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RÉSUMÉ

La seconde rØvolution quantique, stimulØe par les progrŁs rØcents dans la capacitØ à manip-
uler la matiŁre à l’Øchelle nanomØtrique, a le potentiel de transformer radicalement notre
maniŁre de communiquer, calculer, et sonder notre environnement. Dans ce contexte, les
semi-conducteurs ont reçu beaucoup d’attention pour leur polyvalence en tant que plate-
formes pour technologies quantiques, et leur capacitØ à Œtre Øtendus à plus grande Øchelle.
Ceux-ci prØsentent aussi des propriØtØs d’interaction lumiŁre-matiŁre particuliŁres, qui peu-
vent Œtre exploitØes pour transfØrer de l’information quantique des rayons de lumiŁre au
spin des porteurs de charge. Par ailleurs, ces procØdØs peuvent Œtre manipulØs en exploitant
l’interfØrence quantique entre deux chemins d’absorption, par le biais d’un phØnomŁne de
contrôle cohØrent. Dans le germanium (Ge), de prØcØdentes Øtudes ont dØmontrØ l’injection
rØsonante de courants balistiques par contrôle cohØrent à des longueurs d’onde proches de
1550 nm. Incorporer des atomes d’Øtain (Sn) dans le Ge permet la modulation de ces procØdØs
dans toute la gamme d’infrarouge-moyen, en rØduisant le bandgap direct. En consØquence,
en tant que matØriau Ømergent compatible avec silicium, les alliages de germanium-Øtain
(Ge1�xSnx) semblent Œtre des candidats intØressants pour la dØtection quantique dans la
rØgion d’empreinte molØculaire, et pour les interfaces photon-spin.

Dans cette perspective, un cadre thØorique est dØveloppØ pour calculer l’injection optique de
porteur de charge, spin, courant, et courant de spin dans le Ge1�xSnx bulk. Un modŁle k � p à
30 bandes couvrant toute la zone de Brillouin (BZ) est utilisØ dans les calculs pour permettre
l’Øvaluation de transitions à haute Ønergie, et de processus optiques situØs loin du centre de
la BZ, comme la transition E1. En appliquant l’approximation des particules indØpendantes,
les tenseurs de rØponse optique sont rØsolus dans l’espace rØciproque avec une mØthode des
tØtraŁdres linØaire. Il est à noter que seules les transitions directes sont considØrØes. Les
processus assistØs par des phonons, qui sont beaucoup plus faibles, sont ignorØs.

Nous utilisons le modŁle dØveloppØ, basØ sur la mØthode k � p, pour Øtudier l’injection op-
tique de courant de charge et de spin dans les semi-conducteurs Ge1�xSnx, en fonction de
la proportion de Sn. Les processus d’absorption interbande à un et deux photons sont Øval-
uØs, et l’Øvolution du contrôle cohØrent est discutØe pour trois di�Ørentes con�gurations de
polarisation. Il a ØtØ dØmontrØ que, en plus de la diminution attendue du bandgap direct et
le dØplacement associØ de l’absorption à des longueurs d’onde plus longues, l’incorporation
de Sn dans le Ge augmente aussi le degrØ de polarisation de spin (DSP) à un photon, à la
rØsonance E1. De plus, lorsque la proportion de Sn augmente dans le Ge1�xSnx, l’intensitØ
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des tenseurs de rØponse prŁs du "band edge" augmente exponentiellement. Ce comportement
peut-Œtre attribuØ à la rØduction de la masse e�ective des porteurs de charge, causØe par
l’ajout de Sn. Cette tendance semble se maintenir à la rØsonance E1 pour l’injection de
courant de spin pur, au moins pour les compositions faibles en Sn. Le DSP à deux photons
au "band edge" dØpasse la valeur dans le Ge pour atteindre 60% à un taux de Sn au-dessus
de 14%. Ces rØsultats dØmontrent que les semi-conducteurs Ge1�xSnx peuvent Œtre exploitØs
pour obtenir la manipulation cohØrente quantique dans la rØgion d’empreinte molØculaire,
pertinente à la dØtection quantique.

Au cours de cette maîtrise, l’apprentissage de la mØthode k � p m’a amenØ à dØvelopper un
autre modŁle thØorique, utile pour Øtudier l’e�et de l’Ølargissement des interfaces au niveau
atomique sur les propriØtØs d’absorption des hØtØrostructures. Des super-rØseaux Si1�xGex/Si
ont ØtØ utilisØs comme systŁmes de rØfØrence pour l’Øtude. Les rØsultats thØoriques, basØs
sur la mØthode k � p à 14 bandes, prØdisent la prØsence d’une signature optique reliØe aux
interfaces, ce qui est con�rmØ par des mesures expØrimentales. Cette transition induite par
les interfaces fournit une signature optique pour une sonde non-destructive de l’Ølargissement
subnanomØtrique dans les hØtØrostructures.
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ABSTRACT

The second quantum revolution, fueled by the recent progress in the ability to structure
matter at the nanoscale, holds potential to radically transform the way we communicate,
compute, and interact with or sense our environment. In this context, semiconductors have
received a great deal of interest for their versatility and scalability as quantum technological
platforms. They also exhibit special light-matter interaction properties, that can be harnessed
to transfer quantum information from optical �elds to the spin of carriers. These processes
can be further manipulated by exploiting the quantum interference between two-absorption
pathways, in a phenomenon of coherent control. In Ge, previous studies demonstrated reso-
nant injection of ballistic currents by coherent control at telecom wavelength. Incorporating
Sn in Ge enables the modulation of this process across the entire mid-infrared range by re-
ducing the direct bandgap. Therefore, as emerging silicon-compatible materials, Ge1�xSnx
alloys appear to be interesting candidates for quantum sensing in the molecular �ngerprint
region and photon-spin interfaces.

With this perspective, a theoretical framework is implemented to calculate carrier, spin,
current, and spin current optical injection in bulk Ge1�xSnx. A full-zone 30-band k � p is
employed in the calculations to allow the evaluation of high-energy transitions, and optical
processes located far from the Brillouin zone center such as the E1 transition. Under the inde-
pendent particle approximation, the optical response tensors are resolved in reciprocal space
with a linear tetrahedron method. Note that the much weaker phonon-assisted processes are
neglected to consider only the direct transitions.

We use the developed k � p framework to investigate the optical injection of charge and
spin currents in Ge1�xSnx semiconductors as a function of Sn content. The one- and two-
photon interband absorption processes are elucidated, and the evolution of the coherent
control is discussed for three di�erent polarization con�gurations. It was found that, besides
the anticipated narrowing of the direct gap and the associated shift of the absorption to
longer wavelengths, the incorporation of Sn in Ge also increases the one-photon degree of
spin polarization (DSP) at the E1 resonance. Moreover, as the Sn content increases in
Ge1�xSnx, the magnitude of the response tensors near the band edge exhibit an exponential
enhancement. This behavior can be attributed to the Sn incorporation-induced decrease
in the carrier e�ective masses. This trend appears to hold also at the E1 resonance for
pure spin current injection, at least at low Sn compositions. The two-photon DSP at the
band edge exceeds the value in Ge to reach 60 % at a Sn content above 14 %. These results
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demonstrate that Ge1�xSnx semiconductors can be exploited to achieve the quantum coherent
manipulation in the molecular �ngerprint region relevant to quantum sensing.

In the course of this master, learning the k � p method led me to develop an additional
theoretical framework, useful to investigate the e�ect of atomic-level interfacial broadening
on absorption properties of heterostructures. Si1�xGex/Si superlattices were used as a model
system. Theoretical results based on the 14-band k � p method predict the presence of an
interface-related optical signature, which is con�rmed by experimental measurements. This
transition induced by the interfaces provides an optical �ngerprint for a nondestructive probe
of the subnanometer broadening in heterostructures.
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CHAPTER 1 INTRODUCTION

During the last two decades, major advances have been made in the �eld of quantum tech-
nologies. These were triggered mainly by the signi�cant progress in precise metrology and
materials development, leading to the birth of the second quantum revolution. While the �rst
quantum revolution relied on the new understanding of the quantum nature of particles, this
time the focus is on their most counterintuitive properties such as superposition and entan-
glement. The majority of quantum technologies fall into three general categories: computing,
communication, and sensing. The development of well-engineered devices that harness these
quantum processes holds potential for surpassing drastically their classical counterparts in
terms of performance and functionalities.

In condensed matter, the spin degree of freedom of particles is at the center of quantum
technologies. While there exists a large variety of host materials, the versatility of semi-
conductors and their electronic properties make them a very attractive platform to engineer
and control spin properties. In particular, group IV materials can be monolithically grown
on silicon wafers, thus o�ering the prospect of exploiting large-scale silicon processing to
develop practical quantum devices. Additionally, they have long spin lifetime [11�14], and
the hyper�ne interactions can be suppressed to reduce electron-spin decoherence [15]. The
fabrication of low-dimensional systems con�ning the carriers, such as superlattices (SLs) or
quantum dots, allow great latitude to tailor the spin properties. Group IV heterostructures
have recently been the subject of growing research, as they hold potential to form qubits for
large-scale integration in quantum processors [16�19].

Light-matter interaction can be exploited to transfer quantum information from a �ying
photonic qubit to a stationary matter qubit, and vice versa. Indeed, the absorption of light
carrying angular momentum by semiconductors with spin-orbit coupling leads to the injec-
tion of spin-polarized carriers, in a process called optical orientation [20]. By exciting two
independent pathways, the coherent control of quantum interference between those path-
ways allows the manipulation of the �nal state of a given system [3, 21�31]. For instance,
by combining one- and two-photon absorption processes, this principle enables the injection
of ballistic charge and pure spin currents in semiconductors with amplitudes and directions
dependent on the incident �elds’ polarization and phase [28, 31�33]. This ability to induce
relatively strong and directional charge currents stimulated further interest to implement
qubit-photon interfaces needed in quantum communication [29], control phonon-photon in-
teraction in quantum materials [26], and generate spintronic THz emission [27], and magnetic
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�elds [28, 34]. The injected currents have also been used in detection schemes to determine
the parameters of the incident light beams [35�38] and control spectral lineshapes toward
extreme ultraviolet lasing [30]. Interestingly, current studies on semiconductors have been
predominately centered on achieving the optical injection in the near infrared and telecom
wavelengths. This is mainly attributed to the available materials and heterostructures that
are based on GaAs, Si, or Ge. Indeed, the initial studies on the coherent control have fo-
cused on GaAs [3, 21, 24], followed by Si and Ge [39�41]. Both materials have an indirect
bandgap, but contrary to Si, Ge allows the resonant injection of ballistic currents across its
direct gap, without signi�cant involvement of indirect transitions. Ge is also of particular
interest because of its stronger spin-orbit coupling, long spin lifetime [42,43], and direct-gap
at telecom wavelength.

Extending the optical spin injection and coherent control to longer wavelengths would enable
the quantum coherent manipulation in the molecular �ngerprint range, which would open
new possibilities for applications in dynamic and structural quantum sensing [44, 45]. With
this perspective, herein we propose Ge1�xSnx semiconductors [46] as a platform for a tunable
coherent control over the entire mid-infrared region. As an emerging alloy, the optical, elec-
tronic, and spin properties of Ge1�xSnx remain largely unexplored. Recent studies suggested
that Ge1�xSnx alloys are of interest to spintronics because of their long spin lifetime [47] and
larger spin-orbit coupling. Additionally, these semiconductors are compatible with silicon
processing [46] , which make them relevant to implement on-chip mid-infrared quantum sen-
sors and photon-spin interfaces.

The objective of this thesis is to address the heretofore unexplored phenomena of optical
injection of spin and charge currents in Ge1�xSnx semiconductors, and exploit their bandgap
tunability to investigate the control of these processes across the molecular �ngerprint range.
Toward this end, the project was structured to:

1. Establish a theoretical framework to describe the full Brillouin zone of Ge1�xSnx alloys;

2. Develop the framework for one- and two-photon injection, and coherent control;

3. Investigate carrier, spin, current, and spin current injection in Ge1�xSnx alloys with a
Sn content in the 0% to 20% range.

The k � p theory was used to accomplish the �rst tasks. In the course of learning this method,
I also developed a framework that was useful to elucidate the atomic-features of the interfaces
in Si1�xGex/Si SLs and the associated optical signature. The main tasks were:
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1. Establishing a theoretical framework to evaluate the absorption coe�cient of SiGe/Si
SLs;

2. Incorporating the e�ect of atomic-level interfacial broadening in the formalism;

3. Applying the framework to heteroepitaxially grown SiGe/Si SLs, and compare the
theoretical results to experimental absorption data.

This thesis is organized into six chapters. Chapter 2 gives a literature review on coherent
control in semiconductors. Optical orientation in group IV materials is also addressed, and
the progress relative to Ge1�xSnx is described. Chapter 3 presents the theoretical model
implemented to carry out the studies on bulk Ge1�xSnx. Chapter 4 provides a detailed
characterization of optical injection processes and coherent control in Ge1�xSnx, for a range
of alloys from 0 to 20 at.% of Sn, over a wide window of energies. Chapter 5 describes the
additional work concerning interface-related optical transitions in heterostructures. Finally,
the methods and results of this thesis are summarized in Chapter 6, and perspectives for
future research are discussed.
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CHAPTER 2 LITERATURE REVIEW

The concept of coherent control was �rst described in 1967 by Manykin and Afanas’ev, in
the context of using multi-photon transitions to suppress absorption [48]. Since then, it
was found that coherent control can be used to optically inject ballistic charge currents in
semiconductors [3, 21]. Furthermore, pure spin currents can also be generated via the two-
color coherent control scheme [23, 24]. The latter phenomenon takes its origin through the
transfer of angular momentum from the light beams to the injected carriers. The process of
optical spin injection, also called optical orientation, has been signi�cantly studied in group
IV semiconductors. In particular, Ge has attracted a great deal of attention because of its
electronic structure and interesting spin properties [4,42]. Alloying Ge with Sn, a semimetal
with an inverted bandgap at the � point, o�ers the prospect of tuning the electronic, optical
and spin properties of the system [46]. Recent developments in material growth of Ge1�xSnx
pave the way to realize this prospect.

2.1 Two-color coherent control in semiconductors

Coherent control refers to the manipulation of the �nal state of a system, through the quan-
tum interference between two independent excitation pathways. Since the �rst description of
this concept, it has been applied to numerous �elds, with recent applications in the control
of phonon-photon interaction in quantum materials [26], the implementation of qubit-photon
interfaces [29], and the control of spectral lineshapes toward extreme ultraviolet lasing [30],
among others. In semiconductors, coherent control between one- and two-photon absorption
generates ballistic charge and pure spin currents, with amplitudes and directions dependent
on the polarization and phase of the incident �elds. The injected currents, for instance, have
been exploited to measure the parameters of the incident beams [35�38], and more recently
for THz emission and magnetic �eld generation [28, 31]. The pure spin currents have been
investigated in a variety of materials [24, 25, 41], for its relevance to applications such as
spintronics and sensing.

In 1995, Dupont et al. obtained asymmetric distributions of carriers generated in an Al-
GaAs/GaAs quantum well, by coherent control between a Mid-Infrared pulse and its second
harmonic [49]. The next year, the optical injection of electrical current in semiconductors via
quantum interference of one- and two-photon transition was shown theoretically by Atanasov
et al. [21]. The calculations in bulk, undoped GaAs suggested that the intensity of the pho-
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Figure 2.1 (a) Induced voltage on unbiased, bulk LT-GaAs in the presence of the ! beam
(triangles), the 2! beam (circles), and both beams (squares) as a function of the glass plate
rotation angle �; the relative phase between the two beams �� = 2�! � �2! varies nearly
quadratically with �. (b) Induced signature of coherent controlled current as a function of
��, in a di�erent GaAs detector. Figures reprinted from [3], with permission.

tocurrent should be large enough to be measurable. In 1997, HachØ et al. demonstrated
the predictions experimentally in GaAs at room temperature, by collecting the current gen-
erated by femtosecond pulses at 0.775 and 1.55 �m via gold electrodes [3]. The voltage
results are shown in Figure 2.1. An alternative method to measure these phase-dependent
ballistic currents is demonstrated through their emission of THz radiation, as reported in
an experiment on GaAs by CôtØ et al. in 1999 [22]. The same method was used in 2007
by Costa et al. to demonstrate the optical injection of charge currents in bulk silicon, by
the two-color coherent control scheme [39]. Interestingly, despite the indirect gap causing
phonon-assisted transitions, the process showed a relatively large e�ciency. The next year, a
similar coherent control experiment was performed on Ge [40]. In this case, the photocurrent
detected through THz emission by Spasenovi¢ et al. originates from transitions through the
direct gap, contrary to Si. The currents injected by the two-color coherent control scheme in
semiconductors have a variety of applications. This includes the evaluation of the parameters
of the incident optical beams [37, 38], in a procedure that was employed to measure [36, 50]
and stabilize [37, 51] the carrier-envelope phase evolution of an octave-spanning laser pulse
train. Recently, new research in the �eld sought to exploit progress in the control of optical
�elds properties [31]. In 2020, Sederberg et al. showed that the control of the waveform and
vectorial arrangement of the ! and 2! beams in a coherent control experiment, provides ad-
ditional degrees of freedom to manipulate spatial distribution of currents in GaAs [33]. This
use of structured light is of interest in the �elds of optoelectronic circuitry [28], magnetic
�elds generation [28] and THz radiation [52].
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In addition to charge, the spin characteristics of the carriers are of great interest in optical in-
jection experiments. If the light beams incident on a semiconductor with spin-orbit coupling
are polarized, through a process called optical orientation they transfer their angular momen-
tum to the electron-hole pairs generated [20]. This results in the injection of spin-polarized
carriers. In 2000, Bhat and Sipe showed theoretically that the motion of these injected carriers
can be controlled through the quantum interference of one- and two-photon absorption [23].
With speci�c con�gurations of optical �eld polarizations, spin currents without accompany-
ing electrical currents, called pure spin currents, can be generated. The magnitude of these
currents was calculated for GaAs with an eight-band k � p model. In 2003, following a pre-
vious experiment where their existence was indirectly demonstrated [53], pure spin currents
were detected for the �rst time by Stevens et al. in GaAs/AlGaAs quantum wells, by using
a pump probe technique [24]. The results were in good agreement with the previous k � p
model predictions. Two months after this publication, in a similar coherent control exper-
iment, Hübner et al. reported circularly polarized photoluminescence (PL) measurements
in ZnSe, demonstrating the injection of phase-dependent pure spin currents with a di�erent
detection technique [25]. In the following years, further research was conducted on the two-
color quantum interference scheme in GaAs by using high-resolution pump-probe techniques.
The precise temporal and spatial resolution of the injected charge, spin-polarized and pure
spin currents allowed a better understanding of the particles dynamics at work [32, 54�56].
In 2012, Rioux and Sipe theoretically studied optical injection and coherent control processes
in bulk GaAs by employing a full zone 30-band k � p model [57]. The calculation of these
processes over an energy window from 0 to 4 eV provided a valuable benchmark for future
studies.

2.2 Optical spin injection in group IV semiconductors

Following the early experiments on GaAs, optical spin injection processes in group IV semi-
conductors started to attract a great deal of attention, as they exhibit interesting spin prop-
erties and o�er the prospect of monolithic integration with silicon electronics. In particular,
with its quasi-direct bandgap, Ge has recently been the subject of many theoretical and exper-
imental investigations concerning optical orientation [4,5]. Optical measurements techniques
such as PL spectroscopy have been used to study the spin dynamics of carriers subsequent
to illumination [42]. Furthermore, in order to manipulate the band structure and spin prop-
erties, strain and quantum con�nement have been applied to Ge layers [42, 58]. In the last
few years, exploiting the inverse spin-Hall e�ect (ISHE) was found to be a simple and useful
way to study optical orientation by electrical means [59,60].
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Group IV semiconductors exhibit a variety of attractive spin properties. Due to their most
abundant isotopes having no nuclear spin, hyper�ne interactions are suppressed thus reducing
spin decoherence [15]. Additionally, contrary to GaAs they possess a center-of-inversion sym-
metry, therefore electron spin lifetime is not limited by the Dyakonov-Perel spin relaxation
channel [61]. This leads to a relatively long spin lifetime [11�14]. In 2007, the e�orts to study
optical injection in group IV materials gained signi�cant traction. Jonker et al. conducted
successful electrical spin injection in silicon, thus highlighting its potential as a platform for
spintronics [62]. In the same year, Nastos et al. presented a theoretical study of optical spin
injection in Si [63]. The full Brillouin zone calculations allowed for a large range of energies
to be investigated, but only vertical transitions were considered. In 2010, Li et al. established
a theoretical framework which includes the phonon-assisted optical transitions [64].

Even though they are both indirect semiconductors, contrary to Si, Ge allows the resonant
injection of carriers through its direct gap, without signi�cant involvement of indirect tran-
sitions. Crucially, the energy of this gap is suitable for telecom wavelengths. In 2009, the
injection of ballistic pure spin currents was observed in Ge by exploiting the quantum in-
terference between one-photon and two-photon absorption of femtosecond pulses at 893 and
1786 nm respectively [41]. In the next year, Rioux and Sipe used a full zone 30-band k � p
model to investigate optical injection and coherent control in bulk Ge [4]. Using a k � p model
with such a high number of bands allowed them to map a large range of energies, and explore
direct optical processes far form the � point. They predicted a signi�cant enhancement in the
injection of spin and spin current for transitions located in the �-L direction of the Brillouin
zone, corresponding to the E1 resonance, at an energy of approximately 2.3 eV. This sizable
peak results from the high joint density of states, and the splitting of the heavy-hole (HH)
and light-hole (LH) bands in this region of reciprocal space. The spectral dependency of the
one-photon Degree of Spin Polarization (DSP) is showed in the panel (a) of Figure 2.2. At
the direct absorption edge, the DSP of electrons is at 50%, and the DSP of holes reaches more
than 80% because of the coherences between the HH and LH states that should be excited
by the laser beams. The theoretical investigations determined that the drop of electron and
hole DSP after 1.2 eV is mainly caused by the drop in polarization of the LH-mediated tran-
sitions, rather than being the sole consequence of the onset of absorption from the split-o�
band. Three years after this publication, Rinaldi et al. employed Ge-based spin-photodiodes
to study optical orientation in Ge, in a range of energies similar to the previous calculations
by Rioux and Sipe [5]. The experimental results, as presented in the panel (b) of Figure
2.2, con�rmed the predicted presence of a surge in spin polarization far from the direct gap
energy, at close to 2.3 eV.
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Figure 2.2 (a) Calculated degree of spin polarization (DSP) of electrons (plain black) and
holes (dashed red) optically injected in bulk Ge by left-circularly polarized light, as a function
of photon energy. Reprinted from [4], with permission. (b) Spin �ltering asymmetry of a
spin photodiode in the case of electrons (blue) and holes (red) as a function of photon energy.
Reprinted from [5], with permission.

At the time of the publication of Rioux and Sipe in 2010, there was a lot to uncover about the
spin dynamics of electrons and holes in Ge. After optical injection at the � point, it was known
that the electrons in the conduction band scatter to the L valleys, but not how this process
a�ected their spin. The behavior of the holes’ spin also remained unclear. In 2011, Loren et al.
conducted experiments with a pump-probe di�erential transmission technique, and obtained
a hole spin relaxation time of approximately �700 fs at room temperature [65]. They also
determined that the � point electrons scatter through the side valleys within �200 fs. The
next year, the circular polarization degree of the PL emitted following optical orientation in
Ge/SiGe quantum wells was studied by Pezzoli et al. [42]. From these measurements, the
authors concluded that intervalley scattering does not cause a complete relaxation of the
conduction band electrons spin. This insight stimulated the idea that Ge or Ge-based alloys
might be suitable platforms for spintronics applications controlled optically. In the following
years, many studies further improved the understanding of electron scattering channels and
carrier spin dynamics in Ge [66�69]. Spin lifetime values were also obtained through magneto-
optic techniques [13, 70,71] and analysis of luminescence data [14,72].

In order to tailor the spin properties of Ge, strain can be used as a degree of freedom. Indeed,
the application of compressive or tensile strain have a strong impact on the electronic band
structure; for instance the degeneracy of the HH and LH bands at the �-point can be lifted.
This can result in an increase of the initial DSP of electrons injected by optical orientation,
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above the 50 % maximum limit attainable in bulk semiconductors. In 2012, Bottegoni et al.
obtained electron spin polarization up to 62 % in Ge/SiGe heterostructures [73]. The next
year, a DSP of 72 % was achieved in compressively strained epitaxial SiGe layers [74], and in
2015, low temperature PL was used to measure a DSP as high as 85 % in tensile-strained Ge-
on-Si heterostructures [67]. In addition to spin polarization, the spin lifetime of electrons can
also be tuned by reducing the conduction band valley degeneracy with strain or quantum
con�nement [43, 58]. At room temperature, an increase of an order of magnitude can be
obtained [58]. In 2012, electron spin lifetime exceeding 5 ns below 150 K were measured by
direct gap PL measurements in Ge/SiGe QWs [42], and very recently values in the �s regime
were obtained for the same type of QWs at cryogenic temperatures [75].

Optical measurement techniques such as PL spectroscopy have been widely used to study
optical orientation in semiconductors, but in recent years the exploitation of spin-to-charge
conversion phenomenon have started to attract attention. In 2010, Ando et al. demonstrated
for the �rst time that in a simple Pt/GaAs structure, a pure spin current generated in the
GaAs layer by circularly polarized light illumination can be detected through the inverse spin-
Hall e�ect (ISHE) [59, 76]. This e�ect is proportional to the degree of circular polarization
of the beam, thus the structure can be used as a platform to convert information from light-
polarization to electric voltage, at room temperature. A few years later, the same procedure
was applied to a Pt/Ge structure by Bottegoni et al. [60]. The electric signal induced by
the spin current was clearly detected despite the ultra-fast � to L scattering experienced
by conduction band electrons, which con�rms the previous claim that they preserve at least
partially their spin polarization after inter-valley scattering [42]. In 2018, in a following paper
the method was applied to a simple Ge layer, without the Pt layer [77]. Two years later,
the ISHE was successfully used to study the in-plane electron spin polarization in Ge/SiGe
multiple QWs [78].

2.3 Ge1�xSnx: an emerging group IV semiconductor

Ge1�xSnx alloys were �rst mentioned by Goodman et al. in a theoretical work published in
1982, that emphasized their potential as direct bandgap group IV semiconductors [79]. This
directness combined with the prospect of superior carrier mobility are attractive features, but
for a long time Ge1�xSnx remained at the stage of concept because of the very low solubility
of Sn in Ge, among other issues [80]. Attempts to overcome this limitation started to see
progress at the beginning of the 1990s, but it was only about two decades later that growing
high quality crystalline layers of GeSn became possible. This led to the �rst demonstration of
a variety of optoelectronic devices including lasers, light-emitting diodes, and photodetectors
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in the short-wave and mid-wave infrared [46]. This progress stimulated the studies on spin
properties and optical orientation in Ge1�xSnx [47].

Research toward the development of Ge1�xSnx alloys have been mainly motivated by the
prospect of obtaining a direct bandgap semiconductor that can be monolithically grown on
silicon wafers. Whereas Ge is an indirect semiconductor, with the bandgap at the L-point
slightly lower than the direct bandgap at the �-point, as presented in Figure 2.3, Sn in its
alpha phase is a semimetal with a conduction band minimum at � inferior to the valence
band maximum. The incorporation of Sn in Ge lowers the � valley faster than the L-valley,
which leads to a transition from an indirect to a direct gap, as shown in Figure 2.4. In 1987,
theoretical investigations by Jenkins et al. evaluated this crossover to happen at about 20
at.% of Sn [81], which was later con�rmed as a signi�cant overestimation. More recently,
Gupta et al. employed an empirical pseudopotential method to predict the indirect-to-direct
transition at around 6.5 at.% of Sn in unstrained Ge1�xSnx [82]. However, in practice the
methods typically used to grow Ge1�xSnx layers on Si wafers generate compressive biaxial
strain, which in�uences the crossover alloy composition in a reversed way compared to the
incorporation of Sn [82,83]. This explains the discrepancy between the theoretical predictions
and recent optical characterization that determined the bandgap of Ge1�xSnx to become
direct at � 10 at.% of Sn [84].

For decades, it remained impossible to grow high-quality crystalline layers with such a high
content of Sn in Ge. The two main hurdles are the thermodynamic constraints limiting

Figure 2.3 Band structures of Ge and �-Sn, calculated with density functional theory (DFT).
Reprinted from [6], with permission. ' IOP Publishing.
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Figure 2.4 Energies of the conduction band minima at the L and � valleys, valence band and
split-o� (SO) band maxima, as a function of Sn content, calculated with DFT. The shaded
areas indicate (a) indirect bandgap, (b) direct bandgap, (c) inverse (negative) bandgap and
(d) inverse bandgap with inverse SO. Reprinted from [6], with permission. ' IOP Publishing.

the solid solubility of Sn under 1 at.% in Ge [80], and the phase separation of Sn into a
non-cubic form caused by its segregation at the surface [85, 86]. Despite those challenges,
some progress was realized in the early 1990s with di�erent physical vapor deposition (PVD)
techniques [87, 88]. Among those, molecular-beam epitaxy (MBE) was the most successful
[85,89], but the presence of dislocation defect hindered the quality of the layers grown. In the
2010s, the development of Sn precursors unlocked the possibility to exploit chemical vapor
deposition (CVD) techniques, which allow a better control of the deposition uniformity and
higher growth rates [90]. With the further improvement of CVD processes over the years,
high-quality crystalline layers of Ge1�xSnx were obtained [91�93], and opened the door to
the fabrication of optoelectronic devices.

By engineering their composition and strain, the bandgap of Ge1�xSnx alloys can be tuned
from the short-wave infrared (SWIR) to the mid-wave infrared (MWIR) range, and even
reach the long-wave infrared (LWIR) for Sn content above 20 at.% [46]. There is a vast scope
of applications for photodetectors and sensors in these wavelength windows, such as applica-
tions in telecommunications, thermal imaging, and the spectral identi�cation of molecules.
In addition to the bandgap tunability, compared to materials currently employed in the in-
frared sensing industry, Ge1�xSnx alloys o�er the potential to be compatible with Si-based
complementary metal-oxide-semiconductor (CMOS) technology, and be less expensive. Due
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to the progress in the growth of Ge1�xSnx layers, photodetectors in the SWIR and part of
the MWIR were recently demonstrated [94�96].

In recent years, Ge has generated a great deal of attention for its potential as a Si-compatible
group IV platform for spintronics, mainly because of its long spin lifetime [13,14,75], strong
spin-orbit coupling, and quasi-direct band structure. Alloying Sn with Ge o�ers an e�ective
degree of freedom to tune the carrier and spin properties of the material; notably, the spin-
orbit coupling (SOC) can be increased, which is expected to enhance spin-dependent phe-
nomena such as Majorana fermions [97], Rashba coupling [98,99] and spin Hall e�ects [100].
In 2019, a time- and polarization-resolved PL study of optical orientation in a Ge0:95Sn0:05

epitaxial layer by De Cesari et al. revealed that despite the stronger SOC, the spin lifetime
of electrons remain close to the nanosecond range even at room temperature [47]. Two years
later, Marchionni et al. demonstrated the optical injection of spin current in a Ge0:95Sn0:05

layer by collecting the electrical current induced by ISHE [101]. A spin-Hall angle ten times
larger than in Ge was found. Although studies focusing on a speci�c Ge1�xSnx composition
are very insightful, further theoretical and experimental research exploring a wide window of
compositions are necessary to better understand the properties of Ge1�xSnx. As the Sn con-
tent increases, the � valley minimum lowers faster than the L valley minimum, which leads
to a direct gap and a relatively wide energy separation between the two valleys for higher Sn
contents. This strongly impacts the carrier dynamics subsequent to optical injection, such
as the electron population of the valleys. Very recently, studies focusing on various alloy
compositions of Ge1�xSnx have started to emerge [102].
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CHAPTER 3 MODELING OF OPTICAL RESPONSE TENSORS IN BULK
SEMICONDUCTORS

In semiconductors, if a light beam with a photon energy superior to the bandgap is incident
to the surface, it can be absorbed in a process that excites electrons out of their energy level,
thus leaving holes. The generated carriers have spin properties dependent on the polarization
of the light, described by selection rules. These complex light-matter interactions can be
characterized by employing quantum physics models. In this work, the k � p method is used
in order to study the electronic, optical, and spin properties of semiconductors.

The quantum interference between two absorption pathways can be exploited to manipulate
the �nal state of a system, through a process called coherent control. Besides, absorption of
light carrying angular momentum generates spin-polarized carriers, a phenomenon referred
as optical orientation. The study of these processes in Ge1�xSnx, an emerging group IV
semiconductor alloy, is of interest in terms of fundamental physics, but also potential ap-
plications in spintronics and quantum technologies. This chapter describes the theoretical
framework applied to investigate the electronic structure of Ge1�xSnx semiconductors and
compute the optical response tensors. The results are presented and interpreted in Chapter 4.

In most studies presenting calculations of interband optical responses in semiconductors, k�p
models with 8 and 14 bands are typically used. However, these models are only valid in a
restricted zone close to a high-symmetry point, most frequently the � point, for a limited
range of energies. It is indeed known that the 14-band model gives accurate results for
energies typically up to 0.5 eV above and below the bandgap. In Ge-based semiconductors,
an accurate description of the bands close to the Brillouin zone (BZ) edges are required to
capture some important features of the band structure, such as the E1 transition [4]. Hence,
in this work, a full-zone 30-band k�p model is used for the band structure calculations. This
model gives a proper dispersion relation of the bands in an energy range of approximately
10 eV in the BZ, and matches well with experimental data. Contrary to the 8 and 14-
band models, the 30-band k�p model doesn’t require remote band parameters for an accurate
bowing of the valence and lowest conduction bands in reciprocal space, as a su�cient number
of "remote" bands are included exactly.
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3.1 Multi-band k � p formalism

The purpose of the k � p method is to solve the single-electron Schrödinger equation H =
E . In the case of an electron in a semiconductor crystal, the Hamiltonian is H = H0 +HSO,
with H0 = p2=(2m) + V (r), where V (r) is the mean-�eld periodic potential attributable to
the crystal structure. The spin-orbit interaction HSO is given by:

HSO =
~

4m2c2� � (rV � p) (3.1)

where � = 2S=~ is the dimensionless spin operator, p = �i~r is the momentum operator, m
is the electron mass and c is the speed of light in vacuum. The solutions to the Schrödinger
equation are Bloch functions  nk(r) = eik�runk(r), with k the wave vector and n the band
index. In terms of the periodic functions unk(r), Schrödinger’s equation becomes Hkunk(r) =
Enkunk(r), where the k � p Hamiltonian is given by:

Hk = H0 +HSO +
~2k2

2m
+

~
m

k � p (3.2)

After selecting a �nite number of basis states at k = 0, the diagonalization of Hk yields the
energy bands and wavefunction of the electron in the semiconductor. In order to correctly
map the entire BZ, there needs to be a su�cient number of basis states. The optical prop-
erties can be calculated from the eigenenergies and eigenvectors of the Hamiltonian, and the
momentum matrix operator p.

3.2 Hamiltonian and momentum matrix elements

The 30-band k�p model relies on a set of 30 states at the � point, which are used as a basis to
expand the eigenstates of the k�p Hamiltonian. This basis originates from the direct product
between the 15-band model introduced by Cardona and Pollak [7], and the spin-1/2 subspace.
It is composed of 8 valence bands and 22 conduction bands, as presented in Figure 3.1. This
relatively high number of bands allows an accurate description of the electronic structure of
semiconductors, in the full BZ.

The crystal structures described by this 30-band k�p model are the diamond and zinc-blende
structures, which correspond to the full-octahedral (Oh) and full-tetrahedral (T d) symmetry
groups, respectively. In this work, the notation for the energy levels is the simple group
notation used by Cardona and Pollak [7], which is the same for both symmetry groups.
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Figure 3.1 Schematic diagram of the bands that compose the 30-band k�p model. The bands
are labeled by simple group symmetry of the �-point states, following the notation used
in [7]. The spin-orbit coupling coe�cients are also included. To the right are the basis states
associated with each level.

Compared to the 14-band model, which includes the levels �l250 , �l20 and �15, the 30-band
model adds to the basis the valence band �l1 and the four higher-energy conduction levels �u1 ,
�120 , �u250 and �u20 . The complete basis for the 30-band k�p model is thus given by fj Svi; j
Xvi; j Yvi; j Zvi; j Sci; j Xci; j Yci; j Zci; j Sui; j Dxi; j Dzi; j Xdi; j Ydi; j Zdi; j Sqig 
 fj"i; j#ig
.

In this basis, the k�p Hamiltonian is represented by a 30 x 30 matrix. The full matrix
employed in this work is the one used by Rideau et al., presented in Ref. [10]. Departing
from the � point, when k 6= 0, the symmetry properties of the Hamiltonian and basis states
are applied to the linear momentum operator p in order to determine the non-zero matrix
elements. Under the symmetry operations of the full-octahedral crystal structure Oh, there
are ten non-zero matrix elements:
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P1 =
~
m

D
�l250 j p j �

l
20
E

P3 =
~
m

D
�l250 j p j �

u
20
E

Q1 =
~
m

D
�l250 j p j �15

E

R1 =
~
m

D
�l250 j p j �120

E

T1 =
~
m
h�u1 j p j �15i

P2 =
~
m

D
�u250 j p j �

l
20
E

P4 =
~
m
h�u250 j p j �

u
20i

Q2 =
~
m
h�u250 j p j �15i

R2 =
~
m
h�u250 j p j �120i

T2 =
~
m

D
�l1 j p j �15

E

The symmetry operations of Oh are also applied to the orbital angular momentum
�
rV �

p
�
, present in the spin-orbit coupling term of the Hamiltonian. Four non-zero spin-orbit

coe�cients subsist:

�l
250 =

3~
4m2c2 hXvj

�
rV � p

�y
jZvi

�15 =
3~

4m2c2 hXcj
�
rV � p

�y
jZci

�u
250 =

3~
4m2c2 hXdj

�
rV � p

�y
jZdi

��l
250
;�u

250
=

3~
4m2c2 hXvj

�
rV � p

�y
jZdi

Therefore, in addition to seven �-centered eigenvalues, the 30-band k�p model depends on four
spin-orbit coe�cients and ten matrix elements. Each material has its own set of parameters.

3.3 Material parameters

The parameters of the full-zone 30-band k�p model employed in this work for relaxed Ge1�xSnx
alloys are the parameters from Song et al. [1]. They are valid at room temperature, for a
composition range of 0:0 < x < 0:3. The numerical values of the energy levels and spin-orbit
splitting of �-centered states are presented in table 3.1, and the matrix elements of the mo-
mentum operator are presented in table 3.2. The state �l250 is taken as the origin of energies.

Aiming at producing a reliable set of parameters, the authors �rst put the emphasis on
reproducing correctly the well-known band structures of Ge and �-Sn, extracted by using
empirical tight binding or ab initio methods. After establishing satisfying 30-band k�p input
parameters for the extreme compositions x=0 and x=1, the focus was put on the range
of compositions 0:0 < x < 0:3 for Ge1�xSnx alloys. As explained in the literature review
(Chapter 2), there is a number of experimental hurdles to incorporate signi�cant amounts of
Sn in Ge, hence the growth of layers with more than 20 at.% of Sn remains very challenging
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Table 3.1: Energy levels and spin-orbit splitting of states at the � point, for the 30-band k�p model applied
to Ge1�xSnx. The values are reproduced from [1]; the units are eV.

(eV) Ge1�xSnx (eV) Ge1�xSnx

�l1 �12:2519 + 1:4249x �u1 8:2064� 2:7334x

�l
250 0:2247 + 5:3808x� 4:9535x2 �120 8:5786� 0:9856x

�l20 0:8140� 3:4667x+ 2:2767x2 �u250 13:4041� 4:8581x

�15 2:990� 0:796x �u
250 0:0793� 0:0333x

�15 0:2520 + 0:193x �u20 17:0426� 5:5226x

�l250 0:00 ��l
250
;�u

250
0:22 + 0:336x

Table 3.2: Matrix elements of the linear momentum operator p, for the 30-band k�p model applied to
Ge1�xSnx. The values are reproduced from [1]; the units are eV.nm.

(eV:nm) Ge1�xSnx (eV:nm) Ge1�xSnx

P1 0:8421 + 0:3350x� 1:6385x2 Q2 �0:5334 + 3:4420x+ 2:4647x2

P2 0:1781� 2:1954x+ 1:9328x2 R1 0:3757 + 0:0340x+ 0:0089x2

P3 �0:0734 + 1:3200x� 1:2452x2 R2 0:6820� 1:1743x

P4 1:0543 + 0:2174x� 0:4220x2 T1 0:7994� 0:0565x� 0:0441x2

Q1 0:8114� 0:1332x� 0:0055x2 T2 �0:0384 + 0:3675x

at the moment. The parameters optimization for the full range of alloys is realized under the
virtual crystal approximation (VCA), by either linear or quadratic interpolations between
the two extreme compositions. Even though contrary to Ge and �-Sn, Ge1�xSnx alloys do
not belong to the Oh group because of broken centrosymmetry, the Oh group is still used
for the optimization of parameters to simplify the process. The interpolations are adjusted
with available experimental data, such as bandgaps and e�ective masses. As an example, the
band structure of Ge0:89Sn0:11 as computed with the 30-band k�p model is shown in Figure
3.2.

Based on this model, Ge1�xSnx becomes direct at a composition of 7.25 at.% Sn. The set
of input parameters gives satisfying results reproducing bandgaps and e�ective masses mea-
sured experimentally, but some discrepancies remain. These discrepancies could arise from
an ill-suited use of the VCA. Indeed, recent results from material characterization and op-
tical studies have challenged the previously assumed notion that Ge1�xSnx is a crystal with
homogeneous randomness [103,104]. The VCA being based on this assumption, more sophis-
ticated models might be necessary to further improve the accuracy of theoretical predictions
in Ge1�xSnx. To the best of our knowledge, the set of 30-band k�p input parameters from
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Figure 3.2 Band structure of Ge0:89Sn0:11, computed with the 30-band k�p model and input
parameters from Song et al. [1].

Song et al. is the only one available in literature, thus it was used for the computation of
optical response tensors in the rest of the present work.

3.4 Computation of the optical response tensors

In this work, we aim to evaluate the optical response tensors in bulk Ge1�xSnx related to
one- and two-photon absorption, and the quantum interference between those two pathways.
To this end, a semiclassical framework is employed within k � p theory. The system studied
is an electron in a semiconductor subjected to laser excitation. The independent-particle
approximation is used, which means the interaction between carriers is ignored. In the
Hamiltonian of the system, the electron-photon interaction is treated as a perturbation to
the crystal Hamiltonian H = H0 +HSO, with H0 = p2=(2m) + V (r). We neglect the indirect
absorption processes, because these require phonon mediation and are thus much weaker than
direct processes. Therefore, the expectation value of the di�erent operators is performed with
the condition that the holes and electrons must have the same crystal momentum to connect
via a photon transition. This condition simpli�es greatly the calculations. The present model,
in its standard form deriving from perturbation theory, only applies to transitions where the
initial and �nal states have no degeneracies, or only exact degeneracies. To consider the
coherences between nearly degenerate excited states, the multiple-scale approach presented
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in Nastos et al. for a monochromatic �eld is employed [63]. The full derivation of the optical
response tensors is presented in detail in Rioux et al. [57]. The optical tensor components to
be calculated, such as the one- and two-photon carrier and spin injection, take the following
basic form:

Gab(!) =
X

c;v

Z d3k
8�3 g

ab
cv(k)� [! � !cv(k)] (3.3)

where the subscripts c, v refer to the conduction and valence bands respectively, the subscripts
a, b correspond to directions x, y, or z, � is the Dirac distribution, and ! is the angular
frequency of the light. The function gabcv represents a product of tensor operators, which
for example can include the velocity or spin operators. The formula for the second-rank
tensor Gab described here has no physical signi�cance; it is only used as a model to represent
the more complex formulas that are calculated in the next chapter. The di�erent steps to
realize in order to compute the tensor components are presented in the �owchart of Figure
3.3, and described here. We start by the fact that the formula is based on an integral

Figure 3.3 Flowchart of the di�erent steps implemented as code for the computation of the
optical response tensors, within a 30-band k � p framework.
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in reciprocal space. It is well-known that due to the translational symmetry properties of
the semiconductor crystal, calculations inside the �rst Brillouin zone are su�cient to extract
results that are valid for the full crystal. With a similar principle, by using an equivalent scalar
representation of the tensor component [63], point-group symmetry properties of Ge1�xSnx
can be exploited to reduce the zone in reciprocal space to integrate. Finding ways such as
this one to alleviate the calculations is crucial, because a typical challenge for these types
of integrals is that reaching convergence can be highly demanding in terms of computation
resources. In the 30-band k�p model employed, as explained in the previous section, Ge1�xSnx
alloys are considered as exhibiting Oh point-group symmetry. Thus, after application of the
48 operations of this group to the BZ, the irreducible Brillouin zone (IBZ) is obtained, and
the calculations are computed in this subspace instead of the full BZ.

The integral of equation 3.3 is calculated by using a linear tetrahedron method [105]. More
speci�cally, we �rst implement a cubic mesh that overlays the IBZ. Then, every cell of the
mesh is to be divided in 6 tetrahedra, within which band energies and matrix elements
are linearized in the k-space. In order to reproduce all the features of the response tensors
accurately, the region close to the � point requires a �ner mesh compared to the outer regions.
This is illustrated in Figure 3.4, where three di�erent sizes of uniform mesh are employed to
evaluate optical response tensors.
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Figure 3.4 Results of the calculations for di�erent uniform mesh sizes applied to Ge0:94Sn0:06,
for (a) the one-photon electron degree of spin polarization (DSP) and (b) the component �xxxx2
of the two-photon carrier injection tensor. Further information about these quantities are
presented in Chapter 4.

It is clear that above approximately 1.8 eV (0.9 eV for two-photon absorption), at the right
of the vertical black dashed line, the convergence requires a mesh less dense than at lower
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energies. These high-energy features originate from regions away from the BZ center, while
low-energy features are generated from transitions close to the � point. Therefore, instead
of a uniform mesh, we use a non-uniform mesh that improves greatly the e�ciency of the
k-point sampling. This method is less sophisticated than the one presented in Nastos et
al. [63], but works as accurately with a reasonable computation time.

By using the tetrahedron method, the integral in reciprocal space is converted into a simple
sum over the cubic cell nodes, with a speci�c weight associated to each k-point. This o�ers
the possibility to further reduce computation time, by dividing the k-points in batches, and
distributing them to separate processor cores for simultaneous calculations. The necessary
band energies and envelope functions are extracted by the diagonalization of the 30-band k�p
Hamiltonian, while the matrix elements are obtained from its derivation.
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CHAPTER 4 MID-INFRARED OPTICAL SPIN INJECTION AND
COHERENT CONTROL

In this chapter, by investigating alloys with a Sn content in the 0% to 20% range, carrier,
spin, current, and spin current injection in bulk Ge1�xSnx are discussed for the two-color !
and 2! scheme. The theoretical framework employed here is described in detail in Chapter 3.
Note that the much weaker phonon-assisted processes are ignored to consider only the direct
transitions, therefore the modi�cation in the directness of Ge1�xSnx does not a�ect the optical
injection results. Under the independent particle approximation, the one- and two-photon
interband absorption processes are analyzed, and the results of coherent control are presented
under three di�erent polarization con�gurations. In order to observe high-energy features
such as the E1 transition, a full-zone 30-band k�p is employed for the calculations. The
integrals in reciprocal space are performed with a linear tetrahedron method. By extending
the methodology developed for GaAs and Ge [4, 57], the derived equations are found to be
valid in the case where there is no intermediate states exactly at the mid level between the
initial and �nal states of absorption. The latter condition is met above at a Sn content above
7% of Sn, thus the presented two-photon injection and coherent control results in Ge1�xSnx
in this composition range are limited at a relatively lower energy.

The work presented in this chapter has been published on arXiv, and submitted to a peer-
reviewed journal. The full arXiv reference is: G. Fettu, J. E. Sipe, and O. Moutanabbir.
"Mid-Infrared Optical Spin Injection and Coherent Control." arXiv preprint arXiv:2212.04472
(2022).

The outline of this chapter is as follows. In Section 4.1, the theoretical model used to compute
the optical response tensors is brie�y presented, and Ge1�xSnx band structure properties are
discussed. In Section 4.2, the one- and two-photon absorption processes are described, and
the calculations for three di�erent con�gurations of the two-color coherent control scheme
are presented. The results are summarized in Section 4.3.

4.1 30-band k�p model applied to Ge1�xSnx

This section presents brie�y the theoretical framework established to investigate the electronic
structure of Ge1�xSnx semiconductors and compute the optical response tensors. In most
studies on the calculations of interband optical responses in semiconductors, k�p models with
8 and 14 bands are typically used. However, these models are valid in a restricted zone close
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to the � point. In Ge-based semiconductors, an accurate description of the bands close to the
Brillouin Zone (BZ) edges are required to capture relevant features of the band structure, such
as the E1 transition [4]. Hence, in this work, a room temperature full-zone 30-band k�p model
is used for the band structure calculations based on the parameters, recently reported [1],
shown in Tables 3.1 and 3.2 of Chapter 3. To simplify the parametrization process, the group
Oh model was used even if Ge1�xSnx alloys crystals have broken centrosymmetry.

(a) (b)

Figure 4.1 (a) Band structure of Ge and Ge0:86Sn0:14. (b) Bandgap of Ge1�xSnx as a function
of Sn content, at the L and � valleys. Reprinted from [8], with permission.

The band structure of Ge and Ge0:86Sn0:14, calculated using the 30-band k�p model, are
displayed in Fig. 4.1 a). It is noticeable that the incorporation of Sn in Ge induces signi�cant
changes, such as the lowering of the split-o� band and of the �rst conduction band at the
L point and � point. In Fig. 4.1 b), the bandgap at the L and � valleys are plotted as a
function of the Sn content. The extended short-wave infrared (1.5 - 3�m) and mid-wave
infrared (3 - 8�m) regions are fully covered by the direct gap. Note that the bandgap of bulk
Ge1�xSnx becomes direct at around 8% of Sn, which is expected to have a strong impact on
the dynamics of carriers generated by the optical injection.

The evaluation of the optical response tensors is carried out following a semiclassical frame-
work within k�p theory, in the independent-particle approximation. We neglect the indirect
absorption processes since they require phonon mediation and are thus much weaker than
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direct processes. The details of the derivation are described elsewhere [57], and the details
of the implementation of the formalism are described in Chapter 3.

4.2 Results and Discussion

4.2.1 Carrier and spin injection

In the following, the calculations of carrier and spin injection in Ge1�xSnx are described for
an incident monochromatic �eld of a frequency !:

E(t) = E(!)e�i!t + c.c. : (4.1)

The carrier and spin optical injection rates are given by:

_n = _n1(!) + _n2(!); (4.2)

_S = _S1(!) + _S2(!); (4.3)

where the subscripts 1 and 2 are associated to the �rst and second order absorption processes,
respectively. The results for both processes are presented in the following two sections.

One-photon absorption

When considering only the one-photon transition amplitude, the carrier injection _n1 is de�ned
as:

_n1(!) = �ab1 (!)Ea�(!)Eb(!); (4.4)

with the light electric �eld E, and the response tensor

�ab1 (!) =
2�e2

~2!2

X

c;v

Z d3k
8�3v

a�
cv (k)vbcv(k)� [!cv(k)� !] : (4.5)

The subscripts c, v refer to the conduction and valence bands respectively, and va is the
velocity operator de�ned as v(k) = 1

~
@
@kHk; in direction a. Similarly, the rate of one-photon

spin injection is:
_Sa1 (!) = �abc1 (!)Eb(!)Ec(!): (4.6)

In this case, a multiple-scale approach is employed to consider the coherences between nearly
degenerate excited states [63]. The pseudotensor electron contribution �abc1;e and hole contri-
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bution �abc1;h are given by:

�abc1;e
(h)

(!) = (�)
�e2

~2!2

0X

c;c0;v
(c;v;v0)

Z d3k
8�3S

a
cc0

(v0v)
(k)vb�cv(k)vcc0v

(cv0)
(k)

�
 

� [!cv(k)� !] + �
"

! c0v
(cv0)

(k)� !
#!

;

(4.7)

where Sa is the spin operator S = ~�=2, in direction a. As explained in Chapter 3, the model
considers a diamond crystal structure. Here, a single nonzero independent component exists
for the carrier injection response tensor �ab1 and the spin injection pseudotensor �abc1 :

�xx1 = �yy1 = �zz1 ; (4.8)

�xyz1 = �yzx1 = �zxy1 = ��xzy1 = ��yyxz1 = ��zyx1 : (4.9)

�1 is related to the susceptibility of the material by Im[�(!)] = ~
2�1(!). Within the single-

particle approximation, �xx1 and �xyz1 are purely real and purely imaginary, respectively.
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Figure 4.2 The �rst order response of Ge, Ge0:93Sn0:07 and Ge0:83Sn0:17, as a function of
incident photon energy ~!, calculated with the 30-band k�p model. In light colors, the
imaginary part of the susceptibility �(!) is presented, with the E1 and E1+�1 peaks identi�ed
for Ge. In darker colors, the plain (dashed) curves show the electron (hole) contribution of
the spin-injection component �xyz1 . Reprinted from [8], with permission.
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A selected set of the obtained results is presented in Fig. 4.2 for three Ge1�xSnx compositions.
As the Sn content increases, the onset of absorption occurs at lower energies because of the
reduction of the bandgap at the � point. At the same time, the E1 peak of carrier injection
decreases in magnitude and shifts to lower energies, while the E1 + �1 peak shifts to higher
energies due to the stronger spin-orbit coupling. For both electron and hole contributions to
spin injection, there is a broadening of the peak at the E1 resonance, and the absolute value
of its maximum increases slightly while shifting to lower energies.

In equation 4.6, the spin injection rate is maximized by considering a circularly polarized
optical �eld. For a �� light propagating along the �ẑ direction, the spin polarization of the
injected carriers is parallel to the z axis. In this case, the degree of spin polarization (DSP),
de�ned as the excess of spin-up versus spin-down polarized carriers such as DSPz = n"�n#

n"+n#
,

is calculated with the following equation, under the symmetry considerations previously
discussed:

DSPz =
2
~

_Sz1
_n1

=
2
~

Im [�xyz1 ]
�xx1

: (4.10)
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Figure 4.3 The degree of spin polarization of carriers optically injected in Ge, Ge0:93Sn0:07 and
Ge0:83Sn0:17, by left-circularly polarized light. The plain (dashed) curves show the electron
(hole) spin. In this �gure, the sign of the hole DSP is reversed. Reprinted from [8], with
permission.

The obtained results are displayed in Fig. 4.3 for the same three compositions as in Fig. 4.2.
The reference data for Ge exhibit a similar behavior to that reported earlier [4], and the
only slight di�erence observed in the direct band gap value is attributed to a di�erence in
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temperature for the material parametrization employed in the two studies. The predicted
existence of a DSP peak at the E1 transition of Ge has been demonstrated experimentally [5].
Note that the observed shift of the direct gap to lower energies as the Sn content increases
is expected, as described in Fig. 4.1b). For the electron contribution, the DSP saturates at
50% at the band edge, due to selection rules considerations discussed in detail in Ref. [57].
The decrease of the DSP triggered by the onset of spin injection from the split-o� band is
shifted to higher energies in Ge1�xSnx, due to the increase of the spin-orbit coupling with
the incorporation of Sn. Therefore, the DSP remains relatively high for a larger energy
range, until the decline at around 1.2 eV. At the E1 transition, the increase in Sn content is
associated with a shift of the peak to lower energies, and the value of the DSP increases from
20% in pure Ge to above 30% for Ge0:83Sn0:17. This originates from the simultaneous drop
of carrier injection and increase of spin injection observed at the E1 resonance in Fig. 4.2.
Above 2.2 eV, the DSP takes negative values for higher Sn content.

Two-photon absorption

In semiconductors, the second-order responses to the incident �eld are proportional to the
square of its intensity. The two-photon carrier injection is given by

_n2(!) = �abcd2 (!)Ea�(!)Eb�(!)Ec(!)Ed(!): (4.11)

The expression for the fourth-rank tensor is:

�abcd2 (!) =
2�e4

~4!4

X

c;v

Z d3k
8�3w

ab�
cv (k)wcdcv(k)� [!cv(k)� 2!] ; (4.12)

where wab
cv(k) is the symmetrized two-photon amplitude:

wabcv(k) �
1
2
X

m

vacm(k)vbmv(k) + vbcm(k)vamv(k)
!m(k)� �!cv(k)

: (4.13)

In total, by symmetry of the diamond lattice, the tensor �abcd2 has 21 nonzero components.
By exchanging a $ b, c $ d, ab $ cd, or performing permutations of Cartesian directions,
3 independent components are obtained: �xxxx2 , �xxyy2 and �xyxy2 . Within the independent
particle approximation, they are purely real, and associated to the third-order nonlinear
susceptibility �(3) by lm

h
�(3)(!;�!; !; !)

i
= (~=3)�2(!).

The results of the calculations for the component �xxxx2 are displayed in Fig. 4.4. The other
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components show similar features, as detailed in Appendix A.1.1. As the Sn content increases
from 0 to 6%, close to the band edge there is a strong augmentation of carrier injection. At
approximately 0.55 eV, the onset of absorption from the split-o� band generates a second
regime of injection, which becomes more pronounced for higher Sn content, and shifts slightly
to higher photon energies because of the higher spin-orbit coupling. Above 1 eV, there is
a small rise of the response tensor. For Sn compositions from 8 to 20%, the focus is kept
on a restricted range of energies close to the band edge. A sizable increase in two-photon
carrier injection, nearly exponential as a function of Sn content, is observed. This behavior
is attributed to the reduction of the e�ective mass as Sn composition increases.

Analogously to carrier injection, the rate of two-photon spin injection is:

_Sa2 (!) = �abcde2 (!)Eb�(!)Ec�(!)Ed(!)Ee(!); (4.14)

with the �fth-rank pseudotensor de�ned as:

�abcde2;e
(h)

(!) =(�)
�e4

~4!4

0X

c;c0;v
(c;v;v0)

Z d3k
8�3S

a
cc0

(v0v)
(k)wbc�cv (k)wdec0v

(cv0)
(k)

�
 

� [!cv(k)� 2!] + �
"

! c0v
(cv0)

(k)� 2!
#!

:

(4.15)

By symmetry, �2 has two independent components: �xxyxz2 and �xyzzz2 . All 48 nonzero compo-
nents of the pseudotensor can be retrieved by applying cyclic permutations of the Cartesian
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directions, exchanging b$ c, d$ e, or any combination of these. Within the single-particle
approximation, �2 is purely imaginary.

0.2 0.4 0.6 0.8 1.0 1.2 1.4

-6

-4

-2

0

2

4

6

8

0.1 0.2 0.3 0.4 0.5 0.6

-400

-200

0

200

400

600

Im
[

z

2

(w
)]

 (
1

0

-2
9

 
J 

V

-4

 m
)

Energy (eV)

Ge

0.94

Sn

0.06

; e

Ge

0.96

Sn

0.04

; e

Ge

0.98

Sn

0.02

; e

Ge; e

Im
[

z

2

(w
)]

 (
1

0

-2
9

 
J 

V

-4

 m
)

Energy (eV)

Ge

0.8

Sn

0.20

; e

Ge

0.83

Sn

0.17

; e

Ge

0.86

Sn

0.14

; e

Ge

0.89

Sn

0.11

; e

Ge

0.89

Sn

0.11

; h

Ge

0.86

Sn

0.14

; h

Ge

0.83

Sn

0.17

; h

Ge

0.8

Sn

0.20

; h

Ge; h

Ge

0.98

Sn

0.02

; h

Ge

0.96

Sn

0.04

; h

Ge

0.94

Sn

0.06

; h

Figure 4.5 The component �xxyxz2 of the two-photon spin injection pseudotensor �2(!) in
Ge1�xSnx, as a function of photon energy ~!. The electron (hole) contribution takes positive
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20%. Reprinted from [8], with permission.

The results for the component �xxyxz2 are presented in Fig. 4.5. The other component shows
similar features and is discussed in detail in Appendix A.1.2. For Ge1�xSnx alloys with Sn
content up to 6%, at the onset of absorption the spin injection increases signi�cantly for
both electrons and holes. However, the absolute value of the magnitude of this �rst peak
is relatively higher for the electron contribution. At the E1 transition around 1.1 eV, an
asymmetric broadening of the peak is observed as Sn content increases. In GeSn alloys with
even higher Sn compositions reaching up to 20%, the spin injection becomes increasingly
strong, and similar to the exponential increase of carrier injection discussed above. Similarly,
this drastic increase originates from the reduction in the e�ective mass of electrons and holes
observed when the Sn content increases in the alloy.

From the two-photon carrier and spin injection, the two-photon DSP can be evaluated.
The anisotropy described previously leads to a dependence of the two-photon DSP to the
orientation of the beam. For �� light incident along <001>, the degree of spin polarization
is given by:

DSPh001i
2 =

(~=2)�12 Im [�xyzzz2 (!)]
�xyxy2 (!)� 1

2�
xxyy
2 (!) + 1

2�
xxxx
2 (!)

: (4.16)

The results of the calculations are presented in Fig. 4.6. The two-photon electron DSP shows
similar features to the one-photon DSP. However, close to the band edge, in the case of Ge
the value is slightly above 50%. As the Sn content increases, contrary to the one-photon
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Figure 4.6 The degree of spin polarization of carriers optically injected by two-photon absorp-
tion in Ge1�xSnx, for left-circularly polarized light at <001> incidence. The plain (dashed)
curves show the electron (hole) spin. The di�erent curves show various Sn composition of the
alloy, from 0 to 20%. In this �gure, the sign of the hole DSP is reversed. Reprinted from [8],
with permission.

DSP which saturates a maximum value �xed by the selection rules, the two-photon DSP at
the band edge increases to reach approximately 60% for alloys with a Sn content above 14%.
In the case of holes, an evolution similar in absolute value is observed with the incorporation
of Sn leading to two-photon DSP around -80%. At the E1 resonance, for the two types of
carriers there is a broadening of the peak, and its maximum increases slightly while shifting
to lower energies.

4.2.2 Coherent control

In this section, a bichromatic �eld of frequencies ! and 2! is considered:

E(t) = E(!)e�i!t + E(2!)e�2i!t + c.c. : (4.17)

The transition energy from two-photon absorption of the beam with frequency ! matches
that of the one-photon absorption of the beam with frequency 2!. The interference between
both pathways leads to injection of charge and spin currents in the semiconductor.

Charge and spin currents

The charge current has an injection rate given by:

_JaI = �abcdI (!)Eb�(!)Ec�(!)Ed(2!) + c.c. ; (4.18)



31

Figure 4.7 Two-color coherent control scheme. (a) Electronic band structure of
Ge0:86Sn0:14. An optical �eld at angular frequency 2! can excite direct transitions from
the valence band to the conduction band, while another �eld at ! can excite two-photon
transitions. The polarization of the two �elds determine the motion and spin of the in-
jected carriers. (b)-(d) Carrier motion and spin polarization in the two-color coherent con-
trol scheme, for light beams incident on <001> with (b) co-linear, (c) cross-linear, and (d)
co-circular polarization. The red (green) arrows indicate the polarization state of the beam
at angular frequency ! (2!). Purple arrows indicate charge currents, black arrows indicate
spin-polarized currents, and counter-propagating black arrows indicate pure spin currents.
Reprinted from [8], with permission.

with the fourth-rank tensor �I :

�abcdI (!) =(�)
i�e4

~3!3

X

c;v

Z d3k
8�3v

acc
(vv)

(k)wbc�cv (k)vdcv(k)

� � [!cv(k)� 2!] ;
(4.19)

where i is the imaginary unit, and the other symbols are described previously. In the di-
amond structure symmetry, there are 21 nonzero components related to three independent
components �xxxxI , �xxyyI and �xyyxI , by cyclic permutations of the indices and the exchanges
b$ c, ab$ cd.

Similarly to the case of charge current, the spin-current injection is evaluated with the fol-
lowing expression:

_Kab
I = �abcdeI (!)Ec�(!)Ed�(!)Ee(2!) + c.c. : (4.20)

�I is a �fth-rank pseudotensor obtained by employing the multiple-scale approach:
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�abcdeI (!)=(�)
i�e3

2~3!3

X

c;c0;v
(c;v;v0)

Z d3k
8�3K

ab
c;c0

(v0;v)
(k)wcd�cv (k)vec0;v

(c;v0)
(k)

� (� [!cv(k)� 2!] + � [!c0v(k)� 2!]) ;

(4.21)

where Kab
mn(k) is the spin-current matrix element between bands m and n at a wavevector k:

D
mk

���vaSb
���nk0

E
= Kab

mn� (k� k0) : (4.22)

Con�gurations and composition-related behavior

To perform a coherent control experiment in the case of a bichromatic �eld of frequencies
! and 2!, there are three di�erent typical optical schemes, as shown and described in Fig. 4.7.

Colinearly polarized beams. Under this con�guration, the two optical �elds are col-
inearly polarized along the x direction. A strong charge current is injected in the axis of
polarization, following the equation below, while weak spin currents are injected in the y-z
plane.

_JI = 2 Im [�xxxxI ] x̂E2
!E2! sin(��); (4.23)

with the phase-matching parameter �� � 2�! � �2!.

The results for �xxxxI as a function of the energy of the incident �eld are presented in Fig. 4.9.
The focus here is on the electron contribution, since holes in Ge have a signi�cantly shorter
spin lifetime than electrons [42]. In Ge, the response tensor is characterized by a strong peak
at the E1 resonance around 1.2 eV, compared to the smaller magnitude at lower energies.
As the Sn content of the material increases, the charge current injection becomes more sig-
ni�cant close to the band edge. Around 0.6 eV, the turn on of split-o� transitions limits the
injection to a stable value. Considering alloys with a Sn composition between 8 and 20%, an
exponential increase in spin current injected is observed as a function of Sn content. With
the reduction of the band gap, the absorption is triggered at lower energies, and by tuning
the composition, the full mid-infrared range becomes accessible.
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Figure 4.8 The electron contribution to the component �xxxxI of the charge current injection
tensor �I in Ge1�xSnx, as a function of photon energy ~!. The di�erent curves show the
evolution at various Sn compositions from 0 to 20%. Reprinted from [8], with permission.

Cross-linearly polarized beams. In this scheme, the optical �eld of frequency 2! is
polarized along y, and the �eld of frequency ! is cross-linearly polarized along x. The
main feature of this con�guration is the strong pure spin current (PSC) injected along the x
axis, which is calculated with the following equation. Two other currents of relatively small
magnitude are also generated: a charge current along y (expression not shown here) and a
PSC along z.

_Kab
I = 2

�
�xyyyzI ẑax̂b � �xyxxzI x̂aẑb

�
E2
!E2! cos(��): (4.24)

The results for the pseudotensor component �xyxxzI in Ge1�xSnx are presented in Fig. 4.9.
When Sn is incorporated in Ge, there is a general increase of spin current injection for a
relatively large range of energies. Compared to the charge current injection discussed previ-
ously, in the case of spin-current there is an equivalent growth of the response tensor at the
E1 transition and at the onset of absorption. When Sn incorporation is further enhanced to
a composition of up to 20%, there is a massive increase of spin current injection close to the
band edge, which corresponds to energies in the Mid-Infrared region.

Circularly polarized beams. The last con�guration employs the circular polarization
for the two beams. A strong spin-polarized current in the x-y plane is generated, with a
direction depending on the phase di�erence between the two beams, as described by the
following equations for the charge and spin currents. A weak PSC is also injected along the
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Figure 4.9 The electron contribution to the component �xyxxzI of the spin current injection
pseudotensor �I in Ge1�xSnx as a function of photon energy ~!. The di�erent curves show
various Sn composition of the alloy, from 0 to 20%. Reprinted from [8], with permission.

z axis.

_JI =
1p
2

Im [�xxxxI � �xyyxI + 2�xxyyI ]E2
!E2!m̂; (4.25)

_Kab
I =�

1p
2

(�xyzzzI � �xyxxzI + 2�xyxzxI )E2
!E2!m̂aẑb

�
1p
2

(�xyzzzI � �xyyyzI + 2�xyyzyI )E2
!E2!ẑam̂b;

(4.26)

where m̂ = x̂ sin(��)� ŷ cos(��). The results for the charge and spin current injection are
presented in Appendix A.2.2.

4.3 Conclusion

This study demonstrates that Ge1�xSnx semiconductors can be used to modulate spin injec-
tion and coherent control in the mid-infrared range. A detailed investigation of the optical
injection with the two-color quantum interference scheme is reported as a function of Sn
content. One-photon and two-photon absorption processes were analyzed, and the degrees
of spin polarization are extracted and their behavior is elucidated for alloys starting from
pure Ge up to a Sn content of 20%. By means of the full-zone 30-band k�p employed for
the calculations, high energy features of the band structure such as the E1 transition were
included in the study. In addition to the expected lowering of the direct gap, the incor-
poration of Sn in Ge was found to induce a signi�cant increase of the one-photon DSP at
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the E1 resonance. In the case of two-photon injection and coherent control, the magnitude
of the response tensors close to the band edge surge exponentially as a function of the Sn
content. This strong increase can be attributed to the Sn incorporation-induced decrease in
the carrier e�ective masses. It seems that this trend is also valid at the E1 resonance for pure
spin current injection, at least for low-Sn compositions. At the band edge, the two-photon
DSP for electrons exceeds the value of 53% in Ge, to attain 60 % for a Sn content higher than
14 %. In absolute value, a higher DSP is observed for holes reaching -80 %. It is clear that
the incorporation of Sn in Ge can be used to tune the wavelength range where a signi�cant
injection of charge and spin current can be achieved, thus providing additional degrees of
freedom for the quantum coherent manipulation in the molecular �ngerprint region.
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CHAPTER 5 ADDITIONAL WORK: ELECTRONIC SIGNATURE OF
SUBNANOMETER INTERFACIAL BROADENING IN

HETEROSTRUCTURES

Interfaces are omnipresent in the design and processing of many semiconductor low-dimensional
systems and devices, used in a variety of �elds such as electronics, photonics, and quantum
computing. Assessing their role and impact on the heterostructures’ properties is thus cru-
cial to optimize device performance. In this chapter, we present a study demonstrating
that atomic-level interfacial broadening in heterostructures induces localized energy states.
To that end, a series of heteroepitaxial (Si1�xGex)m/(Si)m superlattices (SLs) with di�erent
thickness and periodicity were grown to serve as a model system for the study. A theoretical
framework to evaluate the absorption coe�cient of the SLs was developed, and the e�ect of
interfacial broadening was incorporated by exploiting atom probe tomography measurements.
The optical characterization of the SLs by spectroscopic ellipsometry allowed a comparison
between theory and experiment. Subsequently, annealing of one of the SLs was performed
to enhance interfacial broadening, and provide further arguments to the discussion.

The work presented in this chapter led to a publication in the journal Nano Letters. The
full reference is: Attiaoui, A., Fettu, G., Mukherjee, S., Bauer, M., & Moutanabbir, O.
(2022). Electronic Signature of Subnanometer Interfacial Broadening in Heterostructures.
Nano Letters, 22(17), 7080-7086.

As indicated in the article, A.A. and I (G.F.) contributed equally to this work. He carried out
the optical characterization of the SLs, the annealing procedure, and was the most invested
in the writing process. I developed the 14-band k � p formalism incorporating the electronic
e�ect of interfacial broadening, and applied it to the SLs. S.M. performed the APT studies.
M.B. carried out the epitaxial growth of the SLs, and O.M. led this research.

This chapter provides a much more detailed insight into the theoretical framework, compared
to the article. Its outline is as follows. In Section 5.1, the development of the theoretical
framework based on the 14-band k � p model is presented. After discussing the Hamiltonian
and momentum matrix elements, Si1�xGex material parameters missing in the literature are
evaluated by �tting a k � p model with more bands. A technique to eliminate the spurious so-
lutions appearing in the calculations is developed, and a Hamiltonian correction incorporating
the e�ect of atomic-level interfacial broadening on the electronic structure is implemented.
Furthermore, the framework used to evaluate the absorption coe�cient is brie�y presented.
In sections 5.2 to 5.6, we use Si1�xGex/Si SLs as a model system to investigate the e�ect
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of interfacial broadening on their electronic and optical properties. After presenting the
structural and optical characterization, the theoretical framework developed in Section 5.1 is
applied to the SLs, and the results are interpreted. The last step of this work was the rapid
thermal annealing of one of the SLs, in order to validate or refute our deductions.

5.1 Modeling of absorption coe�cient in QWs with a 14-band k � p model

This section presents the methodology employed to theoretically evaluate the interband ab-
sorption coe�cient of SiGe/Si SLs, while incorporating the e�ect of the interfacial broadening.
The results of the application of the model to the SLs are presented and interpreted in Section
5.4.

The k � p method is widely used in the literature to model semiconductor QWs, because
of its accuracy, convenience, and lower computation time compared to ab initio methods.
Typically, the 8-band or 14-band model are employed for interband transitions computations.
In systems composed of semiconductors such as GaAs or Ge, using an 8-band k � p model
is enough to model the optical properties close to the direct bandgap, because the ��2 CB
(s-type) is the lowest conduction band as shown in the right panel of Figure 5.1. The other

Figure 5.1 Schematic diagram of the 14-band model for Si and Ge, near the � point of the
Brillouin zone. The energy gaps EG and EGC , the spin-orbit splittings � and �C , and the
interband matrix elements of momentum P and PX are indicated symbolically. To the right
of the bands, their symmetry is indicated in Oh double group notation (at the right edge, Oh

simple group notation is used). Reprinted from [9], with permission.
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conduction bands are far enough in terms of energy that it is not necessary to include them
exactly in the model. Instead, their e�ect on the included conduction and valence bands is
accounted for through remote band parameters. In our case, the material characterization of
the SiGe/Si SLs of interest, realized with Atom Probe Tomography (APT) measurements,
demonstrated that the SLs have a content of Ge in the wells ranging from approximately
25 at.% to 30 at.% (see details of the characterization in Chapter 5). In Si or Si-rich SiGe,
the lowest conduction band has the ��4 symmetry (p-type), as shown in the left panel of
Figure 5.1, and the ��2 CB is not very far in energy. Thus, it is necessary to include all
those bands exactly, by using a 14-band k � p model to capture the main features of the
electronic structure of the SLs. It should be noted that with a 14-band model, the remote
band parameters are still necessary for an accurate evaluation of the bands. At least 30 bands
are required to dispense with the use of these parameters.

The 14-band k � p Hamiltonian is at the core of the methodology employed to extract the
theoretical value of the absorption coe�cient for the SiGe/Si SLs in Chapter 5. The di�erent
steps to achieve this goal are presented in the �owchart of Figure 5.2, and are described

Figure 5.2 Flowchart of the di�erent steps implemented as Python code for the computation
of the absorption coe�cient in the SiGe/Si SLs, with a 14-band k � p model incorporating
the e�ect of the interfaces. The �rst step is indicated in the yellow cell at the top left.
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in detail in the following sections. The necessary material parametrization in our case is
that of SiGe alloys, including Si. However, to the best of our knowledge, the remote band
parameters for the ��4 conduction band are not available in literature [106]. The �rst step
is therefore to calculate these parameters by �tting the 14-band model to a 30-band model.
Because the SLs are composed of a stack of layers with di�erent lattice parameters, strain
needs to be incorporated in the model by the addition of the strain Hamiltonian to the k � p
Hamiltonian.

In this work, the ultimate goal is to verify if interfacial broadening is at the origin of spe-
ci�c experimental optical features. To this end, a Hamiltonian correction dedicated to the
electronic e�ect of interfaces is implemented. APT data and two �tting parameters are re-
quired as input for the model. The next steps involve the diagonalization of the total 14x14
Hamiltonian, to extract the energy dispersion relation and the envelope functions. The elec-
tronic structure is subject to the appearance of unphysical "spurious" solutions, which is a
well-known problem associated with the k � p framework. Therefore, these are numerically
removed by a technique exploiting the spinor components of the bands. The matrix elements
crucial to the evaluation of the absorption coe�cient are obtained by derivating the total
Hamiltonian. Finally, the integral over the Brillouin zone allows the computation of the
absorption coe�cient.

5.1.1 Hamiltonian and matrix elements

The band structures of the SiGe/Si SLs are calculated by using the 14-band k � p model
together with the envelope function approximation (EFA). The Hamiltonian matrix, obtained
by applying the formalism in equation 3.2 to a 14-fold space of bands, is presented in Ref. [9]
in the angular momentum basis fj c 3

2i, j c
1
2i, j c �

1
2i, j c �

3
2i,j c

7
2i, j c �

7
2i, j +i, j �i,

j 3
2i, j

1
2i, j �

1
2i, j �

3
2i,j

7
2i, j �

7
2ig. While the 8-band model incorporates 6 valence bands

of symmetry �+
5 and two conduction bands of symmetry ��2 , the 14-band model includes

6 additional conduction bands of symmetry ��4 . The Hamiltonian of Ref. [9] is valid for
semiconductors with a diamond structure, which is the case for Si and Ge, and zinc-blende
structure, which is the case for SiGe alloys.
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Strain Hamiltonian

The growth of a semiconductor layer over a substrate with a di�erent lattice constant leads
to the appearance of uniform biaxial strain in its plane. In the case of the SiGe/Si SLs, the
in-plane lattice strain "k is given by:

"k =
aSi � aSi1�xGex

aSi1�xGex

(5.1)

where aSi and aSi1�xGex are the lattice constants of the substrate material (Si) and the well
material (Si1�xGex), respectively. In the model used in this work, the strain is incorporated
perturbatively through the Bir-Pikus formalism [107], and takes the form of a correction
to the Hamiltonian of equation 3.2. The 14x14 strain Hamiltonian in the cartesian basis
fj XC "i, j YC "i, j ZC "i, j XC #i,j YC #i, j ZC #i, j S "i, j S #i, j X "i, j Y "i, j Z "i,
j X #i,j Y #i, j Z #ig is given by:

H�
14 =

0

BBB@

0 0 0
0 12 �H�

cb 0
0 0 12 �H�

vb

1

CCCA (5.2)

with

H�
cb = a�

c � tr(") (5.3)

H�
vb =

0

BBB@

av � tr(")� b "k? 0 0
0 av � tr(")� b "k? 0
0 0 av � tr(") + 2 b "k?

1

CCCA (5.4)

where " is the strain tensor, "k? = "k � "? and "? = �2(C12=C11)"k. The deformation
potential parameters which are involved inside the p-type conduction band are not known,
so we take them arbitrarily equal to zero.

Momentum matrix elements

The momentum matrices are necessary in order to compute the absorption coe�cient. They
give an indication of the strength of the transitions allowed for the electrons between the
energy bands, when the material is excited by light. In the method presented by Szmulowicz
[108], the momentum matrices that give the strength of the transitions are extracted from



41

the Hamiltonian, by derivating it with respect to the wave vector ~k. By considering the three
polarizations of light x, y, and z, we obtain three di�erent momentum matrices. To simplify
the notation of the matrix elements, we introduce the following expressions:

f+
C = 
C1 + 4
C2

f�C = 
C1 � 2
C2

f+ = 
1 + 4
2

f� = 
1 � 2
2

The momentum matrix elements each have a speci�c role. The 
 parameters correspond
to the e�ect of the remote bands which are not included exactly, on the included bands.
The parameter P couples the valence band of symmetry �+

5 to the s-type conduction band
of symmetry ��2 , while the parameter Q couples the valence band to the p-type conduction
band of symmetry ��4 . The coupling between the p-type and s-type conduction bands is
ignored. The three momentum matrices are presented here in the cartesian basis:

Mx = @H
@kx

=

0

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

�2kxf+
C �6ky
C3 �6kz
C3 0 0 0 0 0 0 0 0 0 0 0

�6ky
C3 �2kxf�C 0 0 0 0 0 0 0 0 Q 0 0 0

�6kz
C3 0 �2kxf�C 0 0 0 0 0 0 Q 0 0 0 0

0 0 0 �2kxf+
C �6ky
C3 �6kz
C3 0 0 0 0 0 0 0 0

0 0 0 �6ky
C3 �2kxf�C 0 0 0 0 0 0 0 0 Q

0 0 0 �6kz
C3 0 �2kxf�C 0 0 0 0 0 0 Q 0

0 0 0 0 0 0 2kx
C 0 P 0 0 0 0 0

0 0 0 0 0 0 0 2kx
C 0 0 0 P 0 0

0 0 0 0 0 0 P 0 �2kxf+ �6ky
3 �6kz
3 0 0 0

0 0 Q 0 0 0 0 0 �6ky
3 �2kxf� 0 0 0 0

0 Q 0 0 0 0 0 0 �6kz
3 0 �2kxf� 0 0 0

0 0 0 0 0 0 0 P 0 0 0 �2kxf+ �6ky
3 �6kz
3

0 0 0 0 0 Q 0 0 0 0 0 �6ky
3 �2kxf� 0

0 0 0 0 Q 0 0 0 0 0 0 �6kz
3 0 �2kxf�

1

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA
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My = @H
@ky

=

0

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

�2kyf�C �6kx
C3 0 0 0 0 0 0 0 0 Q 0 0 0

�6kx
C3 �2kyf+
C �6kz
C3 0 0 0 0 0 0 0 0 0 0 0

0 �6kz
C3 �2kyf�C 0 0 0 0 0 Q 0 0 0 0 0

0 0 0 �2kyf�C �6kx
C3 0 0 0 0 0 0 0 0 Q

0 0 0 �6kx
C3 �2kyf+
C �6kz
C3 0 0 0 0 0 0 0 0

0 0 0 0 �6kz
C3 �2kyf�C 0 0 0 0 0 Q 0 0

0 0 0 0 0 0 2ky
C 0 0 P 0 0 0 0

0 0 0 0 0 0 0 2ky
C 0 0 0 0 P 0

0 0 Q 0 0 0 0 0 �2kyf� �6kx
3 0 0 0 0

0 0 0 0 0 0 P 0 �6kx
3 �2kyf+ �6kz
3 0 0 0

Q 0 0 0 0 0 0 0 0 �6kz
3 �2kyf� 0 0 0

0 0 0 0 0 Q 0 0 0 0 0 �2kyf� �6kx
3 0

0 0 0 0 0 0 0 P 0 0 0 �6kx
3 �2kyf+ �6kz
3

0 0 0 Q 0 0 0 0 0 0 0 0 �6kz
3 �2kyf�

1

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

Mz = @H
@kz

=

0

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

�2kzf�C 0 �6kx
C3 0 0 0 0 0 0 Q 0 0 0 0

0 �2kzf�C �6ky
C3 0 0 0 0 0 Q 0 0 0 0 0

�6kx
C3 �6ky
C3 �2kzf+
C 0 0 0 0 0 0 0 0 0 0 0

0 0 0 �2kzf�C 0 �6kx
C3 0 0 0 0 0 0 Q 0

0 0 0 0 �2kzf�C �6ky
C3 0 0 0 0 0 Q 0 0

0 0 0 �6kx
C3 �6ky
C3 �2kzf+
C 0 0 0 0 0 0 0 0

0 0 0 0 0 0 2kx
C 0 0 0 P 0 0 0

0 0 0 0 0 0 0 2kx
C 0 0 0 0 0 P

0 Q 0 0 0 0 0 0 �2kzf� 0 �6kx
3 0 0 0

Q 0 0 0 0 0 0 0 0 �2kzf� �6ky
3 0 0 0

0 0 0 0 0 0 P 0 �6kx
3 �6ky
3 �2kzf+ 0 0 0

0 0 0 0 Q 0 0 0 0 0 0 �2kzf� 0 �6kx
3

0 0 0 Q 0 0 0 0 0 0 0 0 �2kzf� �6ky
3

0 0 0 0 0 0 0 P 0 0 0 �6kx
3 �6ky
3 �2kzf+

1

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

5.1.2 Computation of the missing parameters for the 14-band k � p model

In the �eld of material science, there exists a variety of computational methods to evaluate the
energy band structure of electrons. Most of these can be regrouped in two categories: the ab
initio methods, which calculate the band structure from �rst principles, and the semiempirical
methods, which require empirical parameters as input but are far more e�cient in terms of
computer resources. The k � p method falls in this last category, and is thus well suited for the
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study of computationally demanding systems such as SLs. The set of necessary parameters,
on which the accuracy of the method depends, include the energy gaps at �, the spin-orbit
coupling coe�cients and the momentum matrix elements.

As explained at the beginning of the section 3.1, the 14-band model can be used to theoret-
ically study SiGe/Si SLs, but it requires additional parameters to account for the e�ect of
the remote bands. Si and Ge are among the most studied semiconductors in the literature,
therefore there are set of parameters for both of these materials and their alloys for k � p
models with 8 bands [109, 110], 14 bands [9] and 30 bands [10, 111]. However, there is no
value available for the remote band parameters to the p-type conduction, denoted as 
Cj.
Since electrons do not �ll the � conduction band states, experimental cyclotron resonance
data cannot be obtained, so those parameters were assumed to be without e�ect in previ-
ous studies focusing on valence intersubband transitions [9, 106]. In our case, the goal is to
evaluate interband absorption, therefore these parameters are crucial to obtain an accurate
energy band structure.

A viable option in this situation would be to directly apply the 30-band k � p model to
the SiGe/Si SLs, as this model doesn’t need remote band parameters and there is a full
parametrization available in the literature. However, because of the large number of bands,
using the 30-band model for QWs generates a number of well-documented issues such as
highly oscillatory unphysical "spurious" solutions, and numerical instability in hole states
computation [112]. Moreover, compared to the 14-band model the additional 16 bands would
lead to much higher computation time. For these reasons, instead of using directly the 30-
band model, we decided to �t it with the 14-band model in order to calculate the missing

Cj parameters. The methodology is detailed in the following section.

Fitting procedure of the 14-band k � p model to the 30-band model

The 
Cj remote band parameters of the 14-band k � p model for bulk Si, Ge and SiGe alloys
were �tted to a 30-band model [10] by using a quasi-Newton method optimization algorithm.
This optimization is based on a least-squares error between the energy levels of the 14-band
model and the same levels in the 30-band model, along the [001], [111] and [110] directions.
The 14-band k � p model is limited to a region in the Brillouin zone relatively close to the �
point, contrary to the 30-band model which is valid in the full Brillouin zone. Therefore, a
maximum wave vector norm of 2/nm was selected for the �tting between the two methods.

We use the 14x14 Hamiltonian matrix presented in Ridene et al. [9], with the energies, spin-
orbit splittings and coupling parameters from the 30-band SiGe parametrization [10]. The

Cj and Luttinger parameters 
j are set as free parameters for the �tting. We consider
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the s-type conduction band without any remote band in�uence, as is commonly done. The
�tting procedure was applied to Si, Ge and Si1�xGex alloys with compositions from x = 0 to
x = 1 with a step of �x = 0:001. As an initial guess for the optimization, we use the same
assumption employed in previous works focusing on valence intersubband transitions [9,106],
that is that there is not any remote band in�uence on the p-type conduction band. The band
energies initial guess and �tting results are shown in Figure 5.3 for Si.
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Figure 5.3 Band structure of Si evaluated with a 14-band k � p model �tted to a 30-band
k � p model, which is also shown. The parameters used as variable for the �t are the Luttinger
and 
Cj parameters.

After completion of the �t, the energy bands obtained with the 14-band k � p model match
much more closely the results with the 30-band k � p model. In particular, the �tting results
for the p-type conduction band between 3 eV and 4 eV di�er strongly from the initial guess.
In the �-L direction, the bands are at slightly lower energies, and in the �-X direction, the
lowest band has a reduction of approximately 0.5 eV, in addition to bending downwards
instead of upwards. This con�rms that incorporating correct values for the 
Cj parameters
is crucial to the accuracy of the band structure.

The optimization is repeated for various SiGe compositions that span the full range of alloys,
to obtain the 
Cj parametrization shown in Figure 5.4(b). The polynomial �t equations for
Si1�xGex alloys are presented below.
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Figure 5.4 The 
Cj parameters obtained from the �tting procedure.


C1 = �2:072x� 2:413(1� x)


C2 = 1:2096x+ 1:192(1� x) + 0:0328x(1� x)


C3 = 0:1137x� 0:0704(1� x)

The Luttinger parameters are presented in Table 5.1 of the next section.

SiGe 14-band k � p parametrization

The Si1�xGex material parameters used in the k � p calculation are summarized in Table 5.1.
The appropriate bowing parameters for SiGe were used when available. In this work, the
bowing parameter bSi1�xGex is used to account for the non-linear change of parameters from
the linearly extrapolated Si and Ge values as:


Si1�xGex = x
Ge + (1� x)
Si � x(1� x)bSi1�xGex (5.5)

where 
Ge, 
Si and 
Si1�xGex are the given parameter values for the Ge, Si and Si1�xGex
semiconductors, respectively. The temperature dependence of the bandgap uses the Varshni
relationship de�ned as

Ei
g(T ) = Ei

g(0K)�
�i

T + �i
(5.6)
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where i = �; L or X depends on which conduction band valley is considered. Finally, the
temperature dependence of the lattice parameter of Si and Ge is de�ned through a 4-order
polynomial based on the work of Reeber et al. [113].

a0(T ) = a0(0K) +
4X

i=1
kiT i (5.7)

where the ki parameters are de�ned for both Si and Ge. The material physical parameters
used for our models are listed in Table 5.1.

Table 5.1: Physical parameters of Si and Ge

Parameters Si Ge Si1�xGex bowing

Lattice constants at 0K(¯)

a0 5.43a 5.6522a 0.027b

Temperature dependence of a0

k1 -8.6332e-6a 1.0330e-6a

k2 5.2699e-8a 7.8398e-8a

k3 -4.0261e-11a -6.9653e-11a

k4 1.1759e-14a 2.3033e-14a

CB e�ective mass (m0)

mc� 0.241c 0.0383c 0.077135c

Bandgaps (eV)

E0(�) 4.15h 0.89h

E00(�) 3.302h 2.923h

EL
g 2.01p 0.785d

E�
g 1.17q 0.931p 0.206p

Spin-orbit coupling (meV)

� 44h 296h 52h

�C 33h 190h

Varshni parameters

�(E0;meV=K) 536.7e 684.2e

�(E0;K) 745.8e 398e

�(E00;meV=K) 536.7e 684.2e

�(E00;K) 745.8e 398e

�L(E0;meV=K) 536.7e 684.2e

Continued on next page
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Table 5.1 � Physical parameters of Si and Ge (Continued)

Parameters Si Ge Si1�xGex bowing

�L(E0;K) 745.8e 398e

�X(E0;meV=K) 536.7e 684.2e

�X(E0;K) 745.8e 398e

Average valence band energy (eV)

Ev;avg -7.03f -6.35f

Luttinger-like parameters*


1 4.589 9.697 7.117


2 0.512 2.835 3.543


3 1.566 4.012 3.544


C1 -2.413 -2.072


C2 1.192 1.2096 -0.0328


C3 -0.0704 0.1137

Coupling parameters (eV)

EP 20.25h 19.14h

EP X 15.52h 15.71h

Elastic constants (GPa)

C11 167.5g 131.5g

C12 65g 49.4g

C44 80.1g 68.4g

Deformation potentials (eV)**

a�
c -5.1k -9.5k

aL
c -0.66n -1.54n

aX
c 3.3o 2.55n

av 2.46f 1.24f

b -2.10i -2.86j

d -4.85i -5.28j

a
Reference [113], b Reference [114],c Reference [110], d Reference [115], e Reference [116], f Reference [117], g Reference

[118], h Reference [10], i Reference [119], j Reference [120], k Reference [9], l Reference [121], m Reference [122], n Reference
[123], o Reference [124], p Reference [125], q Reference [126].
*
The convention a = ac � av is used.

**
Parameters obtained from �tting procedure to a 30-band k � p model.
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5.1.3 Elimination of spurious solutions

The electronic energy bands calculations of semiconductor heterostructures with a k � p
framework are commonly realized under the envelope-function approximation (EFA). It is
well-known that this procedure, although useful in many aspects, is prone to the generation
of unphysical, spurious solutions [127�133]. The wavefunctions of these states may appear
as highly oscillatory or strongly localized, their energy bands can present an unusual bend-
ing, and such spurious solutions can exist within the bandgap. Furthermore, these can mix
with proper physical states, thus making their identi�cation even more di�cult. Three main
sources for this problem have been identi�ed in literature: the lack of ellipticity of the Hamil-
tonian caused by the material parameters [129, 131], the inconsistent boundary conditions
for the envelope functions components [132,134], and the discretization scheme associated to
the ill representation of �rst-order derivatives of the Hamiltonian [129,135,136].

Di�erent methods have been proposed to remove the presence of spurious solutions. Rescal-
ing speci�c parameters was proven to be successful in some cases [131, 137], while in other
situations correcting the order of the di�erential operators [127, 135], or cutting o� contri-
butions of the bulk states with a large wave vector [130] achieved to avoid such solutions.
Unfortunately, even though it is an old and well-studied problem, there is no general proce-
dure to remove spurious solutions from calculations with a k � p Hamiltonian. Additionally,
most of the methods were tested on the more prevalent 8-band model, with no guarantee
that they are valid for models with a higher number of bands.

In this work, we observed the presence of spurious solutions after application of the 14-band
k � p Hamiltonian to the SiGe/Si SLs of interest. They appeared in di�erent regions of the en-
ergy dispersion relations, and were particularly obvious when present within the fundamental
bandgap, as energy bands bending upwards. As the wave number increases and some conduc-
tion bands bend downwards, there is a crossing of the spurious bands with well-behaved real
bands that make it impossible to set a simple energy condition to eliminate the unphysical
solutions. By analysing the spinor components of the spurious states envelope functions, we
realized that they all present a similar spinor components signature. In Figure 5.5(a) and
(b), the spinor components of arbitrarily chosen conduction band and valence band states,
respectively, are shown. In panel (c) of the same �gure, the spinor components of a spurious
state inside the bandgap are presented. The distinguishable features are high values of the
components associated to the basis states j c1

2i, j c �
1
2i, and intermediate values for those

associated with j c7
2i, j c �

7
2i, with the rest of them close to zero (notation is the same as

the one used in Ref. [9], for the 14-band k � p Hamiltonian basis spinors).
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Figure 5.5 Envelope function spinor components in the case of: (a) a real conduction band
state, (b) a real valence band state, (c) a spurious state within the bandgap. The 14-band
k � p Hamiltonian basis states associated to the dominant components are indicated.

We decided to exploit this signature of the dominant envelope function spinor components
to remove the spurious solutions of the energy dispersion relations. A similar procedure was
employed in a previous work [112]. To this end, we established a criterion, labeled as X, to
separate the real states from the non-physical ones, based on operations between the value of
the four spinor components: j c 1

2i, j c�
1
2i, j c

7
2i, j c�

7
2i. At each wavenumber considered

in the calculation, the criterion is then normalized by the maximum value of X among all
the states. The equations are as follows:

X =
��
c
1
2
j c

1
2

�
+
�
c�

1
2
j c�

1
2

��
�
��
c
7
2
j c

7
2

�
+
�
c�

7
2
j c�

7
2

��

Xnorm = X=max(X)
(5.8)

We found that setting a simple threshold forXnorm was enough to remove most of the spurious
solutions. States with a Xnorm value superior to the threshold are de�ned as spurious, and
states with an Xnorm value inferior to the threshold are de�ned as real. An optimal threshold
of 0.75 was used for the calculations. The results of this procedure applied to a single quantum
well are shown in Figure 5.6. Three energy bands inside the bandgap, including one that
crosses with a real conduction band, were correctly labeled as spurious. However, the method
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Figure 5.6 Results of the spurious solutions removal procedure applied to the energy disper-
sion relations of a single SiGe/Si quantum well. The input parameters for the well are those
of sample S16.

is not perfect and some states are wrongly classi�ed. These errors have a negligible impact
on the dispersion relation results and the subsequent absorption coe�cient calculations.

5.1.4 Microscopic interface Hamiltonian

Understanding and controlling the impact of heterostructures interfaces has been a crucial
challenge in semiconductor device processing. It has been shown that interface roughness can
strongly in�uence the con�nement of carriers and their localization, and therefore determine
the optoelectronic properties of the system [138�140]. For instance, the e�ect of interfaces in
InAs/GaAs SLs, which have been studied extensively [141�145], is of such importance that
their exploitation as a design parameter to engineer optical features, such as the bandgap,
was proposed [144]. However, these e�ects are not incorporated in the standard k � p method
within the envelope function approximation (EFA), and this can lead to signi�cant discrep-
ancies between theoretical predictions and experiments.

The procedures employed to overcome this issue fall into two general categories. The �rst one
is to correct the k � p Hamiltonian by adding a delta-function-like interface potential [141,145�
148]. After derivation of the formalism and application to InAs/GaAs SLs, Szmulowicz et al.
obtained very good agreement between their theoretical results and experimental data [141].
The second method is to add a layer speci�c to the interfaces in the input structure used for
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the calculations [142, 143]. For instance, Hong et al. incorporated a graded and asymmetric
interface pro�le to account for the interfaces e�ect of short-period InAs/GaAs SLs, and also
obtained good agreement with the experimental results [142].

In this work, we use the formalism derived by Szmulowicz et al. with a delta-function-like
interface potential [141]. The correction to the k � p Hamiltonian incorporates a mixing
between valence band states at the interfaces. Developed as a modi�cation of the 8-band
k � p model EFA for group III-V SLs, we extend it here to the 14-band k � p model for group
IV SLs. The interface asymmetry Hamiltonian is de�ned as:

HIF = �a0

h
HBA

1 �(x+ b)�HAB
2 �(x� b)

i
(5.9)

where � is a mixing operator, introduced by Ivchenko et al. [146] that introduces coupling
between the light-hole (LH) - heavy-hole (HH) and HH - split-o� (SO) band states in the
valence band. The matrix representation of � in the cartesian basis fj Si, fj Xi, j Y i, j Zig
is as follows:

� =

0

BBBB@

0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

1

CCCCA
(5.10)

In Eq. 5.9, a0 is the lattice parameter; in this work we use the parallel lattice constant of
the SL. The delta functions represent the SL interfaces. For a SiGe/Si SL, there are two
possible di�erent interfaces- the Si-on-SiGe interface at x=-b and the SiGe-on-Si interface
at x=b. HBA

1 and HAB
2 are the strength of the interface potential, intrinsic to the internal

structure of the SLs and are usually extracted experimentally by �tting the fundamental
bandgap to the thickness of the heterostructure, when available. To use accurate values for
the interface pro�les, the Atom Probe Tomography (APT) measurements for the di�erent SLs
were exploited. A �t was applied to the data as described in the following section, based on
a sigmoid model. The values for the strength of the interface potential, represented by HBA

1

and HAB
2 , were obtained by �tting the theoretical results to the ellipsometry measurements.

Fixing HAB
2 to 0 eV and using a value of 1.4 eV for HBA

1 generated the most accurate
theoretical results.
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Fitting of APT data

The SL interface abruptness is evaluated by �tting the Ge pro�le using the following sigmoidal
function [149]:

f(x) = V +
NX

i=1

Bi

1 + e�(xi�x)=�i
(5.11)

where V is a vertical o�set parameter, N is the total number of layers in the SL, Bi is a
scaling parameter (Ge content in the SiGe layer), xi is the in�ection point of the curve, and
the sign of x results in an increasing or a decreasing function. The parameter � is associated
to the sharpness of the interface, and the interface width is then estimated as 4� [149].

The optimization algorithm used is the Sequential Least Squares Programming (SLSQP)
algorithm. The result of the �tting procedure applied to the raw APT data of sample S3,
one of our SiGe/Si SLs with a periodicity of m=3, is presented in Figure 5.7.
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Figure 5.7 Result of the �tting procedure applied to the Ge content APT data of sample S3,
from our set of SiGe/Si SLs.

Compared to the initial guess, the result of the SLSQP optimization �ts much better the Ge
content APT data of the sample.
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5.1.5 Optical absorption coe�cient

The theoretical value of the interband absorption coe�cient � (!) in a quantum well struc-
ture, derived from the Fermi Golden rule, is expressed as follows [150]:

�(~!) =
�e2

nrc"0m2
0!
X

i;j

1
LT

Z 2�

0

d�
2�

Z 1

0

ktdkt
2�
jh	i;kt jê � p̂j	j;ktij

2

�
h
f ic (kt)� f jv (kt)

i
L (kt; ~!; ~!ij)

(5.12)

where nr is the refractive index, c the velocity of light, "0 is the vacuum permittivity, p is
the momentum operator, kt is the transverse wave vector, LT is the total thickness of the
SL, and ~! and ~!ij are the photon and peak absorption energies, respectively. A refractive
index of nr = 4 was used in the calculations, which is close to the refractive index values
of Si and Ge. f jv and f ic are the Fermi-Dirac distribution for the jth valence sub-band with
energy Ej

v and the ith conduction sub-band with energy Ei
c, respectively. They are given by :

f ic (kt) =
1

1 + e
Ei

c(kt)�Fi
kBT

(5.13)

f jv (kt) =
1

1 + e
Ej

v(kt)�Fj
kBT

(5.14)

and Fi, Fj are the quasi-Fermi levels. Furthermore, L is the normalized Gaussian function
de�ned as

L (kt; ~!) =
1



p

2�
exp

 

�
(Ec;n (kt)� Ev;m (kt)� ~!)2

2
2

!

(5.15)

where 
 is the linewidth parameter of the interband transitions. After testing the code to
reproduce published experimental data, a value of 80 meV for 
 was found to be optimal in
the calculations.

In this work, the studied SLs are intrinsic, therefore the Fermi-level lies in the middle of the
e�ective bandgap, and there is no quasi-Fermi-level separation. In the case of the 14-band
k � p model, the interaction of the p-type conduction bands with the valence band creates
an in-plane anisotropic behavior that prevents the use of the axial approximation [106].
Therefore, this approximation was not used in this work.
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5.2 Growth and structural characterization of SiGe/Si SLs

The epitaxial growth of a series of ultrashort SiGe/Si SLs were carried out on a 300 mm
undoped Si(001) substrate. The growth was realized in a reduced-pressure chemical vapor
deposition (RPCVD) reactor, under conditions such as to maintain the Ge content below 30%.
In this work, we focus on a total of four (Si1�xGex)m/(Si)m SLs with di�erent periodicity: m
= 3, 6, 12, or 16. They are labeled as Sm. S16 and S12 were grown at 650�C, S6 at 600�C,
and S3 at 500�C. Di�erent methods were employed to characterize the structure of the SLs.

10 nm
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Si-subs

SiO2

(a) ( )b
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Ge
Ni
O

Growth direction

10 nm
(c)

Figure 5.8 (a) HAADF-STEM image of the (Si0:71Ge0:29)3/(Si)3 SL on which is overlaid the
concentration pro�le of Ge. (b) 3D reconstruction of the Ge and Si atoms within a cylinder of
diameter 30 nm in the S3 SL. (c) Left: a schematic representation of the physical cross section
of the di�erent SLs based on the STEM image. Right: the spectroscopic ellipsometric model
used throughout this work to study the absorption coe�cient of the SLs. Adapted from [2],
with permission. M. Bauer carried out the growth of the SLs. S. Mukherjee performed the
APT studies. A. Attiaoui prepared this �gure.

In Figure 5.8(a), the high-angle annular dark �eld scanning transmission electron microscopy
(HAADF-STEM) image shows the di�erent material layers composing S3. The Ge concen-
tration pro�le obtained with atom probe tomography (APT) is overlaid on the image. In
Figure 5.8(b), is shown a representative 3D APT reconstruction map of the Ge and Si atoms
within a cylinder of diameter 30 nm in the S3 SL. A schematic representation of the physical
cross section of the SLs is presented in Figure 5.8(c), along with the corresponding model
used in the spectroscopic ellipsometry (SE) studies performed in this work.
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The results of measurements characterizing the structure of the four SLs of di�erent period-
icity are summarized in Table 5.2.

Table 5.2: Summary of the structural characterization of (Si1�xGex )m /(Si)m samples measured with APT
and XTEM. Reprinted from the Supplementary �le of [2], with permission. A. Attiaoui prepared this table.

In the four SLs investigated, the average Ge content of the Si1�xGex layers estimated from
APT measurements is between 24% and 30%. The mean period thickness is obtained from
two di�erent methods, APT and Cross-sectional Transmission Electron Microscopy (XTEM).
The samples of higher periodicity, S12 and S16, have a mean period thickness signi�cantly
shorter than the samples S3 and S6. The values of mean interfacial broadening presented
in the last column are obtained by quantifying the interfacial width 4� from APT data,
following the procedure described in Ref. [149].

5.3 Optical characterization of the SLs

The SLs interband optical properties were evaluated by using spectroscopic ellipsometry
(SE) at room temperature. The ellipsometric parameters 	 and � are obtained at a variable
angle of incidence (AOI) between 55� and 80�, with a 5� step covering the photon energy
range from 1.5 eV to 6 eV. Each SL is modeled as a single layer with its own unique set of
optical constants, as shown schematically in Figure 5.8(c). In this work, the "wavelength-by-
wavelength" (also known as "point-by-point") analysis approach was used [151]. The process
of modeling a SL as a single layer and �tting its optical constants with the "wavelength-
by-wavelength" method has been demonstrated for a variety of heterostructures such as
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GaAs/AlGaAs QWs [152, 153] and InAs/GaInSb SLs [154]. The spectral dependence of the
complex dielectric functions (~" = "1 + i"2) of the four SLS of interest are shown in Figure
5.9. Additionally, the data for bulk Ge [155], bulk Si [156] and fully strained, 90 nm thick
Si0:73Ge0:27 [157] dielectric function are overlaid for comparison.

Figure 5.9 (a) The real ("1) and (b) imaginary ("2) part of the complex dielectric function of
the four (Si1�xGex)m/(Si)m SLs with increasing periodicity m (=3, 6, 12, 16). The Ge, Si and
Si0:73Ge0:27 bulk dielectric functions are also shown for comparison purposes. The blue and
green insets are log-log plot of "1 and "2, respectively. They highlight the optical transition
E4� . Adapted from [2], with permission. A. Attiaoui performed the optical characterization,
and prepared this �gure.

Overall, there is a clear qualitative agreement between the interband optical properties of the
SLs and those of bulk materials, including at the main critical points (CP) E 00, located around
3.2 eV, and E2, located around 4.5 eV. The features are especially similar compared to the
Si0:73Ge0:27 dielectric function, which demonstrates the important role of the SL-embedded
Si1�xGex layers in the modulation of "1 and "2. Moreover, the E1 band edge exhibited by
the SLs is attributed to a superposition of the Si0:73Ge0:27 E1 CP and the Si E 00 CP located
at 3.35 eV [158].

Below 3 eV, the dielectric functions of all the investigated SLs show the presence of an
additional broad, low-intensity peak. At this energy range, bulk Ge exhibits a strong CP
corresponding to the E1 transition, but there is no features in the bulk Si and SiGe thin �lm.
The blue and green insets in panel (a) and (b) of Figure 5.9 are zoom-in log-log plots, between
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1.5 and 3 eV, that focuses mainly on the additional transition, labeled E4� throughout this
work. There is no evident explanation for the presence of those low-energy peaks in the SLs.
A further analysis of the E4� , E 00 and E1 CPs is performed by extracting the second-order
dielectric function derivatives of all the SLs. The results are presented in Figure 5.10.

Figure 5.10 Second derivative CP analysis. The second derivative of ~" as well as the
CP line-shape �t (dashed black lines). The dashed gray lines are a guide to the eye for the
evolution of the CPs as a function of the SL periodicity m. The vertical red lines are the
peak position for each CP, evaluated from the �t. Reprinted from [2], with permission. A.
Attiaoui performed the optical characterization, and prepared this �gure.

The �ts corresponding to the CPs were obtained by using the generic standard critical-
point line-shape model [158, 159]. Data �ts were performed simultaneously for the real and
imaginary parts of d2~"=d!2 using a global optimization procedure based on the di�erential
evolution (DE) algorithm [160]. Between 2 and 2.5 eV, the peak related to the E4� transition
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is distinctly apparent. Quantum mechanical optical absorption simulations, based upon the
14-band k � p formalism, will be undertaken to investigate the nature of this transition. The
E4� transition will then be discussed in light of interfacial broadening, to determine the
physical mechanism involved into this optical transition for all the SLs.

5.4 Theoretical study of SiGe/Si SLs

5.4.1 Calculations

The methodology based on the 14-band k � p model developed in Section 5.1 is applied
to the SiGe/Si QWs, in order to investigate the potential role of interfacial broadening in
generating the E4� transition. First, we focus on the e�ect on the con�ned carrier states.
By incorporating the Hamiltonian correction related to the interface e�ect, we observe the
apparition of new energy levels above the reversed well associated to the valence band holes, as
depicted in the upper part of Figure 5.11(a). The wavefunction of this new state is strongly
localized to the interfaces. In the case where an abrupt interface is considered, this state
doesn’t exist; however, the broader is the interface considered, the higher is the localized
state in terms of energy.

Figure 5.11 The predicted e�ect of interfacial broadening on the optical absorp-
tion. (a) Schematic representation of a SiGe/Si QW with (orange) and without (blue) the
e�ect of interfaces broadening. The QW has a thickness of tw. Both possible optical transi-
tions are presented. (b) The 14-band k �p absorption coe�cient (�) of the QW with a variable
interfacial broadening 4� from 0 to 0:32 nm with a 0:1 nm step. TE and TM polarization-
dependent absorption coe�cient (�) of 2 SLs: (c) S3 and (d) S16 with APT-measured input
parameters. Reprinted from [2], with permission. I performed the theoretical calculations,
and A. Attiaoui prepared this �gure.
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The second step, after analyzing the e�ect on carriers con�nement, is to evaluate the con-
sequence on the absorption of the QWs. In the lower part of Figure 5.11(a), this e�ect is
schematically represented, with the presence of the E4� transition at lower energies. In panel
(b), the 14-band k � p absorption coe�cient (�) is evaluated for S16, after applying a vari-
able interfacial broadening 4� from 0 to 0.32 nm, with a 0:1 nm step. As the broadening
increases, the onset of absorption starts at lower energies. This is a direct consequence of
the previously discussed displacement of the interface-related state to higher energies, as the
interfacial broadening is enhanced.

In panels (c) and (d), the absorption coe�cient is calculated in S3 and S16 respectively, after
extracting the information about the interfaces from APT data. The mean width of the
interfaces are 0.65 nm in S3, and 0.59 nm in S16. The absorption without incorporation
of the interface e�ect (4� = 0) is also shown for comparison, as well as the contributions
from TE and TM polarization. It is clear that considering the electronic e�ect of interfacial
broadening induces a new absorption peak at lower energies, below 2.8 eV. This peak is
absent in the results which do not consider the e�ect of interfaces.

5.4.2 Discussion

Before validating or refuting that the E4� transition observed in the optical characterization
of the SiGe/Si QWs originates from the interfacial broadening present in the SLs, as suggested
by the theoretical calculations, a few possible explanations need to be considered.

First, quantum con�nement should be excluded. When the thickness of the SiGe layers is
reduced, the E4� transition energy diminishes at a smaller rate than a con�nement-related
e�ect. Indeed, additional calculations were performed for S3 where the well thickness was
varied, while ignoring the Hamiltonian correction related to interfaces. The results clearly
indicated an absence of any additional peak below 3 eV, thus proving that quantum con�ne-
ment is not causing the E4� transition. Second, the CP transition located between 2 and
2.5 eV , observed in the SE data and analyzed by second-order dielectric function derivation,
cannot be explained by the E1 CPs of Si and SiGe, nor by a superposition of the E1 + �1

transition of SiGe and the E1 transition in Si. Furthermore, all SLs have a mean Ge con-
tent below 30%, therefore eliminating E1 + �1 transitions from the SiGe sublayers as origin
of the peak. Third, it is unlikely that the E1 and E1 + �1 in Ge are at the origin of the
E4� transition, because APT data con�rmed the absence of any Ge segregation near the
interfaces.

Therefore, we validate that the E4� transition can only be an interface-related transition.
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5.5 Rapid thermal annealing of S3

To further con�rm the agreement between the theoretical investigation and experimental
measurements, the S3 sample was subjected to rapid thermal annealing between 780�C to
950�C. In Figure 5.12(a), the high-resolution X-ray di�raction (HRXRD) scans around the
(004) di�raction order of the as-grown (blue) and annealed (red) S3 SL are shown.

Figure 5.12 Properties of annealed SLs. The annealing temperature was increased from
780�C to 950�C. (a) XRD ! � 2� scans around the (004) di�raction order of the as-grown
(blue) and annealed (red) S3 SL. (b) Second derivative statistical analysis of "2 is presented
through the standard deviation (4�) (red error band). The graded colored band (light blue to
red) visualizes the redshift of the E4� CP as the annealing temperature increases con�rming
the sensitivity of this peak to interfacial broadening. Reprinted from [2], with permission.
A. Attiaoui characterized the annealed samples, and prepared this �gure.

As the annealing temperature increases, a signi�cant number of changes are noticeable. From
panel (a), we observe that the thickness fringes become slightly less clear, which indicates
a small interdi�usion process. From the CP analysis in panel (b), we observe a crucial
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evolution of the peak position. The transition energy shifts to lower energies as a function of
the annealing temperature, from 10 meV at 780�C to 33 meV at 950�C. This suggests that
the annealing-induced broadening of the interfaces leads to a reduction of the E4� transition,
thus further validating the theoretical predictions. A more detailed analysis of the annealing
measurements can be found in the published article [2].

5.6 Conclusion

We have performed theoretical and experimental investigations of atomic-level interfacial
broadening in heterostructures. This phenomenon was found to create localized energy states
in the electronic structure of Si1�xGex/Si SLs. The theoretical framework, based on the
14-band k � p model, provides a qualitative and quantitative description of the absorption
coe�cient while incorporating the e�ect of smeared-out interfaces. The subnanometer fea-
tures of the interfaces are extracted by APT, and exploited in a function added to the k � p
Hamiltonian. The presence in all the SLs of an additional optical transition between 2 and
2.5 eV, revealed by analysis of the dielectric function extracted from SE data, is predicted
by the model. The agreement between theory and experiment indicates that the additional
low-energy peaks have an interface-related origin. This is further con�rmed by studying
thermal-annealing-induced interfacial broadening in one of the SiGe/Si SLs. Therefore, the
transition of interest establishes an optical �ngerprint that paves the way for a sensitive,
nondestructive probe of the atomic-level broadening in heterogeneous interfaces.
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CHAPTER 6 CONCLUSION AND PERSPECTIVES

In this chapter, we highlight the major �ndings of this thesis. The theoretical framework de-
velopment and investigations of optical spin injection and coherent control in bulk Ge1�xSnx
are described. We also summarize the additional work concerning interface-induced optical
transitions in heterostructures. Furthermore, the future perspectives related to coherent con-
trol in Ge1�xSnx are presented. We discuss the experimental demonstration of the theoretical
results, and consider the potential of strain as a degree of freedom to tailor the coherent con-
trol response of group IV semiconductors. Preliminary results of calculations for strained Ge
layers are shown.

6.1 Optical orientation and coherent control in Ge1�xSnx

In order to theoretically investigate optical orientation and coherent control in Ge1�xSnx al-
loys, a rigorous framework needs to be implemented. In this work, a full-zone 30-band k � p
model is developed and used as an e�cient and reliable way to evaluate the electronic energy
bands, for a relatively large range of energies. Moreover, the use of a full-zone model allows
the analysis of features far from the Brillouin zone center, such as the E1 transition in the
�-L direction. This framework based on the 30-band k � p model is detailed in Chapter 3.
The Hamiltonian and matrix elements are presented, as well as the room temperature mate-
rial parametrization for Ge1�xSnx. The interband optical response tensors are derived within
k � p theory from a semiclassical framework, in the independent-particle approximation. Fur-
thermore, the calculation of the tensor components is accomplished by implementing a linear
tetrahedron method, and the point-group symmetry operations are exploited to reduce the
Brillouin zone space to be sampled. With the goal of reducing the memory and time require-
ments of calculations, a non-uniform mesh is used, and the k-point operations are distributed
to multiple processors for parallel computation.

In Chapter 4, the method is applied to investigate Ge1�xSnx alloys. We focus on a Sn
content in the 0% to 20% range, which allows to map the entire Mid-Infrared region with
the direct gap of these alloys. The carrier, spin, current, and spin current injection rates
are calculated for a bichromatic �eld of frequencies ! and 2!. The one- and two-photon
absorption processes are discussed, and three di�erent polarization con�gurations for coherent
control are analyzed. It was found that, at the E1 resonance, the incorporation of Sn in Ge
signi�cantly increases the one-photon DSP. Additionally, the two-photon DSP is enhanced
at the band edge to reach a value of 60% for alloys with more than 14% of Sn, which is
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signi�cantly superior to the 53% value in pure Ge. Near the band edge, it is shown that
the magnitude of the response tensors, such as those associated to charge and spin current
injection, increases exponentially as a function of Sn content. This behavior can be attributed
to the reduction in carrier e�ective mass caused by the incorporation of Sn in Ge. Overall,
the results highlight the potential of Ge1�xSnx as a platform for tunable coherent control in
the molecular �ngerprint region, relevant to quantum sensing.

6.2 Electronic and optical e�ect of interfacial broadening in heterostructures

With the aim to investigate the e�ect of atomic-level interfacial broadening on the electronic
and optical properties of heterostructures, Si1�xGex/Si SLs have been used as a model sys-
tem to carry out theoretical and experimental studies. In the �rst section of Chapter 5,
the theoretical framework established to evaluate the absorption coe�cient of the SLs is
presented. A 14-band k � p Hamiltonian is used, and missing parameters of the Si1�xGex
material parametrization have been calculated by performing a �t of energy bands obtained
with a 30-band k � p model. The well-known problem of spurious solutions, intrinsic to
the k � p method, has been addressed by developing a procedure to identify and eliminate
them. Furthermore, the e�ect of interfacial broadening was incorporated in the framework by
adding a new term to the k � p Hamiltonian, which partially depends on the SLs atom probe
tomography (APT) data. The interband absorption coe�cient is calculated by a formula
derived from the Fermi Golden rule.

The growth and structural characterization of a set of Si1�xGex/Si SLs are also presented.
There are four SLs, with a Ge content in the Si1�xGex layers below 30%. The optical
characterization, performed by spectroscopic ellipsometry (SE), reveals the presence in all
SLs of an additional, low-energy absorption peak between 2 and 2.5 eV. The application
of the theoretical framework incorporating the e�ect of interfacial broadening predicts the
presence of such a low-energy peak. After ruling out the other potential explanations, we
conclude that this agreement between theory and experiment demonstrates the interface-
related origin of the transition of interest. Rapid thermal annealing performed on one of the
SLs, followed by SE analysis, further con�rmed our deductions. The studied phenomenon
provides an optical �ngerprint to probe the subnanometer broadening in heterostructures,
with a straightforward and nondestructive procedure.
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6.3 Future work

6.3.1 Experimental demonstration of optical spin injection and coherent control
in Ge1�xSnx

Performing theoretical investigations in Ge1�xSnx is important to better understand the
electronic and optical properties of this emerging group IV semiconductor alloy. Nevertheless,
demonstrating the predicted behavior through experiments remains crucial to con�rm or
refute the theoretical results. In our study of optical spin injection and coherent control in
Ge1�xSnx, new insights into the spectral dependence of the DSP, along with the charge and
spin current injection, at the band edge and at the E1 resonance, are yet to be experimentally
validated.

As presented in the literature review of Chapter 2, during the last decades, di�erent methods
have been used to conduct experiments investigating the properties of interest. These meth-
ods have mainly been based on optical means. Among those, the circular polarization degree
of PL measurements have been prominently used to study optical orientation [42,47,67], and
spatially resolved pump-probe techniques were exploited to demonstrate optical injection of
spin current [24, 32, 41]. Since 2010, a new method based on electrical means have been
shown to allow the study of optically injected spin currents with a very simple experimental
setup [59, 76]. It is based on measuring the electrical current generated by the spin current
via the inverse spin-Hall e�ect (ISHE). An example of Ge1�xSnx sample that could be used
for the experiment is presented in Figure 6.1.

Figure 6.1 Sketch of a Ge1�xSnx sample that could be used to demonstrate coherent control
in this material in a future experiment. The Ge1�xSnx stripe lies on top of a Si substrate;
two gold electrodes are used to collect the electrical current in the stripe, and deduce the
ISHE-induced voltage �VISHE. The red arrow represents circularly polarized light.
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The incident circularly polarized light, represented by the red arrow, generates spin-polarized
carriers in the Ge1�xSnx stripe. To study coherent control in the two-color scheme, two
incident beams are required. The analysis of the generated voltage �VISHE in the gold
electrodes depends on the spin current magnitude, thus giving information on the optical
injection processes. This technique has been used recently to investigate the ISHE in a
Ge0:95Sn0:05 layer [101].

Until very recently, the study of Ge1�xSnx with higher Sn content have been impeded by
the hurdles in growing high-quality crystalline Ge1�xSnx layers. Even though many of these
hurdles remain to be overcome, there is now access to high-quality samples with a Sn content
as high as 18% [93]. Investigating optical orientation in those direct bandgap samples would
provide new insights into spin injection processes. Furthermore, coherent control in Ge1�xSnx
remains to be demonstrated experimentally.

6.3.2 Optical spin injection and coherent control in strained group IV layers

Group IV semiconductors exhibit a variety of interesting spin properties. For instance, the
hyper�ne interactions can be suppressed by purifying their zero-spin nuclear isotopes [15], and
their electrons have long spin lifetime [11�14]. Ge, with its multi-valley conduction band and
direct gap at telecommunications wavelength, has been the subject of a signi�cant number of
theoretical and experimental studies on optical orientation and coherent control [4,5,41,42].

Moreover, strain and quantum con�nement have been explored as potential degrees of free-
dom to tune the optical spin injection properties in Ge, such as the DSP [161]. Indeed, the
lifting of the HH-LH degeneracy at the � point caused by strain can, in theory, lead to the
injection of fully polarized carriers. In 2009, calculations based on a tight-binding model
predicted that a DSP as high as 96% is achievable in Ge/SiGe QWs [161]. In 2015, a DSP
of 85% was measured in tensile-strained Ge-on-Si heterostructures [67].

Despite the high interest in the study of strained Ge, there is still a lot to uncover regarding
the properties of this material. For instance, the e�ect of strain on the DSP peak at the
E1 resonance [4] has yet to be elucidated. Additionally, the e�ect of tensile and compressive
strain on coherent control in Ge has not been studied in literature. The �eld would thus
bene�t from a theoretical work investigating optical spin injection and coherent control in
strained Ge over a relatively large energy range.

In this section, we show preliminary results of the quantities of interest, obtained with a
method based on a 30-band k � p model, similar to the one presented in Chapter 4. Instead
of conducting the calculations in the irreducible Brillouin zone (BZ), the full BZ is considered
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because of the broken point-group symmetry.

Band structure of strained Ge

The 30-band k � p band structure of strained Ge is evaluated with the parametrization from
Rideau et al. [10], valid at T = 0K. The results for three di�erent values of biaxial strain "
= -1%, 0% or 1%, are presented in Figure 6.2.
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Figure 6.2 Band structure of Ge at di�erent values of biaxial strain " = -1%, 0% or 1%. The
30-band k � p parametrization developed by Rideau et al. [10] is employed. In this �gure, the
directions of the L and X valley considered are [1 1 1] and [0 0 1], respectively.

Without strain, the direct bandgap energy is 0.89 eV, and at the � point, the top of the
HH and LH valence bands are degenerate. This degeneracy is lifted by the application of
strain. In the case of compressive strain, the top of the HH band is higher than the top of
the LH band, and the direct gap becomes wider. The opposite is true in the case of tensile
strain, with a reduction of the direct gap and a LH band energetically higher than the HH
band. These modi�cations of the band structure have signi�cant impacts on the subsequent
calculations.
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Preliminary results: One-photon absorption

We consider the one-photon electron DSP in the case of a left-circularly polarized light
propagating along the �ẑ direction. In this case, the DSP is de�ned as the excess of spin-up
versus spin-down polarized carriers such as DSPz = n"�n#

n"+n#
, and is calculated with equation

4.10. The results in strained Ge, for a range of photon energies with a maximum of 2.8 eV,
are presented in Figure 6.3.
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Figure 6.3 The one-photon electron DSP in Ge under biaxial (a) compressive strain or (b)
tensile strain.

In the left panel, we observe that the application of biaxial compressive strain leads to an
onset of the DSP at higher energies, as expected after the widening of the bandgap. However,
instead of the 50% DSP at the band edge, a full polarization of 100% is achieved. This spike
in the DSP is mediated by the transitions from the HH band to the lowest conduction band.
At higher energies, the absorption from the LH and SO bands leads to a drastic drop of
the DSP, until a value below 10% is reached. As the absolute value of compressive strain
increases, the peak due to E1 related transitions reduces in magnitude.

In the right panel, we observe that the application of biaxial tensile strain induces an onset
of absorption from the direct bandgap at a lower energy. Similarly to compressive strain, the
electrons are fully polarized, but with an opposite spin orientation. This negative DSP is
caused by LH-mediated transitions to the conduction band. At higher energies, HH transi-
tions restore a positive DSP with a maximum of 60%, due to their superior strength compared
to LH transitions. As the tensile strain intensi�es, the center of the E1 DSP peak is shifted
to lower energies with a steady magnitude.
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Preliminary results: Coherent control

We focus on coherent control in the case of a bichromatic �eld of frequencies ! and 2!.
In semiconductors such as Ge, the quantum interference between the one- and two-photon
absorption pathways leads to the injection of charge and spin currents in the material, as
depicted in Figure 4.7. The magnitude of these currents depends partially on the polarizations
of the beams.

In the case of colinear polarizations, a strong charge current is generated in the x̂ direction.
This current depends on the tensor component �xxxxI , which is calculated with equation 4.19.
The results in strained Ge are presented in Figure 6.4.
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Figure 6.4 The electron contribution to the component �xxxxI of the charge current injection
tensor �I in Ge under biaxial (a) compressive strain or (b) tensile strain.

In addition to the expected increase of the onset of absorption energy, it is clear that com-
pressive strain induces a reduction of the tensor component magnitude over a wide range of
energies. While the slope around 1.1 eV stays relatively unchanged, at lower energies and
the E1 transition peak, the reduction of charge current is signi�cant. By contrast, when
tensile strain is applied, there is an overall enhancement of charge current injection. At lower
energies, the increase of tensile strain makes the tensor component �xxxxI more sensible to the
onset of the split-o� band transitions, visible at 0.5 eV for " = 2%.

A di�erent two-color coherent control con�guration, with cross-linear polarizations, leads
to a strong pure spin current injection in the x̂ direction. This spin current depends on
the pseudotensor component �xyxxzI , which is calculated with equation 4.21. The results in
strained Ge are presented in Figure 6.5.
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Figure 6.5 The electron contribution to the component �xyxxzI of the spin current injection
pseudotensor �I in Ge under biaxial (a) compressive strain or (b) tensile strain.

Similarly to charge current injection, compressive strain induces a diminution of the spin
current tensor component over almost the full energy range. This can be attributed to a
reduction in the electron e�ective mass. The decrease is especially notable for the two peaks,
at the onset of absorption and at the E1 resonance. Interestingly, in the case of tensile strain,
the spin current injection starts with negative value, and then switches to positive values
at higher energies. This is reminiscent of the sign switch of the one-photon electron DSP,
discussed previously. After this initial negative bump, the application of tensile strain leads
to an enhancement of the spin current injection peak between 0.5 and 0.6 eV. At the E1

resonance, the center of the peak shifts to lower energies at higher values of strain.

Next steps

These preliminary results highlight that strain can be used as a degree of freedom to tune the
one-photon electron DSP and coherent control of charge and spin current in Ge. Additional
calculations are required to complete the study of optical charge and spin injection; the two-
photon absorption processes need to be elucidated, and the analysis of the results further
developed. Furthermore, besides strain, quantum con�nement can be exploited to tailor spin
properties. Incorporating this e�ect to the theoretical framework would thus be an interesting
next step for the project.
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APPENDIX A ADDITIONAL CALCULATIONS OF OPTICAL
RESPONSE TENSORS IN GE1�xSNx

A.1 Two-photon absorption

The spectral dependence of two-photon carrier and spin injection processes in Ge1�xSnx can
be analyzed by calculating the associated tensors over a range of energies. By symmetry
of the diamond structure, the fourth-rank carrier injection tensor �abcd2 has 3 independent
components, while the �fth-rank spin injection pseudotensor �abcde2 has 2 independent com-
ponents. For each quantity, one independent component is presented in Chapter 4; the others
are shown in the present Appendix.

A.1.1 Two-photon carrier injection

The expression for the fourth-rank tensor associated to two-photon carrier injection is given in
equation 4.12. In Chapter 4, the independent component �xxxx2 is presented. In Fig. A.1 and
Fig. A.2, the independent components �xxyy2 and �xyxy2 are shown, respectively. Within the
independent particle approximation, they are purely real, and associated to the third-order
nonlinear susceptibility �(3) by lm

h
�(3)(!;�!; !; !)

i
= (~=3)�2(!).
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Figure A.1 The component �xxyy2 of the two-photon absorption tensor �2(!) in Ge1�xSnx, as
a function of photon energy ~!, at various Sn compositions from 0 to 20%.

Similarly to �xxxx2 , in addition to the expected direct bandgap energy reduction, the two
other components exhibit a surge in magnitude close to the band edge, when the Sn content
increases. This surge is almost exponential relatively to the Sn content, and can be attributed
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Figure A.2 The component �xyxy2 of the two-photon absorption tensor �2(!) in Ge1�xSnx, as
a function of photon energy ~!, at various Sn compositions from 0 to 20%.

to a reduction of the carrier e�ective masses. The xxyy component is particularly sensitive
to the onset of absorption from the split-o� band, at around 0.6 eV, contrary to the xyxy
component.

A.1.2 Two-photon spin injection

The two-photon spin injection processes are associated to the �fth-rank pseudotensor �abcde2 .
In Chapter 4, the independent component �xxyxz2 is presented, and in Fig. A.3, the other
independent component �xyzzz2 is shown. They are purely imaginary within the single-particle
approximation. The expression for the pseudotensor is given in equation 4.15.
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Figure A.3 The electron contribution to the component �xyzzz2 of the two-photon spin injection
pseudotensor �2(!) in Ge1�xSnx, as a function of photon energy ~!. The di�erent curves
show various Sn composition of the alloy, from 0 to 20%.
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The component xyzzz shows very similar features compared to the component xxyxz pre-
sented in Chapter 4. Close to the band edge, there is a strong augmentation of two-photon
spin injection when the Sn content increases. At the E1 transition, there is a slight broaden-
ing of the peak. The overall magnitude of this component is lower than the other independent
one.

A.2 Coherent control

There are three main polarization con�gurations for coherent control within the two-color
scheme: colinear polarizations, cross-linear polarizations and circularly polarized beams. In
this section, the swarm velocity of the charge current in the case of colinear polarizations is
presented. Additionally, the interference charge and spin current calculations for circularly
polarized beams are shown.

A.2.1 Colinearly polarized beams con�guration

In the colinear polarization con�guration, a strong charge current proportional to the tensor
component �xxxxI is generated. The spectral dependence of this component is presented in
Chapter 4. The swarm velocity is a measure of the average velocity per injected carriers, and
is de�ned by:

vxs =
_Jx

e _n
(A.1)

with _n the total injection rate for carrier density, _Jx the charge current injection, and e the
electronic charge. The maximal value of the swarm velocity, as de�ned in Ref. [4], is given
by:

vxs;max(!) =
Im[�xxxxI (!)]

e
q
�xx1 (2!)�xxxx2 (!)

(A.2)

The results of the calculations for vxs;max in Ge1�xSnx, for various alloy compositions, are
shown in Fig. A.4.

As the Sn content increases, the maximal swarm velocity increases close to the band edge,
and reaches 400 km=s for 20% of Sn. In the 0.6eV-1eV range, the drop in velocity is even
more prominent for Sn content up to 6%, compared to pure Ge.
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Figure A.4 Maximal swarm velocity vxs;max for the charge current injected in Ge1�xSnx with
colinearly polarized ! and 2! beams. The di�erent curves show various Sn composition of
the alloy, from 0 to 20%.

A.2.2 Circularly polarized beams con�guration

The charge current and spin current injected in the case of circularly polarized beams, are
described respectively by equations 4.25 and 4.26. In Fig. A.5, the results of Eq.4.25 (in-
cluding the 1p

2 factor, but excluding the terms related to the optical �elds) in Ge1�xSnx are
presented. These are similar than the results obtained for the component �xxxxI , presented in
Chapter 4. Indeed, close to the band edge, there is a strong augmentation of the magnitude
of charge current injection as the Sn content increases. It can be explained by the reduction
of the electron e�ective mass in the material.
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Figure A.5 The electron contribution to the charge current injection tensor, associated to
circularly polarized beams in Ge1�xSnx, as a function of photon energy ~!. The di�erent
curves show the evolution at various Sn compositions from 0 to 20%.
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In Fig. A.6, the results of the �rst line of Eq.4.26 (including the 1p
2 factor, but excluding the

terms related to the optical �elds) in Ge1�xSnx are presented.
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Figure A.6 The electron contribution to the spin current injection pseudotensor, associated
to circularly polarized beams in Ge1�xSnx, as a function of photon energy ~!. The di�erent
curves show various Sn composition of the alloy, from 0 to 20%.

The features are analogous to the independent component �xyxxzI presented in Chapter 4, with
a peak close to the band edge and a second one at energies corresponding to the E1 transition.
With the incorporation of Sn in Ge, both these peaks grow signi�cantly, particularly the one
close to the direct gap.
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