M) was formed by combining an ensemble size criterion

with a volume size criterion. Table 3.1 lists all methods that were used in this study. For all

methods involving two criteria, the main algorithm is:

1. Set the microstructure parameters: volume fraction, aspect ratio, elastic properties of
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constituents, tolerance and initial number of fibers represented in the volume element.

2. Generate and solve random realizations until Criterion A is satisfied.

3. If Criterion B is satisfied, the RVE is found; Else, increase the number of fibers and

repeat from step 2.

It is important to note that only Mζcon δstab and Mζiso δstab , including the stability criterion

based on the convergence rate of the effective properties, necessarily require sequential in-

crements of the number of fibers. However, an incremental approach was conducted for all

methods in order to determine the smallest RVE possible. The estimated smallest RVE, for

all methods, would have the least accurate effective properties. Such an approach will help

conduct a more rigorous analysis of the validity of the different methods.

As for Mδiso , all generated volumes were individually tested to find isotropic microstruc-

tures, as per Eq.3.20. The RVE size was considered as the volume element with the fewest

fibers that satisfies the isotropy criterion δiso. The objective of Mδiso is not to test another

determination criterion, but rather to investigate if a single isotropic microstructure is equiv-

alent to a RVE, within a tolerance.

3.5 Numerical method

3.5.1 Numerical simulation

More than 1200 periodic microstructures were generated in MATLABR-2009a using a

new modified RSA scheme presented in Appendix. Figure 3.1 presents a microstructure

Table 3.1 The RVE determination methods.

Determination of r Determination of n RVE
Methods Criterion A Name Criterion B Name Effective property

Mζcon δstab ζcon ≤ tol Confidence δstab ≤ tol Stability k
r1
n1

in Eq.3.13
Mζiso δstab ζiso ≤ tol Ensemble isotropy

Mζcon δdev ζcon ≤ tol Confidence δdev ≤ tol Deviation k
r

n

Mζiso δdev ζiso ≤ tol Ensemble isotropy

Mζcon δav ζcon ≤ tol Confidence δav ≤ tol Averaging k̂rn
Mζiso δav ζiso ≤ tol Ensemble isotropy

Mδiso NA NA δiso ≤ tol Isotropy k̃
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Figure 3.1 Generated microstructure using the modified RSA method with 50 randomly
oriented fibers having an aspect ratio of 50 and 5% volume fraction.

generated using the modified RSA scheme containing 50 randomly oriented fibers of aspect

ratio 50 with a 5% volume fraction. The geometries were meshed in ANSYS v12.0 using 10

nodes tetrahedron elements and solved in Abaqus/Standard v.6.10 under 6 different cases of

displacement based periodic boundary conditions as stated in Eq.3.7, resulting in a total of

more than 7200 FE analyses. FE models contained more than 12 million nodes for volumes

containing 40 fibers with an aspect ratio of 60. Computations were performed on an IBM X

server 7145-AC1 with 1.5 TB RAM and parallelized over 6 to 12 XEON X7550 cores.

3.5.2 Material properties

A high contrast of elastic properties of 300, for the bulk and shear moduli of the fibers

over that of the matrix, was fixed in order to submit the RVE determination methods to a

rigorous case typical of nanocomposite materials. The constituent properties, listed in Table

Table 3.2 Materials properties in GPa.

Bulk modulus Shear modulus
Matrix 1.67 0.77
Fibers 500 231
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3.2, are similar to those of an epoxy matrix reinforced by single-walled carbon nanotube

bundles (Liu et al., 2005).

3.6 Results and discussions

3.6.1 Convergence of the RVE

Figures 3.2 a) and b) show the evolution of the ensemble mean bulk and shear moduli,

respectively, for two aspect ratios of 20 and 30 and several number of fibers as a function

of the number of realizations in the ensemble. The apparent properties shown in Figures

3.2 a) and b) were computed using Eq.3.15a. The properties in all figures are normalized

with respect to that of the matrix, while the number of fibers represented in a volume is

denoted by n and the fibers aspect ratio by AR. The bulk and shear moduli in Figures

3.2 a) and b) show similar trends. The confidence interval for all microstructures narrows

as more realizations are included in the average properties. Volumes with fewer fibers are

shown to have more scattering (i.e., larger confidence intervals) and usually required more

realizations to satisfy the confidence criterion of Eq.3.9. For very few fibers in the volume

(e.g., AR20n1 or AR30n10), it can be observed that the mean apparent properties, even

after several realizations, are still distant apart from that observed for larger numbers of

fibers (e.g., AR20n30 or AR30n30). This is a reproduction of the bias that (Kanit et al.,

2003) have observed for small volumes, once again showing the importance of determining

effectively the RVE.

Figures 3.3 a) and b) show the evolution of the normalized mean bulk and shear moduli,

respectively, for increasing number of fibers. Each point represents not a single realization

but the ensemble of realizations that were computed. The solid lines with downward pointing

triangles represent the arithmetic mean elastic properties obtained using Eq.3.16a and the

dashed lines with empty circles represent the harmonic mean elastic properties computed

using Eq.3.16b. Both means get closer to each other as the number of fibers increases.

For AR < 20, the means quickly stabilize; however for higher AR the curves show a lower

convergence rate and required larger volumes to stabilize. The higher the aspect ratio, the

more difficult it was to generate microstructures with a high number of fibers. Usually, the

last point of each curve in Figure 3.3 was the largest number of fibers that was practically

possible to generate/mesh/solve with the available methods and computational resources.

3.6.2 Ensemble size criteria analysis

This section analyzes and compares the ensemble isotropy criterion ζiso and the confidence

criterion ζiso. To test both criteria, we introduce the ensemble mean property error with
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(a)

(b)

Figure 3.2 Normalized average apparent properties with respect of that of the matrix as a
function of the number of realizations for fiber Aspect Ratios (AR) 20 and 30 and different
number of fibers (n) ranging from 1 to 50. a) Normalized bulk modulus; b) Normalized shear
modulus. The error bars represent a 95% confidence interval on the mean value.
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(a)

(b)

Figure 3.3 Normalized average apparent properties with respect of that of the matrix as
a function of the number of fibers for different Aspect Ratios (AR). a) Normalized bulk
modulus; b) Normalized shear modulus. The error bars represent a 95% confidence interval
on the mean value.
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Figure 3.4 Evolution of the ensemble number of realizations criteria errors ζcon, ζiso and ζ
expressed in Eq.3.9, 3.10 and 3.21, respectively, as a function of the number of realizations
in the ensemble for 10 fibers of aspect ratio 20. The dashed line represents the tolerance
threshold of 5%.

respect to that of the whole population of possible microstructures that have the same number

of fibers:

ζ =

∣∣∣kr − krtot∣∣∣
k
rtot , (3.21)

where rtot is very large. Therefore, ζ provides a rigorous comparison basis for the ensemble

size criteria, namely, the confidence criterion ζcon and the isotropy criterion ζiso. Figure 3.4

shows the evolution of ensemble number of realizations criteria errors ζcon and ζiso computed

using Eq.3.9 and 3.13, respectively, and the mean property error ζ using Eq.3.21 as a function

of the number of realizations for microstructures with 10 fibers of aspect ratio 20 at 5% volume

fraction and for rtot=150 (i.e., 150 realizations were computed). The confidence criterion ζcon

is close to the mean property error ζ, both around 1% even for a low number of realizations.

The ensemble isotropy criterion yields larger error values. Most importantly, the isotropy

error ζiso does not vanish when increasing the ensemble’s number of realizations. Same trends

were observed for other aspect ratios. This indicates that the ensemble isotropy criterion ζiso

is too strict and cannot always determine ensemble sizes. It is concluded that this criterion
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Figure 3.5 Evolution of the volume size criteria errors δstab, δdev, δav and δ expressed in
Eq.3.13, 3.14, 3.19 and 3.22, respectively, as a function of the number of fibers represented
for AR = 30. The dashed line represents the tolerance threshold of 5%.

is not ideal for the smallest RVE ensemble size determination.

3.6.3 Volume size criteria analysis

To analyze the property stability criterion δstab, the deviation criterion δdev and the av-

eraging variations criterion δav, we introduce the effective property error with respect to the

‘exact’ effective properties of very large volumes:

δ =

∣∣kn − knmax

∣∣
knmax

, (3.22)

where nmax indicates the largest volume size that was computed for a given aspect ratio,

with enough realizations to satisfy the confidence criterion ζcon. For AR ≤ 30, volume el-

ements containing nmax = 80 fibers were simulated and very low scattering of the effective

properties was observed and both arithmetic and harmonic means were almost identical, as

seen in Figure 3.3. We hereby assume that those largest volume sizes of nmax = 80 simu-

lated for AR ≤ 30 provide an accurate estimation of the effective properties. The results

of those largest volume sizes are referred to as ‘exact properties’ and are used to validate

the estimated effective properties of all methods listed in Table 3.1. Figure 3.5 shows the
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volume size criteria δstab, δdev and δav computed with Eq.3.13, 3.14 and 3.19 and the effective

property error δ computed with Eq.3.22 where nmax = 80 at different volume sizes n for AR

= 30. For each volume size, all errors have been computed using the same ensemble of real-

izations that satisfied the confidence criterion ζcon. For the stability criterion in Eq.3.13, the

number of fibers step was taken as ∆n = 10. In Figure 3.5, the deviation criterion δdev was

lower than the 5% tolerance threshold even for the smallest volume size including only one

single fiber. In contrast, the effective property error δ is larger and is over the 5% tolerance

threshold for the smallest volume size. This observation suggests that the deviation criterion

δdev determines biased RVEs. Herein, a biased RVE designates a RVE which has effective

properties errors that exceed the prefixed tolerance. The stability criterion δstab shows good

agreement with the effective property error δ only for the smallest volume size. However, the

stability criterion δstab decreases very quickly with increasing volume sizes. For volume sizes

above one single fiber, effective property errors δ are exceedingly larger suggesting that the

stability criterion δstab determines biased RVEs. The only criterion that is shown to be able

to generate non-biased RVEs is the proposed averaging variation criterion δav. The averaging

variation criterion shows very good agreement with the effective property error. A similar

trend was observed for all aspect ratios AR≤30.

3.6.4 RVE parameters

Following the RVE determination methods listed in Table 3.1, the RVE parameters

(nRV E, rRV E) were determined, for tol = 5%, and are listed in Tables 3.3 and 3.4 for the

bulk and shear moduli, respectively. Other tolerance values were tested and are presented in

Table 3.3 RVE volume sizes n and number of realizations r for the bulk modulus at different
aspect ratios for various determination Methods (M) with 5% tolerance. The last column
indicates how many isotropic realizations were found over the ensemble size. When no RVE
parameters are given, the RVE was not found.

Mζcon δstab Mζiso δstab Mζcon δdev Mζiso δdev Mζcon δav Mζiso δav Mδiso

AR n r n r n r n r n r n r n r/rtot
3 1 5 1 5 1 5 1 5 1 5 1 5 1 2/30
5 5 5 5 5 1 5 1 6 1 5 1 6 5 2/20
10 5 5 5 5 1 5 1 13 1 5 5 5 10 3/27
20 5 5 – – 1 5 10 38 5 5 20 26 – –
30 5 5 – – 1 6 – – 10 5 – – – –
40 10 5 – – 1 9 – – 30 5 – – – –
50 5 5 – – 5 5 – – 30 5 – – – –
60 1 7 – – 1 7 – – 40 5 – – – –
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Section 3.6.6. The same microstructure realizations were used for all determination methods

investigated. It is observed in Tables 3.3 and 3.4 that Mδiso based on microstructure isotropy

criterion δiso, as well as all methods that include the ensemble isotropy criterion ζiso, i.e.

Mζiso δstab , Mζiso δdev and Mζiso δav , have not been able to find RVEs for AR > 20. Moreover, the

results in Figures 3.3 a) and b) suggest that for an aspect ratio of 30, for example, the RVE

should be reached as the property is seen to have converged. This confirms that the ensemble

isotropy criterion ζiso and the single microstructure isotropy criterion are too strict. The last

column in Table 3.3 shows the number of isotropic realizations found over the total number

of realizations computed at that particular volume size. It can be concluded that finding

isotropic realizations using δiso is not a trivial process. In contrast, the methods including the

confidence criterion ζcon, i.e. Mζcon δstab , Mζcon δdev and Mζcon δav , reach the RVE for all volume

sizes. It is also observed that Mζcon δav , including the averaging variation criterion delivers the

largest RVE sizes, whereas Mζcon δdev generally yielded smallest RVEs containing one single

fiber.

3.6.5 Effective properties

Tables 3.5 and 3.6 present for all methods the estimated effective bulk and shear moduli,

respectively. Also included in Tables 3.5 and 3.6 are the ‘exact properties’ determined using

the larger number of fibers nmax = 80 for ARs up to 30. The errors of the estimated effective

properties of the different methods with respect to the ‘exact properties’ are also presented

in Tables 3.5 and 3.6.

For all methods that include the ensemble isotropy criterion ζiso, i.e. Mζiso δstab , Mζiso δdev

Table 3.4 RVE volume sizes n and number of realizations r for the shear modulus at different
aspect ratios for various determination Methods (M) with 5% tolerance. The last column
indicates how many isotropic realizations were found over the ensemble size. When no RVE
parameters are given, the RVE was not found.

Mζcon δstab Mζiso δstab Mζcon δdev Mζiso δdev Mζcon δav Mζiso δav Mδiso

AR n r n r n r n r n r n r n r/rtot
3 1 5 1 5 1 5 1 5 1 5 1 5 1 2/30
5 5 5 5 5 1 5 1 6 1 5 1 6 5 2/20
10 5 5 5 5 1 5 1 13 1 5 5 5 10 3/27
20 5 5 – – 1 5 10 38 5 5 20 26 – –
30 5 5 – – 1 6 – – 10 5 – – – –
40 10 5 – – 5 5 – – 30 5 – – – –
50 5 5 – – 5 5 – – 30 5 – – – –
60 – – – – 1 15 – – 40 5 – – – –
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(a)

(b)

Figure 3.6 Normalized properties with respect of that of the matrix as a function of the
number of fibers and the RVE results using methods Mζcon δstab, Mζcon δdev and Mζcon δav at
5% tolerance. a) Normalized bulk modulus; b) Normalized shear modulus. The error bars
represent a 95% confidence interval on the mean value.



57

and Mζiso δav , whenever the RVE was found, the corresponding effective properties are rel-

atively accurate (error under 5%), with the lowest errors found when combined with the

averaging criterion δav in Mζiso δav (1% error or lower).

As for methods that include the confidence criterion ζcon, Mζcon δstab and Mζcon δdev based

on the stability criterion δstab and the deviation criterion δdev, respectively, produce errors,

with respect to ‘exact properties’, that increase with higher aspect ratio values. The errors

reach 6% and 10% at AR= 30 for Mζcon δstab and Mζcon δdev , respectively. In contrast, RVE

volume sizes determined as per Mζcon δav show very low errors (1% or lower) for aspect ratios

up to 30.

The realizations which were found to satisfy the isotropy criterion δiso provided exceedingly

accurate effective properties with practically zero errors with respect to ‘exact properties’, as

seen in Tables 3.5 and 3.6. This indicates that for the case of ROFRCs under study, whenever

an isotropic realization is found, it can serve as an accurate RVE.

To assess the estimated effective properties for AR=30, they are compared with FE results

for all the number of fibers simulated as in Figures 3.6 a) and b) for the bulk and shear moduli,

respectively. It can be seen in Figures 3.6 a) and b) that, for Mζcon δstab and Mζcon δdev , the

determined RVEs for all aspect ratios show a bias. The stability criterion δstab induced bias

in Mζcon δstab can be explained by the fact that the effective properties of ROFRCs with high

aspect ratios of fibers have a low converging rate, lower than the 5% tolerance, with increasing

number of fibers. However, the stability criterion is expected, in principle, to identify accurate

RVEs if the tolerance was arbitrarily small. Therefore, to be able to identify the real RVE

using the properties stability criterion, a convergence study has also to be performed on the

choice of tolerance. The choice of tolerance values is discussed in the following section. Also

Table 3.5 RVE effective normalized bulk modulus at different aspect ratios for various deter-
mination Methods (M) with 5% tolerance. When no properties are given, the RVE was not
found. The errors are computed in respect to the ‘exact’ results (final column).

Mζcon δstab Mζiso δstab Mζcon δdev Mζiso δdev Mζcon δav Mζiso δav Mδiso Exact
AR k/km er. k/km er. k/km er. k/km er. k/km er. k/km er. k/km er. k/km
3 1.11 0% 1.11 0% 1.11 0% 1.11 0% 1.11 0% 1.11 0% 1.11 0% 1.11
5 1.14 0% 1.14 0% 1.15 1% 1.15 2% 1.14 0% 1.14 0% 1.13 0% 1.13
10 1.24 2% 1.24 2% 1.27 4% 1.27 4% 1.22 0% 1.22 0% 1.22 0% 1.23
20 1.51 5% – – 1.56 7% 1.48 2% 1.46 1% 1.44 1% – – 1.45
30 1.77 6% – – 1.82 9% – – 1.69 1% – – – – 1.68
40 1.94 – – – 2.03 – – – 1.84 – – – – – –
50 2.12 – – – 2.12 – – – 2.03 – – – – – –
60 2.31 – – – 2.31 – – – 2.15 – – – – – –
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seen in Figures 3.6 a) and b), Mζcon δav is the only method to provide realistic estimations of

effective properties for all aspect ratios.

Another substantial benefit of Mζcon δav is that it does not necessarily require a series of

computations on subsequent volumes sizes to determine the RVE. If the first guess volume size

satisfies Eq.3.13, there is no need for incrementing the volume size. In contrast, the methods

based on the stability criterion require a series of computations for increasing volume sizes.

Therefore, Mζcon δav helps reducing the computational time of the whole RVE determination

process.

3.6.6 Tolerance analysis

The real errors of the estimated effective properties of all methods are that which are

calculated with respect to the ‘exact properties’. Even though the different tolerance defi-

nitions have different meanings than that of the real error, it would be very useful that a

method estimates effective properties yielding errors, with respect to the exact results, which

are equal or lower than the initial tolerance value. Such a method would ensure that the

real errors of effective properties estimations are lower than the chosen tolerance value. To

analyze the effect of tolerance choice, Mζcon δstab , Mζcon δdev and Mζcon δav were performed for

tolerances varying from 1% to 5%. Figure 3.7 presents the estimated effective properties

errors, with respect to the ‘exact properties’, using the three RVE determination methods

(Mζcon δstab , Mζcon δdev and Mζcon δav) for fibers aspect ratio of 30. The dashed line represents

the case of equality between the tolerance and the error value. An appropriate RVE deter-

mination method should yield errors lower or equal to the tolerance value. Mζcon δstab and

Table 3.6 RVE effective normalized shear modulus at different aspect ratios for various de-
termination Methods (M) with 5% tolerance. When no properties are given, the RVE was
not found. The errors are computed in respect to the ‘exact’ results (final column).

Mζcon δstab Mζiso δstab Mζcon δdev Mζiso δdev Mζcon δav Mζiso δav Mδiso Exact
AR G/Gm er. G/Gmer. G/Gmer. G/Gmer. G/Gmer. G/Gmer. G/Gmer. G/Gm

3 1.15 0% 1.15 0% 1.15 0% 1.15 0% 1.15 0% 1.15 0% 1.15 0% 1.15
5 1.18 0% 1.18 0% 1.20 1% 1.20 2% 1.19 0% 1.19 0% 1.18 0% 1.18
10 1.32 2% 1.32 2% 1.35 4% 1.36 4% 1.29 1% 1.29 0% 1.30 0% 1.30
20 1.66 5% – – 1.72 8% 1.63 2% 1.59 0% 1.58 0% – – 1.59
30 2.00 6% – – 2.06 10% – – 1.91 1% – – – – 1.88
40 2.24 – – – 2.29 – – – 2.12 – – – – – –
50 2.45 – – – 2.45 – – – 2.35 – – – – – –
60 – – – – 2.73 – – – 2.54 – – – – – –
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Figure 3.7 Relative errors of the effective bulk modulus of RVEs determined using methods
Mζcon δstab, Mζcon δdev and Mζcon δav with respect to the ‘exact properties’, for different values of
tolerance and for AR=30. The dashed line represents the desired tolerance.

Mζcon δdev show errors larger than the tolerance value. The Mζcon δav , based on the confidence

and averaging variation criteria, is the only method to show acceptable errors for all tolerance

choices.

3.6.7 RVE size correlation

Here we attempt to investigate the existence of a correlation between any RVE related

parameter (e.g. RVE edge length) and geometrical parameters of the microstructure (e.g.

aspect ratio of fibers). Any correlation could provide a firsthand tool for a quick estimation of

the RVE size without performing any FE computations. Harper et al. (2012) determined the

RVEs of randomly oriented carbon fiber composites simplified in 2D representations using an

embedded cell FE approach. They observed that the results always converged at the same

RVE edge length which is about 4 times larger than the fiber length (tested for three aspect

ratios: 1.8, 3.6 and 7.1 and two volume fractions: 30% and 50%). Figure 3.8 shows the RVE

edge length normalized with respect to the fiber edge length as a function of the aspect ratio.

All results are those of the RVEs determined using Mζcon δav for both bulk and shear moduli for

a tolerance of 5%. The RVE normalized edge length is shown to be constant for aspect ratios
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Figure 3.8 Correlation between the RVE edge length LRV E with respect to the length of the
fibers represented Lfiber as a function of the fibers aspect ratio. Represented RVEs data were
determined using Mζcon δav at 5% tolerance for bulk and shear moduli.

of 10 or larger. However, the RVE normalized edge length value (around 0.5) is strictly lower

than the normalized RVE length value of 4 that was stated by (Harper et al., 2012). This

finding, based on 3D simulations and rigorous RVE determination, can provide guidelines to

estimate the RVE size for a specified aspect ratio without any computation, reducing further

the RVE determination computational costs. It should be noted, however, that this value is

restricted to the mechanical properties simulated. It is expected that lower contrasts between

the constituents’ properties or lower volume fractions should lead to smaller RVE sizes.

3.7 Conclusions

Several RVE determination methods have been presented and tested for the determination

of both RVE parameters (nRV E, rRV E). The RVE was determined using different criteria

separated in two sub-categories: ensemble size criteria and volume size criteria. The most

important conclusions of the study are summarized in the following:

1. The property stability criterion, which is the most commonly used criterion for RVE

determination, as well as the standard deviation criterion are inappropriate for deter-

mining RVEs of ROFRCs with high aspect ratios of fibers.
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2. Single microstructures that yield isotropic elasticity tensors, within a tolerance, yield

accurate effective properties. However, it becomes very difficult to obtain isotropic

microstructures for high aspect ratios. This criterion could be added as an exit condition

into a RVE determination algorithm in order to reduce further the computational time

if, by chance, a realization meeting this criterion was obtained.

3. The newly proposed averaging criterion computes accurate estimations of ROFRCs

effective properties, within a given tolerance. Moreover, the averaging criterion does

not necessitate the computation of the apparent properties at different volume sizes to

study the convergence, as the stability criterion does. This reduces substantially the

computational cost related to the RVE determination process.

4. The RVE edge length was found to be around half the fiber length for aspect ratios

larger than 10, allowing firsthand quick estimations of RVE sizes.

The above-mentioned findings have two major impacts on existing and future works:

1. The validity of all studies relying on the property stability criterion is under question.

In fact, the criterion was also not assessed, to the author’s knowledge, for other types

of microstructures.

2. ROFRCs RVE determination cost is reduced due to the new proposed criterion and to

the RVE size firsthand estimation, hence guiding the way towards numerical homog-

enization of high cost microstructures such as nanocomposites with very high aspect

ratio reinforcements.

However, in order to achieve higher volume fractions, and especially larger aspect ratios,

further advancements should be made in the microstructure generation method. In addition,

cost-efficient mesh-free techniques should be sought for solving volume elements containing

fibers of larger aspect ratios that are impossible to solve with the current computational

resources.
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APPENDIX - Modified RSA

We propose an extension for the RSA algorithm in order to facilitate the generation of

higher volume fractions and aspect ratios in random packings of straight fibers. In this

modified algorithm, fibers are considered as straight cylinders having the same aspect ratio

and same dimensions. A single modification to the RSA classical scheme is implemented

when overlapping occurs, i.e. when the distance between a newly generated fiber f2 and an

existing fiber f1 is less than the fixed minimum distance e between two accepted fibers.

Let the minimum distance vector from the first fiber f1 axis to the newly generated fiber

f2 axis be noted v12. The second fiber f2 is translated following the v12 direction to satisfy

the minimum distance requirement. The vector of translation d is expressed by:

d = e
v12

‖v12‖
(A.1)

Following the translation, the distances between the translated fiber f2 and all other

existing fibers axes are verified. If the minimum distance is not satisfied, the fiber f2 is re-

moved, and a new random fiber position and orientation are generated. Using this algorithm

with a zero inter-fiber minimum distance, volume fractions up to 38% and 29% were gener-

ated for ROFRCs with aspect ratios 10 and 30, respectively. Figure 3.1 shows an example

of a ROFRC generated using the modified RSA method. The microstructure contains 50

randomly oriented fibers of aspect ratio 50 at 5% volume fraction. The microstructure is

periodic, meaning that a fiber that crosses one surface of the volume penetrates back from

the opposite surface. This condition is imperative in order to obtain identical FE meshes

on opposite sides and, consequently, to apply periodic boundary conditions as expressed in

Eq.3.1.
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CHAPTER 4

ARTICLE 2: Evaluation of analytical homogenization models for randomly

oriented and high aspect ratio fiber reinforced composites

H. Moussaddy, M. Pahlavanpour, D. Therriault, M. Lévesque (2013). Submitted to: “Com-

posites Part B: Engineering”.

4.1 Abstract

The elastic properties of Randomly Oriented Fiber Reinforced Composites (ROFRC) were

determined using 1) analytical micromechanical models and 2) Finite Element (FE) homog-

enization of the Representative Volume Element (RVE). Accurate effective elastic properties

of ROFRCs were computed through a rigorous RVE determination process involving the

FE computation of more than 2500 three-dimensional (3D) microstructures. The FE com-

putations were performed for different volume fractions, fibers aspect ratios and properties

of constituents. The FE accurate results were compared to analytical models such as that

of Mori-Tanaka, in order to assess the accuracy of the latter. It was determined that the

two-step Lielens/Voigt model provides more accurate estimations for most studied cases up

to an aspect ratio of approximately 90. These findings allow the future utilization of the

appropriate analytical model for very quick and accurate calculation of effective properties.

For fiber aspect ratios higher than 90, no model provided accurate estimations of the bulk

and shear moduli. Furthermore, the stiffness saturation aspect ratio was determined to be

approximately 90. The latter finding is also of a major impact since it creates the possibility

for the numerical study of composites with very high aspect ratios fibers that are currently

impossible to solve in regard to their computational cost.

4.2 Introduction

Numerous micromechanical analytical models have been reported in the literature for

predicting the mechanical properties of Randomly Oriented Fiber Reinforced Composites

(ROFRC) (Benveniste, 1987; Schjodt-Thomsen and Pyrz, 2001; Pierard et al., 2004). Thanks

to their relative low computational costs, analytical models can be very useful in many ap-

plications. However, their accuracy at predicting the elastic properties of ROFRCs has not

been rigorously evaluated yet, especially for fibers with high aspect ratios ρ > 5, ρ = lf/df ,
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where lf is the fiber length and df its diameter. On the other hand, numerical homogeniza-

tion techniques, like the Finite Element (FE) method, can deliver accurate effective prop-

erties of composite microstructures, provided that Representative Volume Elements (RVE)

are simulated. The determination of the RVE is a complex process that induces very high

computational costs, especially for high fibers aspect ratios. Recently, Moussaddy et al.

(2013) analyzed the RVE determination process for ROFRCs and demonstrated that tradi-

tional RVE determination techniques are invalid. They proposed a new RVE determination

method that was successful at determining accurate elastic properties of ROFRCs with less

computational costs (tested at 5% volume fraction for ρ ≤ 60).

The numerical results of appropriately determined RVEs can be used to assess the ac-

curacy of analytical models. The assessment of analytical models has been conducted for

composites reinforced by aligned fibers using FE numerical method (Tucker III and Liang,

1999) and for spheres reinforced composites using a numerical scheme based on the Fast

Fourier Transforms (FFT) (Ghossein and Lévesque, 2012), among other studies. In contrast,

very few works have compared the analytical models predictions to that of numerical sim-

ulations for ROFRCs. Several studies have been limited to a low fibers aspect ratio of 5

(Böhm et al., 2002; Hua and Gu, 2013; Kari et al., 2007) and found good agreement between

numerical results and the predictions of the Mori-Tanaka model and self-consistent scheme.

Other studies dealt with high aspect ratios for very low volume fractions (ρ ≤ 60 and volume

fractions up to 3% in (Mortazavi et al., 2013) and ρ ≤ 200 and volume fractions up to 1%

in (Lusti and Gusev, 2004)). However, the RVE was not determined in those works, and the

important scattering in the results observed in some cases (Mortazavi et al., 2013) questions

the validity of these results. Moreover, all those studies (Böhm et al., 2002; Hua and Gu,

2013; Kari et al., 2007; Mortazavi et al., 2013; Lusti and Gusev, 2004) did not cover a wide

range of fibers volume fraction, aspect ratio nor stiffness.

The objective of this work is to assess the accuracy of the analytical models reported in

literature for ROFRCs, with regard to their elastic moduli estimations. The assessment is

conducted by comparing the analytical models elastic moduli predictions to that of FE sim-

ulations using rigorously determined RVEs. The work is preformed for a wide range of fibers

aspect ratios, volume fractions and contrasts of properties (elastic properties fibers/matrix).

Section 4.3 reviews the analytical models for predicting the elastic properties of ROFRCs.

The methodology for FE homogenization and the RVE determination process are presented

in Section 4.4. The analytical models estimations are compared to the computed FE results

in Section 4.5. Section 4.6 discusses the results and identifies the application ranges and

accuracies of the tested models. Finally, Section 4.7 concludes this work.
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4.3 Analytical models

The analytical models studied in this work are categorized as one- and two-step models. In

one-step models, the overall properties of ROFRCs are calculated in a single homogenization

step whereas a combination of two models are sequentially used in the second approach.

4.3.1 One-step methods

Benveniste (Benveniste, 1987) used the Mori-Tanaka (M-T) method to describe compos-

ites with randomly oriented inclusions. The stiffness tensor is evaluated with the orientational

average as:

CM-T = Cm + cf{(Cf −Cm) : T} : [cmI + cf{T}]−1, (4.1)

where C and c denote the stiffness tensor and the volume fraction, respectively. Subscripts

’m’ and ’f’ represent the matrix and fiber, respectively, and curly brackets {.} stand for

orientation averaging. Tensor T is given by:

T = [I + Sm : C−1
m : (Cf −Cm)]−1 (4.2)

where Sm is Eshelby’s tensor (Eshelby, 1957).

The so-called Dilute (Dil) estimation for low volume fraction composites is expressed as:

CDil = Cm + cf(Cf −Cm) : {T} (4.3)

Similarly, the Self-Consistent (SC) scheme (Hill, 1965; Budiansky, 1965) for randomly

oriented inclusions is expressed by:

CSC = Cm + cf(Cf −CSC) : {TSC} (4.4)

where TSC is given by:

TSC = [I + SSC : CSC−1 : (Cf −CSC)]−1 (4.5)

Eq.4.4 is an implicit problem that is iteratively solved since the elastic tensor of the composite

CSC and Eshelby’s tensor SSC are initially unknown.

The only other explicit one step methods for ROFRCs are, to the author’s knowledge,

the model of Ponte-Castañeda and Willis (1995) and the double inclusion method (Hori and

Nemat-Nasser, 1993). It has been proved that both models are equivalent for ROFRCs (Hu

and Weng, 2000a). However, their analytical estimates have a limited range of allowable
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volume fractions (cf ≤ 1/ρ2) due to assumptions on the composites microstructure (Ponte-

Castañeda and Willis, 1995). Consequently, the allowable volume fractions are found to be

limited under 1% and 0.01% for fibers with aspect ratios of 10 and 100, respectively, which

is unpractical for the purpose of this work. When exceeding the volume fraction limit, the

Ponte-Castañeda and Willis estimates have been shown to lie outside the Hashin-Shtrikman

bounds (Hu and Weng, 2000b).

4.3.2 Two-step methods

The two-step homogenization approach has been originally suggested by Camacho et al.

(1990) and later on studied by Pierard et al. (2004). In two-step methods, the RVE is

decomposed into a number of discrete subregions α (α = 1, 2, . . . n) where the fibers are

aligned along an arbitrary direction. The homogenized elastic tensor of each subregion, Cα,

is calculated in a first step and homogenization over all subregions is performed in a second

step, as illustrated in Fig. 4.1.

First step: homogenization of each subregion

Each subregion is considered as a two-phase aligned fiber composite. The overall elasticity

tensor of a subregion, Cα, is computed from:

Cα = Cm + cf [(Cf −Cm)] : A, (4.6)

where A denotes the strain-localization tensor.

The first given expression of A is that for dilute composites as (Eshelby, 1957):

ADil = T. (4.7)

In the Mori-Tanaka model, A is given by:

AM-T = T : [cmI + cfT]−1, (4.8)

In the SC scheme (Hill, 1965; Budiansky, 1965), the strain-localization tensor is expressed

as:

ASC = [I + Sα : Cα
−1 : (Cf −Cα)], (4.9)

where Sα is Eshelby’s tensor where the infinite media is the effective composite.

Lielens et al. (1998) proposed a model (Li) that interpolates between the upper and lower
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to  n   subregions 

First  
step 

Second 
step  

Decomposition 

Figure 4.1 Two-step method: Decomposition of RVE to a set of subregions. Each subregion
is individually homogenized in the first step. In the second step, homogenization is performed
over all the subregions.

Hashin-Shtrikman bounds for aligned reinforcements and reads as:

ALi = Â
Li

[(1− cf)I + cfÂ
Li

]−1, (4.10)

where

Â
Li

= {(1− c∗)[Â
lower

]−1 + c∗[Â
upper

]−1}−1, (4.11)

and c∗ is related to the reinforcements volume fraction as:

c∗ =
cf + c2

f

2
. (4.12)

Â
lower

and Â
upper

are expressed as:

Â
lower

= [I + Sm : (Cm)−1 : (Cf −Cm)]−1, (4.13a)

Â
upper

= [I + Sf : (Cf)
−1 : (Cm −Cf)]

−1, (4.13b)

where Sf is Eshelby’s tensor where the infinite media has the properties of the fibers.

Tucker III and Liang (1999) reported that the SC model overestimates the axial modulus
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at high volume fractions and that the M-T model delivers the most accurate predictions for

large aspect ratio fibers. They also pointed out that Lielens model may improve on the M-T

model for higher fiber volume fractions or rigidity contrasts (Tucker III and Liang, 1999).

Second step: homogenization of all subregions

Subregions form a multi-phase composite that can be homogenized by one of several

homogenization models. For example, the overall stiffness tensor according to Voigt model

is written as

CVoigt =

N∑
α=1

CαVα

V
, (4.14)

where V and Vα are the volume of composite and the volume of each subregion, respectively,

and Cα is the effective elastic tensor of a subregion calculated using one of the models for

aligned inclusions enumerated in Section 4.3.2. The effective stiffness tensor according to

Reuss model is calculated as

CReuss =


N∑
α=1

C−1
α Vα

V


−1

. (4.15)

For uniform random orientation of inclusions, it can be proved that Eq.4.14 and 4.15 are

equivalent to the orientation averages {Cα} and {C−1
α }, respectively.

Two-step methods are noted herein by ”1st method/2nd method” and are listed in the

following: M-T/Voigt, M-T/Reuss, Li/Voigt, Li/Reuss, SC/Voigt, SC/Reuss, Dil/Voigt and

Dil/Reuss.

One-step M-T (Eq.4.1) and two-step M-T/Voigt (Eq.4.6, 4.8 and 4.14) have been used

in literature under the name of Mori-Tanaka without specifying which of the two models

has been used. The current study brings forth clarifications to the differences between the

two methods and identifes the models best suited for ROFRCs. It can be proven that the

one-step Dilute model in Eq.4.3 and the two-steps model of Dil/Voigt are mathematically

equivalent, hence have the exact same estimations. Therefore, only Dil/Voigt is mentioned

in the sequel to distinguish it from the two-step method of Dil/Reuss.
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4.3.3 Bounds: Hashin-Shtrikman

The Hashin-Shtrikman (HS) bounds (Hashin and Shtrikman, 1963) for bulk k and shear

G moduli of isotropic materials are expressed by:

kHS = km + cf
kf − km

1 + cm

(
kf−km
k∗+kf

) , (4.16a)

GHS = Gm + cf
Gf −Gm

1 + cm

(
Gf−Gm

G∗+Gf

) , (4.16b)

where ∗ denotes the reference material which is the fiber and the matrix for the upper and

lower bounds, respectively.

4.4 Numerical homogenization

In the sequel, ”effective properties”refer to the homogenized properties of the RVE whereas

”apparent properties” refer to those of any given volume of the microstructure. Numerical

homogenization is usually performed through two distinct, but related, procedures: a) the

computation of the ”apparent properties” of a given microstructure (Section 4.4.1) and b)

the determination of the RVE and its ”effective properties” using a series of microstructures’

apparent properties (Section 4.4.2).

4.4.1 Single microstructure homogenization method

Four steps, as schematized in Figure 4.2, were needed in order to compute the apparent

properties of a single random microstructure: 1. random microstructure generation; 2. vol-

ume meshing; 3. enforcement of boundary conditions and; 4. computation of the apparent

properties.

Microstructure generation

Fibers were assumed to be cylinders of circular cross-section. A random fiber generator

in a periodic cubic cell was developed with MATLAB. The generation algorithm was based

on the modified RSA scheme proposed by Moussaddy et al. (2013). The generated volumes

were periodic, i.e., every fiber that crossed a surface of the cubic cell penetrated back from

the opposite surface. The method consisted of sequentially adding fibers into a volume, while

checking for contact interferences with all previously generated fibers, until the target volume

fraction was reached. When verifying fiber interferences, a minimum distance of 2.5 times the
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(a) (b) (c) (d)

Figure 4.2 Numerical homogenization process: a) microstructure generation; b) meshing; c)
FE solution under PBCs and; d) calculation of apparent properties.

radius was imposed between two fiber axes in order to adequately mesh the space between

them. If a newly added fiber interfered with another fiber, the position of the new fiber was

translated just enough to respect the inter-fiber distance limit. If the translation resulted

in interferences with other fibers, the new fiber was removed and repositioned randomly in

the same volume. This operation was repeated until the new fiber location was free from

interferences. Figure 4.3(a) shows a periodic volume generated with the developed MATLAB

script.

Meshing

The generated microstructures were transferred to ANSYS FE package for meshing. In

order to apply periodic boundary conditions (PBC) (see Section 4.4.1), homologous nodes

on opposite surfaces had to match each other perfectly. The external surfaces of the cubic

volume located at x = 0, y = 0 and z = 0 were first meshed using triangular surface elements,

and the meshing was copied to the homologous surfaces using the “MSHCOPY” command.

Afterwards, the volumes of all fibers and matrix were meshed with 10 nodes tetrahedron

elements. A mesh size convergence study was conducted and is not presented in this paper

for brevity. Meshing the fibers with tetrahedron elements with a maximum edge length

equivalent to the fiber radius and that of the matrix with an edge length of 1/10 of the

cube’s edge length were required. ANSYS Parametric Design Language (APDL) was used

in scripts to automate the meshing process. Figure 4.3(b) shows a periodic volume meshed

with 50 fibers having an aspect ratio of 50 and a volume fraction of 5%.
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(a) (b)

Figure 4.3 Generated microstructure including 50 fibers with an aspect ratio of 50 at 5%
volume fraction. a) Generated volume. b) Corresponding meshing.

Periodic boundary conditions

All FE models were transferred to ABAQUS/Standard FE package and solved under

PBCs. In order to impose PBCs, each surface node displacement was coupled to its mirror

node on the opposite surface according to:

u(x2) − u(x1) = E · (x2 − x1), (4.17)

where u(xi) is the displacement vector of the node located at xi, x1 and x2 are two homologous

nodes on opposite surfaces and E is the applied strain. Readers are referred to (Moussaddy

et al., 2013; Barello and Lévesque, 2008) for a more detailed description on the PBCs appli-

cation methodology. Once the PBCs were applied, the FE models were solved in ABAQUS

Standard v. 6.10 using the iterative solver option, parallelising on 3 to 10 XEON X7550 cores

and using from 30 Gb to 600 Gb RAM memory per model.

Calculation of apparent properties

The apparent elasticity tensor is such that:

〈σ〉 = C̃ : E, (4.18)
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where C̃ is the apparent elasticity tensor, σ is the local stress field and 〈·〉 represents volume

averaging. Six orthogonal states of deformation were applied according to the methodology

of (Moussaddy et al., 2013) in order to obtain all the terms of the apparent elasticity tensor

C̃.

Following the determination of the apparent elastic tensor C̃, the apparent elastic bulk

and shear moduli k̃ and G̃, respectively, were calculated as:

k̃ =
C̃iijj

9
, (4.19a)

G̃ =
3C̃ijij − C̃ijij

30
. (4.19b)

4.4.2 RVE determination

The RVE is defined herein following the work of Kanit et al. (2003) as an ensemble

of random finite volumes (i.e., realizations) of the microstructure that yield, in average, the

effective properties of the composite. The RVE is described using two parameters: the number

of realizations and the volume size (i.e., the number of fibers included in the volume element of

each realization). The determination of the RVE parameters was performed according to two

RVE determination criteria, one for each parameter. Following our findings in (Moussaddy

et al., 2013), the confidence criterion was applied for determining the number of realizations,

whereas the averaging variation criterion was applied to determine the number of fibers

included in the volume.

The confidence criterion is expressed by:

CI95%

2Z̄
≤ εr, (4.20)

where Z refers to the targeted property being either the bulk k or shear G modulus, εr is a

fixed tolerance, CI95% and Z̄ represent the 95% confidence interval and the arithmetic mean

of the apparent moduli over the r realizations of the ensemble, respectively.

The averaging criterion of Moussaddy et al. (2013) consists of computing the average

properties of the ensemble of realizations using the arithmetic and harmonic means:

C =
1

r

r∑
i=1

C̃i, (4.21a)

C =

(
1

r

r∑
i=1

C̃−1
i

)−1

. (4.21b)
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The corresponding elastic moduli Z̄ and ¯̄Z are computed using Eq.4.19 with either of Eq.4.21a

or 4.21b, respectively. The estimation of the overall properties of the ensemble of realizations

was considered as the average of both means:

Ẑ =
Z̄ + ¯̄Z

2
(4.22)

The criterion states that the RVE is obtained when the difference between the ensemble

overall properties and any of both means Z̄ and ¯̄Z is within a certain tolerance εRVE:

|Ẑ − Z̄|
Ẑ

=
|Ẑ − ¯̄Z|
Ẑ

≤ εn. (4.23)

In most cases, εn = εr = 1%. If Eq.4.23 was not satisfied after reaching the maximum

volume size possible with the available computational resources, the tolerance values were

loosened to 5% or to 10% to find a RVE.

4.5 Results

The elastic properties of ROFRCs have been evaluated for a wide range of fibers aspect

ratios, volume fractions and contrast of properties. More than 2500 microstructures were

generated, meshed and computed in order to determine RVEs and their corresponding accu-

rate effective properties. Whenever the FE results are given, the corresponding RVE criteria

tolerance are jointly specified. All previously described analytical models (see Section 4.3)

have been evaluated, namely: the M-T model, the SC scheme, the two-step methods of M-

T/Voigt, M-T/Reuss, Li/Voigt, Li/Reuss, SC/Voigt, SC/Reuss, Dil/Voigt, Dil/Reuss and

the HS bounds. In this work, the contrast of properties indicates the ratio of the elastic

moduli of the fibers with respect to that of the matrix, i.e. kf/km=Gf/Gm.

4.5.1 Aspect ratio study

Figures 4.4(a-d) present the effective elastic moduli of ROFRCs at (a,b) 2% and (c,d)

5% volume fractions as a function of the fibers aspect ratio for a contrast of 300. All results

have been normalized with respect to the matrix properties. The FE curves stop at the

highest aspect ratio that was technically achievable with the modified RSA method and

the available computational resources. The apparent scattering in the FE results is due

to the non-zero RVE determination tolerance. Figures 4.4(a-d) also includes all analytical

models. All analytical models estimates were found to lie within the HS bounds. However,

the upper HS bound was very high due to the high contrast of properties and does not
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Figure 4.4 Normalized a) bulk and b) shear moduli of ROFRCs at 2% volume fraction and
contrast of properties of 300 as a function of the fibers aspect ratio. Normalized c) bulk and
d) shear moduli of ROFRCs at 5% volume fraction and contrast of properties of 300 as a
function of the fibers aspect ratio.

appear in the figures. Moreover, the methods including the Reuss model produced results

that were further from the FE results than their Voigt counterpart. The one-step SC scheme

considerably overestimates the FE results. In the sequel, only the most accurate models,

which were found to be: M-T, M-T/Voigt,Li/Voigt, SC/Voigt and Dil/Voigt models, are

presented for the sake of clarity. The errors associated with each model were also computed

and are presented in Section 4.6.

Figures 4.4(a) and 4.4(c) at 2% and 5% volume fractions, respectively, show that the

M-T, Li/Voigt, M-T/Voigt and Dil/Voigt analytical models provide the best bulk modulus

predictions. However, at 2% volume fraction and for aspect ratios higher than 90, the few
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FE results presented in Figure 4.4(a) show very little changes in the bulk modulus when

increasing the fibers aspect ratios. The analytical models do not have the same change in

slope and, consequently, none of the models delivers accurate predictions for fibers aspect

ratios over 100. The same conclusions can be drawn at 5% volume fraction. However, the

bulk modulus has not reached the plateau yet for the highest computed aspect ratio (ρ =110),

as seen in Figure 4.4(c). The exact same behaviours are observed for the shear modulus in

Figures 4.4(b) and 4.4(d). It is important to note that M-T and M-T/Voigt models yield

very similar results for relatively low aspect ratios (up to 50 as seen in Figure 4.4(c)), but

they start diverging for higher aspect ratios.

4.5.2 Volume fraction study

Figures 4.5(a,b), 4.5(c,d) and 4.5(e,f) present the effective elastic properties of ROFRCs

for fibers aspect ratios of 5, 10 and 20, respectively, as a function of the fibers volume fraction

for a contrast of 300. For low volume fractions (up to 5%), all analytical models provide

accurate estimates for the bulk shear modulus. For higher volume fractions, the model of

Li/Voigt produces the most accurate bulk modulus predictions for all three aspect ratios and

shear modulus predictions for aspect ratios of 10 and 20. The SC/Voigt model yields the

best shear modulus predictions for an aspect ratio of 5, as also found by Kari et al. (2007),

but considerably oversestimates the effective properties for all other cases. The models of

M-T, M-T/Voigt and Dil/Voigt underestimate the effective properties for volume fractions

over 5%. As expected, the Dil/Voigt model shows the lowest dependency on volume fraction.

This is due to the Dilute model assumption of non-interaction between inclusions which is

true only for very low volume fractions.

4.5.3 Contrast of properties study

Figures 4.6(a,b), 4.6(c,d) and 4.6(e,f) present the effective elastic properties of 5% volume

fraction ROFRCs for fibers aspect ratios of 5, 10 and 20, respectively, as a function of the

fibers/matrix contast of elastic moduli. For all three aspect ratios, the models of Li/Voigt, M-

T/Voigt and M-T provide the most accurate estimates for the bulk modulus for all contrasts

of properties under study, as seen in Figures 4.6(a), 4.6(c) and 4.6(e). However, all models

underestimate the effective shear modulus for an aspect ratio of 5, as as seen in Figure 4.6(b),

whereas the SC/Voigt model and that of Li/Voigt yield accurate predictions for aspect ratios

of 10 (see Figure 4.6(d)) and 20 (see Figure 4.6(f)), respectively.
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Figure 4.5 Normalized bulk modulus and normalized shear modulus of ROFRCs with fibers
of aspect ratio (a,b) 5, (c,d) 10 and (e,f) 20 as a function of the fibers volume fraction for a
contrast of of 300.
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Figure 4.6 Normalized bulk modulus and normalized shear modulus of ROFRCs with fibers
of aspect ratio (a,b) 5, (c,d) 10 and (e,f) 20 as a function of the properties contrast at a
volume fraction of 5%.
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4.6 Discussion

In the following, the errors of each analytical model are computed and analyzed in order to

determine the best suited one for accurate predictions of ROFRCs effective properties. The

computed error values over the ranges of parameters (i.e., aspect ratios, volume fractions

and properties contrasts) allow determining the range of validity of each model based on

the choice of tolerance, hereby chosen at 5%. Two-step Dil/Voigt model computed effective

properties very close to that of M-T/Voigt and Li/Voigt for small volume fractions (2% and

5%) and it diverges from both models as well as FE results for higher volume fractions.

Therefore, the Dil/Voigt model is not included in the following discussion.

4.6.1 Bulk modulus

Figure 4.7(a) presents the errors for the bulk modulus estimates of the analytical models

with respect to the FE effective results as a function of the fibers aspect ratio for a volume

fraction of 2%. It is observed that the SC/Voigt scheme errors increase quickly for increasing

aspect ratio and are not well suited for predicting the effective bulk modulus for high aspect

ratios. The models of M-T, M-T/Voigt and Li/Voigt have the smallest errors. However, the

errors reach approximately 5% for an aspect ratio of 110 while continuously increasing. This

decrease in models accuracy for high aspect ratios can be explained by the plateau observed

for FE results and not for analytical models for aspect ratios over 90, as seen in Figure 4.4(a).

The fibers aspect ratio at which stiffening saturation is observed is of major importance to

numerical modeling. The saturation aspect ratio can be practically used for the modeling of

composites with higher aspect ratios (e.g. carbon nanotubes with an aspect ratio of approx-

imately 1000), which are currently impossible to solve due to computational limits.

Figures 4.8(a-d) present the bulk modulus errors of the models of M-T, M-T/Voigt,

Li/Voigt and SC/Voigt, respectively, as a function of the volume fraction and for fibers

aspect ratios of 5, 10 and 20 with a contrast of properties of 300. In the range of aspect

ratios studied, it is observed that higher volume fractions induce larger errors, especially for

the model of SC/Voigt. On the other hand, the models of M-T, M-T/Voigt and Li/Voigt

have less dependency on the volume fraction, Li/Voigt being the most accurate model. How-

ever, they both show more important discrepencies for the highest aspect ratio (20) and the

highest corresponding volume fraction (10%).

As for the effect of the contrast of properties, Figures 4.9(a-d) present the bulk modulus

errors of the models of M-T, M-T/Voigt, Li/Voigt and SC/Voigt, respectively, as a function

of the properties contrast for fibers aspect ratios of 5, 10 and 20 at a volume fraction of 5%.

Once again, it is observed that the models of M-T, M-T/Voigt and Li/Voigt produce the
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Figure 4.7 a) Bulk modulus errors and b) shear modulus errors of the anlytical estimates
with respect to the numerical results for ROFRCs at 2% volume fraction and contrast of
properties of 300 as a function of the fibers aspect ratio. The dotted line presents a 5% error
tolerance.

smallest errors and exhibit little dependency on the properties contrast. This observation

can be extrapolated to higher contrasts ratios since the FE results, as well as the models of

M-T, M-T/Voigt and Li/Voigt, have practically reached the properties contrast saturation

limit, as seen in Figures 4.6(a), 4.6(c) and 4.6(e).

Based on the results presented above, it is concluded that the models of M-T, M-T/Voigt

and Li/Voigt provide the most accurate estimations of the effective bulk modulus of ROFRCs

for aspect ratios up to 100 (validated for volume fractions up to 5%). No analytical model

provides accurate estimations for larger aspect ratios. The accuracy of all three models, i.e.

M-T, M-T/Voigt and Li/Voigt, practically is not affected by the properties contrast. The

model of Li/Voigt is best suited for bulk modulus predictions at higher volume fractions

(validated for volume fractions up to 20% and aspect ratios up to 20).

4.6.2 Shear modulus

Figure 4.7(b) presents the errors for the shear modulus estimates of the analytical models

with respect to the FE effective results as a function of the fibers aspect ratio for a volume

fraction of 2%. The errors are very similar to the bulk modulus errors in that the SC/Voigt

scheme produces the largest errors wheras the M-T, M-T/Voigt and Li/Voigt models produce

accurate estimations of the shear modulus up to an aspect ratio of 100. Above this aspect

ratio, none of the models could deliver accurate estimations (i.e., models have errors higher
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Figure 4.8 Bulk modulus errors for the models of a) M-T, b) M-T/Voigt, c) Li/Voigt and
d) SC/Voigt with respect to the numerical results for ROFRCs for fibers aspect ratios of 5,
10 and 20 and contrast of properties of 300 as a function of the fibers volume fraction. The
dotted line presents a 5% error tolerance.

than 5%). The inaccuracy of shear modulus estimations for high aspect ratios is also due to

the plateau observed for FE results for aspect ratios over 90, as seen in Figure 4.4(b).

Figures 4.10(a-d) present the shear modulus errors for the analytical models of M-T, M-

T/Voigt, Li/Voigt and SC/Voigt, respectively, as a function of the volume fraction and for

fibers aspect ratios of 5, 10 and 20 with a contrast of properties of 300. Within the range

of aspect ratios studied, it is observed that all analytical methods induce large errors for

volume fractions higher than 5%, except for the SC/Voigt scheme for a low aspect ratio of 5.

Therefore, none of the methods provide accurate estimations (i.e., errors lower than 5%) for
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Figure 4.9 Bulk modulus errors for the models of a) M-T, b) M-T/Voigt, c) Li/Voigt and d)
SC/Voigt with respect to the numerical results for ROFRCs at 5% volume fraction for fibers
with aspect ratios of 5, 10 and 20 as a function of the contrast of properties. The dotted line
presents a 5% error tolerance.

high volume fractions.

As for the effect of the contrast of properties, Figures 4.11(a-d) present the shear modulus

errors for the models of M-T, M-T/Voigt, Li/Voigt and SC/Voigt, respectively, as a function

of the contrast of properties for fibers aspect ratios of 5, 10 and 20 at a volume fraction of

5%. It is observed that the model of SC/Voigt computes the highest errors at high properties

contrast, especially for higher fibers aspect ratios. The other three analytical models show

small errors even at high contrasts.

Based on the results presented above, it is concluded that the models of M-T, M-T/Voigt
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Figure 4.10 Shear modulus errors for the models of a) M-T, b) M-T/Voigt, c) Li/Voigt and
d) SC/Voigt with respect to the numerical results for ROFRCs for fibers aspect ratios of 5,
10 and 20 and contrast of properties of 300 as a function of the fibers volume fraction. The
dotted line presents a 5% error tolerance.

and Li/Voigt provide the most accurate estimations of the effective shear modulus of ROFRCs

for aspect ratios up to 100 (validated for volume fractions up to 5%). No analytical model

provides accurate estimations for larger aspect ratios. The accuracy of all three models, i.e.

M-T, M-T/Voigt and Li/Voigt, practically is not affected by the properties contrast. None

of the models are accurate for high volume fractions (higher than 5%).
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Figure 4.11 Shear modulus errors for the models of a) M-T, b) M-T/Voigt, c) Li/Voigt and
d) SC/Voigt with respect to the numerical results for ROFRCs at 5% volume fraction for
fibers with aspect ratios of 5, 10 and 20 as a function of the contrast of properties. The
dotted line presents a 5% error tolerance.

4.6.3 Very long fibers

It was shown in Figures 4.4(a-d) that the analytical models do not accurately reproduce

the aspect ratio saturation limit. Consequently, no model accurately predicts the elastic

properties of ROFRCs for aspect ratios larger than 90. In addition, it is impossible to

model such composites using the current computational resources. However, the aspect

ratio saturation limit provides a practical venue for an accurate reproduction of the effective

properties of very high aspect ratio fiber composites via the modeling of the composite with

the fibers at the aspect ratio saturation limit. It was hereby determined that the aspect ratio
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saturation limit for ROFRCs is approximately 90 for a volume fraction of 2%, but is higher

for a volume fraction of 5%. A similar aspect ratio saturation limit (approximately 90) was

shown in the study of Tucker III and Liang (1999) for the axial Young modulus of aligned

fiber composites at 20% volume fraction. Our results suggest that the aspect ratio saturation

limit depends on the fibers volume fraction. However, the available FE results are insufficient

to support this claim and this hypothesis should be studied further when the computational

resources are available.

4.7 Conclusion

The analytical models predictions of the elastic properties of ROFRCs were compared to

accurate effective properties determined using FE numerical homogenization of the appro-

priate RVE. The comparisons were performed for a wide range of aspect ratios (up to 120),

properties contrast (up to 300) and volume fractions only up to 20% due to computational

challenges encountered during microstructure generation and meshing).

The main conclusions are:

– The analytical models of M-T, M-T/Voigt and Li/Voigt provide accurate estimations

of the bulk and shear moduli of low volume fraction (tested up to 5%) ROFRCs up to

an aspect ratio of 90, which was found to be the aspect ratio saturation limit.

– For higher aspect ratios (over 90), the effective properties should be determined using

numerical homogenization of the RVE using the aspect ratio saturation limit.

– The model of Li/Voigt provides the best suited model for bulk modulus predictions for

volume fractions over 5%.

– No model accurately predicts the shear modulus for volume fractions over 5%.

Therefore, it is concluded that if a single model was to be chosen for predicting the effec-

tive elastic properties of ROFRCs, the two-step method of Li/Voigt provides most accurate

estimations over the largest range of microstructure parameters. The two major cases of non-

validity of the Li/Voigt model were found, first, for the bulk and shear moduli predictions

for aspect ratios over 100 and, second, for the shear modulus predictions at volume fractions

over 5%. Numerical homogenization of the RVE is still needed in these cases. Indeed, very

long fibers and high volume fractions are the most sought microstructures in industrical ap-

plications. Unfortunately, those same microstructures impose the most difficult challenges in

terms of microstructure generation methods and computational time and memory require-

ments. Therefore, future studies should focus on improving the numerical homogenization

process for ROFRCs to extend the range of computable microstructures. In parallel, efforts

should be employed to develop analytical models that are best suited for ROFRCs with very
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high aspect ratios and volume fractions of fibers.
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CHAPTER 5

GENERAL DISCUSSION

In the following, certain limitations of the new RVE quantitative definition are discussed

and a general formulation is introduced to apply the new criterion to anisotropic materials.

In addition, the parameters affecting the aspect ratio saturation limit in ROFRC are briefly

discussed.

5.1 Range of applicability of determined RVEs

It should be noted that all determined RVE parameters (n, r) in Chapter 3 are exclusive to

the corresponding targeted property (bulk or shear modulus), fibers aspect ratio, properties

contrast, boundary conditions and the average effective properties expression (e.g., Z̄ or Ẑ).

For example, the determined RVE parameters (n, r) for the case of [k, AR=50, contrast=300,

PBCs, k̂], where the notation [targeted property, aspect ratio, contrast, boundary conditions,

estimator] has been adopted, can not be used to compute accurate effective properties using

another estimator, e.g. [k, AR=50, contrast=300, PBCs, k̄], or for a larger aspect ratio,

e.g. [k, AR=100, contrast=300, PBCs, k̂]. It was demonstrated in Chapter 3 that the

RVE size increases for larger aspect ratios. In other studies it was demonstrated that the

RVE size increases for larger properties contrasts (Ostoja-Starzewski, 2006). Thus, it is

possible to conservatively use determined RVE parameters (n, r) of a first microstructure,

to other microstructures with lower aspect ratio and/or properties contrast, given that all

other parameters are similar. For example, the RVE determined for the case of [k, AR=100,

contrast=500, PBCs, k̂] can be used for a microstructure with lower aspect ratio [k, AR=50,

contrast=500, PBCs, k̂] or lower properties contrast [k, AR=100, contrast=300, PBCs, k̂].

5.2 Generalizing the new RVE quantitative definition

This study was limited to ROFRCs within linear elasticity and effective isotropy. How-

ever, the proposed averaging criterion in Eq.4.23 can be generalized to other microstructures

including anisotropic materials where every component of the stiffness tensor C is a property

that has to satisfy the acceptance criteria:

|Ĉijkl − Cijkl|
Ĉijkl

=
|Ĉijkl − Cijkl|

Ĉijkl

≤ εtol, (5.1)
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where

Ĉ =
C + C

2
. (5.2)

However, the influence of the tolerance on the positive definitiveness of the resulting effec-

tive tensor should be thoroughly studied in order to guarantee thermodynamically consistent

properties. This is let for future works.

5.3 Effect of the computation rule for the effective properties

For illustration purposes, the effect of using different expressions to compute the average

Young’s moduli is discussed. The apparent Young’s modulus was computed using different

relations from the arithmetic C and harmonic C mean apparent elasticity tensors as:

EY =
9k +G

3k +G
, (5.3a)

EY =
9k +G

3k +G
. (5.3b)

The average Young’s modulus was also computed with a limited number of components of

the compliance tensor:

E′Y =
1

3

(
1

C
−1

1111

+
1

C
−1

2222

+
1

C
−1

3333

)
, (5.4a)

E′Y =
1

3

(
1

C−1
1111

+
1

C−1
2222

+
1

C−1
3333

)
. (5.4b)

Other expressions could also be used to calculate Young’s modulus. Figure 5.1 present the

average Young’s moduli as a function of the number of fibers for ROFRCs at 5% volume

fraction, properties contrast of 300 and fibers aspect ratio of 10, 20 and 30. For all aspect

ratios, EY and EY apparently converge towards a Young’s modulus value that is larger than

that of E′Y and E′Y. The gap between estimations is larger at higher aspect ratios. These

results show that the relation used to extract the apparent properties from the apparent

stiffness tensor has an impact on the accuracy of the former.

For instance, the arithmetic mean apparent stiffness tensor of 11 realizations containing
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Figure 5.1 Normalized Young’s moduli with respect of that of the matrix as a function of the
number of fibers for ROFRCs of volume fraction 5%, properties contrast of 300 and fibers
aspect ratios of 10, 20 and 30.

80 fibers of aspect ratio 30 is given by:

C
r=11

AR=30; n=80 =



4.4680 1.9081 1.9193 0.0297 −0.1071 −0.0223

1.9087 4.6390 1.9230 −0.0369 −0.0037 −0.0858

1.9189 1.9222 4.5590 0.0297 −0.1232 −0.0365

0.0304 −0.0370 0.0303 3.0367 −0.0428 −0.0030

−0.1072 −0.0040 −0.1232 −0.0436 3.0719 0.0421

−0.0220 −0.0855 −0.0363 −0.0033 0.0419 3.0682


, (5.5)
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whereas the corresponding compliance tensor is given by:

C
r=11

AR=30; n=80

−1
=



0.2992 −0.0860 −0.0895 −0.0030 0.0067 −0.0014

−0.0861 0.2862 −0.0846 0.0051 −0.0061 0.0065

−0.0894 −0.0846 0.2929 −0.0029 0.0085 0.0003

−0.0031 0.0051 −0.0029 0.3295 0.0044 0.0004

0.0067 −0.0060 0.0085 0.0045 0.3262 −0.0045

−0.0014 0.0064 0.0003 0.0004 −0.0045 0.3262


. (5.6)

The values of EY = 3.70 GPa and E′Y = 3.42 GPa are obtained ( 8% difference between

the two values). This can be explained by the anisotropy observed in the average apparent

elasticity tensors. The isotropy error of C
r=11

AR=30; n=80 can be calculated following Eq.3.10:

Λ =



5.41% 4.12% 4.73% 0 0 0

4.15% 1.79% 4.93% 0 0 0

4.71% 4.89% 3.48% 0 0 0

0 0 0 5.05% 0 0

0 0 0 0 6.26% 0

0 0 0 0 0 6.14%


. (5.7)

The maximum isotropy error (6.26%) is of the same order than the Young’s modulus differ-

ence (8%) and can partially explain the discrepancies observed in Figure 5.1. While E′Y is

calculated using only three components of a non-perfectly isotropic tensor, EY involves all

non-zero components of the elasticity tensor, hence accounts for the variability of the ap-

parent elasticity tensor components. This observation highlights the risks of using relations

involving specific (in the sense of a limited number of) components of the elasticity tensor in

order to determine effective properties from finite volumes. This is a practice that is com-

monly used in published homogenization works. However, it was not possible in this thesis

work to show that one definition is superior to the other and this should but studied further

in future works.

5.4 Microstructure effects on the aspect ratio saturation limit

The aspect ratio saturation limit has been determined to be around 90 for a volume

fraction of 2% and a properties contrast of 300. A slightly larger saturation limit was observed

for a higher volume fraction of 5% at the same contrast. Therefore, it is suggested that

the volume fraction affects the aspect ratio limit. Moreover, a smaller limit around 20 was
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Figure 5.2 Analysis of the effect of the properties contrast and volume fraction on the aspect
ratio saturation limit. a) M-T estimates of the effective bulk modulus as a function of the
fibers aspect ratio for contrast of properties, of 30, 100, 200 and 300. b) M-T estimates of
the effective bulk modulus as a function of the fibers aspect ratio for volume fractions of 1%,
10%, 30% and 50%.
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observed in Mortazavi et al. (2013) for a lower properties contrast of 50. Comparisons between

both cases suggest that the saturation aspect ratio depends also on the properties contrast.

Although analytical methods do not show accurate saturation aspect ratios, they may provide

more insight on the effect of those parameters. Figure 5.2(a) presents the M-T estimates of

the effective bulk modulus as a function of the fibers aspect ratio for contrast of properties,

of 30, 100, 200 and 300. It is observed that higher contrasts have a higher aspect ratios.

Figure 5.2(b) presents the M-T effective bulk modulus estimations as a function of the fibers

aspect ratio for volume fractions of 1%, 10%, 30% and 50%. Similarly, it is observed that

larger volume fractions exhibit larger aspect ratio saturation limits. Further examination of

accurate numerical homogenization results is necessary in order to analyze the effect of each

parameter on the aspect ratio saturation limit.
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CONCLUSION

The first objective of this thesis was to assess RVE quantitative definitions with respect to

their estimations of the effective properties. ROFRCs were adopted to conduct the assessment

of the different quantitative definitions. It was demonstrated that the property stability

criterion, which is the most commonly used criterion for RVE determination, is inappropriate

for determining RVEs of ROFRCs with moderate to high aspect ratios of fibers (over 20).

Similar conclusions were obtained for the criterion based on the standard deviation of the

apparent properties. The validity of published works relying on those criteria is questionable.

Single microstructures that yield isotropic elasticity tensors, within a tolerance, computed

accurate effective properties. Thus, an isotropic finite volume of a ROFRC can be considered

as its RVE. The applicability of this concept onto other microstructures (e.g., spheres, disks,

grains,etc.) is uncertain.

The newly proposed averaging criterion computes accurate estimations of ROFRC ef-

fective properties, within a given tolerance. Moreover, the averaging criterion does not ne-

cessitate the computation of the apparent properties at different volume sizes to study the

convergence, as the stability criterion does. This reduces substantially the computational

cost related to the RVE determination process. The estimation given by the average of the

arithmetic and harmonic means computed accurate properties for volumes smaller than that

of all other quantitative definitions, thus further reducing the needed RVE size for a pre-

scribed tolerance. Using the new RVE quantitative definition, the determined RVEs edge

lengths were found to be around half the fiber length for aspect ratios larger than 10. Such

a correlation allows firsthand quick estimations of RVE sizes for ROFRCs. A generalization

of this quantitative definition was given for anisotropic microstructures.

The second objective of this thesis was to assess the analytical models predictions of the

effective elastic properties of ROFRCs. The analytical models included one-step and two-

step homogenization methods. One-step methods included the models of M-T and SC while

two-step methods included that of Dil/Voigt, Dil/Reuss, M-T/Voigt, M-T/Reuss, Li/Voigt,

Li/Reuss, SC/Voigt and SC/Reuss. The analytical models predictions were compared to

accurate effective properties computed by numerical homogenization following the new RVE

quantitative definition. The comparisons were performed for a wide range of aspect ratios

(up to 120), properties contrast (up to 300) and volume fractions only up to 20% due to

computational challenges. More than 2500 microstructures were generated, meshed and

solved under PBCs in the course of this study.



93

All two-step models involving Reuss model as a second step underestimated the effec-

tive elastic bulk and shear moduli of ROFRCs. The one-step SC scheme and the two-step

method of SC/Voigt overestimated the effective properties. The analytical models of M-T,

M-T/Voigt and Li/Voigt provided accurate estimations of the effective properties of low vol-

ume fraction (up to 5%) ROFRCs up to an aspect ratio of 90. For aspect ratios over 90, the

effective properties of numerical homogenization stabilized, hence attaining the saturated as-

pect ratio. The analytical models failed at predicting the aspect ratio saturation limit, hence

overestimated the effective properties for aspect ratios over 90. Numerical results suggest

that the saturated aspect ratio depends on the properties contrast and volume fraction. For

aspect ratios over the saturation limit, numerical homogenization of the RVE is still needed

to compute accurate effective properties.

For volume fractions over 5%, the model of Li/Voigt is the best suited for bulk modulus

predictions (tested up to 20%), whereas no model accurately predicts the shear modulus. Nu-

merical homogenization is still the only accurate method for determining effective properties

of ROFRCs with volume fractions over 20%.

Recommendations

Assessment of RVE quantitative definitions for different microstructures and be-

haviors:

The current study has assessed RVE quantitative definitions for ROFRCs. Although the

RVE quantitative definitions can be applied to any heterogeneous material, the conclusions

of the assessment are not necessarily transferable to other types of microstructures such as

randomly dispersed spheres or disks. This study proves that RVE quantitative definitions

are not necessarily accurate. Similar assessment studies are necessary for other types of

microstructures in order to have confidence in RVE quantitative definitions. For simpler

microstructures with lower properties contrast, the need of very large volumes to conduct the

assessment can be replaced by the exact criterion of convergence of the bounds of uniform

displacement and traction boundary conditions.

Reducing the computational burden of numerical homogenization:

Lower cost alternative methods are needed for each step of the numerical homogenization

process.

1. Microstructure generation method: In this work, numerical homogenization has

been limited to relatively low volume fractions and numerous difficulties were faced for
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the simulation of fibers of high aspect ratio. The most challenging and time consuming

operation that prevented the numerical homogenization of such microstructures is the

random generation algorithm. A combination of numerical and theoretical works should

be conducted to find the maximum packings of high aspect ratio fibers. Considerable

advancements in generation algorithms have been achieved for simple microstructures

such as aligned fibers or randomly dispersed spheres. For example, efficient molecular

dynamics like simulations in Ghossein and Lévesque (2012) approached the theoret-

ical volume fraction limit of spheres packings of 74% within seconds of simulation.

Dynamic simulations should be applied to ROFRC microstructures of high aspect ra-

tios. The randomness of fiber orientations should be monitored under such simulations.

Forcing a certain state of spatial arrangement has already been implemented in some

microstructure generation methods (Altendorf and Jeulin, 2011b).

2. Numerical resolution techniques: FE is the most popular numerical scheme for

computing accurate local fields of heterogeneous microstructures. However, the dis-

cretization of microstructures with inclusions of high aspect ratios largely increases the

computation memory and time. Mesh-free methods (Belytschko et al., 1996; Li and

Liu, 2002), as an alternative to FE method, have shown a promising potential and has

found applications on various numerical problems including homogenization of com-

posite materials (Li et al., 2011). Basically, such methods consist of including shape

functions describing the microstructure in the original analytical formulation. Efforts

should be employed in exploring the applicability of mesh-free techniques to random

microstructures such as ROFRCs.

3. Boundary conditions: It has been demonstrated in many works that PBCs converge

at a faster rate towards the effective properties than their uniform counterparts (Terada

et al., 2000; Kanit et al., 2003). One can examine other sets of boundary conditions

in a search for faster convergence rates. Moreover, implementing interpolated PBCs

proposed by Nguyen et al. (2012) does not require periodic meshing and periodic ge-

ometries. Even though no enhancements are expected regarding the convergence rate,

interpolated PBCs simplify the microstructure generation and meshing procedures.

4. Efficient RVE determination methods: In this thesis, it was demonstrated that

new quantitative definitions can determine accurate effective properties for smaller ma-

terial volumes. Particularly, the arithmetic and harmonic means of apparent elasticity

tensors have collectively presented an efficient estimation of the apparent properties.

Other formulations can be sought to find more efficient estimations, thus reducing the

volume size needed for a prescribed tolerance.

5. Microstructure simplifications: Other simplifications of the numerical homogeniza-
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tion process can be examined. Lusti and Gusev (2004) compared the elastic properties

of ROFRCs to those of composites reinforced by aligned fibers of the same aspect ra-

tio followed by an orientational averaging procedure. Although their study showed

good agreement between the results of both methods, the RVE was not determined for

neither microstructure. Simplifying the microstructure of ROFRCs by that of aligned

fibers would considerably reduce the computational cost of numerical homogenization.

Studying the aspect ratio saturation limit:

Composites reinforced by very long fibers are the most sought microstructures in industrial

applications. However, it was found that no analytical model delivers accurate predictions

for such microstructures and numerical homogenization is still necessary. The aspect ratio

saturation limit can be used to simulate ROFRCs with very long fibers. The results of this

thesis suggest that the aspect ratio saturation limit depends on the properties contrast and

the volume fraction. Determining the aspect ratio saturation limit for different microstructure

parameters can provide a deeper understanding of ROFRCs. It was also demonstrated in

this thesis that the analytical models of M-T, M-T/Voigt and Li/Voigt provided accurate

estimations of the effective properties up to the aspect ratio saturation limit. Upon the

knowledge of the saturated aspect ratio, one can use those analytical models, within their

validity range, to determine the effective properties. Moreover, a correlation between the

saturated aspect ratio and the microstructure parameters, combined with the appropriate

analytical model, can provide a quick and accurate estimation of the effective properties of

ROFRCs with very long fibers.

Assessment of analytical estimates of inclusion stresses:

In the present work, the assessment of analytical models was limited to their estimates of

the effective elastic moduli. However, analytical models can also provide estimates of stress

and strain phase averages under a given load. Accurate computations of phase average stress

in fibers allows to identify the orientations of fibers that experience the maximum averaged

stresses under given loads. Based on the M-T one-step method for randomly oriented in-

clusions, Duschlbauer et al. (2003) provided explicit analytical expressions for the average

stresses acting in individual reinforcements of arbitrary orientation, shape, and material em-

bedded in a matrix under a macroscopic loading. For a ROFRC with fibers of aspect ratio

5, at 15% volume fraction, and relatively low properties contrast of 5, they found excellent

agreement between analytical estimates of the phase average stress with that predicted by

numerical results. It is recommended to use currently generated finite volumes in the as-
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sessment of the analytical models estimates of the fibers average stresses for a wide range of

microstructural parameters.
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MOUSSADDY, H., LÉVESQUE, M. and THERRIAULT, D. (2011). Comparing finite el-

ement and analytical micromechanical modeling of randomly oriented single walled carbon

nanotubes reinforced nanocomposites. The 26th Annual Technical Conference of the Amer-

ican Society for Composites/2nd Joint US-Canada Conference on Composites. Montreal,

Quebec, Canada.
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