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RESUME

Lors de la conception, de la simulation et du controle des systemes de pompes a chaleur
géothermiques (GCHP), il est nécessaire de comprendre linteraction entre le sol et le ba-
timent pour répondre aux besoins thermiques. Le transfert de chaleur dans le sol, di aux
échangeurs de chaleur géothermiques (GHE) doit étre étudié précisément, a I’aide de mod-
eles mathématiques, afin de comprendre la réponse thermique entre le batiment et le fluide
circulant dans les GHE. Ces modeles doivent prendre en compte 'interaction avec le sol a
travers le coulis (les effets & court terme), I’échange thermique entre plusieurs GHE, y com-
pris les effets axiaux pour de longues périodes de fonctionnement (les effets a long terme),
et l'effet combiné des deux durant toute la durée de vie du GHE (les effets a court et a long
terme). En outre, dans certaines circonstances, il est important de considérer I'impact des
eaux souterraines qui se déplacent autour du GHE et leur effet sur la réponse thermique a
I'intérieur du GHE.

Pour étudier 'interaction des effets thermiques dans un champ de GHE, un modele tran-
sitoire semi-analytique en 3D est développé pour permettre 'étude des effets a court et a
long terme. Pour élaborer ce modele, une solution analytique en 2D permettant ’analyse
du transfert thermique transitoire, y compris une distribution arbitraire de N tuyaux dans
le GHE, appelée expansion multipole transitoire, est développée. Cette solution est basée
sur la superposition des solutions de deux problemes élémentaires : a) le probléme tran-
sitoire homogene et b) le probleme non homogene en régime permanent. Une expansion
multipole basée sur des solutions exactes est proposée pour chaque probleme élémentaire afin
de résoudre le probleme transitoire initial non-homogene. Ce modele est ensuite validé en
comparant les valeurs propres du probleme transitoire homogene avec des valeurs trouvées
dans la littérature. Le modele en régime permanent non-homogene est validé avec un modele
multipole en régime permanent trouvé dans la littérature. Par ailleurs, le probléme initial
de transfert de chaleur transitoire non-homogene est validé par rapport a un modele par
éléments finis (FEA).

Pour transformer le modele de 2D en 3D, une nouvelle méthode permettant d’étudier les
interactions thermiques entre les GHEs et les effets axiaux, appelée la méthode du puits
équivalent, a été développée. Cette méthode est basée sur le regroupement des puits qui
ont une température moyenne de paroi et des taux d’extraction de chaleur similaires. Elle
fait appel a un algorithme de regroupement hiérarchique qui sélectionne les puits similaires

suivant le calcul de la différence maximale entre deux puits. Cette nouvelle technique est
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validée en considérant d’autres méthodes trouvées dans la littérature. La méthode est utilisée
pour le calcul des g-functions pour un large éventail de champs, allant de configurations
régulieres a des configurations aléatoires de grands champs géothermiques. La méthode
aboutit a 1’élaboration d’un outil de calcul efficace qui permet de trouver les facteurs de

réponse thermique en quelques secondes.

L’extension du modele mathématique en 3D est obtenue en couplant ’expansion multi-
pole transitoire et la méthode du puits équivalent. Ce couplage a été réalisé en pénalisant
I’expansion multipole transitoire pour y inclure l'effet des interactions thermiques entre les
GHESs. Les effets axiaux ont été pris en compte en procédant a une discrétisation par dif-
férences finies du modele d’advection du fluide caloporteur dans les tuyaux. Dans un premier
temps, le modele de calcul des effets a court terme a été validée en comparant les prédictions
de température du fluide et de température moyenne de la paroi du puits avec celles présen-
tées dans des données de mesures en bac a sable trouvées dans la littérature. Pour valider
les effets a court et long terme, une simulation pluriannuelle de 10 ans avec un pas de temps
de 1 h suivie d’une simulation de 7 jours avec un pas de temps de 1 min a été réalisée. Cela
a permis de calculer les températures de fluide et la température moyenne de paroi des puits
pour chaque puits équivalent. La validation est réalisée a I'aide d’'un modele de haute-fidélité
basé sur une analyse par éléments finis. La nouvelle méthode, peu couteuse en temps de
calcul, permet d’étudier les effets a court et long terme des grands champs géothermiques

durant toute la durée de vie du systeme GCHP.

Enfin, pour étudier les effets de I’eau souterraine dans le GHE, une extension de I’expansion
multipole transitoire qui prend en compte ’écoulement de 1’eau souterraine, est présentée.
L’eau souterraine se déplace autour du GHE selon un champ potentiel incompressible et non-
rotationnel et avec un champ de vitesse éloignée constant. Le modele permet d’étudier la
distribution de la température a l'intérieur et a la périphérie du GHE en considérant une dis-
tribution arbitraire de N tuyaux dans le coulis. Grace a un changement de variable, le modele
de diffusion-advection est réduit a un modele de diffusion-réaction qui permet d’appliquer
la méme structure mathématique que I’expansion multipolaire transitoire en utilisant une
approximation du terme de réaction pour résoudre le probleme initial. Le modele est validé
en comparant la température moyenne de la paroi du puit avec un modele FEA pour deux
cas pour lesquels la distribution des tuyaux dans le coulis est différente. Cette distribution
des tuyaux dans le coulis montre que la considération classique de la symétrie des résistances
thermiques n’est pas toujours valable lorsque 1’écoulement des eaux souterraines est consid-
éré. Ainsi, elle devrait étre prises en compte dans des modeles tels que les méthodes de

résistance-capacité thermique (TRC).
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ABSTRACT

In each of the design, simulation, and control phases of ground-coupled heat pump (GCHP)
systems, it is necessary to understand the interaction between the ground and the building
to meet the energy demands. The heat transfer in the soil due to ground heat exchangers
(GHESs) needs to be studied through accurate mathematical models to understand the ther-
mal response between the building and the fluid flowing through the GHEs. These models
should include interaction with the ground via the grout (i.e. short-term effects), the thermal
exchange between several GHEs, including the axial effects for long periods of operation (i.e.
long-term effects), and the effect that both have on the whole life cycle (i.e. short-to-long-
term effects). In addition, in some circumstances, the effects of groundwater moving around
the GHE are important, and their effect on the thermal response within the GHE should be
studied.

To study the thermal effects in an interacting field of GHESs, a semi-analytical 3D transient
model is developed to study short-to-long-term effects. For this model to be created, an
analytical solution in 2D, called transient multipole expansion, is presented to allow the
analysis of transient heat transfer, including an arbitrary distribution of N pipes within the
GHE. This solution is based on the superposition of solutions from two sub-problems: a)
homogeneous transient problem and b) non-homogeneous steady-state problem. A multipole
expansion based on exact solutions is proposed in each sub-problem to solve the initial non-
homogeneous transient problem. The validation of this model is done by comparing the
eigenvalues from the transient homogeneous problem with those found in the literature.
Finally, the non-homogeneous steady-state model is validated with the steady-state multipole
model found in the literature. In addition, the initial transient non-homogeneous heat transfer

problem is validated against a finite element analysis (FEA) model.

To extend the model from 2D to 3D, a new method, called the equivalent borehole method,
is presented to study the thermal interactions between GHEs and the axial effects. This
method is based on grouping boreholes with similar average borehole wall temperature and
heat extraction rates by implementing a hierarchical clustering algorithm that selects these
boreholes by considering the maximum dissimilarity between steady-state borehole wall tem-
peratures of any two boreholes. This new technique is validated against state-of-the-art
methods found in the literature for the g-function calculation for a wide range of fields, from
regular arrays to random distributions of large geothermal fields. The method results in a

computationally efficient tool that allows the calculation of the thermal response factors in
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a matter of seconds.

The extension of the mathematical model to 3D is presented by coupling the transient mul-
tipole expansion and the equivalent borehole method. This coupling was done by penalizing
the transient multipole expansion to consider the thermal interactions between the GHEs.
Axial effects were included by a finite difference discretization of the pipes’ advection model
of the heat-carrier fluid. Initially, the validation of the proposed model for short-term effects
was performed by comparing the fluid temperature predictions and average borehole wall
temperature with those presented in experimental data for a sandbox test from the litera-
ture. A multi-annual simulation of 10 years with a 1 h time step followed by 7 days with
a 1 min time step is proposed to validate the short-to-long-term effects by estimating the
fluid temperatures and average borehole wall for each equivalent borehole. This validation
is done using a high-fidelity model based on FEA. The method corresponds to a computa-
tionally efficient method that allows studying short-to-long-term effects of large geothermal
fields throughout the life cycle of a GCHP system.

Finally, to study the effects of groundwater around the GHEs, an extension of the transient
multipole expansion is presented to include groundwater flow moving around a GHE with
an incompressible and irrotational potential field with constant far-field velocity. The model
allows studying the temperature distribution inside and at the periphery of the GHE, con-
sidering an arbitrary distribution of IV pipes in the grout. With a special change of variable,
the diffusion-advection model is reduced to a diffusion-reaction model, allowing for the appli-
cation of the same mathematical structure from the transient multipole expansion using an
approximation of the reaction term to solve the initial problem. The model is validated by
comparing the average borehole wall temperature with an FEA model for two cases in which
the distribution of pipes in the grout is different. This distribution of pipes in the grout
shows that the classical consideration of the symmetry of thermal resistances is not always
valid when groundwater flow is considered and should be studied when including them in

models such as thermal resistance-capacitance (TRC) methods.
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CHAPTER 1 INTRODUCTION

Currently, the largest share of energy generation is from fossil fuels; however, this type of
resource is non-renewable and generates large CO2 emissions [1,2]. Renewable energy trends
include wind, biomass, solar, hydro, and geothermal [3]. Geothermal energy production
consists of the capture of heat from the ground. Geothermal energy can be used for heating or
cooling systems of buildings by ground-coupled heat pumps (GCHP) in addition to generating
electricity [4].

A GCHP is a system that allows one to extract heat from (or reject heat to) the underground
and take advantage of it for heating (or cooling) of buildings. This type of system can be
divided into two categories: a closed loop system that is based on the direct coupling of a
ground heat exchanger (GHE) that allows the rejection or extraction of heat, and open loop
systems that directly uses circulating water in the ground [5]. A GHE consists of a drilled
hole in the ground with collector pipes inserted into it and a filling material called grout. The
notable advantage of GCHPs over traditional air-source heat pump systems is that GCHPs
have a higher coefficient of performance (COP). This is because the soil presents a relatively
constant temperature year long, and the soil temperature is higher than the air temperature

in winter and lower in summer [6,7].

Mathematical heat transfer models are used in all phases of GCHP system planning, design
and operation. These mathematical models allow us to predict temperature changes in the
fluid and the ground due to fluctuations in the heat rejection/extraction from the GHE. In
site characterization applications, physical parameters (soil thermal conductivity, borehole
thermal resistance, etc.) can be inferred by fitting a mathematical model to measurements
from a thermal response test [8]. In the design phase of the GHE, a mathematical model can
be used to estimate the size of GHE to satisfy the operation parameters of the equipment,
for example, lower and upper fluid temperature limits for the heat pump operation. Heat
pump and GHE heat transfer mathematical models can be coupled to predict the system’s
energy consumption. Also, these models could successfully pose an optimization strategy for

the system design and development of model-based control strategies.

Using a time scale analysis proposed by Bejan [9], it is possible to separate the thermal
behaviour of the GHE in different time scales to allow appropriate temperature predictions.
This analysis, also shown in Li and Lai [10], shows that this time separation can be done as

follows:

e Time analysis of the order of hours (often called short-term): The effect of the thermal



capacity and the internal geometry of the GHE is important and must be studied. Also,

the fluid transit in the pipes is usually of the order of several minutes.

e Time analysis of the order of months (often called mid-term): Interactions between

adjacent boreholes should be studied.

e Time analysis of the order of years/decades (often called long-term): Borehole length

effects are important, also called end effects of GHE.

As we can see, temperature predictions in GHEs require the knowledge of each time scale,
and for such, mathematical models are necessary to quantify the effects. Simulation models
(i.e. mathematical models) of GHEs are obtained by coupling a model of the interior of the
GHEs with a model of the exterior of the GHEs.

Models of the interior of GHESs solve the heat transfer between the fluid flowing through the
pipes and the GHE wall. Exact methods for steady-state conduction inside the borehole are
available. Still, only approximate methods (focusing on computationally efficient methods
suitable for routine simulations) are available for transient conduction inside the borehole.
Transient models are needed to analyze the short-time dynamics of GHEs, which are impor-
tant because they impact the operation of heat pumps [11]. The thermal capacitance of GHE
materials slows down temperature changes in and around the GHE following the extraction or
injection of heat. When not considered, temperature changes may be overestimated, leading

to an underestimation of the GCHP efficiency or an oversizing of the GHE.

Models of the exterior of the boreholes are obtained by superposition of analytical solutions or
by numerical methods (such as FEM, FDM, or FVM). These models can predict the thermal
response of multiple GHEs considering thermal interactions between GHEs and thermal
processes involving the end effects of GHEs (i.e. effects of length in the thermal response).
Thermal interactions significantly impact the thermal response of GHEs, as heat extraction

or injection at a GHE eventually affects the temperature of neighbouring GHEs.

Groundwater flow has been shown to influence the thermal response of GHEs. It modifies
the thermal response due to the advection effects in the soil [12,13]. The scientific literature
focuses on the impact of groundwater flow on the heat transfer process outside GHESs, using
available models for the interior of the boreholes. These models were developed assuming

pure conduction and are not necessarily valid when dealing with groundwater flow.

This dissertation addresses the topic of thermal modelling of GHEs. The project aims at
filling the need for efficient and accurate methods for the short-term response of GHEs and
apply them in the context of long-term 3D simulations. The impact of groundwater flow on

thermal processes inside the borehole will be modelled and assessed.



CHAPTER 2 LITERATURE REVIEW

The literature review is organized into three sections : (i) steady-state and transient mod-
elling approaches for the interior of the boreholes, (ii) analytical and numerical modelling
approaches to heat conduction in the soil surrounding GHEs, and (iii) modelling approaches

to account for groundwater flow in the simulation of GHEs.

2.1 Interior of the ground heat exchangers

The thermal behaviour of GHEs is described in two scenarios: i) steady-state and ii) tran-
sient state. Steady-state corresponds to operations in which the temperature gradients have
stabilized inside the GHE, i.e. the total heat transfer rate through the pipes is equal to the
heat transfer rate through the borehole wall. Usually, this effect occurs in the first few hours
of operation for the interior of the GHE. The transient state is the steady-state counterpart,
meaning thermal capacity is considered for short-term periods corresponding from a couple
minutes of operation until the steady-state is reached. The main purpose of studying these
models is to establish relationships for evaluating heat transfer rates between pairs of pipes

and between each pipe and the borehole wall.

2.1.1 Steady-state models

One concept that needs an introduction for describing the heat transfer process in a GHE
is the so-called thermal resistances. Thermal resistances are defined through analogy with
classical electrical circuits. A representation of a two-pipe GHE geometry (i.e. a single
U-tube) and its thermal resistance circuit is shown in Figure 2.1. Ty, Ty, and T, are the
fluid temperatures in each pipe and average borehole wall temperature, respectively. R and
RS are the delta thermal resistances between fluid-pipe and borehole wall, and R, is the

resistance between pipes.

Bose et al. [14] studied the first equivalent pipe model using conformal mapping techniques.
The equivalent pipe assumption transforms the locations of the internal pipes of the GHE into
a simpler one with only one pipe, allowing for the development of closed-form solutions to the
heat transfer problem in the GHE. This model proposes the analysis of a non-axisymmetric
pipe with the change of coordinates to pose the problem as an axisymmetric pipe. Although
the method results in an analytical solution for heat conduction, it does not consider the

spacing effect between pipes on the thermal short-circuiting inside de GHE.
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Figure 2.1 a) Cross section of GHE and b) Delta circuit

Gu and O’Neal [15], using the ideas of Bose et al. [14], solved the model in steady-state by
assuming constant thermal conductivity without considering conformal mapping properties
transition. Instead of having the equivalent pipe as equality of areas [16], they propose a
modification using the spacing between pipes. To calculate the thermal interactions between
pipes, each leg is considered concentric, and then spatial superposition is used to evaluate

the temperatures at each pipe.

Bennet et al. [17] introduced the multipole method to evaluate the delta-circuit thermal
resistances. This method solves the steady-state heat conduction problem in a horizontal
cross-section of a GHE with any number of pipes within the GHE and different thermal
conductivities for the soil and grout. Multipoles are created at the center of each boundary
(i.e. pipes, borehole wall and infinite-exterior domain). It is imposed as boundary conditions
the temperatures of the fluid in each pipe and the soil temperature at some distance from
the borehole. This assumption allows to successfully evaluate thermal resistances using the
superposition of temperatures at each pipe. Further development is done by Claesson and
Hellstrom [18], in which the formulas for calculating thermal resistances and methodology
are simplified by imposing heat fluxes at the pipes instead of temperatures and by impos-
ing the average borehole wall temperature instead of a far-field temperature. This method
is the state-of-the-art for the calculation of steady-state thermal resistances. The method

approaches the exact solution as the multipole solution’s order increases.

Hu et al. [19] developed a multipole-based model to study heat transfer within the borehole by
attaching a cylindrical heat source for the ground. The method considers the temperature
variation in each pipe using an energy balance and the thermal resistance analogy. Tem-
perature is modelled as Fourier series with unknown coefficients determined with matching

boundaries. The heat transfer problem is steady-state within the borehole and transient for



ground by G-Factors created by the cylindrical heat source solution [20]. The main contri-
bution of this work is that the multipole is created using the half-term of Fourier expansion,

which reduces the complexity of matching coefficients.

Zeng et al. [21] proposed a quasi-3D model. In their work, they present from local form the
solution of heat transfer using the line source approximation for the evaluation of thermal
resistances [22]. An energy balance was used to analyze the axial temperature changes,
considering the heat transfer in each of the pipes and the interaction between them. They
were able to present closed formulas for fluid temperatures assuming an average borehole
wall temperature for single and double U-tube based on the mathematical development of
Helstrom [22]. Eslami-Nejad and Bernier [23] develop a model to study the steady-state
heat transfer and simulate different arrangements of the pipes for a double U-pipe with two
independent circuits. Belzile et al. [24] also study double U-pipe configurations with two
independent circuits; however, they consider pipe locations as not necessarily symmetric.
Cimmino [25] extends the methodology for N arbitrarily positioned pipes, coupling the effects

with an analytical model of the ground heat transfer base on the finite line source solution.

2.1.2 Transient models

Thermal capacity in the grout causes the transient state or the so-called short-term by slowing
down the heat propagation rate inside the GHE. A variety of models have been developed
to establish a way to simulate and predict these effects. Here will be presented different

approaches to solve this problem.

Equivalent pipe models

Modelling transient state results in a non-easy task; thus, some authors have established
geometrical assumptions to approximate the thermal behaviour. Such a consideration is an
equivalent pipe model. Equivalent pipe models rely on the simplification of the real geometry
of the borehole consisting of multiple pipes into an equivalent geometry with only one pipe.
Usually, authors evaluate the size of the equivalent pipe by imposing equality of areas between
pipes and the equivalent, as shown in Claesson and Dunand [16]. Although the model results
in a simple one, this does not consider the real effect of the grout’s thermal capacity because

the pipes’ location affects how quickly heat travels between the pipes and the borehole wall.

Gu and O’Neal [26] resolved the model considering only one infinite cylinder in the transient
state using eigenexpansion. In their work, the problem is transformed into a dimensionless

model. The calculation of eigenvalues is necessary to complete the solution of the problem.



The heat flow in the axisymmetric pipe is considered constant.

Shonder and Beck [27] studied the one-dimensional transient model (i.e. the equivalent
pipe assumption) based on equality of areas, separating the pipe, grout and soil into an
independent model. Thermal capacity is included, but the effects on the thermal resistances
are not considered due to the one pipe assumption. At an effective radius, it is imposed an
average heat flux considering the heat flux on each pipe (i.e. mean value theorem). Using
the least squares method, they were able to interpret a thermal response test and estimate
the thermal properties of the GHE.

Young [28], following the work of Carslaw and Jaeger [20], was able to simulate short-term
effects. This model uses the equivalence between a buried electric cable (BEC) and the U-
tube by geometric area ratio (i.e. equality of areas); with the fluid considered as the core of
the cable, the grout as the sheath of the cable, and the borehole thermal resistance as the
insulation of the cable. A grout allocation factor (GAF) is introduced to include the effects

of grout and soil thermal capacities.

Xu and Spitler [29] developed a one-dimensional model using the finite volume method
(FVM). Their model considered the fluid as an annular volume within the pipe with an
equivalent thermal capacity. A heat flux is applied as a boundary condition on the inner
surface of the fluid annulus. The convection between the fluid and the pipe is represented by

a fictitious layer between the fluid and the inner pipe wall.

Lamarche and Beauchamp [30] solved the heat transfer in a transient state for an equivalent
pipe. They solved two cases: i) heat flux at the equivalent pipe and ii) convection in the
equivalent pipe. Laplace transform was used to transform the grout and soil heat transfer
equation into time-independent models. Analytical solutions were obtained for both cases,

which are helpful for computation.

Bandyopadhyay et al. [31] proposed an analytical solution of the transient model of GHE
heat transfer using one pipe assumption and considering grout thermal properties equal to
the ground. An equivalent pipe radius is obtained by equaling areas between two pipes in the
borehole and the equivalent pipe area, and constant heat flux is considered in the borehole.
The problem is solved in the Laplace domain, and the Stehfest algorithm [32] is used to

reconstruct the Laplace domain solution to the temporal domain.

Javed and Claesson [33] proposed an analytical solution in the time domain using the inverse
transform of the Laplace domain assuming equivalent pipe based on Bandyopadhyay et al. [31]
ideas. Their model considers the constant heat flux injected into the borehole. In addition,

they proposed a numerical solution to the transient state where they managed a change of



coordinates to simplify the flow of heat by coupling finite differences to validate the analytical

model.

Beier [34] assumed an equivalent pipe and divided the GHE into two half pipe sections with
an equivalent geometry, each one with independent fluid temperatures (Figure 2.2). The
wall temperature of pipes is shared, so it is possible to couple the heat balance at each pipe.
The method is called infinite composite-medium cylindrical source (ICMCS). The model
includes transient effects and fluid, grout and soil thermal capacities, and axial heat transfer

is neglected.

Actual Model
Borehole !

2N
X

" Ground

(a (b)
Figure 2.2 Configuration of ICMCS (Reused with permission from Beier [34])

Monteyne et al. [35], based on the work of Javed and Claesson [33], proposed a frequency
domain solution. In this work, the authors assumed that the heat and fluid temperature
could be modelled as a transfer function using the multiplicity theorem of transfer functions.
Heat transfer functions do not depend on the reconstruction by classical methods such as the
Stehfest algorithm or related. Furthermore, they only depend on the number of measure-
ments. The model is quite useful for in-situ experiments since it is data-driven and would
match the real heat transfer in the GHE.

Lamarche [36], based on the work of Javed and Claesson [33], was able to propose a closed
solution to the proposed model in the time domain. Full inversion was used to complete the
solution. This equivalent pipe model includes the fluid, grout, and soil thermal capacity. Heat
transfer on the pipe is modelled by the infinite cylindrical source of Carslaw and Jaeger [20],
and they were able to propose an equivalent pipe considering the modification of fluid and
pipe thermal capacity. This equivalent pipe transformation differs from the past authors
by considering an equivalent pipe thermal conductivity, fluid capacity and grout thermal
capacity, while the other authors neglect this transformation. This consideration is necessary

to maintain the heat transfer distribution inside the GHE as similar to a single U-tube.

Kuzmic et al. [37] studied and implemented a model using FVM for transient heat transfer in
cylindrical coordinates called "homespun 2D" taking equivalent pipe as consideration of the

pipes inside the borehole. This equivalent pipe is chosen in the same manner as Lamarche [36].



Uniform heat flux is imposed in the pipe considering the demand of the building and zero
heat flux at the exterior boundary. The equivalent pipe is modelled as a finite-dimension
cylinder. This model is used for hybrid-GCHP simulations.

Brussieux and Bernier [38] presented a work based on the finite volume method (FVM)
technique for transient resolution. Based on the ideas of Xu and Spitler [29], the authors
proposed the geometric model as an equivalent pipe, consisting of an FVM inside the borehole
and infinite cylindrical source of Carslaw and Jaeger [20]. The model was used to define
universal g*-functions for short-term effects, which describe the response of the borehole wall

temperature to a unit step heat injection in a single borehole or borefield.

Yu et al. [39], based on work from Bose et al. [14], proposed an equivalent pipe model
to simulate the short-term response of the single U-tube GHE. The model encompasses a
one-dimensional model for the ground heat transfer with uniform properties (i.e. thermal
diffusivity, thermal conductivity and thermal capacity). The heat transfer model was solved
using a finite difference method. They modified the Fourier and Biot number definition by
considering it as a function of time step and radial step, allowing them to evaluate the short-
term effects. Fluid temperatures are then calculated by heat balance considering the heat

induced in the equivalent pipe by an energy balance on the fluid.

Naldi and Zanchini [40] proposed a new equivalent pipe model called a one-material equivalent
cylinder (OMEC) to study transient heat transfer. In the model, they used a finite element
(FEM) technique with a 2D model, including thermal capacity as the sum of fluid, pipe
and grout capacity. The radius of the equivalent pipe is calculated by an iterative process
considering a cylindrical heat source in the borehole. After iterations, the authors established

a correlation for the radius of the equivalent pipe.

Thermal resistance and capacitance models

Thermal resistance and capacitance (TRC) models rely on the analogy between the electrical
and thermal processes. TRC models are obtained by modifying thermal resistance networks
(as presented in section 2.1.1) to introduce thermal capacitance nodes representing the fluid,
the grout, and sometimes the ground. The number of capacitance nodes, their location, and
the distribution of the total capacitance between the nodes varies among the models in the
surveyed literature. The following methods analyze the heat transfer inside the GHE and

consider symmetrically positioned pipes within the GHE (as opposed to arbitrarily positioned
pipes).
De Carli et al. [41] developed a Capacitance Resistance Model (CaRM), which studies heat



transfer in the transient state. The interaction between GHEs is also considered by dis-
cretizing the borefield into subsections and imposing an adiabatic boundary at some distance
between them. They divide the GHE model into three regions: fluid, grout and soil (Fig-
ure 2.3) .
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Figure 2.3 Plane discretization of CaRM (Reused with permission from De Carli et al. [41])

The inside of the GHE is modelled as a thermal resistance network while the soil is discretized
into annular cells represented by thermal resistances and capacitances. The calculation do-
main is split axially into layers, and the heat transfer is analyzed radially in each layer
(Figure 2.4). Since the inside of the GHE does not include thermal capacitance nodes, the

short-term effects due to grout thermal capacitance are not considered inside the GHE.
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Figure 2.4 Axial discretization of CaRM (Reused with permission from De Carli et al. [41])

Zarrella et al. [42] developed an improvement of CaRM by including the thermal capacity
of the grout (Figure 2.5) for double U-tube GHEs. The model separates the borehole as
core (circle containing pipes) and shell (annular section outside pipes), and the thermal
capacitance of each zone is allocated to a thermal capacity node in the thermal resistance

network.

Rppa,

TCSHElL

Figure 2.5 Improvement of CaRM (Reused with permission from Zarrella et al. [42])

Bauer et al. [43] introduced a thermal resistance-capacitance model (TRCM) model. The
capacitance nodes represent the thermal capacity of each zone of the discretized GHE (e.g.
half section of a single U-tube GHE). They studied three possible GHE configurations in



11

their work: single U-tube, double U-tube and coaxial tube (Figure 2.6). The model considers
the thermal capacities of fluid, grout and soil. In each configuration, heat transfer occurs

between fluid nodes, ground nodes, and the borehole wall node.

Figure 2.6 TRC models (Reused with permission from Bauer et al. [43])

Improving the method for taking into account fluid flowing inside the pipes, Bauer et al. [44]
introduced a 3D TRC model by coupling the local model with the finite differences method
(FDM), including the interactions of each pipe in the GHE (Figure 2.7). At each layer, the
borehole and soil are discretized in the same manner as in their previous work. The extension

to 3D is done by a heat balance on the fluid at each pipe, dividing it into subsections.

o

Figure 2.7 3D TRC model (Reused with permission from Bauer et al. [44])

Pasquier and Marcotte [45] improved the TRCM model by adding more capacitances and
resistances to refine the discretization of the GHE (Figure 2.8). This improvement results
in a more accurate method than the previous; however, the main drawback is that the

computational time increases substantially as the number of nodes increases.
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Figure 2.8 Modified-TRC model (Reused with permission from Pasquier and Marcotte [45])

Since the TRCM method from Pasquier and Marcotte [45] is not able to study the thermal
interactions between pipes along the length of GHE, Pasquier and Marcotte [46] presented
a modification of the 3D TRC extending their previous ideas (Figure 2.9) and used it for
constructing response functions by means of a spectral method and the solution of the TRCM.

They showed an efficient way to calculate the temperature response using these coupled
techniques.

Figure 2.9 Modified-TRC model (Reused with permission from Pasquier and Marcotte [46])
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Minaei and Maerefat [47] simplified the TRCM model because the complexity of accounting
for more nodes involves high computational expenditure and assesses the numerical stability
of TRCM due to the possibility of thermal resistances with negative values. They proposed
a discretization of the grout using only 4 nodes and solve the problem in the Laplace domain
by coupling the CHS model for the ground (Figure 2.10).

T(imund
L 4
: Heat Conduction
: in radial direction

Figure 2.10 Simplified-TRC model (Reused with permission from Minaei and Maerefat [47])
Subsequently, Minaei and Maerefat [48] exhibited a simplified model of TRC by coupling the

2D TRC shown in Minaei and Maerefat [47] for the fluid-borehole and nodes discretization
for the soil (Figure 2.11).

Tp

] Tu

L 'y

Ty, j+1

Figure 2.11 Simplified-TRC model (Reused with permission from Minaei and Maerefat [48])

The first commercial implementation of FEM for GHEs in the transient state was due to
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Wetter and Huber [49], which is implemented in TRNSYS software in Type 451 called EWS.
The model is relatively simple since only radial conduction is considered. For radial direction,
equidistant elements are proposed, considering the soil for this discretization. The model is
solved using the Crank-Nicholson scheme at the radial coordinate. For vertical or axial

direction, uniform discretization is defined based on a finite given partition.

Oppelt et al. [50] created a new multiple input single output simulation (MISOS) model to
improve the EWS model. The discretization of the new model is more complicated since the
grout is divided into three zones: core, half annulus of outlet pipes and half annulus of inlet
pipes (Figure 2.12). The model allows evaluating the transient response of fluid temperature
using an energy balance in each element of the grout. The model relies on the geometrical
discretization of the domain, which the authors consider symmetrically positioned pipes only.
3D heat conduction in GHE is neglected.

8lsl'\.ll

Half annulus
around outlet
pipes

aan,in
Half annulus
around inlet
pipes

Figure 2.12 EWS improvement (Reused with permission from Oppelt et al. [50])

Ruiz-Calvo et al. [51] developed the borehole-to-ground (B2G) model to include the short-
term thermal response based on the work from Bauer et al. (2011). The model is discretized
axially to evaluate the temperature variation of the fluid, and radial heat transfer is calculated
with the resistance analogy. They represent the grout as two nodes with capacitances and
one node for the soil (Figure 2.13). The model includes the thermal capacities of fluid, grout

and ground.

Figure 2.13 B2G model (Reused with permission from Ruiz-Calvo et al. [51])
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Other models

Yavuzturk and Spitler [52] developed a 2D (radial-angular) model using the finite volume
method (FVM) called Borehole Fluid Thermal Mass (BFTM) model. In their work, pipes
are discretized as pie sectors (Figure 2.14). The authors generated g-functions for short-time
periods. Although the model approximates the exact pipe locations and thermal capacity of

GHE, the effects of axial heat transfer are neglected.
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Figure 2.14 BF'TM model

Li and Lai [53] proposed a method called infinite composite-medium line source (ICMLS)
based on previous solutions for composite circular cylinders given by Jaeger [54]. In this
model, each pipe is assumed as an infinite line source in the grout. The thermal capacity of
the fluid is not considered. Each line source releases heat non strictly at the same rate, thus
evaluating the temperature at each pipe wall. Using this assumption and the method for
calculating borehole wall temperature shown in Li and Lai [55], they were able to calculate
the fluid temperature. Yang and Li [56] proposed a modification to the ICMLS model by
coupling a finite volume method (FVM) considering the thermal capacities of the fluid, pipes,
grout and soil. While line sources can represent the individual positions of the pipes within

the GHE, the real geometry of the GHE is only approximated as the pipes are cylindrical in
reality. Axial heat transfer is not considered.

BniLam and Al-Khoury [57] introduced a spectral model. This approach takes the change of
time domain to frequency using Fourier transform, and for the axial model of heat transfer
is made, the use of eigenexpansion. The method also considers the heat friction gain due
to fluid flow in a pipe. The method requires the discretization of the domain following the

principles of FVM to simplify the requirement regarding the eigenexpansion and effecting
the eigenvalues of this expansion.

Multiple degrees of freedom (MDF) for the FEM technique is adopted in the work of Woloszyn
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and Gola [58,59]. A clear difference with the FEM models adopted by other authors is the
grout separation in 3 regions, as the temperature variations in each pipe are considered
(Figure 2.15). 3D heat conduction is considered, but due to the geometrical discretization of

grout regions, the models are limited to symmetrically positioned pipes.

Figure 2.15 MDF model (Reused with permission from Woloszyn and Gola [58])

Rivero and Hermanns [60] have proposed an exact analytical solution to study the transient
heat transfer inside a GHE for arbitrarily positioned pipes. The model is solved in the
spectral domain employing matching asymptotic expansions. Although the model results in
an exact solution for the transient heat transfer phenomena, the main objective is calculating
the thermal resistances. It is computationally expensive since the model works in the spectral

domain, and in routine simulations, the time domain is usually preferred.

2.1.3 Discussion

As seen, by definition, steady-state models cannot simulate short-term effects (operating
times less than 10 hours); therefore, the sudden fluctuations in a typical GCHP cannot be
accurately studied. Because of this, it is necessary to include both short-term effects in the

modelling for the correct prediction of GCHP performance.

The models presented for the transient effects of heat transfer inside the GHE show that
it is possible to model the short-term effects both in an approximate way (i.e. equivalent
pipes, TRCM, FVM-FEM) and in an exact way in the frequency domain [60]. In the case
of the approximate methods, the interior of the GHE is discretized so that the geometrical
area is preserved (i.e. equivalent pipe) or the heat balance between pipes and grout with
the connecting borehole wall is maintained (i.e. TRC methods). This is done by simulating
only pipes symmetrically positioned in the grout with an analogy of thermal resistances

and capacitances (i.e. TRCM). However, these solutions do not correspond to what happens
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inside the GHE. For instance, the heat transfer around the pipes is not well described, leading
to a possible overestimation (or underestimation) of the thermal response in the interior of
the GHE. There are methods such as FEM and FVM, which are computationally expensive
and discretizes the interior using a mesh-based technique. They are however computationally

demanding, and rarely used in GHE simulations.

On the other hand, the exact solution in the spectral domain allows us to estimate the
thermal resistances at the interior of the GHE for arbitrarily positioned pipes in the grout.
Although it is an exact solution (or approaching exact), this method could not be easily
adapted for routine simulations for control or performance of a GCHP. This is due to the
fact that this solution works on the frequency domain rather than the time domain. Thus,
the literature shows that there are currently no exact time-domain analytical solutions to the

transient state heat transfer in a GHE.

2.2 Exterior of the ground heat exchangers

The exterior domain is the ground where the GHEs are placed. Both analytical and numerical
models have been studied. The ground is mostly modelled as a semi-infinite domain with
a uniform initial temperature (i.e. the undisturbed ground temperature); thus, radial heat
transfer is considered. Analytical (or semi-analytical) and numerical models are presented in

this section.

2.2.1 Analytical models

The first mathematical model studied is due to Kelvin in 1882 [61], called point source theory,
and was later used for GHEs by Ingersoll and Plass [62] to define the so-called infinite line
source (ILS). The model calculates the temperature changes at a distance r from an infinite
line. Another classical model studied is the so-called cylindrical heat source (CHS) studied by
Carslaw and Jaeger [20] and applied to GHEs by Ingersoll et al. [63]. This model studies heat
conduction in a hollow cylinder of radius 7, with infinite length. It obtains the temperature
response of an infinite line positioned at » > r,, when the heat flow from the GHE to the
soil is imposed. Some authors have used and modified this CHS model to calculate fluid

temperatures of the GHE [64-66].
Eskilson [67] introduced the finite line source (FLS), in which the GHE is modelled as a fi-

nite dimension line buried in the ground. The concept of g-function is also introduced, which
is defined as a non-dimensional temperature response factor that relates the borehole wall

temperature and the injecting or extracting heat transfer rate from the ground caused by the
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thermal diffusion process in the ground. Subsequently, Zeng et al. [68] calculated the thermal
response of a GHE when the borehole is buried below the earth’s surface. Lamarche and
Beauchamp [69] developed a new solution for the FLS model for the same case, simplifying
the computation of integrals of the model. Bandos et al. [70] proposed new analytical models
to compute the ground temperature field produced by the FLS and considered the asymp-
totic behaviour of the thermal response due to surface temperature oscillations. Claesson
and Javed [71] were able to compute the temperature variation of GHE for a depth greater
or equal to zero and improve the FLS model. These methods rely on isoflux lines that con-
sider spatial and temporal superposition of heat rates in the borehole or borefields. Cimmino
et al. [72], based on Eskilson’s method, consider equal borehole wall temperatures along all
GHESs in the borefield. Both temporal and spatial superposition is used to calculate the
thermal response. They show that g-functions could not be calculated with the classical
FLS solution. Cimmino and Bernier [73] extend the model to consider a uniform tempera-
ture along the boreholes. The GHEs are discretized into segments, and segment-to-segment
response factors are defined and superimposed in temporal and spatial domains to obtain
borehole wall temperatures in the borefield. This new methodology allows the construction of
thermal response factors of borefields, including the heat extraction variation over time along
the length of the boreholes. Abdelaziz et al. [74] extended the FLS to include anisotropic soil
along the length of the borehole, including different thermal properties as a layered solution.
Lazzarotto [75] proposed a methodology to evaluate the g-functions of borefields with inclined

boreholes using a simplification of the FLS solution for inclined boreholes of Lamarche [76].

As shown in Cimmino [77], the internal thermal resistances significantly impact the heat
transfer process of GHEs. Cimmino’s work relies on the impact study of thermal resistances
and fluid flow rate in the thermal response of GHE. When the thermal resistances change,
both the temperature and heat transfer rate distributions along the boreholes change, which
modifies the long-term response of the bore field. An accurate prediction of the long-term

temperature changes thus requires considering the heat transfer process inside the boreholes.

Zhang et al. [78] proposed a quasi-3D model for simulating heat transfer in a transient
state. The models use the delta circuit of resistance for the horizontal heat transfer process
(i.e. steady-state) and the heat balance on each pipe for expressing fluid temperatures as
a function of thermal resistances at some depth of the borehole. The soil is modelled by
the superposition of ILS, FLS and ICMLS models at the borehole wall, defining a “new
G-factor”. They proposed an equivalent borehole thermal resistance for the transient state.

Fluid temperatures are calculated by a fundamental heat balance solution on each pipe.

Zhang et al. [79] improved the FLS solution by adding more complex initial and boundary
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conditions. In their method, surface temperature variations are represented as a superposi-
tion of sinusoidal waves, and the initial temperature includes the geothermal gradient. The

method requires many integral evaluations.

2.2.2 Numerical models

Claesson and Hellstrom developed the Duct Ground Heat Storage (DST) model [22, 80, 81].
The DST model is useful for modelling energy storage for thermal systems with borehole
connected in series. The model simulates 2D heat transfer. It assumes a large number of
heat exchangers evenly distributed in a cylindrical ground volume to simulate heat transfer in
a cylindrical mesh. This is done using spatial superposition. DST consists of two parts: local
and global solutions. The local solution is the thermal process surrounding a single GHE and
soil. The global process involves the relationship between steady state and short-term for the
complete volume storage. It was subsequently implemented in the TRNSYS software [82].
Although this model is state-of-the-art for simulating energy storage, it does not consider

the fluid temperature variations for short-term periods inside the borehole.

Diersch et al. [83,84] introduced a transient model using FEM by coupling the TRC solution.
They present simulations for single, double U-tube and coaxial arrangements. This technique
represents each pipe as a line element. The proposed model considers the porous media
model for solving soil heat transfer. The method is highly dependent on the discretization
domain in two parts: i) the TRC model and ii) the mesh. This technique results in a highly
accurate performance if there is a good discretization of the domain. However, from an
engineering point of view, this class of methods could not be a designing tool due to their

time expenditure, which is highly computationally demanding.

Monzé et al. [85] developed a numerical method based on FEM to describe the thermal
response (i.e. g-functions) in the soil. The model relies on the imposition of isothermal lines
in the borehole wall with a highly conductive material inside the GHE. This technique can
also model a temperature gradient by modifying the thermal conductivity of the borehole.
Although the model allows for manipulation of different boundary conditions in the borehole,

the accuracy is mesh dependent. The configuration of pipes inside the GHE is not considered.

Belzile et al. [24] proposed a 2D diffusion solver to model a geothermal field. Each GHE is
simulated with its analytical solution from steady-state thermal resistances in its solution.
They used control volumes to simulate the interaction between GHE. The solution uses a
shape factor for simulating the heat flow between the ground and GHE as an inner circle
with an exterior boundary as a square. This method does not consider the thermal capacity

of the grout, and hence short-term effects are neglected.
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2.2.3 Discussion

The study of both the thermal interactions in a GHE field and the axial effects in long periods
of operation of a GCHP is studied analytically and numerically, as shown. The analytical
models, as well as their solutions, present a robust and flexible alternative for the study of
these operations. However, they present an important limitation in their implementation.
Since the models presented are based on the FLS solution, their solution complexity increases
with the square of the number of GHE (or the square of the total number of segments for
the segmented FLS solution). This limitation does not efficiently analyze large thermal
interaction fields for their implementation in the design, performance and control of a GCHP

system.

In contrast to analytical solutions, numerical models allow the analysis of different bound-
ary conditions in one and several GHEs positioned in the soil, such as methods based on
discretizing the continuous medium into grids or control volumes. The ability to change
and mix boundary conditions and to include different arrangements of GHEs, as opposed to
existing analytical solutions, allows the heat transfer phenomenon to be studied with better
detail and approximation. However, this advantage is also an important limitation. As the
model includes more detail and the number of GHEs increases, so does its computational
requirement, making these detailed models unfeasible in typical geothermal system control
and performance applications. As seen, the new numerical and analytical models must be
robust and flexible so that the new solutions can scale them to new novel geothermal field
applications. For instance, including short-term effects in the interior of the ground heat

exchangers.

2.3 Groundwater flow

Modelling groundwater effects around the GHE is a complex process, and advection effects
must be studied against conduction to know which (or both) effects are more important.
Many authors have proposed models for studying these effects in GHEs, both numerical and

analytical.

Chiasson et al. [12] made a study to assess the effects of groundwater flow on the heat transfer
process for a GHE. They solved a finite element model to describe the groundwater flow effects
in the GHE coupled with a heat transfer model. Peclet number was the parameter that they
used to assess the effects. They have found that heat transfer by groundwater flow is only
important when ground with high hydraulic conductivity is present. Following the previous

conclusions, they performed an in-situ thermal response test by simulating the conditions in
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a single GHE under different flow conditions.

Claesson and Hellstrém [86] proposed a method for considering the advection phenomena in
a 2D domain in a transient state based on work from [67]. This work provides an extension of
the classical g-function by introducing a groundwater g-function. This definition allows the
authors to consider the total g-function as the difference between classical and groundwater

g-function, thus allowing them to evaluate the borehole wall temperature.

Sutton et al. [87] studied the thermal response of GHEs under groundwater flow using the
solution from Carslaw and Jaeger [20] in an infinite soil domain. This work defines two ground
thermal resistances: conductive and convective. These resistances are used to evaluate the

thermal response of the borehole and thus evaluate an average fluid temperature.

Diao et al. [88] presented a study for heat transfer in GHE under groundwater effects called
moving infinite line source (MILS). The model encompasses an ILS model for the borehole,
the properties of the ground remain constant through the simulation, and the ground’s initial
temperature is considered undisturbed. The model is two-dimensional, and the advection
effects are considered in steady state, meaning the velocity field for groundwater effects is

proposed as an equivalent velocity.

Chiasson and O’Connell [89], based on the work of Diao et al. [88] and Claesson and Hell-
strom [86], were able to propose an analytical solution for heat transfer under the influence
of groundwater flow. Groundwater flow and MILS are coupled by the advection-mass math-
ematical model, a transport equation. In the model, the fluid temperature is calculated as
a function of constant heat flux in the borehole with a specified borehole thermal resistance

and a temperature variation of borehole wall employing the coupled analytical solution.

Al-Khoury et al. [90] implemented a model using FEM for steady state for a single U-tube
configuration. The GHE is represented as two one-dimensional lines along the borehole
depth to simulate 3D heat transfer and the groundwater flow effect. Interactions between
pipes are also considered. Subsequently, Al-Khoury and Bonnier [91] extended the model
to a transient state, considering multiple pipes and incorporating groundwater flow. This
method is highly accurate; however, it is not practically applicable for a borefield because of

the high computational requirements.

Fan et al. [92] studied the performance of a GHE field under groundwater flow in a transient
state. The soil was modelled as homogeneous and isotropic porous media in which thermo-
mechanical dispersion is neglected. Every GHE is considered as an equivalent pipe and thus
the real geometry of the boreholes is neglected. Unidirectional groundwater movement is

considered. This study results in an impact analysis of groundwater flow in different seasons
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(i.e. summer, winter) and correlate how different is the outlet fluid temperature of GHE with
and without this effect. They have found that the discharge ratio (cold energy discharge from
the soil and cold energy discharge to the soil) is higher when the groundwater flow is not

present.

Nabi and Al-Khoury [93,94] present a second-order finite volume method (FVM) model
for transient heat transfer in 3D. The model uses two different mathematical models, one
to represent the soil and the other for the GHE. The impact of groundwater flow (steady-
state), heat-carrier fluid and GHE interaction are explicitly considered. Heat flow is proposed
as a function within the equation system and not as a boundary condition (i.e. Duhamel

principle).

Molina-Giraldo et al. [95] proposed a new method called moving finite line source (MFLS)
based on the work of Diao et al. [88]. In their work, they extend the ideas by considering
variation along the depth of the borehole. They obtained an analytical solution for the

three-dimensional case using the relationship between FLS and the images method.

Wagner et al. [96] studied the applicability of the moving finite line source (MFLS) for
a thermal response test under groundwater flow in a double U-tube GHE. In their work,
groundwater velocity is considered constant for comparing the MFLS, and a FEM based on
Diersch et al. [83,84]. They found that the borehole wall temperature calculated using the
MFLS is lower than FEM when constant heat is injected into the ground. As a conclusion
of this work, the authors propose a correction procedure in calculating groundwater velocity

to consider the advection effects between GHE and ground.

Tye-Gingras and Gosselin [97] studied the ground response under groundwater flow in a tran-
sient state. They created a “generic” ground response function (G-function). The method
relies on coupling two analytical solutions, CHS and MFLS, and superimposing them to con-

sider the effects of groundwater flow. This method is applied to single or multiple boreholes.

Rivera et al. [98] extended the ideas from the moving line source. In their work, Green
functions are used to impose complex initial and boundary conditions. Analytical solutions

were obtained for the thermal response of the ground.

Dai et al. [99] proposed a FEM to simulate short-term effects inside and outside the borehole
under groundwater flow in the soil. The method couples a porous media mathematical heat
transfer model in the soil, and U-tube and grout are modelled as a turbulent model and heat

conduction, respectively.

Erol and Francois [100] created a new method based on multilayer soil domain and anisotropic

media with groundwater flow. The solution requires the computation of the Green function
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by assuming a point (pole) with a uniform infinite amount of heat and coupling with MFLS.
The extension of this method for a multilayer media was done by spatial superposition of a
point on each layer and studying the impact on the other layers. The method of layers is

quite useful when the velocity is not constant along the depth of borehole.

Cimmino and Baliga [101] studied the thermal process in geothermal borefields. In their
work, they use a coupled method: i) control-volume finite element method (CVFEM) to
solve the complete heat transfer process in the soil under groundwater flow and ii) semi-
analytical model to calculate fluid temperatures inside boreholes assuming quasi-steady state
phenomenon. It is assumed that the heat transfer process inside is steady-state, which

neglects the thermal capacity of the borehole.

Cai et al. [102] have developed a technique to simulate full-time heat transfer under ground-
water flow. Based on work from Eskilson [67]; Diao et al. [88]; Molina-Giraldo et al. [95];
Beier [34], the authors established a complete setup to conduct short-, mid- and long-term
simulations. As Fourier number is a function of time, the authors use it as a parameter to
activate which model (i.e. MILS, MFLS, ICMCS) is responsible for the ground response.

Al-Khoury et al. [103] have created a model for the moving cylindrical heat source (MCHS)
based on a spectral solution. The model encompasses groundwater moving with constant
velocity and stagnating at the periphery of the GHE. The method can consider two bound-
ary conditions at the borehole wall: a) arbitrary heat flux and b) arbitrary borehole wall
temperature. The technique results in an excellent model to solve the exterior phenomena
in the GHE; however, the groundwater does not stagnate at the whole borehole wall. Also,

the short-term effects are neglected.

Luo et al. [104] proposed a solution for the groundwater water flow moving unidirectionally
in the soil using an extension of the model proposed by Cimmino and Baliga [101], which rely
on the groundwater segmented FLS. Their solution was able to adapt to include geothermal
gradients and layered solutions corresponding to different thermal properties. Although the
model is accurate regarding thermal response between soil and GHE, the short-term effects
inside the GHE are neglected.

2.3.1 Discussion

The literature showed that the effects at the periphery of GHE are studied analytically
and numerically. The analytical models, like those shown for pure heat conduction in the
previous section, are quite flexible; however, simplifying the physical conditions of what

happens around (and inside) the GHE does not allow a detailed study (e.g. whether or not
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a typical configuration plays an important role in the overall thermal performance of the
GHE). For example, based on an extension of the classical FLS and CHS solutions, these
models consider that the groundwater flow passes through (or stagnates) in the borehole
wall, which does not happen in reality due to the porous media. Because of this, the effects

of this phenomenon from an analytical perspective have not been studied and assessed.

Numerical models, in turn, allow studying more realistic conditions, such as anisotropy of
the porous media, different GHEs in the soil, groundwater moving around the GHEs, etc.
However, the same limitation presented by the numerical models of the previous section is in-
herited: the more complex the model is, the more computational requirements are demanded,

and therefore, its application in engineering solutions is not suggested.

Therefore, the need for an analytical model and its solution allows for studying effects when
considering groundwater flow moving around the GHE. This is due to its flexibility both
to include effects inside the GHE and to analyze both short- and long-term effects in the
operation of GCHP systems.
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CHAPTER 3 OBJECTIVES AND THESIS STRUCTURE

3.1 Objectives

The general objective is to develop efficient and accurate methods for the short-term response
of GHESs, with or without groundwater flow, and apply them in the context of long-term 3D
simulations. This general objective is accomplished by fulfilling three specific objectives listed

below:

e Solve the 2D transient heat transfer in a ground heat exchanger, considering the real

geometry of the ground heat exchangers;

e Extend the 2D model to 3D, considering fluid flow through the pipes and thermal

interactions between ground heat exchangers;

e Assess the effects of groundwater advection on the thermal resistances and on the

transient thermal response of ground heat exchangers.

3.2 Thesis outline

The content of this thesis consists of nine chapters. Chapter 1 presents this thesis’ intro-
duction and motivation for this research work. Chapter 2 shows the literature review of
heat transfer models describing the behaviour of GHE. The review in question is separated
into models describing the inside and the outside of the GHEs, showing both numerical and
analytical solutions existing in both transient and steady states. In addition, the study of
groundwater flow is considered within the ground models. Chapter 3 shows the objectives

and the structure of this dissertation.

In Chapter 4, the first article published in the journal Science and Technology for the Built
Environment is shown. This paper presents an analytical and exact solution called transient
multipole expansion to study heat transfer, considering the short-term effects with pipes
arbitrarily positioned inside the GHE. The first scheme for estimating fluid temperatures is
shown and complemented in Appendix A. The model is validated against results presented
in the literature and an FEA model. This chapter addresses the first specific objective of this

thesis.

Chapter 5 corresponds to the second article published in the Journal of Building Performance

Simulation. This chapter analyzes the thermal interaction in the fields of GHEs. The study



26

allows us to estimate the thermal response of large geothermal fields considering groups of
boreholes having similar borehole wall temperatures and heat extraction rates, thus propos-
ing a new method called equivalent borehole using a hierarchical clustering approach. The
evaluation of the accuracy of the method is made in comparison with existing models in the

literature.

Chapter 6 shows the third article published in the open access journal, Thermo. In this
chapter, we use the previous chapters to extend the idea of the heat conduction phenomenon
from 2D to 3D. This extension estimates the fluid temperatures by coupling the exact solution
defined by transient multipole expansion and the equivalent borehole method that allows
the study of thermal interactions and axial effects in a field of GHEs. Also included are the
advection effects on the pipes inside the GHE. The validation is performed using experimental
data found in the literature and a high-fidelity FEA model. This chapter and the previous

one fulfill the second specific objective of this thesis.

Chapter 7 presents the fourth and final paper accepted for presentation at the conference
International Ground Source Heat Pump Association (IGSHPA) Research Track 2022. This
chapter presents an extension of the transient multipole expansion that includes groundwa-
ter moving around the GHE and pipes arbitrarily positioned in the interior. The effect of
groundwater movement is studied by calculating the average borehole wall temperature and
estimating the thermal resistances defined inside the GHE. Appendices B and C comple-
ment the mathematical foundation presented in this article. This chapter addresses the third

specific objective of this research work.

Finally, Chapter 8 presents a general discussion of this thesis, highlighting the contributions
of each chapter. Chapter 9 shows the conclusions and recommendations for future work of

the research presented in this thesis.



27

CHAPTER 4 ARTICLE 1: TRANSIENT MULTIPOLE EXPANSION FOR
HEAT TRANSFER IN GROUND HEAT EXCHANGERS

Authors: Carlos Prieto and Massimo Cimmino

Article published in the journal: Science and Technology for the Built Environment,
Volume 27, Issue 3, pages 253-270.

Date of publication: 14 December 2020

4.1 Abstract

A transient multipole method for short-term simulations of ground heat exchangers (GHEs)
is presented. The two-dimensional unsteady heat equation over a GHE cross-section is sep-
arated into two problems: (i) a transient heat equation with homogeneous boundary condi-
tions, and (ii) a steady-state heat equation with non-homogeneous boundary conditions. An
eigenfunction expansion is proposed for the solution of the transient heat equation, where the
treatment of boundary conditions is considered by a multipole expansion of the eigenfunc-
tions. A singular value decomposition is applied to extract the eigenvalues of the problem.
The solution of the steady-state heat equation is obtained from a multipole expansion. The
proposed method is validated against reference results for the evaluation of the eigenval-
ues and for the steady-state temperature field. The complete transient solution is validated
against finite element analysis simulations. The proposed method is meshless, and its accu-
racy is only dependent on the evaluation of eigenvalues and on the number of terms in each

of the multipole expansions.

4.2 Introduction

Ground-coupled heat pump (GCHP) systems consist in one or multiple heat pumps that
supply heating and cooling to a building by extracting or rejecting heat to one or multiple
boreholes, i.e. the bore field or ground heat exchanger (GHE). A GHE is composed of a
drilled hole into which one or several U-tubes are inserted (or alternatively, coaxial pipes)
to circulate the heat carrier fluid, and then backfilled with grouting material. The design
of GCHP systems aims at evaluating the required GHE length to maintain the temperature
of the secondary fluid circulating in the GHE within an acceptable range to ensure safe
and efficient operation of the system. The fluid and ground temperatures evolve during

the operation of the system following the extraction and rejection of heat to the ground
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through the GHE. The short-term response of the GHE at time-scales of minutes to a few
hours, corresponding to the time-scales of on/off and daily operation of the system, has been
shown to have a significant impact on the required GHE length and on the energy use of
the GCHP [11]. The short-term response of the GHE is driven by the transit of the fluid
through the U-tube and the thermal capacity of borehole materials (i.e. the fluid, pipe and
grout), and thus their inclusion into simulation models is required for accurate temperature

predictions at short time-scales.

The classical approach to the heat transfer modelling of the interior of a borehole is through
the thermal resistance analogy, where thermal interaction between pairs of pipes and be-
tween individual pipes and the ground are represented by a network of thermal resistances.
The multipole method, introduced by Bennet et al. [17] and further developed by Claesson
and Bennet [105] and Claesson and Hellstrom [18], provides an analytical solution to the
two-dimensional steady-state heat conduction in a borehole cross-section and enables the
evaluation of the thermal resistances of a borehole. The multipole method consists in the
construction of the exact solution to the heat equation by superimposing solutions translated
at each pole (i.e. at each pipe) to apply the boundary conditions of the heat transfer prob-
lem. While analytical steady-state methods, such as the multipole method, provide exact
solutions to the heat transfer inside the borehole, they are not able to accurately simulate
the short-term response of the borehole, before quasi-steady-state conditions (or constant

heat-flux conditions) are attained within the borehole.

Authors have proposed solutions to the transient heat transfer in a GHE by introducing the
equivalent pipe assumption, which consists in representing all pipes by a single equivalent
pipe with appropriately chosen dimensions and thermal properties to create a one-dimensional
geometry with similar thermal characteristics to the real two-dimensional geometry. The sim-
plified one-dimensional geometry has facilitated the development of analytical and numerical

solutions to the transient heat transfer of GHESs.

Authors have proposed solutions to the transient heat transfer in a GHE by introducing the
equivalent pipe assumption, which consists in representing all pipes by a single equivalent
pipe with appropriately chosen dimensions and thermal properties to create a one-dimensional
geometry with similar thermal characteristics to the real two-dimensional geometry. The sim-
plified one-dimensional geometry has facilitated the development of analytical and numerical
solutions to the transient heat transfer of GHEs. Bose et al. [14] applied a conformal map-
ping technique to obtain an equivalent pipe model of a borehole. The method was used by
Gu and O’Neal [15] to solve the steady-state heat conduction equation and calculate fluid

temperatures under the assumption of constant thermal conductivity coefficients. Shonder
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and Beck [27] applied a finite difference scheme to solve the transient heat transfer in the
equivalent geometry. The authors used their numerical model to analyze field monitored
data and estimate the thermal properties of the GHE and the soil using a parameter esti-
mation technique. Young [28] adapted the Buried Electrical Cable solution of Carslaw and
Jaeger [20] to the simulation of boreholes, with the thermal capacitances of the grout and
the fluid inside the equivalent pipes allocated to the sheat and core regions of the buried
electric cable, respectively. Lamarche and Beauchamp [30] developed an analytical solution
to the transient heat transfer in the equivalent geometry with an imposed heat flux at the
equivalent pipe. Bandyopadhyay et al. [31] proposed an analytical solution in the Laplace
domain where the thermal capacity of the fluid is introduced as a virtual solid with a lumped
capacitance. In their work, Laplace domain solutions were obtained for the equivalent pipe
GHE. A time domain solution is then obtained by means of the Gaver—Stehfest algorithm for
inversion of the Laplace domain solution [32]. Time-domain solutions were later proposed by
Javed and Claesson [33] and by Lamarche [36]. The dimensions and thermal characteristics
of the single equivalent pipe geometry are chosen to preserve the total thermal resistance and
the total lumped capacitance of the GHE. The short-term response of the GHE is thus only
approximated due to the centrally located pipe which does not present the same distribution
of heat transfer than multiple off-centered pipes. The dimensions and thermal characteristics
of the single equivalent pipe geometry are chosen to preserve the total thermal resistance and
the total lumped capacitance of the GHE. The short-term response of the GHE is thus only
approximated due to the centrally located pipe which does not present the same distribution

of heat transfer than multiple off-centered pipes.

Transient heat transfer in geothermal boreholes with a simplified equivalent pipe geometry
was also solved numerically. Xu and Spitler [29] developed a finite volume model of a GHE,
where the thermal capacity of the fluid is included in an annular region within the pipe in the
equivalent geometry. Brussieux and Bernier [38] presented a hybrid variant of this approach,
modelling the ground as a semi-infinite media using the Cylindrical Heat Source (CHS)
solution of Carslaw and Jaeger [20]. The authors introduced dimensionless parameters to
define universal short time-step g*-functions which take into account the short-time behavior
of GHEs. Short time-step g-functions were introduced by Yavuzturk [52] who proposed a two-
dimensional finite volume method in cylindrical coordinates to evaluate the thermal response
of GHESs, taking into account the effects of the thermal capacities of the grout and pipe
materials. Short time-step g-functions (and g*-functions) provide an extension of Eskilson’s
g-functions [67] to short time-step simulations and enable the design of GHEs with attention

to short-time effects.

Li and Lai [53] proposed to model the short-term response of a GHE using the infinite
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composite-medium line source (ICMLS) analytical solution, in which each pipe is represented
as a line source in the grout of the GHE. The model accounts for the split of heat transfer
rate between the pipes, since each pipe is modelled and may have different external wall
temperatures. The model was validated by Yang and Li [56] using a finite volume method
(FVM). The limitation of this method is that the pipes are simplified as lines (rather than
cylinders), and thus the distribution of temperatures and heat transfer rate on the perimeter

of the pipes is not taken into account.

Another class of simulation models aimed at the simulation of the short-time response of
GHESs is composed of so-called thermal resistance and capacitance (TRC) models. Rather
than attempting to solve the transient heat equation, this class of models introduces thermal
capacitance nodes to the network of thermal resistances inferred from the multipole method
or its approximations. Zarrella et al. [42] extended the capacity resistance model (CaRM)
of De Carli et al. [41] to introduce thermal capacity nodes at the core and at the sheat of
the borehole. Bauer et al. [43,44] developed a TRC model where thermal capacity nodes are
introduced to represent the thermal capacity of half the GHE (for a single U-tube borehole).
Pasquier and Marcotte [45] proposed an extension of the TRC model where each of the fluid,
pipe and grout are represented as a series of thermal resistances and capacitances. The
distribution of fluid temperatures along the GHE can then be obtained by coupling a series
of TRC models each representing a segment of the GHE [46]. Minaei and Maerefat [47]
observed that negative values of thermal resistances can be obtained in TRC models. While
negative values have no effect on the accuracy of steady-state temperatures, they can cause
a non-physical thermal response at short-time scales. The authors proposed a modified
thermal resistance network to eliminate the negative thermal resistances. Like equivalent
pipe geometries, TRC models preserve the total thermal resistance and the total lumped
capacitance of the GHE. Thermal capacitances are split into core and exterior zones of the
GHE, and thus the short-term response is expected to be more accurate but is still an estimate
of the exact short-term response. The distribution of thermal capacitance nodes are based
on arbitrary geometrical divisions of the GHE cross-sectional area and none of the surveyed

methods are applicable to non-symmetric pipe configurations.

As per the surveyed literature, current analytical methods to solve the transient heat conduc-
tion equation in a cross-section of a GHE are limited to simplified one-dimensional geometries
in cylindrical coordinates. The short-term response of the real geometry requires the solu-
tion of a partial differential equation (i.e. the heat equation) in a multiply-connected two-
dimensional domain (i.e. a domain with multiple boundaries). Solutions to this type of prob-
lem have been obtained in other fields of application of heat transfer analysis. Commonly ap-

plied techniques are finite integral transforms (often applied to single layer materials), Green
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functions, orthogonal expansions, and Laplace transforms [20]. In Cartesian coordinates,
examples of applications of these techniques are Salt [106] and Mikhailov and Ozisik [107]
(orthogonal expansion technique in slabs) as well as Haji-Sheikh and Beck [108] (Green func-
tion). In cylindrical coordinates, example works are Abdul Azeez and Vakakis [109] (integral

transform) and Miloevic and Raynau [110] (orthogonal expansion in cylinders).

Numerical methods, such as finite difference, finite volume, finite element and boundary ele-
ment methods, are often used to solve partial differential equations in multiple dimensions.
The accuracy of these methods strongly depends on the quality of the mesh, and the genera-
tion of the mesh is complicated in cases where the geometry of the problem is highly variable
—for instance, the number and position of pipes in a GHE. These methods also become time-
intensive when applied to higher dimensions. There has been a growing interest in meshless
methods over the past decade for heat transfer applications [111]. A popular class of mesh-
less methods are Trefftz methods [112], which consist in approximating a regular solution
to a partial differential equation problem in variational form. This technique is extended to
use analytical solutions of the governing equations (e.g. Fourier-Bessel series) [113]. These
methods are meshless. They can thus be implemented without the complexity of domain

meshing and only require matching the boundaries over specific portions in a domain.

This paper presents a new method to solve the transient heat conduction problem in R? for
a circular multiply-connected domain representing a cross-section of a GHE with multiple
pipes. The separation of variables is applied to separate the problem into two equations,
a Helmholtz partial differential equation for space and an ordinary differential equation for
time. The complete solution is obtained by the superposition of a solution of the steady-state
problem with inhomogeneous boundary conditions and a solution of a transient problem with
homogeneous boundary conditions (i.e. a Sturm-Liouville problem). The transient problem
is solved by applying a multipole expansion technique [114,115], using an eigenfunction
expansion of the solution. The solution considers constant fluid temperatures within each
pipe. A scheme to update the coefficients of the multipole expansion is proposed to consider
time-dependent fluid temperatures. The proposed method is validated by comparison with
the results of Chen et al. [116,117] for the evaluation of the eigenvalues of the expansion,
with the results of Claesson and Hellstrom [18] for the solution of the steady-state problem,

and to finite element analysis (FEA) simulations for the complete transient solution.

4.3 Mathematical model

A mathematical model for 2D transient heat conduction in geothermal boreholes is presented.

The model assumes homogeneous, isotropic and constant physical properties for the grout
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and the ground, with uniform temperature at time ¢ = 0. The thermal capacity of the
fluid flowing through the pipes and that of the pipe material are neglected. Axial heat
transfer, through advection of the fluid flowing through the pipes and conduction in the
vertical direction, is neglected and thus only pure conduction on the horizontal plane in the
grout and ground is considered. The fluid to outer pipe wall thermal resistances, combining
the film thermal resistances and the conduction thermal resistance through the pipe walls,

is constant for each pipe.

Figure 4.1 shows the horizontal cross-section of a geothermal borehole with N = 2 pipes
(i.e. a single U-tube) as well as the computational domain of the mathematical model. The
borehole, centered at Oy, has a radius Ry and each pipe ¢, centered at O;, has an external
radius R;. The computational domain (= ; UQy) comprises the grout sub-domain €2; and
the ground sub-domain €2y, with 0€), the interface between the grout and the ground (i.e.
the borehole wall). The interior boundaries 0€2; correspond with the external wall of each
pipe i. The domain extends to a radial distance R, from the borehole center, corresponding
with the external boundary 0€2.. R, is considered infinite, and thus the ground domain €2,

is unbounded.

Ground

Pipe ¢

Borehole Wall

Figure 4.1 Ground heat exchanger domain geometry



33

A point x = (p, ¢) in cylindrical coordinates could be centered at any pole Oy, with x; =
(pk, k), as shown on Figure 4.2. Throughout the paper, the non-index coordinates x = (p, ¢)

are used when it is not needed to express the coordinates at any particular pole.

Figure 4.2 Translation of coordinates

The governing equation for heat transfer for calculating the temperature 7; = T;(x, t) is given

by the transient heat conduction equation:

1 0T;
(67 ot

where T} is the temperature in the grout domain €2, 75 is the temperature in the ground

=V, in Q;,i=1,2 (4.1)

domain €2y, and «; is the thermal diffusivity at each domain §2;.

The fluid temperature T, at each pipe k is prescribed. As such, the boundary condition at
the external wall of each pipe is:
oT;
— ByRp=—| +T =Ts on Y, k=1,...,N (4.2)
Opr Ry
where [, = 2wk, E), is the dimensionless fluid to outer pipe wall thermal resistance of pipe k;
with k;, the grout thermal conductivity and E}j the fluid to outer pipe wall thermal resistance

of pipe k.

Continuity is imposed at the borehole wall (9€):

0Ty
B At
’ dpo

aT,

__8300

on (9(20 (43)

Ro Ro
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and
T1|Ro = TQ|RO on 690 (44)

where k; is the thermal conductivity of the ground.

The temperature at the exterior domain boundary 052, (at R, — 00) is equal to the undis-

turbed ground temperature:

To(Re, &,)| g, _yoo=T° on 99 (4.5)

At time t = 0, the initial grout and ground temperature are uniform and equal to the

undisturbed ground temperature:

Ti(p,¢,0) =T%in Q;, i = 1,2 (4.6)

The set of boundary conditions (Equations (4.2)-(4.6)) is non-homogeneous. To obtain a
solution to the temperature, the problem (Equation (4.1)) is separated into a transient prob-
lem with homogeneous boundary conditions (i.e. a Sturm-Liouville problem) and a steady-
state problem with non-homogeneous boundary conditions. The complete solution becomes
T, =T, +1T;

conditions and T;

where T;, = T;, (p, ¢, t) is the solution to the homogeneous transient boundary
= T...(p, @) is the steady state solution of Equation (4.1).

ss)

ss

The governing equation as well as boundary and initial conditions of the transient problem

with homogeneous boundary conditions are given by:

1 aj—lbh _ 2 . .
oot VT, in Q;,1=1,2 (4.7a)
T
—ﬁkRkalh +Ty, =00n 0%, k=1,....N (4.7b)
Pk Ry,
T T:
—kp on, = —k; oL, on 082 (4.7¢)
8p0 Ro apO Ro
Tlh Ro = T2h’R0 on 390 (47d)
Ty, (Re; ¢, )| . o = 0 0n O (4.7¢)

T, (p,#,0) =T° = T;, in Qi =1,2 (4.7f)

88

The governing equation as well as boundary and initial conditions of the steady-state problem
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with non-homogeneous boundary conditions are given by:

VT, =01in Q;, i =1,2 (4.8a)
T
— BkRka Los + Tlss = Tfk on an, k= 1,... ,N (48b)
Ipr Ry,
T T
—ky O, = —kq L., on 0§y (4.8¢)
8P0 Ro apo Ro
Tlss Ro = T283|R0 on 890 (48(1)
TQSS(Rey ¢)|R5_>oo = TO on (996 (48@)

The solutions to both problems are presented in the next sections. Note that even though
the solution to the transient problem (Equation (4.7)) is presented first, its initial condition

(Equation (4.7f)) is dependent upon the solution to the steady state problem (Equation (4.8)).

4.3.1 Transient heat equation with homogeneous boundary conditions

The transient problem with homogeneous boundary conditions (Equation (4.7)) is solved by
means of spatial-time decomposition using separation of variables. Assuming the solution is
T;, = Xi(p, ¢)7i(t), then the problem becomes:

VX,

= -\ 4.9
Xi ;T ¢ ( )

where ) is the eigenvalue associated with the homogeneous boundary problem partial differ-
ential equation (PDE). Note that A > 0 and that A is not unique [107,109].

The solution for 7; is straightforward:

7;(t) = e et (4.10)

The problem for X; defined in Equation (4.9) takes the form of the Helmholtz equation. The
Helmholtz equation is encountered in many fields, for example in the study of wave propaga-
tion in continuous media [118], scattering with non-obstacles [119], or electrical propagation
in integrated circuits [115]. The complete Helmholtz homogeneous boundary problem is well

defined and has a unique solution.



36

The governing equation as well as boundary conditions for X; are given by:

VX + M X, =01in Q;, 1 =1,2 (4.11a)
X
—/awkb +X;=00n 8, k=1,...,N (4.11b)
Opr, Ry,
X X
Ly Oy 2 a9 (4.11c¢)
apo Ro apO Ro
X1|Ro == X2|Ro on 890 (411(1)
Xo(Re, 9)|p, 0o = 0 0n 02 (4.11e)

The continuity condition (Equations (4.11c)-(4.11d)) results in the eigenvalue connection
between the grout and ground domains (27 and ), with Ay = A\j\/ay/as [106,120]. Equa-
tion (4.11) was solved to obtain its solution at any point x = (p,¢) in by Chen et
al. [121,122] in the context of acoustic analysis of multiply-connected membranes. Here,
the solution is presented for transient homogeneous heat transfer with mixed boundary con-

ditions.

A complete eigenfunction expansion for the solution in a circular multiply-connected domain

() is proposed as follows:

where 1(x) is the Trefftz basis at pole O and ~,, are the coefficient matching the boundaries.
The number of terms in the expansion is formally infinite, but is reduced to 2M + 1 to obtain

a finite sum.

For the circular multiply-connected domain €2, the following Trefttz basis for a point x, =
(pps ¢p) related to a pole O,, is defined for a circular boundary 0%, with radius R, (Figure
4.2):

Jm(App)e™» if p, < R,

' (4.13)
H{ (App)e™® if p, > R,

w(ppa ¢p) =

where J and H® are the Bessel and Hankel functions of the first kind, respectively.

To obtain the solution of Equation (4.11) for any N number of pipes, ¢ needs to be expressed

at any pole O; in the domain €2;. For the translation of coordinates shown in Figure 4.2, the
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Graf-Gegenbauer addition theorem [123] yields:

Tmn(Apy)e™ér = Z Ton—n (Mg ) €% T (Xp,)e™ (4.14a)
. % T (Mg ) €m0 D (Xp Ve e if |, <
Hr(nl)()\pp)e’m% _ n=—o0 (Alpg)e '(Apg)e Wipg < Pq (4.14D)

0% e HinL o (Npg) /=% 1, (Apg)e™™@n i 1y > p,

Superimposing the contributions of all poles (O,) and considering only 2M + 1 terms in
Equation (4.14), Equation (4.13) in €, becomes:

Z Yo (A10) “”¢°+Z Z V5 (Mps)e™ (4.15)

j=1m=—

The solution in 2 follows the same procedure but with only 1 internal pipe at 9€):

M
= % BH Gapohe™ (1.16)

As Qy is unbounded, Equation (4.16) vanishes if R, — oo, as shown by the asymptotic
expansion expressed in Abramowitz and Stegun [124]. Equation (4.11e) is thus satisfied.
Therefore, the Trefftz basis for {25 defined in Equation (4.13) is considered exterior domain

and thus only the Hankel function is required.

The boundary conditions in Equation (4.11) require the evaluation of X; and X, and their
derivatives at all boundaries (0€2;) in Q; and €y, respectively. At the borehole wall (0€):

M
X1(Ro, ¢o) = Z ’anj (MRo)e imeo
n;]__MM (4.17a)
+Z Z /Vm Z Jm n )\1 ]0 zm n)ejoHl ()‘IRO) ino
j=lm=-M
M
X5(Ro, ¢o) = Z 60 HV(AyRg)e™?0 (4.17D)
-M
X M .
& :)\1 Z ’anjfn()\lRo)elm(bO
9po |g, m=—M
Ny " (4.17¢)
+>\12 Z o Im—n(A1ljo0)e im=m)bio 'MW (X; Ry)e'm?
j=lm=—M n=—M
X M
0Xs Z 60 H'\D(\yRy)eimeo (4.17d)
8p0 Ro
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At the external wall of each pipe (0€):

M M
Xi(R,o) = Y 2% Y Jma(Ailo)e ™ %0 T, (A Ry)e™
—M

m=—M
M
+ Y A (R (4.18)
m=—M
N M
+ > D Z Gmn
j=1,j#l m=—M n=—M
8X1 M 0 M i(m—n)o; 7/ ing
87 = A1 Z ’}/m Z Jm_n(/\llm)e OlJn()\lRl)e !
pl Ry m=—M n=—M
M

Z T A (A1 Ry )™ (4.18b)

N

Y f:%f:gmn

j=1,j#Al m=—M

where

Jm_n(Alljl) i(m— n)eﬂlH ()\1Rl) ingr if ljl < R,
HY L (Aly)eim=m0 ] (A R)e™  if I, > R,

Jm—n()\lljl) Z(m n)leHl (/\ Rl) nérif ljl < Rl

) (4.19D)
vam)—n()\lljl)ez(m_n gl (MR)emif 1y > Ry

Imn =

The substitution of Equations (4.17)-(4.19) into (4.11) yields a linear system ®v = 0, where
the square matrix @ is a function of A. Singular Value Decomposition (SVD) is used in order
to extract the value A of the square matrix ® by collecting the minimum singular value of the
decomposition and finding the drop of this singular value. The multiplicity of A is obtained,
seeking how many singular values are equal to the minimum. The dimension of the matrix is
dim® = [(2M +1)(N +2) x (2M +1)(N +2)]. The solution ~ is obtained at each eigenvalue
A by multiplying the eigenvector associated and ®.

Recalling Equation 4.7, the homogeneous solution is then calculated as a Fourier-Bessel

expansion:

lh pv (ZS? Z C X 107 ¢7 ) ot (420)

7j=1

where X; is a quasi-orthogonal eigenfunction [120] and )\z is the j-th eigenvalue for the

expansion in €2;.
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The calculation of coefficients C; requires imposing the initial condition and applying orthog-

onal conditions:

O‘ _ % le (TO - Tlss)deﬁl + % sz (TO - TQSS)XQdQQ
: % le Xy XqdE + ’a% fszg XoXodSdy

(4.21)

where X; is the conjugate of X;. It is important to point out that ~,  and C; are complex-
valued, and thus Equation (4.20) implies that only the real part of the temperature is con-
sidered. However, as long as Equation (4.7) has real-valued initial and boundary conditions,

the solution will have real temperature values.

4.3.2 Steady-state heat equation with nonhomogeneous boundary conditions

A T-complete basis is required to obtain the solution to Equation (4.8). Such a basis was
proposed by Liu [125] for the Laplace equation in a doubly-connected domain. In the present

case, for N + 1 poles, the temperature in €2 is given by:

h

Ty, =ag + [am (Rpo ) cos(maeg) + Bm (Rpo > sin(mqf)o)}
m=1 max max
N T e (4.22)
3 {30 [ (2 costm + 04 (72) " sintmer)| |
j=1 m=1 min min
and the temperature in Qy (with only one pole shared by 92y and 0€) is given by:
T, =ay+ Y [l (4" costma) + 8, () sin(moo)|
T ) ‘ . (4.23)
+ynpo+ Y l’yﬁn <Rpo ) cos(meg) + 9., (R'OO ) Sin(mgbo)]
m=1 min min
where Rym = {rlninN} R; is the minimum external radius of the pipes, R, > Ry is an
1€1,...,

arbitrary radius and is set equal to Ry, and h is the number of terms in the complete
expansion (Equations (4.22)-(4.23)). Note that +/ are different from the preceding expansion
in Equation (4.15).

By definition Equations (4.22)-(4.23) have infinite terms but it is reduced here to the h first
terms of the expansion. To have a unique solution, the coefficients that match boundaries,

ag, O, ..., 01 have to be unique and finite. For R, — oo, Equation (4.23) results in arbitrary

oy Umo

values for o/, 5! . and they are thus considered equal to 0. Also, 7{ has to be equal to 0 for

T5,, to remain finite. Therefore, the solution of this problem results in the coefficient of, =

s
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Ts,.(Re, ®)| . oo = T°. The presented method for steady-state allows to successfully allocate
the boundary conditions for the unbounded domain €2, and thus compute the coefficients in

the T-basis.

For the translation of coordinates shown in Figure 4.2, an addition theorem was proposed by

Bird and Steele [126] for the Laplace equation in a multiply-connected domain:

- m —nijn
g costiny) = 3= () (-1t costmt + 0~ ) (4.24a)
n=0
: - m n_m-—njin :
g sntmdy) = 3= (1) g sty + 06, 0,) (4.20)
n=0
k41
. Sy (2:{“)#7“ cos[(k + 1)p, — (k +m+1)6,,] if 1y > pq
p, " cos(mg,) = Ny B .
re—1(—1) (k+1)p§ﬂn+1 cos[(k + 1)0pg — (K +m + 1)gg] if [y < pq
(4.24c¢)
k41
- S0y () gt sin[(k + 1)g — (k + 1m0+ 1)0y) if Ly > p,
Pp s1n(mgz5p) = -~ Z:H-k k41 . .
szl(_l)m<k+1)pgi++1 sin[(k + 1)9pq — (k+m+ 1)%] if 1,y < pq
(4.24d)
In p, = In(lyg) — 3= (%) (zqu) cos[m(bpg — &¢)] if lpg > pg (4.24¢)
p m . :
In(pg) — 3m—1 (%) (%) cos[m(fpg — ¢q)]  if Ipg < pg

The boundary conditions in Equation (4.8) require the evaluation of 7, and T3, and their

derivatives at all boundaries (0€2;) in Q; and €y, respectively. At the borehole wall (0€):

Ty, = oo+ i [am (RRO )mcos(mgbo) + B ( Ho )msin(m%)}

m=1 max Rmaa:

#2408 (A= X () () costm(b - g

7=1 m=1

L S AW e

+3 > W’"‘(_D (k o >RmmR,ij cos[(k + 1)8j0 — (k +m + 1)¢o]

m=1k=-1 0

m+k it
+ &, (=" < b 1)3%,1]%,;0% sin(k + 1)0j0 — (k +m + 1))
0

(4.25a)

h —m m
Ty, =T° + Y [%/n <RR9 ) cos(mgg) + 4., <RR9 > sin(mqﬁo)] (4.25b)
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.| _ i m [a ( ! )m Ry cos(mao) + 3 ( ! )m Ry sin(may)
apO Ro B m=1 " Rmaw 0 ‘ " Rmax 0 :
N ) 1 00 1 m—+1
3 (g 2 () eostnt@ - )
j=1
h ) m -+ k lk+l
m=1 k=-—1
: k lk“
(4.25¢)
oT: 4 s LN O
8;: Ro - mzzlm [O‘m <Rmin> RO 1 COS(m¢O) + Bm <Rmin> RO 1 Sln(m¢0)]
(4.25d)
At the external wall of each pipe (0€):
Tlss g + Z m |f)ém Z ( > Rm klkl cos[m@oz + k((m 90[)]
- m m—k
+ B Y 1 (=) R * 1 sin[mbo, + k(¢ — o))
w0 B (4.26a)

+~iIn Ry + Z [ (Rilin) " cos(mey) + 6y, <R]Zn)m sin(m@)]

N h
+ Z (’Yogg ’Ymgjk + 6£n,g]k)>
l m=1

J=Li#
aTlss h 3 m—k—1
Tpl R, - mzz:l Rmam cm kz: k; ( ) Ry loz COS[mGOl + ]g(@ — 90[)]
+ Bm Z(m — k)<k:> (—1)lemfkfll’gl sinmby + k(¢ — 601)]]
k=0
l 1 h 1 1 -m 1 ; —-m o
+ ’YOE Z m (Y, (R ' > R, cos(maey) + o, <R ‘ ) R, sin(mg;)
m=1 min min
N ' h
+ 2 (vég} +y ’y%lgﬁf_k(s?%gﬁ))
J=1,j#l m=1

(4.26b)
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where

(L) ~ St () (1) coslm(@n — 6] if L > R

g = g (4.27a)
ln(Rl) — 221:1 (%) (%) cos[m(Hﬂ — ¢Z)] if ljl < Rl
h maky pm R .
) Zk:—l (k+1 )Rman COS[(I{? + 1)¢l — (kf +m + 1)0]1] lf ljl > Rl
9k = . ok ! JE+1 . (4.27b)
k= (=)™ () R et cos[(k + )05 — (k+ m+ L)go]  if Ly < Ry
h m-+k RA+1 l. .
, k=1 (i) B peter sin[(k + 1)y — (k + m + 1)6;] if Ly > Ry
6% = it s (4.27¢)

m m l; . .
ZZ:_1(—1)m(kif)Rmm Rk£m+1 sin[(k + 1)9jl —(k+m+1)g] if ljl <R
1

= St () B eosim(@ — o] i Ly > Ry

/
9j = m41 _ (4.27d)
g T (&) Weosm(0; — @) if Ly < Ry
" ZZ:—l(k + 1)(kif)Rmmll§l+nlz+1 cos[(k + 1)@ — (k+m + 1)‘93'1] if by > Ry
ik = !
= Che ()™ kA m V) () Ry gz U cos[(k + 105 — (k+m+ 1)go] if Ly < Ry
1
(4.27e)
h m+ky pm  RBY . .
9 Zk:—l(k + 1)(k+1) minlkl+7n+1 Sln[(k + 1)¢l - (k +m+ 1)9jl] if ljl > Ry
ik = ’
— Che ()™ ke m A V) () Ry s U sinl(k + 105 — (K +m+1)¢1] i 1y < Ry
1

(4.27f)

A linear system of equations, in the form ®v = F, is obtained by the substitution of Equa-
tions (4.25)-(4.27) into Equation (4.8). The right-hand side vector F is a function of the fluid
temperatures into the pipes. The matrix ®, of dimension dim ® = [(2h + 1)(N +2) x (2h +
1)(N + 2)], is ill-conditioned and requires preconditioning before the system can be solved
for ~:

&TPdy = S'F (4.28)

4.3.3 Time-dependent fluid temperatures

The method presented in Sections 4.3.1 and 4.3.2 can be adapted to consider time-dependent
fluid temperatures. Step-wise variations of fluid temperatures at each pipe k are considered at
each time step n, i.e. over t("™Y < ¢ <" (where t" = t"~1) 4 At). In this updating scheme,
the initial temperatures in Equations (4.7f) and (4.21) are replaced by the temperature at
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the end of the latest time step:

T = 32 OOV, (p, g Ao O Pant . oD (4.292)
m=1

T = 30 O4D Xa(p g1 Ay e 4 oet 4 7 (4.29D)
m=1

The Fourier-Bessel coefficients in Equation (4.21) become:

ky (n—1) + ke p(n—1)
i =% %% aljlj e ? %% J (4.30)
B o, Xi(p, 03 M)X1(p, 3 M) + £ [, Xo(p, 6 M) Xa(p, &5 X))

where
=) - T{Zs)Xl(p, 6 X)d
:/Ql(c“"‘ DX (p, ¢ M)em OVt L rn=D) _m X (5 s XY, -
= [ —nggfcm 0 M), .
= Q2(0" DX,y (p, s M)em Ot L i) Y% (5 e A)d,

where T} is the solution of the steady-state problem considering the fluid temperatures at
the n-th time step, and T = Ty = T°.

Equations (4.30) and (4.31) allow the calculation of the temperature field when fluid tem-
peratures are variable over time and known. In a simulation of a GHE, fluid temperatures
are typically unknown. It is however possible to build a system of equation to consider other
known values. As an example, assuming the total heat transfer rate, ¢"(= ¢ H), into a GHE

containing two pipes is known and that 7% and T} are equal to the inlet and outlet fluid

temperatures:
= L (rn _pp 4.32
qk—fk(fk—l\m) (4.32a)
N
q" = d (4.32Db)
k=1
¢"H =m"cy(T}, —T},) (4.32¢)

where ¢;" is the heat transfer rate per unit length from pipe k, T}, is the fluid temperature
in pipe k, Tln\ R, is the average temperature at the outer wall at pipe k, ™ is the fluid mass

flow rate into the pipes, ¢, is the fluid specific heat capacity, and H is the GHE length.
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The coefficient updating scheme can also be adapted to consider the fluid temperature varia-
tions along the pipes by discretizing the GHE into segments and taking into account the
advection of the fluid into the pipes, as commonly done in resistance-capacitance mod-
els [41-43,46]. This will be addressed in future work.

4.4 Validation

The proposed method is implemented into Python, using numpy’s implementation of the
SVD algorithm [127] and scipy’s implementation of Bessel and Hankel functions [128] which
includes the asymptotic expansions for large values of the argument. Integrals are evaluated

by a quadrature domain technique [129].

The accuracy of the proposed method is dependent upon the number of terms considered in
the Fourier-Bessel expansion for T;, (Equation (4.20)), the number of terms M in the multi-
pole expansion for X; (Equations (4.15)-(4.16)), and the number of terms A in the multipole
expansion for T}, (Equations (4.22)-(4.23)). The number of terms considered in the Fourier-
Bessel expansion was fixed at 100 eigenvalues. The solution for X; is still dependent on the
eigenvalues of the Helmholtz equation (Equation (4.11)) and thus their correct evaluation
needs to be validated. The validation of the proposed approach is conducted in three steps.
First, the eigenvalues are computed for the geometries presented by Chen et al. [116,117].
Second, the steady-state temperature field calculated with the proposed method is compared
with the one calculated using the multipole method, as presented by Claesson and Hell-
strom [18]. Finally, the solution of the transient heat conduction is validated against Finite

Element Analysis (FEA) simulations for constant and time-dependent fluid temperatures.

4.4.1 Eigenvalues of the Helmholtz equation

The calculation of eigenvalues is validated by comparing the results from the presented
method to the results of Chen et al. [116,117] for two geometries, calculated from a Boundary
Element Method (BEM). The first geometry consists in a single pipe of radius R; = 0.5 m
centered into a circular domain of outer radius Ry = 2 m, as shown on Figure 4.3. The
second geometry consists in two pipes of radius R; = Ry = 0.3 m symmetrically positioned
at a distance e = 0.5 m from the center of a circular domain of outer radius Ry = 1 m,
as shown on Figure 4.4. For both geometries, Dirichlet boundary conditions (X = 0) are
imposed at all domain boundaries (0€;, 0€y and 0€). At this stage, M = 5 terms are
used in the multipole expansion for X. The proposed method was modified to accommodate

Dirichlet boundary conditions on the grout domain ; (thereby excluding the soil domain
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22), which differ from the convection (Equation (4.11b)) and continuity (Equations (4.11c)-
(4.11d)) boundary conditions presented herein. This change is necessary for comparison with
the results of Chen et al. [116,117].

The eigenvalues are extracted using SVD by locating the minimums, corresponding to the
eigenvalues A, of the minimum singular value of ®. The extracted eigenvalues are visualized
alongside the geometries in Figures 4.3 and 4.4. The four former eigenmodes (i.e. the function
X), corresponding to the first four non-repeated eigenvalues, are shown in Figures 4.5 and 4.6.
Table 4.1 compares the eigenvalues obtained with the proposed method with the eigenvalues
obtained by Chen et al. [116,117] using BEM. As shown, the computed eigenvalues are in

close agreement with the reference.

02k Minimum Singular Value
e ) extracted

Min. Value in SVD

Figure 4.3 One pipe geometry (Left). Eigenvalues extracted by SVD (Right)

L S S S S . e B, S .
i Minimum Singular Value |
02 ® A extracted .

Min. Value in SVD

Figure 4.4 Two pipes geometry (Left). Eigenvalues extracted by SVD (Right)
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Table 4.1 Comparison of the eigenvalues from the proposed method and Chen et al. [116,117]

Single pipe (Figure 4.3) Two pipes (Figure 4.4)
BEM in Chen et al. [116] Multipole Expansion BEM in Chen et al. [117] Multipole Expansion
A1 = 2.06 A1 =2.05 A1 =4.50 A1 =4.50
A2 = 2.23 A2 = 2.22 A2 =4.50 A2 = 4.56
A3 = 2.67 A3 = 2.66 A3 = 6.37 A3 = 6.40
Ay =3.22 Ay =321 Ay =T7.16 A =711

4.4.2 Steady-state temperature field

The steady-state temperature field is validated by comparing the solution of the steady-state
heat equation with non-homogeneous boundary conditions presented in Section 4.3.2 to the
multipole method of Claesson and Hellstrom [18] for two asymmetrically positioned pipes, as

shown on Figure 4.7. The dimensions and physical properties associated with the geometry
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are:

ky=15W/(m-K),ks=25W/(m-K),Ry=0.07m
01 = (—=0.03 m,0.02 m), Oy = (0.03 m,0 m), Ry = 0.02 m (4.33)
RQ = 0.02 m,ﬁl == 62 == 1.2,Tf1 = ng =1K

The values of Ty; = Ty, = 1 K correspond to a unit (1 K) temperature difference between
the fluid and borehole wall temperatures, as considered in Claesson and Hellstrom [18]. The
boundary conditions presented by Claesson and Hellstrom [18] are slightly different from the
ones considered in Equation (4.8). In Claesson and Hellstrom [18], the average borehole wall
temperature is imposed on 0€2:

288

1 m
= g/ To..(Ro, $)dé = o+~ In Ry = 0 (4.34)

R

where T5_ R is the perimeter average temperature at a radius Ry and 715, 5 corresponds
k 0

to the borehole wall temperature.

With this boundary condition, Equation (4.23) for the temperature in € is modified as

follows:

h -m -m
Ty, =To,|. +% n 2 > lfyﬁn <Rp0- ) cos(meg) + 9., (R'OO. ) Sin(mgbo)] (4.35)

Ry

Figure 4.7 Two asymmetrically positioned pipes geometry
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The method presented in Section 4.3.2 is still consistent as a solution to the Laplace equa-
tions (Equations (4.8) and (4.34)) and can thus be applied with the new boundary condition.
Figure 4.8 shows the steady-state temperature field (left) and a comparison of the tempera-
ture profile at y = 0 between the proposed method and Claesson and Hellstrom [18]. h = 15

terms are used in the multipole expansions for 7;_,.
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0.025 0.48 0 ]
— o L -
£ 0.000 0.32 x| ]
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(a) Steady-State Temperature Field (b) Temperature Profile at T'(x,0)

Figure 4.8 Validation against the multipole method of Claesson and Hellstrom

4.4.3 Transient multipole expansion

The complete proposed transient multipole expansion method is validated against FEA simu-
lations for two geometries, a single centered pipe (shown on Figure 4.9) and two symmetrically
positioned pipes (shown on Figure 4.10). FEA simulations are posed with meshes of 10228
nodes and 20216 triangular elements for the single pipe geometry, and 11572 nodes and 22850
triangular elements for the two pipes geometry with an external boundary of R, = 100 m.
For both simulations, 2nd order Lagrange polynomials are used to solve the weak formulation.

Backward Euler difference for time derivative is used with a time step At = 100 s.
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Figure 4.9 One pipe geometry (Left). Eigenvalues extracted by SVD (Right)
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Figure 4.10 Two pipes geometry (Left). Eigenvalues extracted by SVD (Right)

The dimensions and physical properties of the single pipe geometry are:

ky =073 W/(m-K), ky =282 W/(m- K),a; = 1.921 x 107 m?/s,
g = 1.410 x 107% m?/s, Ry = 0.035 m, Ry = 0.063 m, (4.36)
B =0.1985,T" = 293.15 K, Ty, = 295.15 K

The dimensions and physical properties of the two pipes geometry are:

ky =073 W/(m-K), ky =282 W/(m-K),a; = 1.921 x 107" m?/s, ay = 1.410 x 107% m?/s
O, = (—0.03 m,0),0, = (0.03 m,0), Ry = 0.063 m, R, = 0.0167 m
T =293.15 K, B = Bo = 0.4022, Ty = Tyy = 295.15 K
(4.37)

Figure 4.11 presents the total heat transfer rate at the pipe and the average borehole wall
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temperature for the single pipe geometry and their dependence on the number of terms in the
multipole expansions (M and h). Figure 4.12 presents the same for the two pipes geometry.
As shown in both figures, proper values for the parameters M and h are required to ensure
convergence of the temperatures and heat transfer rates. For the single pipe geometry, M =5
and h = 15 are sufficient to attain convergence, while M = 7 and h = 15 are needed in the two
pipes geometry. The parameter M influences the early transient phase of the temperature
and heat transfer rates, and h has a stronger impact on the later stages of the simulation.
While the heat transfer rates show good agreement with the FEA simulation, borehole wall

temperatures present some differences at early times.
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Figure 4.11 Borehole wall temperature and pipe heat transfer rate (one pipe geometry)
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Figure 4.12 Borehole wall temperature and pipe heat transfer rate (two pipes geometry)

Figures 4.13 and 4.14 show the temperature fields calculated from the FEA simulation and
the temperature profiles at y = 0 calculated from the FEA simulation and the proposed
method. The temperature fields and temperatures profile are shown at times ¢ = 1000,
10000 and 100000 seconds for both of the single pipe and the two pipes geometries. The
same temperature differences are observed as were seen in Figures 4.11 and 4.12 for the

average borehole wall temperatures.
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Figure 4.13 FEA simulation (left) and temperature profile at y = 0 (right) for the one pipe
geometry: (a) t = 1000 s, (b) t = 10000 s, and (c) ¢ = 100000 s
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geometry: (a) t = 1000 s, (b) t = 10000 s, and (c) ¢ = 100000 s

Finally, the coefficient updating scheme presented in Section 4.3.3 is used to calculate the
fluid temperature variations in the two pipes geometry of Equation (4.37) (Figure 4.15). A
constant total heat transfer rate per unit length ¢ = 58 W/m and a constant temperature
difference between the pipes AT =T, — Ty, = 1.3 K (representative of a constant fluid mass
flow rate) are applied with an initial temperature 7° = 293.15 K. The simulation time step
is At = 20 s and the maximum simulation time is ¢ = 3100 min, totaling 9300 time steps.

FEA calculations take 220 seconds to complete and the presented method takes 80 seconds
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to complete, including 61 seconds to evaluate the eigenvalues and integrals and 19 seconds

to simulate the heat transfer process over all 9300 time steps.
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Figure 4.15 Inlet and outlet fluid temperature variations

4.5 Conclusions

This paper introduces a new transient multipole method to solve the short-term heat transfer
in ground heat exchangers. The method does not require any simplification of the borehole
geometry or discretization of the borehole thermal capacitance and can accommodate any
number of arbitrarily positioned pipes within the borehole, as opposed to equivalent pipe
methods and resistance-capacitance methods found in the literature. The method shows
good agreement with reference FEA simulations when considering the 100 former eigenval-
ues of the expansion, identified from singular value decomposition. The method is then only
dependent on the number of terms in the expansions, h and M, without any requirement for
mesh generation of the calculation domain. For the considered cases h = 15 is sufficient for
the steady-state expansion, and M = 5 and M = 7 are sufficient for the transient expansion
in the one pipe and two pipes geometries, respectively. While boundary conditions of im-
posed fluid temperatures and undisturbed ground temperature as far field are considered in
the paper with a unbounded domain, the proposed method can be applied to other types of
boundary conditions, as shown in Sections 4.4.1 and 4.4.2 for validation against the litera-
ture. A coefficient updating scheme is adopted to consider time-dependent fluid temperature.

Fluid temperatures can be calculated by updating Fourier-Bessel coefficients and change the
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boundary conditions at each time step. Further investigation is required to consider the fluid
temperature variation along pipes, coupling the proposed method to an advection-convective
model of the fluid inside the pipes. The number of considered eigenvalues and the coefficient
updating scheme will then be analyzed for their impact on the accuracy and computational

efficiency of GCHP simulations.

4.6 Funding

This study is funded by the Natural Sciences and Engineering Research Council of Canada
(NSERC) [grant number: RGPIN-2018-04471].



o7

CHAPTER 5 ARTICLE 2: THERMAL INTERACTIONS IN LARGE
IRREGULAR FIELDS OF GEOTHERMAL BOREHOLES: THE METHOD
OF EQUIVALENT BOREHOLES

Authors: Carlos Prieto and Massimo Cimmino

Article published in the journal: Journal of Building Performance Simulation, Volume
14, Issue 4, pages 446-460

Date of publication: 25 August 2021

5.1 Abstract

A new method is presented to evaluate thermal interactions between vertical geothermal
boreholes. The finite line source (FLS) solution is extended to consider thermal interactions
between groups of boreholes. Groups of boreholes that share similar temperatures and heat
extraction rates are identified using hierarchical agglomerative clustering, and each group is
represented in the model as a single equivalent borehole. Each equivalent borehole is split
into segments, and temporal and spatial superposition of the FLS solution are employed to
calculate the total temperature change along the length of the equivalent boreholes. The
new method is shown to provide an accurate calculation of the g-function, with a mean
absolute percentage error below 0.612 % on the g-functions of regular borefields of up to
144 boreholes using only 3 to 5 equivalent boreholes. Calculation times are significantly
reduced: the g-function of a borefield of 1024 randomly positioned boreholes is calculated in
3.65 seconds.

5.2 Introduction

Ground-coupled heat pump (GCHP) systems use the ground as a heat source (or sink) to
supply heating (or cooling) to buildings. GCHP systems are composed of one or multiple heat
pumps coupled to a set of geothermal boreholes (i.e. a borefield) that allow the exchange of
thermal energy with the ground. A geothermal borehole consists in a drilled hole, typically
of a diameter ranging from 100 mm to 150 mm and of a length ranging from 15 m to
180 m [130]. Ome or several U-tubes (or alternatively coaxial pipes) are inserted into the
borehole and the borehole is subsequently back-filled with grouting material. In some cases,
no grouting material is used and the borehole is filled with groundwater. The heat carrier

fluid from the heat pump(s) is circulated through the boreholes to exchange heat with the
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surrounding ground and then fed back to the heat pump(s). Heat extraction and rejection in
the borefield cause fluid and ground temperature variations which may compound over the

GCHP system’s life cycle and impact on its performance and operability.

Mathematical models of heat transfer are used in all phases of GCHP system planning, design
and operation. These mathematical models allow to predict temperature changes in the fluid
and the ground due to fluctuations in the heat extraction and rejection into the borefield.
In site characterization applications, physical parameters (e.g. soil thermal conductivity,
borehole thermal resistance) can be inferred by fitting mathematical models to measurements
from a thermal response test [131]. In the design phase of the system, mathematical models
can be used to estimate the required borehole size to satisfy the operation parameters of the
equipment, for example lower and upper fluid temperature limits for the operation of the heat
pump [132]. Heat pump and borefield heat transfer mathematical models can be coupled to
predict the energy consumption of the system. Also, these models could allow successfully
posing an optimization strategy for the system design and the development of model-based
control strategies [133]. Accurate predictions of fluid and ground temperatures require the
modeling of both of the long-term and short-term heat transfer effects in geothermal boreholes
[10]. Long-term heat transfer effects are characterized by the three-dimensional heat transfer
in the soil and the thermal interactions between boreholes. Short-term heat transfer effects
are characterized by the transit of the fluid through the boreholes and the thermal capacitance

of the borehole materials.

Long-term temperature predictions in geothermal borefields can be obtained by temporal
superposition of thermal response factors, or g-functions. g-Functions are unit step-response
functions of the effective borehole wall temperature change due to a unit heat extraction rate
from the borefield. They can be superimposed in time to achieve simulations of geother-
mal systems [134]. Eskilson [67] calculated the g-functions of geothermal borefields from the
spatial superposition of temperature fields around individual boreholes. The individual tem-
perature fields were calculated using a finite difference method. The inside and outside of the
boreholes, delimited by the borehole wall, were uncoupled by considering a uniform borehole
wall temperature along the length of the boreholes and equal for all boreholes. In recent
work, g-functions are calculated by superimposing suitable analytical heat source solutions
to model various physical phenomena, for example the finite line source (FLS) solution to
model purely conductive heat transfer in isotropic and homogeneous ground [67], the moving
finite line source to model the effects of groundwater advection [95], and the multilayer finite
line source to model layered ground physical properties [74]. For pure conduction, the FLS
solution was spatially superposed by Zeng et al. [68] to calculate thermal response factors

of geothermal borefields. Lamarche and Beauchamp [69] and later Claesson and Javed [71]
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obtained simplified expressions for the FLS solution involving a single integral, down from a

computationally expensive double integral.

The simple spatial superposition of the FLS solution fails to accurately evaluate g-functions,
due to the different boundary conditions at the borehole wall : the FLS solution considers
a uniform heat extraction rate and Eskilson’s g-functions consider a uniform borehole wall
temperature. Cimmino et al. [72] and Cimmino and Bernier [73] were able to evaluate
the g-functions for a uniform temperature boundary condition by first considering the time
variation of the heat extraction rates of individual boreholes, and then by considering the
distribution of heat extraction rates along boreholes using a segmented FLS solution. This
method was also applied to inclined boreholes by Lazzarotto [75]. Cimmino [77] coupled
the segmented FLS solution to a thermal circuit representation of the inside of geothermal
boreholes and showed that the distribution of temperatures and heat extraction rates along
boreholes are needed for accurate predictions of temperature variations. The spatial and
temporal superposition of the FLS solution can also be used to assemble so-called network-
based models of geothermal systems that account for the hydraulic configuration of the
geothermal borefield, where the full distribution of borehole wall temperatures are evaluated

every time step of simulations [135-137].

A drawback of analytical models for thermal interactions between boreholes, such as the FLS
solution, is the computational effort required to evaluate the solution (due to the integral)
and to solve the system of equations. The number of evaluations of the FLS solution scales
with the square of the number of line source segments (i.e. the number of segment pairs).
Cimmino [138] considered similarities between pairs of line sources to reduce the number of
evaluations of the FLS solution. Dussault et al. [139] approximated the integrand of the FLS
solution using Chebyshev polynomials, thereby reducing the time taken for numerical integra-
tion. Nguyen and Pasquier [140] make use of interpolations of a priori calculated FLS values
at different distances, thereby reducing the time in the calculation of the borefield thermal
response. These last two techniques, however, do not consider the distribution of heat extrac-
tion rates over the length of the boreholes. In all cases, the size of the system of equations
is unaffected. The size of the system of equations is particularly damaging in network-based
methods where it needs to be solved at each time step of the simulation. Lamarche [141]
proposed a new FLS solution for piecewise linear distributions of heat extraction rates along
the boreholes that achieves the same accuracy as the piecewise constant solution using fewer

borehole segments and thereby reducing the size of the system of equations.

Short-term effects, caused by the transit of the fluid through the boreholes and the thermal

capacitance of the borehole materials, dampen the variations of fluid and ground tempera-
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tures during the first few hours of heat extraction and injection. The lower bound of validity
of long-term models that neglect short-term effects is estimated to be t, = 5r¢/ay, with 7,
the borehole radius and «; the ground thermal diffusivity [67]. Neglecting short-term effects
leads to an overestimation of the fluid and ground temperature changes, and possibly to an
underestimation of the heat pump efficiency in simulations and an overestimation of the re-
quired borehole length in design [11,142]. There are several modeling approaches that include
short-term effects, some of them are: equivalent pipe models [15,29,30,33,38], thermal resis-
tance and capacitance methods (TRCMs) [42,43,46,47] and other models based on numerical
methods [52,56,57]. Recently, transient multipole solutions have been developed in the time
domain [143] and spectral domain [60] for 2D transient heat conduction. These solutions,
that in their mathematical formalism approach exact solutions, have yet to be extended to
include end-effects (i.e. axial heat transfer) in the boreholes and include fluid capacity in in-
side the pipes. There are works in which some of the mentioned methods are used to simulate
both short- and long-term effects, such as Laferriere et al. [144]; Li et al. [145] and Claesson
and Javed [71]. In these applications, the short- and long-term models are loosely coupled :
only one borehole is used in the short-term model to represent the entire borefield, and the
distribution of temperatures and heat extraction rates along the length of the borehole from
the short-term model is not taken into account for long-term predictions. This approach
is justifiable since modeling hundreds boreholes individually, both in the short- and long-
term, would make the computational requirements for simulation impractical. As a result,
the impact of short-term effects on the long-term temperature changes is unknown. New
computationally-efficient and scalable (with regards to the number of boreholes) approaches
to model long-term heat transfer in geothermal borefields are thereby needed to achieve de-
tailed axially-discretized models of geothermal borefields that can be used in multi-annual

simulations of GCHP systems.

This paper introduces a new equivalent borehole concept to model thermal interactions in
geothermal borefields and to reduce the size of the system of equations in thermal models, and
enable the efficient modelling of thermal interactions in large geothermal borefields comprised
of hundreds of boreholes. A hierarchical agglomerative clustering is applied to identify groups
of boreholes that share similar temperatures and heat extraction rates, and the FLS solution
is adapted to evaluate thermal interactions between groups of boreholes each represented by
a single equivalent borehole. The new approach is validated by calculating the g-function of

borefields against a reference method from the literature [138,146].
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5.3 Methodology

5.3.1 Thermal interaction between boreholes

Figure 5.1 shows a field of NV, = 2 vertical boreholes of equal dimensions. All boreholes have
the same length L and radius r,, and are buried at the same distance D from the ground
surface. Fach borehole i is located at coordinates (x;,7;). The ground has a uniform and
isotropic thermal conductivity ks, and thermal diffusivity ay, and is initially at a uniform

temperature T'(z,y, z,t = 0) = Tj (i.e. the undisturbed ground temperature).

Surface

'rl-j

L

sy Qg

Figure 5.1 Field of 2 vertical boreholes of equal dimensions

Following the methodology of Cimmino and Bernier [73], each borehole is divided into n,
segments, and each borehole segment is modeled as a line segment located along its axis
with a uniform heat extraction rate. The temperature drop at the wall of a segment u of a
borehole ¢ at time ¢; can then be evaluated from the spatial and temporal superposition of

the analytical FLS solution :

Nb Nq k

1
ATy upr =To — Thiue = Ik DY Qv (hijun(te — tpm1) — hijun(te — t)) (5.1

$ j=1lv=1p=1

where ATy ;. r is the temperature drop at the wall of segment u of borehole 7 at time tj,
Ty is the initial ground temperature, T3, is the temperature at the wall of segment u of
borehole 7 at time t;, @}, , is the heat extraction rate per unit length of segment v of borehole
J from time ¢, ; to t,, and h;; .. is the segment-to-segment thermal response factor for the

borehole wall temperature change over segment u of borehole 7 caused by heat extraction
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from segment v of borehole j. The segment-to-segment response factor is given by the FLS

solution:

Pijoun(t) 2L — eXp 2J 2) Irps(s)ds (5.2a)

Irps(s) = erfint (D, — D, + L,)s) — erfint ((D,, — D,)s)
+ erfint (D, — D, — Ly)s) — erfint (D, — Dy, + Ly, — Ly)s)
+ erfint ((Dy, + Dy, + Ly,)s) — erfint (D, + D,)s)
+ erfint (D, + D, + L,)s) — erfint (D, + D, + L, + L,)s) (5.2b)

erfint(z) = /Ox erf(2') do’ = zrerf(z) — \/1% (1 - exp(—xQ)) (5.2¢)

where 75 is the radial distance between boreholes ¢ and j (with r; = 1), erf(z) is the error

function and erfint(z) is the integral of the error function.

In non-dimensional form:

Ny nq
6)bzuk: - zzqu]q)p 17, uv 7_10—1) - h'ij,uv(Tk: - Tp)) (53)
j=lv=1p=1
where 0y ; 1 = W is the dimensionless temperature at the wall of segment u of borehole
1 at a dimensionless time 75, = 9629;’“ = i—’“ with ¢, the borefield characteristic time, gb] vp Qé};"

is the normalized heat extraction rate per unit length of segment v of borehole j from time

7,1 to 7,, and Q)™ is an arbitrary heat extraction rate per unit length.

Equation (5.3) can be simplified by introducing matrix notation:

k
@ch = Z (H(Tk — Tp_l) — H(Tk — Tp)) (I); (54)
p=1

=Y (H(m — 7p-1) —H(me — 7)) @, + H(1 — 70-1) P}, (5.5)
= ®g,k + H(m, — 73-1) P}, (5.6)
where @), = [9,,71’17;% Op12k, " ,9b7Nb7nqyk}T is a vector of dimensionless borehole wall tem-
T

peratures along all segments of all boreholes at time 7, and ®) = { Lk Plog s ONpng }

is a vector of dimensionless heat extraction rates per unit length along all segments of all
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boreholes at time t;. H is a Nyn, X Nyn, matrix of segment-to-segment response factors:

h11,11(7'k) hll,lZ(Tk) ce thb,lnq (Tk)
h T] h T, -« h n (T
H(Tk> _ 11,2:1( k:) 11,2:2( k) . 1Nb,2: q( k) (5'7)
h'Nbl,nql(Tk) hNbl,nqz(Tk) ce hNbNb,nqnq(Tk>

5.3.2 Thermal interaction between groups of boreholes

The size of the system of equations presented in Equation (5.4) increases with the square of
the total number of segments in the borefield (N;n?). The calculation time for the simulation
of borefields using network-based methods (e.g. [135-137]) or for the evaluation of g-functions
(e.g. [138,139]) thereby increases substantially when the number of boreholes increases. This
makes the simulation of geothermal borefields increasingly impractical as the number of bore-
holes increase. One method for decreasing the size of the system of equations is to consider
symmetries in the borefield layout, as done by Cimmino et al. [72]. This method is however
only applicable to regular borefield geometries where symmetrical groups of boreholes, which
share the same borehole wall temperatures and heat extraction rates, can be easily identified.
This section extends the concept of borehole groups to consider groups of non-symmetrically
positioned boreholes. Boreholes in the same group are assumed to have similar borehole wall
temperature profiles and heat extraction rate profiles, such that all boreholes in a group can

be replaced with a single equivalent borehole representative of that group.

There exists a fundamental group composed with all the boreholes in the borefield defined
as G =1{1,2,3,...,4,...,74,..., Ny}, which is a non-empty finite set where every element in
the group corresponds to a borehole index. Since G is non-empty and finite, it is possible
to decompose this group as a set of G(< Np) non-empty groups such that G = US_, Gz (ie.
all boreholes are in a group), Gz NGy = @ for T # J (i.e. a borehole is an element of
only one group), and consequently NS_, Gz = @. The cardinality of the borefield group is
#G = z§:1 #Gz = Zgzl Nz = Ny, where Ny, 7(> 1) corresponds to the number of boreholes

belonging to group Gz. The formation of borehole groups is described in section 5.3.3.

The dimensionless borehole wall temperature at the wall of equivalent borehole segments is

calculated from the spatial and temporal superposition of the FLS solution:

B g "q k _ _
Ov gk =D DD 7w (th,uv<7—k — Tp—1) — Rz 7 (T — Tp)) (5.8)

n=1v=1p=1

where éb,I,u,k is the dimensionless temperature at the wall of segment u of equivalent borehole
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7 at time Ty, _’Jﬂ)’p is the normalized heat extraction rate per unit length of segment v
of equivalent borehole J from time 7,_; to 7,, and HIJM is the equivalent segment-to-
segment response factor for the borehole wall temperature change over segment u of equivalent

borehole Z caused by heat extraction from segment v of equivalent borehole 7.

The equivalent segment-to-segment response factor is given by the average segment-to-segment
response factors for the borehole wall temperature change along segments u of all boreholes

in group Gz due to the heat extraction at all segments v of all boreholes in group G ;:

th’uv(t 2L sz/ Z Z —exp( ’/’ S )IFLS< )d (59)

\/4043 i€Gz jeGy

- Noz Ly,
h VU t h uv t 5-10
Tzou(t) = Nog L 7.7,u0(t) (5.10)
In matrix notation:
— k — — —
O = (H(r — 7pm1) —H(m — 7)) @, (5.11)
p=1
k=1 - ~ ~ ~
=3 (H(r = 71) = H(7 — 7)) @), + H(r, — 71) @, (5.12)
p=1
= 0y, + H(n — 71)®), (5.13)
_ T
where @b E = [91),1,17;{, Hb 12k > ObGong, k} is a vector of dimensionless borehole wall tempera-
tures along all segments of all equivalent boreholes at time 7, and &/, = [7’1717,?, €5/1,2,k7 cee q@’gnqk}

is a vector of dimensionless heat extraction rates per unit length along all segments of all

boreholes at time 7. H is a gng x Gn, matrix of equivalent segment-to-segment response

factors: - - -
h11,11(7k) h11,12(7'k) ce hlg,lnq (Tk)
fi(n) = | " ) e 519
Bgl,nql(Tk) Bgl,an(Tk) o ngmqnq (Tk)

Comparing Equations (5.3) and (5.8), it can be seen that the size of the system of equations

using equivalent boreholes is reduced by a factor NZ/G2.

5.3.3 Equivalent boreholes

This section introduces a systematic way to compute the finite set of groups for the borefield

group G = UJ_, Gz. A hierarchical clustering approach is introduced to define the groups.
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Then, an optimal number of groups is defined based on the maximum dissimilarity between

the identified groups.

Hierarchical agglomerative clustering

A hierarchical agglomerative clustering method is applied to form groups of boreholes that
share similar borehole wall temperatures. Agglomerative clustering methods present advan-
tages compared to other clustering methods (e.g. k-means, k-medoids), as they do not require
the number of groups to be known prior to clustering. In hierarchical agglomerative clus-
tering, each element (i.e. borehole) is initialized as their own cluster (i.e. group). At each
iteration of the algorithm, the two closest clusters are merged according to a linkage criterion
evaluated from a distance metric based on the distance between elements of the two clusters.
The product of the hierarchical agglomerative clustering can be visualized on a dendrogram
tree from which the clusters can be identified for a known number of clusters or based on a

criterion to identify the optimal number of groups (as will be presented in section 5.3.3).

Recalling from section 5.3.2 that boreholes in the same group should have similar borehole
wall temperatures and heat transfer rate, the absolute temperature difference between bore-
holes is used as the distance metric. A complete linkage is proposed, meaning the distance
between two groups of boreholes is given by the maximum absolute temperature difference

between boreholes of the two groups:

LEZ,J) =, max, M(,j) (5.15)
M(i, j) = |6 — 0] (5.16)

where £(Z, J) is the complete linkage criterion between groups Z and J (i.e. the distance
between the groups), M(i,7) is the distance metric between two boreholes, and 6; is the

dimensionless temperature at the wall of borehole .

Dimensionless borehole wall temperatures are calculated considering a unit normalized heat
extraction rate equal for all boreholes (i.e. ¢ = 1). For the purpose of the hierarchical
agglomerative clustering, the single segment steady-state finite line source (FLS) is used to
evaluate the dimensionless borehole wall temperatures, rather than the FLS solution used
in sections 5.3.1 and 5.3.2. It was found that the single segment steady-state FLS solution
provides sufficient accuracy for clustering with the advantage of being much less computa-
tionally intensive to evaluate than Equation (5.2) since there exists a formulation free of
integrals. The average dimensionless temperature change at the location of a borehole ¢ due

to a unit normalized heat extraction rate per unit length at a borehole j is given by:
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D;+ D, + Ly, D; + D;, D; + D; + L;, D; + D; + L; + L;}

By = o S0 furtn [(u + Jf 175 frg] — ) (5.17b)

i =1

(5.17a)

where §;; is the steady-state dimensionless temperature change at the location of a borehole
i, located at a distance r;; from a borehole j (with r; = r}), caused by a unit normalized

heat extraction rate per unit length.

The dimensionless borehole wall temperature change is given by the spatial superposition of

the temperature changes caused by all boreholes:

Ny
j=1

Optimal number of groups

The result of the hierarchical agglomerative clustering can be visualized on a dendrogram.
Figure 5.2 shows an example dendrogram generated from the clustering of a field of 16 bore-
holes. The dendrogram shows the complete clustering process, starting with all boreholes
in separate groups until all groups are merged into a single group. The leaf nodes at the
bottom of the dendrogram represent the initial groups. At each iteration, the two closest
groups (according to Equations (5.15) and (5.16)) are merged. The created group is repre-
sented as an internal node, with branches connecting the node to the two merged groups,
and its height represents the distance between the two groups. The root node, at the top of

the dendrogram, contains all boreholes.

A minimum number of groups, expressed as G, can be identified from a cut-off threshold
on the dendrogram. A simple technique to identify the minimum number of groups is to cut
the dendrogram at the half-height with an horizontal line at the longest distance between
two consecutive nodes on the tree, as shown on Figure 5.2. The number of branches crossed
by the cut-off line corresponds to the minimum number of groups. In the example, G.,;, = 2.
The optimal number of groups is greater than the minimum. However, it is not possible
to identify the optimal number of groups on rigorous formalism (not based on nonlinear

programming) but particular techniques have been studied [147-149]. Therefore, the number
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Figure 5.2 Dendrogram Example

of groups can be chosen by increasing the minimum number of groups:
G = Guin + K (5.19)

where K is a precision increment from which the number of groups can be increased from the
minimum. It will be shown later that the proposed method achieves acceptable accuracy for
K=1.

5.3.4 g-function calculation

The proposed method is validated by calculating the g-function. The g-function represents
the effective borehole wall temperature variation in a field of thermally interacting boreholes
for a constant total heat extraction rate. Temporal superposition can later be applied to the
g-function to simulate borefields with varying heat extraction rates. As shown by Cimmino
and Bernier [73], the accurate evaluation of the g-function requires detailed modeling of the

borefield where the variation of heat extraction rates along the boreholes is considered.

In the proposed method, each group of boreholes is modeled using a single equivalent borehole
and the variation of the heat extraction rate along its length is applied to all boreholes of
the same group, thereby limiting the degrees of freedom of the borefield. If the equivalent
boreholes are indeed representative of their respective groups and the number of groups
is sufficient, the proposed method should produce the same g-function as if all boreholes
are modeled individually. The proposed method will thus be validated by evaluating the

g-function and comparing the variation of heat extraction rates in the borefield.

For a field of boreholes connected in parallel, the g-function is typically evaluated by imposing

a uniform borehole wall temperature equal for all boreholes [67], based on the assumptions
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that the fluid temperature variation inside boreholes is small and that fluid and borehole
wall temperatures are sufficiently close. At each time step, a system of equations is built
and solved to identify the required borehole wall temperature to achieve the desired constant

total heat extraction rate:

H(ne —ma) 11| &5 — —65; (5.20a)
L 0 éb,k 1 ’
— Np1 N, 1 N 2 N, , N, ) N’
L= |:NbbT’Lq Nbbnq T Nbbnq Nbbn2q e Nbbn—c; N:ngq:| (520b)

where O_b,k is the uniform dimensionless borehole wall temperature at time 75, corresponding
to the g-function, and L is a vector of length ratios that imposes a constant total unit nor-
malized heat extraction rate per unit length. A similar system of equations can be built from
the relations in section 5.3.1 to evaluate the g-function considering each borehole individu-
ally. The method is not limited to the calculation of g-functions using a uniform temperature
boundary condition. The same hierarchical agglomerative clustering approach can be con-
sidered to evaluate g-functions using an equal inlet fluid temperature boundary condition
by extending Equation (5.20) to include the interaction between the fluid and the borehole
walls [77]. Boreholes of unequal lengths can also be considered by applying the clustering
approach to each subset of boreholes of equal lengths in the borefield.

5.4 Results

The proposed method is implemented in Python, using the SciPy library [128] for the im-
plementation of the hierarchical agglomerative clustering, the evaluation of integrals and the
evaluation of special functions (e.g. the error function), and the NumPy library [127] to han-
dle matrix and vector manipulations. The reference g-functions, evaluated with all boreholes
modeled individually as presented in section 5.3.1, are calculated using the pygfunction
(version 2.0.0) library [146] which implements the similarities method of Cimmino [138] to
accelerate calculations. The pygfunction library was extended to accommodate the pro-

posed method.

The proposed method is first applied to the calculation of the g-function of a field of 20
boreholes in a rectangular configuration and compared to the reference method with regards
to the g-function values and the predicted heat extraction rates. Then, the accuracy and
computational time of the proposed method is assessed on various regular borefield config-
urations with up to 144 boreholes. Finally, the robustness and scalability of the method, in

terms of accuracy and calculation time, is tested on borefields of randomly positioned bore-
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holes with up to 1024 boreholes. Simulation parameters are presented in Table 5.1, where

the borehole spacing B only applies to regular borefield configurations.

Table 5.1 Borehole and ground parameters

Parameter Value
Borehole buried depth D=4m
Borehole length L =150 m
Borehole spacing B=75m
Borehole radius r, = 0.075 m

Ground thermal diffusivity a, = 1.0 x 1075 m?/s

In all cases, the number of equivalent boreholes is chosen according to the criterion of sec-
tion 5.3.3 with K = 1, the number of segments per borehole is n, = 12 as per the recom-
mendation of Cimmino and Bernier [73], and the g-functions are calculated at V; = 25 time
values in geometrically expanding time-steps in the range —10 < In(¢/ts) < 5. All calcu-
lations were done on a personal computer with 16 GB of RAM and a 6-core processor (12

threads) running at normal speed of 2.60 GHz and maximum speed of 4.80 GHz.

The accuracy of the proposed method is quantified using the mean absolute percentage error:

. 100 N greference(Tk) - g<7k>
Nt k=1 greference(Tk)

(5.21)

where MAPFE is the mean absolute percentage error and greference 1S the g-function evaluated

using the reference method.

5.4.1 Rectangular borefield of 20 boreholes

Figure 5.3 shows the results of the hierarchical agglomerative clustering method applied to
a borefield of 20 boreholes in a N, x N, = 5 x 4 rectangular configuration. Figure 5.3a
shows the borefield layout, with markers representing the positions of the boreholes and
different marker colors representing the identified borehole groups. Figure 5.3b shows the
dendrogram resulting from the clustering method. It can be seen that the minimum number
of groups is Gmin = 2 since the cut-off line, at half-height of maximum L(Z,J) between
two consecutive nodes, crosses two branches of the dendrogram, and therefore the number
of groups is G = 3 for a precision increment I = 1. For simplicity, groups will be referred
to using roman numerals (e.g. group I/ refers to G3). In this example, group I contains 6
boreholes, group /1 contains 10 boreholes, and group /11 contains the remaining 4 boreholes.
It should be noted that, due to symmetries in the borefield layout, the borefield could be
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modeled with no error (compared to the reference) using only 6 groups. Figure 5.3a shows
that the clustering approach successfully places symmetrically positioned boreholes in the

same group.
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Figure 5.3 Hierarchical agglomerative clustering method for a 5x4 borefield

Figure 5.4a compares the g-function of the 5x4 borefield evaluated using the proposed method
to the reference method of Cimmino [138] for a K = 1. Figure 5.4b shows the MAPFE and the
maximum relative error as a function of the number of groups G used for the calculation of
the g-function (with G, + 1 = 3). It is shown that the errors are maximum when only one
group is considered, with a MAPE (left y-axis) of 1.2% and a maximum relative error (right
y-axis) of -0.05. A negative sign on the maximum relative error means that the g-function
calculated by the proposed method overestimates the value given by the reference method.
As expected, the errors reach 0 when G = 6. According to these results, a precision increment
K =1 is sufficient to estimate the g-function. For a precision increment I =1 (G = 3), the
MAPE is equal to 0.017 % and the maximum relative error is equal to —3.75 x 10~ and is
found at the last time step In(t/ts) = 5. It is thus found that thermal interactions in a 5x4

borefield totaling 20 boreholes can be accurately represented by 3 equivalent boreholes.

The heat extraction rates of the equivalent boreholes are compared to the heat transfer rates
of the individual boreholes calculated using the reference method to verify that equivalent
boreholes are representative of their respective group. Figure 5.5a presents the time-variation
of the average over-the-length heat extraction rate profile and Figure 5.5b presents the vertical
steady-state heat extraction rate profile along for the same 5 x 4 borefield evaluated at
In(t/ts) = 5. Colored markers correspond to the heat transfer rates calculated by the reference
method and their colors correspond to the groups identified in Figure 5.3a. Solid black lines

correspond to the heat transfer rates of the equivalent boreholes calculated using the proposed
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Figure 5.4 g-function comparison for a 5x4 borefield

method while the red crosses correspond to the average of the heat transfer rates calculated
by the reference method for each group. It is shown that core boreholes in group I experiment
lower heat transfer rates than perimeter boreholes in group I71. The good agreement between
the heat transfer rates of equivalent boreholes and the group averages shows that the proposed
hierarchical agglomerative clustering method is able to identify equivalent boreholes which
are representative of their group. The maximum relative error on the average over-the-
length heat extraction rates of equivalent boreholes is less than —7 x 10~ for all groups
when compared to the group average evaluated using the reference method. The maximum

relative error on the steady-state heat extraction rate profiles is —5 x 10~* for group II1.
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Figure 5.5 Heat extraction rates of a 5x4 borefield
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5.4.2 Regular borefield configurations

The accuracy and calculation time of the method is assessed for various regular borefield
configurations with up to 144 boreholes. Figure 5.6 presents schematic representations of
rectangular, L-, Box- and U-shaped borefields. For each of the configurations, the method
is applied to borefields in all possible combinations of 2x1 up to 12x12 boreholes on the
horizontal and vertical directions, respectively. For these simulations, the number of groups
varies between 2 and 4 for L = 1 and between 2 and 5 for = 2. A number of groups
G = 2 is only found in the case of the 2x1 configurations. Figure 5.7 compares the
MAPFE for K = 1 and K = 2 for regular borefield configurations from 2x1 up to 12x12
boreholes. MAPE values lower than 10~* are shown on a linear scale. Markers are colored
according to the number of equivalent boreholes used for the calculation of the g-function.
The largest MAPE is equal to 0.612 % and found for the 12x9 rectangular borefield totaling
108 boreholes for £ =1 (G = 4), and is equal to 0.490% for a 12 x 7 rectangular borefield
totaling 84 boreholes with I = 2 (G = 5). For the largest borefield, totaling 144 boreholes in
a 12 x 12 rectangular configuration, the MAPE is equal to 0.493 and 0.254 % with 3 (IC = 1)
and 4 groups (K = 2), respectively. It is thus observed that the precision increment K has
a positive but not significant impact on the MAPFE when increasing its value by one. A
value of I = 1 is found to provide sufficient accuracy across all regular configurations. The
borefield configuration was not found to have any significant impact on the MAPE. It should
be noted that the MAPF reaches zero when the number of groups is equal to the number of

boreholes in the borefield, or earlier if there are any symmetries in the borefield layout.
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Figure 5.6 Regular borefield configurations
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The method presents substantial improvements in calculation time due to the decrease in the

number of modeled boreholes for large borefields. Figure 5.8 presents the calculation times

of the reference method (using pygfunction) and the proposed method. As can be seen,

the calculation time starts increasing rapidly in the reference method once the number of

boreholes reaches approximately 100 boreholes. Comparatively, the calculation time in the

proposed method increases very slowly with the number of boreholes. As an example, for

the 12x12 rectangular borefield with 144 boreholes, the calculation time is 7.4 sec and 0.9

sec for the reference method and the proposed method, respectively.
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Figure 5.8 Calculation time for the evaluation of g-functions of regular borefields
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5.4.3 Irregular borefield configurations

The proposed methodology is not limited to regular configurations such as those presented
in the previous section but also to non-conventional configurations. The applicability of
the method to irregular configurations is tested in this section by evaluating the g-functions
of 100 randomly positioned boreholes in different borefield shapes. Two series of cases are
presented: (i) four configurations with boreholes randomly positioned in a rectangular domain
with different form factors (ii) four configurations with the same overall rectangular domain
but with a geometric constraint in the center of it (e.g. a building). The scalability of the
method to very large borefields is then tested in section 5.4.3.

Mean absolute percentage error

The accuracy of the proposed method is now evaluated by calculating g-functions of borefields
of randomly positioned boreholes. 100 boreholes are randomly positioned in rectangular and
hollow-rectangular domains as shown on figure 5.9. In all cases, the overall domain area is
40,000 m? and the minimum spacing between boreholes is 7.5 m. Configurations A, B, C and
D have varying shape factors L,/L, of 1, 2, 4 and 8, respectively. Configurations E, F, G
and H have the same overall dimensions as configuration A but boreholes cannot be placed
in a rectangular area at the center of the field (which could represent a building in practical

cases). The physical dimensions of the borefield domains are presented in table 5.2.

!/
LZL'
/
L, Ly L,
L, L,
(a) Rectangular domains: config- (b) Hollow-rectangular domains:
urations A to D configurations E to H

Figure 5.9 Shapes of the irregular borefield domains

Figure 5.10 shows the MAPE and maximum relative error for 20 random borefields in each

of the 8 configurations. The number of groups identified from the clustering method varies
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Table 5.2 Dimensions of the irregular borefield domains

Parameter Configuration
A B C D E F G H

L, [m] 200 141 100 71 200 200 200 200
L,[m] 200 238 400 566 200 200 200 200
L. [m] - - - - 160 128 102 82
L, [m] - - - - 160 128 102 82

from G = 3 and G = 5 depending on the positions of the boreholes in the randomly generated
borefields. The proposed method maintains a MAPE below 0.72 % in all cases, and below
0.62% when considering the MAPE under the third quartile. The maximum relative error
(in magnitude) is -0.0168 and found in configuration D at In(t/t;) = 5. Again, the negative
sign means the proposed method overpredicts the reference value. An overestimation of
the g-function is consistent with results obtained when decreasing the axial discretization
of boreholes, i.e. using fewer segments per borehole to evaluate the g-function [73]. As the
number of segments decreases, the temperature at the borehole walls moves away from an
equal and uniform temperature and the g-function is overpredicted. In the same way, when
using fewer equivalent boreholes, the borehole wall temperatures of the boreholes (as opposed
to the equivalent boreholes) move away from an equal and uniform value and the g-function

should likewise be overpredicted.

AT At
FITEL ST i EAR
ity (M0

(a) g-function MAPE on random field con-(b) g-function maximum relative error on ran-
figurations dom field configurations

Figure 5.10 MAPF on the g-function and number of groups for the irregular borefields

Sample results for a borefield of 100 boreholes on a hollow-rectangular domain in configura-
tion F are shown on Figure 5.11. The g-function, calculated using only 3 equivalent boreholes
and shown on Figure 5.11b, is evaluated with a MAPE = 0.334 % and with a maximum rel-
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ative error of -0.006 (at In(¢/ts) = 5). The numbers of boreholes per group are 54, 33 and 13
(I, IT and IIT), respectively. Despite the large number of boreholes and the irregular config-
uration, Figures 5.11c and 5.11d show that the heat extractions rates of equivalent boreholes
are in good agreement with the average heat extraction rates calculated with the reference

method. The maximum relative error on the heat extraction rate profiles at In(¢/ts) =5 is
-0.002 for group 1.

200 Proposed

method
150 ] ok X Reference ]
{ Groups L 1
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(c) Average borehole heat extraction rates

(d) Steady-state borehole heat extraction
rate profiles

Figure 5.11 Sample results for configuration F

Scalability of the proposed method

Figure 5.12 shows the g-function computation based on the proposed and reference methods

for different random borefields with numbers of boreholes in increments of powers of 2,
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starting from 8 up to 1024 in a limited region with dimensions L, x L, = 500 x 500 m?.
Table 5.3 presents the MAPFE, the maximum relative error and the calculation time for each
of the cases. The results show good agreement with the reference method. In general, the
maximum relative error is found at In(t/t;) = 5. The calculation time was significantly
reduced for large borefields. For instance, the calculation time of the reference method for
1024 boreholes is 5125 sec. For the calculation of the g-function of the field of 1024 boreholes,
pygfunction had to be configured to use single precision (float32) instead of double precision

(float64) so that the available memory was sufficient to do the computation.

—————r T
— Np= 8
Np= 16
Np= 32
40 Ny = 64
~ Np= 128
s — Np= 256
> — Np= 512
20
— N,= 1024
X Reference % §§§§§§§
0L, L . R n
-10 -5 0 5
In(t/ts)

Figure 5.12 g-function for different random borefield configurations

Table 5.3 Scalability of the proposed method

Ny 8 16 32 64 128 256 512 1024

MAPE (%) 0.002 0.007 0.092 0.115 0.224 0405 0.540 0.690
Maximum relative error 6.95 x 107> 2.69 x 10~* -0.003 -0.003 -0.005 -0.009 -0.011 -0.015
Calculation time [s] 0.79 0.84 0.86 087 093 124 186  3.65

5.5 Conclusions

A new method is proposed to evaluate thermal interactions between geothermal boreholes.
The finite line source (FLS) solution is extended to consider thermal interactions between
groups of boreholes rather than between individual boreholes. It is shown that a small number
of representative groups of boreholes, each modeled using a single equivalent borehole, can
accurately represent the heat transfer process in a bore field. Hierarchical agglomerative
clustering allows the identification of representative groups using a simplified heat transfer

model, based on the steady-state finite line source (FLS) solution. A cut-off line is drawn on
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the borefield dendrogram to estimate the minimum number of groups and incremented by a

precision increment (IC = 1).

The accuracy of the proposed method is assessed by calculating g-functions of geother-
mal borefields and comparing the results to the reference method [138] implemented in
pygfunction [146]. A comparison of regular borefield configurations with up to 144 bore-
holes shows that the proposed method achieves a mean absolute percentage error (MAPE) of
less than 0.612 % using 4 or fewer equivalent boreholes. A marginal increase of the precision
increment (i.e. from K =1 to K = 2) is shown not to have a significant impact on the clus-
tering method and the accuracy of the heat transfer model, however the error approaches 0 as
the number of equivalent boreholes increases. The proposed method also presents important
savings in calculation time : for a rectangular borefield of 12 x 12 boreholes, the calculation

time is decreased from 7.4 sec to 0.9 sec.

The proposed method maintains accuracy even when considering irregular borefield configu-
rations. Comparisons of g-functions of borefields of 100 randomly positioned boreholes shows
a third-quartile MAPE below 0.62% and a third-quartile maximum relative error below -0.015
in the worst configuration studied (configuration D). For a borefield of 1024 randomly po-
sitioned boreholes, the new method presents a MAPE of 0.69 %, a maximum relative error
of -0.015 and a calculation time of 3.65 sec. In comparison, the reference method has a cal-
culation time of 5125 sec. The method thereby demonstrates efficient scaling properties and
makes it possible to model thermal interactions in very large borefields comprising hundreds

of boreholes, which was previously impractical due to the large computational requirements.

Using suitable analytical solutions, the new method could also be extended to consider more
complex borefield geometries (e.g. inclined boreholes [75]), groundwater flow [88,95], or
layered ground physical properties [74]. Fields of mixed series and parallel connections be-
tween boreholes [150] could be considered but require a new distance metric to substitute
Equation (5.16) and extend the equivalent borehole concept to an equivalent loop (or branch)
concept. The presented method is only applicable to parrallel-connected boreholes but is not
only limited to the calculation of g-functions using a uniform borehole wall temperature con-
dition. The same clustering approach can be applied to the calculation of g-functions using an
equal inlet fluid temperature boundary condition [77]. Most importantly, it has been shown
that thermal interactions between geothermal boreholes can be represented using a small
number of equivalent boreholes. This approach can thereby be applied to network-based
methods [135-137] for parallel-connected boreholes and coupled to accurate short-term bore-
hole models [60,143] to obtain detailed axially discretized borefield models that are valid at

all time scales.
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6.1 Abstract

The study of heat transfer in ground heat exchangers (GHEs) considering the fluid advection
inside the pipes; the heat transfer between the fluid and the ground through the grout
material; and the thermal interaction between GHEs is a challenging task. The present paper
presents a new semi-analytical method that takes into account the aforementioned effects to
consider both the short- to long-term effects of GHEs. The heat transfer between the fluid
and grout was studied by a transient multipole expansion considering time-dependent fluid
temperatures and an advection model for the pipes obtained from an energy balance on the
heat carrier fluid. Thermal interactions were analyzed using an equivalent borehole method
while penalizing the transient multipole expansion to include thermal interaction effects.
Validation of the short-term predictions was performed by comparing the proposed model to
experimental data found in the literature and to an FEA model. The proposed model was
then compared with a FEA model in long-term simulations of a geothermal field comprised
of 24 GHEs for multi-annual simulation. The method resulted in substantial reduction in

computational time while preserving good accuracy when compared with the FEA model.

6.2 Introduction

One of the renewable energy sources that has been growing steadily worldwide in the last
decade is geothermal energy [151]. Ground coupled heat pump (GCHP) systems are among
the most efficient geothermal systems used for heating and cooling buildings [152]. GCHP
systems consist of one (or several) heat pump that supplies heating or cooling to a building
through the ground via ground heat exchangers (GHEs). GHEs are a core part of the GCHP
system and consist of boreholes containing one or several U-tubes through which a heat-
carrier fluid flows, and it is backfilled with grout material. In each of the GCHP design,

control and operation phases, it is necessary to understand the heat transfer process between
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not only one but several GHEs. For instance, meeting the energy demands of a building
requires that the GHEs are adequately sized so that returning fluid temperatures remain
within the operating bounds of the GCHP system. Fluid temperature variations can be
predicted from a model of the heat transfer between the fluid and the soil given ground
thermal loads, accounting for possible thermal interactions between GHESs located in close
proximity. Thus, improvements in the accuracy of heat transfer models lead to improvements

in the accuracy of the design of GHEs.

Heat transfer phenomena are studied on different time scales, from short-term to long-term
effects. Short-term effects are due to the flow of the fluid inside the U-tube coupled with the
heat conduction between the pipes and the grout. At this time scale that ranges from minutes
to a few hours, the thermal capacity of the grout decreases the rate of heat propagation
between the fluid and the soil, and not taking this phenomenon into account can lead to an
overestimation of the fluid temperatures [11]. The short-term effects end when quasi-steady
conditions are reached inside the GHE, i.e., when temperature gradients are constant under
a constant ground load. Long-term effects, spanning days to hundreds of years, include
thermal interactions between boreholes and axial heat transfer effects due to interaction with
the surface and the ground below the GHEs. It is necessary to consider both the short- and
long-term effects to properly design a field of GHEs and ensure proper operation of a GCHP
system throughout its life cycle [142].

Long-term heat transfer outside GHEs is studied both analytically and numerically. The
well-known classical analytical solutions correspond to the infinite line source (ILS) [62] and
the cylindrical heat source (CHS) [20]. Analytical solutions can be superimposed in time
and space to consider variable ground loads and thermal interactions between GHEs. An
important limitation of these classical solutions is that they cannot represent axial effects.
Eskilson [67] solved the radial and axial heat transfer problem using a finite difference method.
GHEs were represented as hollow cylinders with uniform and equal—but time-varying—
temperatures. The model was used to produce dimensionless unit-step response functions,
called g-functions, that give the relation between the borehole wall temperature and the
heat extraction rates. Like analytical solutions, g-functions can be superimposed on time to

consider variable ground loads. The g-function is defined by:

" @

Tt =T — — =
(t) 97k LN,

(t) (6.1)
where Ty, is the borehole wall temperature, 7V is the undisturbed ground temperature, k,
is the thermal conductivity, ) is the total heat extraction rate into the borefield, L is the

borehole length and N, is the number of boreholes.
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Eskilson [67] proposed the analytical finite line source (FLS) to estimate the g-function of a
single borehole. The FLS was later superimposed on space to evaluate g-functions of fields of
GHESs [18,68,69]. For larger fields, the FLS can lead to important errors in the g-functions due
to a mismatch of the boundary conditions at the borehole wall between the FLS (uniform
and equal heat extraction rates) and the g-functions (uniform and equal temperatures).
These errors can be eliminated by discretizing the GHEs to consider the variation in heat
extraction rates along the lengths of GHEs and their variations in time to reproduce the
uniform temperature condition of Eskilson [72,73]. In reality, neither the heat extraction
rates nor the borehole wall temperatures are uniform along the lengths of the boreholes,
since heat transfer is driven by the temperature difference between the fluid and the borehole
wall. A more proper boundary condition is that of an imposed inlet fluid temperature,
considering the internal thermal resistances of the boreholes and the piping connections
between them [25,77,150]. The g-functions—and thus the returning fluid temperatures—
are dependent on the borehole thermal resistances and the fluid mass flow rate. Spatial and
temporal superposition of the FLS solution are also used for network-based models that study,
at every time step, the complete distribution of the borehole wall temperatures considering
the hydraulic connections between GHEs [135-137]. The computational requirements of
analytical models increase as the complexity of the boundary condition increases. In the case
of the imposed inlet fluid temperature, a system of equations must be built and solved to
evaluate heat extraction rate profiles and borehole wall temperature profiles along all GHEs
in the field. Prieto and Cimmino [153] proposed a method to limit the sizes of the systems
of equations by forming groups of similarly behaving boreholes and modeling each of these
groups using a single equivalent borehole. This results in an efficient and robust method that

allows the study of geothermal fields composed of thousands of GHEs.

Knowing that internal configurations have a direct impact on the thermal interactions among
boreholes and the long-term responses of GHEs, some researchers have coupled short-terms
models with long-term models to conduct simulations. Yavuzturk and Spitler [52] were the
first to introduce an extension of the g-function considering short time steps while including
thermal capacity inside the GHE but disregarding the thermal capacity in the fluid. Later,
Xu and Spitler [29], based on the work from Yavuzturk and Spitler [52], developed a one-
dimensional model using a finite volume method, where the fluid is considered as an annular
volume within the pipe, along with an equivalent thermal capacity. Brussieux and Bernier [3§]
coupled a finite volume method for the interior of a GHE with the CHS solution for the exte-
rior of a GHE, resulting in the definition of ¢g*-functions for short-term effects. Claesson and
Javed [18] coupled an equivalent geometry model for the interior of the GHE [33] and used
the FLS solution to study thermal interactions between the GHEs. Li et al. [145] used the



83

analytical infinite composite-medium line source (ICMLS) [53] to model the insides of GHEs
and the g-functions to account for thermal interactions among GHEs. In all aforementioned
cases, despite the coupling of the short- to long-term solutions, the methods do not consider
the advection inside the pipes and consider that all the GHEs have the same borehole wall
temperature, which is not the case, as demonstrated by Cimmino [77] and Monz6 et al. [85].
Pasquier and Marcotte [46] developed a response model based on a thermal resistance and
capacitances (TRC) method to generate the thermal response factor of a GHE and estimate
the fluid temperatures. Laferriere et al. [144] considered the axially-discretized thermal re-
sistances and capacitances (TRC) model of Bauer et al. [43] coupled to an advection model
and to g-functions, using a single uniform temperature at the wall of a GHE that represents
the entire bore field. Recently, Alaie et al. [154] developed a solution based on the TRC
method proposed by Minaei and Maerefat [47] and the segment-to-segment response factors
proposed by Cimmino and Bernier [73] to consider both short- to long-term responses. As
opposed to the earlier methods, their method does not consider that borehole wall tempera-
tures are the same for all GHEs and thus achieves better representations of the distribution
of heat extraction rates and temperatures within the field of GHEs. Additionally, there exist
mesh-dependent approaches, such as those of Al-Khoury and Bonnier [91] and Diersch et
al. [83,84], which are able to impose many boundary conditions and use many arrangements
of GHESs; however, these methods are computationally demanding when considering multiple

boreholes and including short- to long-term effects.

Axially-discretized methods become computationally demanding when very large fields of
GHEs are considered. Thus, there is a need for accurate and computationally-efficient models
that consider short-term effects, including advection in the pipes, and are able to simulate
not only a single GHE but thousands. Coupled short- and long-term models can also benefit
from recent advancements in short-term models, such as the transient multipole methods.
Rivero and Hermanns [60] proposed a solution by means of matched asymptotic expansion to
evaluate the thermal resistances in a spectral domain. Prieto and Cimmino [143] developed
a transient multipole expansion to describe the variations in fluid, pipe and borehole wall
temperatures in the time domain. In both approaches, the fluid thermal capacity and the

advection of the fluid through the pipes are not taken into account.

This paper introduces a new methodology to study the transient heat transfer for both the
interiors and exteriors of GHEs, considering fluid flow inside the pipes, fluid-to-soil heat
conduction via grout, thermal interactions among GHEs and axial effects. The equivalent
borehole method of Prieto and Cimmino [153] is used to model the exteriors of the GHEs,
including thermal interactions between GHEs. The transient multipole method of Prieto and

Cimmino [143] is used to model the interiors of the GHESs, including temperature penalization
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to account for thermal interactions. A finite difference model of fluid advection inside the
pipes is used to consider the axial distributions of fluid temperatures and heat extraction
rates. The model was first compared against the sandbox test of Beier et al. [155] to validate
the accuracy of the short-term response, and then against a multi-annual simulation of a
thermally interacting field of 24 boreholes using a finite element analysis (FEA) solver based
on Diersch et al. [83,84] to show that the method is able to include both short-term effects

and thermal interactions between boreholes for larger periods of time.

6.3 Mathematical model

Figure 6.1 shows a borefield composed of N, = 2 vertical GHEs, ¢ and j, of the same
dimensions and separated by a horizontal distance r;;. All GHEs are connected in parallel
and are fed a heat carrier fluid at the same inlet temperature and mass flow rate. Each GHE
is composed of a single U-tube (although the presented model can be extended to any U-
tube configuration). The geometrical parameters are the same for each GHE and include: the
borehole length L, the buried depth D, the borehole radius 1, the pipe outer radius r, with
wall thickness t, and the U-tube shank spacing e. The thermal properties are considered
homogeneous, isotropic and constant. k, and ks are the thermal conductivities (k) of the
grout (b) and soil (s), respectively. «a; and a; are the thermal diffusivities (a) of the grout

and soil, respectively.

kb) ap,

G .o

|‘2_e’|

Ground surface

D Ik

—_—_— e e — = — — 4

Tij

_C

sy Qg

Figure 6.1 Field of 2 vertical boreholes of equal dimensions.
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The horizontal conduction heat transfer inside the GHE is studied in a transient state using
the transient multipole expansion method developed by Prieto and Cimmino [143]. This
solution is extended to consider time-dependent fluid temperatures inside the U-tube by
means of a coefficient updating scheme. The radial and axial heat conduction in the soil
around GHEs, and the interactions between GHESs, are modeled with the FLS solution by
considering thermal interactions between equivalent boreholes as proposed by Prieto and
Cimmino [153]. The transient multipole method is coupled to the FLS solution to consider
both of the short- and long-term effects around GHESs, and to a discretized finite difference
model of the advection heat transfer process inside the U-tubes. The proposed model was
compared to a finite element analysis (FEA) model, based on the methodology developed
by Diersch et al. [83,84], with specific modifications to ensure solution stability, as will be

discussed in Section 6.3.4.

6.3.1 2D transient heat transfer with time-dependent fluid temperatures
Transient multipole expansion

The short-term transient heat transfer problem in the local vicinity of a GHE j is modeled in
2D for a horizontal cross-section of the GHE, considering conduction in the grout (£2,) and
the soil (€25). The heat transfer problem relies on the transformation of coordinates based
on geometrical characteristics of the GHE; thus, a point x = (p, ¢) in the 2D-polar space
could be expressed at any center Oy with translated coordinates x; = (pg, ¢x), as shown
in Figure 6.2. The combination of the convection from the fluid to the pipe inner surfaces
and the conduction across the pipes is represented as Robin boundary conditions at the pipe
outer surfaces 02, (at a radius p, = ry from a pipe axis). The thermal capacitance of the

pipes is neglected.
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Figure 6.2 Computational domain of a GHE.

The temperature at a far-field boundary 052, (at r. — 00) is considered constant and equal
to the undisturbed ground temperature T°. For constant fluid temperatures Ty, ; inside N
arbitrary positioned pipes and a uniform initial temperature 7 in the grout and soil (i.e., in

Oy U Qy), the transient heat transfer problem in radial coordinates (p, ¢) is given by:

1 0Ta; o )
a—dw =V Td,J in €, U Q) (62&)
o7 ;
— B 8[)1: +Ty; =T, on 0 k=1,... N (6.2b)
Tk
Ty ; Ts
—ky b —k 0T, on 08, (6.2c)
dpo - dpo -
Ti4l,, = T2,l,, on O (6.2d)
Tz,j (Tev ¢7 t)|re—>oo = TO on aQe (626)
Tui(p,¢,0) =T in Q, UQ, (6.2f)

where a4 is equal to the thermal diffusivity in the grout or soil («y, and «y) for indices d = 1,2,
respectively; [, = 2wk, Ry is the dimensionless fluid to outer pipe wall thermal resistance of
pipe k; and Ry, is the fluid to outer pipe wall thermal resistance. T, ; is the fluid temperature
at pipe k in a GHE j.

Following the method of Prieto and Cimmino [143], the transient heat transfer problem

with non-homogeneous boundary conditions for 7y ; is separated into two sub-problems:
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a transient heat transfer problem with homogeneous boundary conditions for Ty, ;, and a
steady-state heat transfer problem with non-homogeneous conditions for 7y, ;. The complete

solution is then given by superposition, with Ty ; = Ty, ; + T4, ;-

The homogeneous transient heat transfer problem is then:

1 0Ty, ; ,
;d# = VZTdh’j n Qb U Qs (633)
0Ty,
—5;{7%% +T1h,j =0 on an, k= 1,...,N (63b)
Pk |y,
T, T,
—kbg—hi _.—ksgéﬁi on 9, (6.3c)
apo Ty 6’00 Ty
1ilr, = T2y, on OS2 (6.3d)
T2h:j (r67 ¢7 t)‘re—mo =0 on aQe (636)
Tdh,j(pa ¢7 O) - TO - Tdss,j in Qb U Qs (63f)

The non-homogeneous steady-state heat transfer problem is given by:

VT,..; =0in Q,UQ, (6.4a)
o1y, ;
_Bkrk% +Tlss,j :wa on an, k= 1,...,N (64b)
Pk |,
o, ; 0Ty, ;
—hy | = 222 on 90, (6.4¢)
8p0 Ty apo Tb
Th...jly, = Toul, on O (6.4d)
Tapy j(Tes @)y oo = T° 0 O (6.4e)

The solution to the homogeneous transient heat transfer problem is obtained by means of

separation of variables and expressed as a Fourier—Bessel expansion:

Top 5 (%,1) = 3 Cuy Xy (x5 N8 e~ iyt (6.5)

w=1
where A ; is the w-eigenvalue associated with the separation of variables sub-problem for each
domain d satisfying the continuity condition Ay ; = Ay j1/ap/a, for a GHE j. Xg;(x; Af;) are
the quasi-orthogonal eigenfunctions related to the eigenvalue Aj; for each domain d in GHE
7.

For the grout domain (d = 1), containing N arbitrarily positioned pipes, the quasi-orthogonal
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eigenfunction is expressed as follows:
w i 1) ryw i
X1(%; A7) Z SIREACYIINE ’¢°+Z Z Y HD (Y i) (6.6)
k=11=—

and for the soil domain (d = 2):
Xoj(x;0Y,) = Z 02 HV (N po)e™ (6.7)

where J and H" are Bessel and Hankel functions of the first kind; M is the number of
terms of the multipole expansion; and %0’]., yllfj and 52]- are coefficients introduced to match
the boundary conditions in Equations (6.3b)—(6.3e). C, ; are the Fourier-Bessel coefficients

satisfying the initial condition (Equation (6.3f)) and are given by:

o %, be (1° — Tlss,j)deQ + (])CT st(To - TZss:J)XQdQ
" o Jo, X1;X15dQ + 2= o Xo; X5 5d0)

(6.8)

The solution to the non-homogeneous steady-state heat transfer problem defined in Equa-
tions (6.4) is treated as a multipole expansion for a T-complete basis. For the grout domain

(d = 1), containing N arbitrarily positioned pipes, the solution is expressed as follows:

h m m
Th,,;(x) =ao; + > |:Oém’j (er) cos(meo) + P, <TP0) sin(mgf)o)]
m=1 max max
N ) -m 0 -m
+ Z{ ;Inpp + Z [Vma (7“ : ) cos(mey) + 5qu- (r : > sin(mgzﬁl)]}
I=1 min min
(6.9)
and for the soil domain (d = 2):
i pPo\" Po\™
Tos0) =ab, + 3 [t (22) costmon) + 7, (22) " sin(mn)|
m=1 Te Te
N . . (6.10)
fyéJ In py + Z [%’n’j (rp(? ) cos(may) + (57’%], (Tp? ) sin(mqbo)]
m=1 min min
where rpu;, =  min  7; is the minimum external radius of the pipes; 7,42 = 73 is an arbitrary

e{1,...,N}
radius and is equal to r,; and A is the number of terms in the complete expansion. Similarly to

l

multipole expansion for the quasi-orthogonal eigenfunctions, terms au, j, Bm.;, Vi, i Ymj» Om.j

and d;, ; are determined by matching the boundary conditions in Equations (6.4b)-(6.4e).
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According to Prieto and Cimmino [143], the values of ag; = T° and ~; ;, o, ;

and 3, ; are
set to 0. Here, the authors note that, for the present method, keeping all terms expressed
in Equation (6.10) stabilizes the integration in Equation (6.8), where terms ~; ; and aj, ;,
fm,; are small when matching the far-field boundary with r. = 100 m. For more details
concerning the evaluation of eigenvalues and coefficients to match the boundary conditions

in both problems, readers are referred to Prieto and Cimmino [143].

Time-dependent fluid temperatures

Prieto and Cimmino [143] introduced a coefficient updating scheme to consider the variations
in fluid temperatures as step-wise variations at each time step n for every t*~1 < t < ¢®
(where " = t™~Y + At). The initial temperatures in Equations (6.3f) and (6.8) are replaced

by the temperature at the end of the latest time step as follows:

T (x Z CUD X (3 AP e~ M) Peawdt ) (6.11a)
T 00 = 3 O X X e O S (6.11b)
w=1

Therefore, the Fourier—Bessel coefficients are calculated using this scheme at each time step:

cn = . i — (6.12)
) OTZ be XLle’]dQ + OTS st XQJXQJ‘dQ

ky I(% 1) + & ks ](” 1)

with
n—1 n \ m
I{m,ju/ﬂb(:rfd D17 X (AT
:/ﬂ(C’ﬁz;l)XLj(x;)\Tj)e_(’\%)%‘bm—I—Tl(séj) 17 )Xl,j(x;)\?fj)dQ
b B (6.13)
L = [ (570 = T3, )Xo (6 M)

)X (x; Ay )dS

25557 2ss,]

/ (Cory VX (s gy e GRS oD — 1y

where T . is the solution of the steady-state problem considering the fluid temperatures at
the n-th time step, and T = Ty = T" in a GHE j. Note that when Equations (6.11) are
substituted into Equation (6.8), the sums in Equations (6.11) disappear, since the integrals
with terms Xq;(x; Ay ;) Xq;(x; AJ5) are 0 if w # m due to the quasi-orthogonal condition in
the whole domain €2, U €2,.
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As written, Equation (6.12) is computationally intensive, since at every time step the integrals
expressed in Equation (4.31) must be calculated. However, using the linearity in the steady-
state problem described by Equation (6.4), it is possible to decompose the temperature field
as a weighted sum of the fluid temperatures at each pipe. The temperature field can be

expressed as N subproblems, and subtracting 7° from the global problem yields:

N
Ti..; = =T"+ ; wdl,j(ﬂg,j -7 (6.14)

where 14 ; are the weighting functions in the domain d for a subproblem [/ in a GHE j:

Va; = 0 in Qp U Q (6.15a)
My,
- 5k7“kw;lﬁ + wll,j = (S]lC on an, k= 1,... ,N (615b)
[
—hy gl _ —ks Oa; n 082, (6.15¢)
dpo - dpo -
Yigl,, = Yal,, on O (6.15d)
Vat,j(re; @)1, 0 =0 on Of2 (6.15¢)

where 6! is the Kronecker delta function which takes the value 1 if [ = k and 0 otherwise.
Equations (6.14) and (6.15) constitute a decomposition on N subproblems representing a
unitary pulse at each pipe for each 14 ;; therefore, ¥y ; is time independent. Solving g ;

follows the same multipole expansion structure shown in Section 6.3.1.

Substituting Equation (6.14) into Equations (4.31) yields:

1 = ol O abAt/ X (5 X)X (x5 A7) A+
N —
S (T = Th) /Q P11, X1,5 (%5 AT )dS
= ' (6.16)
Ig(n 1) — C(n 1) —()\7" asAt/Q XQJ‘(X; )‘g?j)XQ,j(X; )\g’zj)dQ_i_

m,j

n—1 n \ m
> (Thy Y - 1) /Q a1, X2,5(x; Ay )dSd

=1

Substituting Equations (6.16) into Equation (6.12), rearranging and simplifying terms result
in:

Cgl’j - CT(’” )e Fond + Z ( fl] sz J) Eml:j (6'17)
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with

B fo, u X1 506 AT AQ + B fo by X (35 A5 )dD2
B Lo, X106 AT X 506 M) dQ + B fo X (35 A1) Xo (%5 A5 )dQ

En; = (6.18)

The terms F,,; ; are independent of the fluid temperatures and thereby only need to be

evaluated once at the initialization of a simulation.

6.3.2 Thermal interactions between ground heat exchangers

A temperature penalization approach is proposed to extend the transient multipole model to
3D, including axial heat transfer and thermal interactions between boreholes. Following the
method of Cimmino and Bernier [73], each GHE is divided into ny segments (totaling (ns+1)
layers), and each segment is modeled as a line heat source with a uniform heat extraction
rate positioned at the axis of the GHE segment. Figure 6.3 shows a uniform discretization for
two boreholes i and j separated with a distance r;;. Each segment u has a length L, = L/n,.
The finite line source (FLS) solution can then be superimposed to evaluate a penalty on
the temperatures predicted by the transient multipole method. Additionally, the equivalent
borehole method of Prieto and Cimmino [153] is used to simplify the thermal interaction
problem and obtain a computationally-efficient simulation model of the bore field by only
requiring the simulation of a limited number G of equivalent boreholes instead of the entire

field of IV} boreholes.

Ground surface

------ T SIS USRI |
1 1
Top view 7777 "': "’L;:l """" "': ____
o i~<_ _____] s ] |3 _-__
E Tl | RS 1 1 s—1
! oI 1
l I & | Sl === o] e s
:T”} n ! .- 1 % po— 1
Chisly, TSkl -7 oo --3f--"-"-- - T'———l ----- $+].
1 1
______ H- - F----- Y 1 ) R ——
______ q -_—-— .------&J -_—-— ns_|_1
L ]
I T’LJ 1
Borehole ¢ Borehole j

Figure 6.3 (ns) segments discretization of boreholes ¢ and j.
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Spatial and temporal superposition of the finite line source solution

The temperature drop at the borehole wall of a segment u of a borehole 7 at time ¢t can be

evaluated from the spatial and temporal superposition of the analytical FLS solution:

Ny ns n
ATY, =T =T}, = o k D IDINeA ( (87— 177 = Ry (7 — tp)) (6.19)

S j=1lv=1p=1
where AT}, is the temperature drop at the wall of segment u of borehole i at time t*;
Ty, is the temperature at the wall of segment u of borehole 7 at time ¢*; P, is the heat

extraction rate per unit length of segment v of borehole j from time #*~! to t*; and hyj .
is the segment-to-segment thermal response factor for the borehole wall temperature change

over segment u of borehole i caused by heat extraction from segment v of borehole j.

The segment-to-segment response factor is given by the FLS solution:

R (£) 2L = eXp e 2) Irps(s)ds (6.20a)

Irrs(s) = erfint ((Dy, — Dy + Ly,)s) — erfint (D, — D,)s)
+ erfint ((Dy, — D, — Ly)s) — erfint ((Dy, — D, + Ly, — Ly)s)
+ erfint ((Dy, + D, + Ly,)s) — erfint ((Dy, + D,)s)
+ erfint ((Dy, + D, + L,)s) — erfint (D, + D, + L, + L,)s) (6.20b)

erfint(x) = /; erf(2') dx’ = zerf(z) — \/1% (1 — exp(—xz)) (6.20c)

where 7;; is the radial distance between boreholes ¢ and j (with r; = 1), erf(z) is the error

function and erfint(x) is the integral of the error function.

Recently, Prieto and Cimmino [153] proposed a methodology to account for thermal interac-
tions among boreholes as interactions between equivalent boreholes sharing similar borehole
wall temperatures and heat extraction rates. The field is divided into G equivalent boreholes
using a hierarchical aglomerative algorithm. Each equivalent borehole Z represents a group
Gz composed of N, 7 boreholes. The temperature drop at the borehole wall of a segment u

of an equivalent borehole Z at time t" is then:

g n

) Z > QF, (hIJ w(t” = 77Y) = hzg (" — tp)) (6.21)

S J=1v=1p=1
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where AT, b7 18 the temperature drop at the wall of segment u of equivalent borehole 7 at
time ty; Qfg,v is the heat extraction rate per unit length of segment v of equivalent borehole
J from time t*~! to t?; and ht 7. 15 the equivalent segment-to-segment response factor for
the borehole wall temperature change over segment u of equivalent borehole Z caused by

heat extraction from segment v of equivalent borehole 7.

The equivalent segment-to-segment response factor is given by the average segment-to-segment
response factors for the borehole wall temperature change along segments u of all boreholes

in group Gz due to the heat extraction at all segments v of all boreholes in group G 7:

- 1 1 oo 1

h17uw(t) = —/ —ex —7"2-2-32 I s)ds 6.22
77 ,u0(t) 2L, Ny J g@% jg@;j 52 P( j ) FrLs(s) (6.22)
7 Nb,I Lu_

hazou(t) = ijfhw,uv(t) (6.23)

To reduce the computation time involved in the Equation (6.21), a load aggregation scheme
is employed and presented in Section 6.6. This scheme is already implemented in the
pygfunction library [146], which was used here both for the aggregation of loads (Equa-

tion (6.21)) and for the calculation of segment-to-segment response factors (Equation (6.22)).

Penalization of the transient multipole solution

A penalization technique is proposed to couple the transient multipole method presented in
Section 6.3.1 with the equivalent borehole method. The transient multipole method can be
used to evaluate the borehole wall heat extraction rate on ground layers, and the equivalent
borehole method can be used to evaluate the borehole wall temperature change over segments
(see Figure 6.3). Thus, an interpolation scheme is introduced to evaluate the heat extraction
rate over a segment u from the transient multipole solution of its two delimiting layers, s and
s+ 1 (with u = s):

n
ale,I,erl

dp

mo_ _@ m ajjln,I,s
Liw 2 Jo Op

) d¢ (6.24)

b

where Q7' is the heat extraction rate per unit borehole length of a segment u of equivalent
borehole Z. Expressions for the temperature derivatives at the borehole wall are given in
Section 6.7.

The borehole wall temperature drop at a layer s is obtained from the borehole wall temper-
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ature drops at the two adjoining segments u — 1 and u (with u = s):

A,'TbT,LZ,ufl + A l:,lI,u .
2 )

AT, = s=12,3,...,n, (6.25)
where AT&LLS is the borehole wall temperature drop at a layer s of an equivalent borehole Z.

For the top (s = 1) and bottom (s = ns + 1) layers:

ATZ}LS:I - 2AT5?11 AT bT,s=2 (6.26a)
ATIZI,s:nS—H = QATISI,% - ATb,I,san (6.26D)

The penalization is applied to the transient multipole expansion solution for each layer s by
introducing the difference between the temperature drop at borehole wall for an equivalent
borehole Z and the temperature drop at the same layer s by means of the transient multipole

expansion, A TP L) =70 — 771 Ts|, and Equation (6.17):
> 7 /rb

n—1) —(Ax ap A n Tm
= O e Odz.% “FZ(TZIS sz,z,sJFATb,I,s_Ales

) Enzs (621)
where C7'7 ; is the j-th Fourier-Bessel coefficient at time step t" for a layer s in an equivalent
borehole Z, and )‘lIs are the eigenvalues related to a layer s in an equivalent borehole 7.

Expressions for the average temperature at the borehole wall are given in Section 6.7.

The complete solution by means of transient multipole expansion for a particular layer s in

an equivalent borehole Z at time step t" in the grout and soil is then:
= ZC Xizs(x N 7 )e Mz >“b“+2 (TF 70— T*)uzs +T° (6.28a)

137 = Z Clr Xozs(X; )\21 5)6_@;1178)2%& + Z(T};,Z,s — Ty 1,5+ T° (6.28b)

=1

where 14 7 5 are the weighting functions for a layer s in an equivalent borehole Z in domain

d (i.e., grout and soil).

Although the complete solution in Equation (6.28) looks computationally intensive due to
eigenvalues, eigenfunctions, integrals and weighting functions, in practical applications, all
boreholes possess a uniform geometry along their length and across the field. These terms
thus only need to be evaluated once at the initialization of the simulation, except for the
Fourier—Bessel coefficients that depend on the layer and the time step. Another interesting

thing in Equation (6.28) is that even though T° k, and ay are considered constant, the
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undisturbed ground temperature could change at each equivalent borehole, enabling the
inclusion of thermal gradients and layered solutions when the soil thermal properties are not

isotropic.

6.3.3 Advection inside the pipes

The model described in Sections 6.3.1 and 6.3.2 allows the evaluation of ground temperatures
based on known fluid temperature profiles Ty, 7(2,t) at each pipe k at every equivalent
borehole Z. This model needs to be coupled to a model of advection inside the pipes to
complete the simulation model and predict fluid and ground temperatures based on ground

loads.

Assuming quasi-steady plug flow inside the pipes and neglecting heat conduction in the
direction of flow (i.e., only considering heat convection between the fluid and the inner pipe
wall), energy balances on a layer at downward-flowing pipe p and an upward-flowing pipe ¢

are given by:

anp’I ~nanp,Z 1 1

TPFCp Tk or o + ETfP’Z =7 T (6.292)
Ty, 1 0Tz 1 1
TPFChy T o My, + R, foI = R, Tz Y (6.29b)

where z is the axial position along the pipe (positive in the downward direction); p; and

¢p, are the fluid density and specific heat at constant pressure, respectively; and iy is the
average mass flow rate in a U-tube containing pipes p and ¢ for an equivalent borehole Z at

the particular time step ¢".

The fluid to outer pipe thermal resistance, R,, is given by the sum of the film resistance at

the inner pipe wall and the conduction resistance across the pipe wall:

1 hl(%pt)
R, = Tph 6.30
P~ Nurk; | 2nk, (6.30a)
3.66 if Re < 2300
Nu = (6.30b)

0.023Re™®Pr’%  if Re > 2300

where Nu is the Nusselt number, Re is the Reynolds number, Pr is the Prandtl number and

k, is the pipe thermal conductivity.

An implicit finite difference scheme is used to solve the problem. The GHE is discretized into

layers, according to Figure 6.3. The discretized energy balance on a control volume delimited
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by two consecutive ground layers is given by:

n 2
G M7 L, TPFCp T

2 -~

TPfCps T | CpsM7 1 n n—1

It | TP = = T + T4,

L, Pt ( At L, R,) P R, Vo At CIh
(6.31a)

Cpfm% n <7T:0fcpfrlg . Cpfm% + 1> n _ i e 71-IOfCPfTI%Tn—l

Z,s—1 Z,s 1,Z,s 0L,

L, ¢ At L, R,) R, At

(6.31b)

The number of unknowns for the fluid temperatures per equivalent borehole, T}’ ., at each
time step " in Equation (6.31), is equal to N(ns+ 1). A continuity condition is imposed at
the bottom of the equivalent borehole:

Tf 1ner = T 20 (6.32)

where pipes p # ¢ but belong to the same U-tube.

The system of equations is completed by imposing the ground loads Q", for the complete
borefield. In this case, boreholes are assumed to be connected in parallel:

Q" = ey, (Th, — T0) (6.33)

out

where T and T, are the inlet and outlet temperatures at time step n in the borefield and

mi = Nyrny is the total mass flow rate, with 1) the mass flow rate per borehole.

As the borefield is parallel-connected, the inlet temperature is the same for each equivalent
borehole Z:
Ty =Ty, 11 (6.34)

The outlet temperature of the borefield, 77! ,, is obtained by mixing of the fluid at the outlet

of all equivalent boreholes:
out = N Z Nb,Iqu;Z’l (6'35>

b7=1

The problem is then complete, and it is possible to estimate the fluid temperatures at each
equivalent borehole while imposing the heat extracted or rejected from the ground. An

iterative scheme is used to solve the simulation model at each time step n:

1. Calculate fluid temperatures, T’ 7.7,s) using the pipe temperatures T{Ei . at the previ-

ous time step (n— 1) as a first guess in Equation (6.31) with their boundary conditions
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and ground loads at time step n;

2. Calculate the heat transfer rates and borehole wall temperatures using Equations (5.8),
(6.24) and (6.26);

3. Update the coefficients in Equation (6.27) using the fluid temperatures 1% 1.5, heat

transfer rates and average borehole wall temperatures calculated in steps (1) and (2);

4. Recalculate 177,
k) ? Tp

in step (3);

according to Equation (6.28) using the new coefficients obtained

5. Compute the new fluid temperatures as in step (1) with the new pipe temperature

calculated in step (4);

6. Repeat from (2) if the difference of 17 1., between the previous and current iterations
is greater than 10~ °C.

The method converges quickly, usually after two or three iterations. In this case, a linear
system is solved with a guessed or updated value for 77, . s ; thus, the unknowns in the
system of equations for estimating the fluid temperatures are equal to GN(ngs + 1). For the
limiting case when the ground load is 0 W, the mass flow is set to 0 kg/s. Therefore, the
solution of Equations (6.29) does not require solving a system of equations, since the term

containing the derivative with respect to z is eliminated.

6.3.4 Finite element modeling

A reference finite element analysis (FEA) model was developed to validate the proposed
method. Diersch et al. [83,84] developed a complete FEA model that includes the transient
effects inside and outside GHEs and thermal interactions between them. This is an extension
of the model previously proposed by Al-Khoury and Bonnier [91]. The same mathematical

formalism is used in the present paper with some modifications.

The method was created on double-continuum finite element (i.e., one continuum media for
the soil and one for the GHESs) space based on Galerkin discretization with 6-node prismatic
elements for the 3D model. Each GHE is simulated as a line element surrounded by six nodes
that virtually represent the borehole wall, located at a distance greater than r,, as presented
in Diersch et al. [84]. Figure 6.4 shows the discretizations used for the two simulations
used to validate the proposed semi-analytical methodology. First, the discretization shown

in Figure 6.4a corresponds to a single borehole and was used for the comparison against
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experimental data. Then, Figure 6.4b shows the discretization for a borefield composed of

24 GHEs that was used in multi-annual simulations.

(a) (b)

Figure 6.4 Finite element discretization for model validation. (a) Mesh for Beier’s experiment.
(b) Mesh for a borefield with 24 GHE.

For each line element, short-term effects were modeled using the TRC model developed by
Bauer et al. [43,44]. The correction noted by Bauer et al. [43] and presented in FEFLOW
white papers (Section 1.5.5) [156] was used when negative internal thermal resistances were
present. Depending on the number of U-tubes, each node over the line element presents two
pairs of temperatures: two for the inlet temperature and the grout temperature where the
inlet pipe is located, and two for the outlet temperature and the grout temperature where the
outlet pipe is located. The TRC model is coupled to the FE-discretized equations considering
a steady-state problem for a given borehole wall temperature, as solved by Eskilson and
Claesson [157], to predict the fluid temperatures inside the pipes. This procedure is the same
as that described by Diersch et al. [83].

A Picard iteration was employed to solve the system of equations and ensure the temperatures
converge. Diersch et al. [84] suggest that the GHE domain should be separated from the whole

domain and only later included in the soil domain by means of Schur complement operation.
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However, in the present FEA model, the Picard iteration achieved convergence after one or
two iterations without the need to separate domains. Additionally, due to the initialization
of the model, a few iterations with a small time step (i.e., At/10 for a fixed time step At) are
required to stabilize the heat transport between the fluid and grout. After this stabilization,

larger time steps (At) can be used.

6.4 Validation

The proposed method and the reference FEA model were first validated by comparison to the
experimental results of Beier et al. [155] for a single borehole. Then, the proposed method
was validated against the FEA model for a multi-year simulation of a borefield comprised
of 24 boreholes. Inlet and outlet fluid temperatures and borehole wall temperatures were
compared in both cases. The accuracy of the method was evaluated by computing the root

mean square error (RMSE) and temperature differences between models and an experiment.

For the proposed method, the discretization along the GHE was done using 12 segments
based on the recommendation of Cimmino and Bernier [73]. Following the recommendations
of Prieto and Cimmino [143], the order of the transient multipole expansion was set to
M = 7 and h = 15, corresponding to the homogeneous transient heat equation and non-
homogeneous steady-state heat equation, respectively, and the first 100 eigenvalues were
used for each simulation. All calculations were done on a personal computer with 16 GB of
RAM and a 6-core processor (12 threads) running at normal speed of 2.60 GHz and maximum

speed of 4.80 GHz.

6.4.1 Sandbox test

Beier et al. [155] designed a sandbox test widely used in the context of short-term response
validation of a GHE. The experiment consists of an average heat injection of 1051 W while
maintaining an average mass flow rate of 0.197 kg/s in an 18 m long single U-tube GHE for
3106 min (approximately 52 h). The dimensions and parameters used for the experiment
are shown in Table 6.1. Since in the experiment the GHE included an aluminum housing
that affects heat transfer to the soil, Pasquier and Marcotte [46] use a modified thermal
conductivity of the grout that preserves the borehole thermal resistance reported in the
experiment. Therefore, the thermal conductivity calculated by Pasquier and Marcotte [46]

was used in the proposed method.
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Table 6.1 Sandbox test parameters.

Parameter Value
Borehole buried depth D=0m
Borehole length L=18m
Borehole radius r, = 0.063 m
U-tube pipe outer radius rp = 0.0167 m
U-tube pipe thickness t, = 0.00303 m
U-tube shank spacing e = 0.0265 m

Ground thermal conductivity
Ground thermal diffusivity

Grout thermal conductivity
Grout thermal diffusivity

Fluid thermal conductivity

Fluid thermal capacity

U-tube pipe thermal conductivity
Undisturbed ground temperature
Number of segments

Time step

ks = 2.82 W/(mK)

as =14 x107% m?/s

ky = 0.9 W/(mK)
ap=2.4x 107" m?/s

kp = 0.63 W/(mK)

(pcp)p = 4.2 x 10° J/(m*K)
k, = 0.39 W/(mK)

T0 =22 °C
ne = 12
At =60 s

The time step used in the simulation corresponds to the resolution time reported in the
experiment and was equal to 60 s. Regarding the FEA model, 7260 6-node prismatic elements
were used, equivalent to 4144 nodes in total. A square domain was proposed to consider the
soil part with 6 m per side to avoid that the boundary conditions affect the thermal response
of the GHE. The length of the FEA along the GHE axis was equal to 18.5 m. The ground
load and mass flow rate reported in Beier et al. [155] were variable in time. Instead of using
the average of ground load and mass flow rate, time varying values were used. Figure 6.5

shows the ground load and mass flow rate over the duration of the experiment.

Figure 6.6 shows the inlet and outlet fluid temperatures and the average borehole wall temper-
atures calculated with the proposed method, (a) the sandbox test and (b) the FEA model,
showing good agreement. Both the proposed method and the FEA model were shown to

accurately predict temperatures when compared to the experimental results.
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The comparison between the proposed model and the experimental data is shown in Fig-

ure 6.6a, resulting in RMSEs for inlet and outlet fluid temperatures and for the average
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borehole temperature equal to 0.134, 0.131 and 0.105 °C, respectively. The maximum ab-
solute errors for inlet and outlet fluid temperatures occurred at the 76th minute of the
simulation and were 0.556 °C and 0.519 °C, respectively. In contrast, the maximum absolute
error for the average borehole wall temperature occurred at the 196th minute and was equal
to 0.253 °C. The fact that the errors did not occur at the same time for inlet and outlet fluid
temperatures and the borehole wall is explained by the fact that the heat transfer process in-
side the borehole reached a quasi-steady state (or constant heat flux) at a time in the order of
r? as. Figure 6.6b shows the comparison between the FEA model and the proposed method
computing inlet and outlet fluid temperature and average borehole wall temperature, similar
to what was shown for comparison with the experimental data. For this case, the RMSEs for
the inlet and outlet fluid temperatures and average borehole wall temperature were equal to
0.196, 0.196 and 0.183 °C, respectively. The maximum absolute errors for each temperature,
Tin, Tow and T, occurred at the end of the simulations with values equal to 0.317, 0.317 and
0.270 °C.

Figure 6.7 shows a comparison of the fluid temperature profiles along the pipes between the
proposed model and the FEA model at four different times, corresponding to 1, 10, 100 and
1000 min. Arrows indicate fluid flow direction. For the inlet pipe, the maximum absolute
errors for 1, 10, 100 and 1000 min were equal to 0.003, 0.047, 0.013 and 0.125 °C. Similarly, for
the outlet pipe, the maximum absolute errors were equal to 0.002, 0.048, 0.013 and 0.125 °C,
corresponding to 1, 10, 100 and 1000 min of the simulation. The maximum absolute errors
for inlet and outlet pipes were expected to be approximately equal, since the energy balance

is preserved by the ground load in the discretization of the advection equation.
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Figure 6.7 Fluid temperature profiles along pipes at 4 different times.

The calculation time for Beier’s experiment by means of the proposed method was equal to
214 s, including 210 s for the initialization and 4 s for the solution of the system of equations

and coefficient updating scheme.

6.4.2 Multi-annual simulation of a geothermal field

Two simulations were used to evaluate the accuracy of the proposed method for long-term
and short-term temperature predictions. A first multi-annual simulation was performed for
a period of 10 years using a 1 h time step to evaluate the long-term accuracy of the method,
followed by a period of 7 days using a time step of 1 min to evaluate the short-term accuracy
of the method. The borefield was comprised of 24 boreholes in a rectangular configuration.
Every GHE received the same inlet temperature and the same mass flow rate. The parameters

used in the simulation are shown in Table 6.2.
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Table 6.2 Borefield parameters.

Parameter Value

Borehole buried depth D=4m

Borehole length L =100 m

Borehole radius r, = 0.075 m

U-tube pipe outer radius rp = 0.0211 m
U-tube pipe thickness t, = 0.00406 m
U-tube shank spacing e =0.05m

Ground thermal conductivity ks = 2.4 W/(mK)
Ground thermal diffusivity a, =1.2x 1078 m?/s
Grout thermal conductivity ky, = 0.81 W/(mK)
Grout thermal diffusivity ap=2.1x10"" m?/s
Fluid thermal conductivity k= 0.48 W/(mK)
Fluid thermal capacity (pcy)p = 4.02 x 10 J/(m3K)

U-tube pipe thermal conductivity &, = 0.42 W/(mK)
Undisturbed ground temperature 7° = 12.5 °C
Total mass flow rate m = 6 kg/s
Number of segments ng = 12

The borefield was divided into equivalent boreholes that shared similar borehole wall tem-
peratures and heat extraction rates using the methodology proposed by Prieto and Cim-
mino [153]. Figure 6.8 shows the borefield studied, in this case a rectangular configuration
where each consecutive borehole was 6 m equidistant both horizontally and vertically, and
the equivalent boreholes were identified. Equivalent boreholes denoted by the numbers I,
II, III each represent 12, 8 and 4 GHEs, respectively. The FEA model was composed of
123,828 6-node prismatic elements with 65,934 nodes in a ground domain, 300 m per side

and an axial length equal to 140 m.
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Figure 6.8 Equivalent boreholes for a field of 24 GHEs.
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Simulation of a 10-Year period

Figure 6.9 shows the complete simulation for the first 10 years of heat extraction and heat
rejection with the ground (Q), including inlet and outlet (7}, and T,,;) temperature and the
average borehole wall temperature for each equivalent borehole (T@ I Tb, I, T}L 111) calculated
with the proposed method. Figure 6.9a shows the ground loads (Q > (0 corresponds to
heat extraction with the ground, negative otherwise) for the 10-year period, generated using
the synthetic ground load profile of Bernier et al. [65]. The maximum heat extraction and
rejection were equal to 93,502 and —76,704 W, respectively. The average net heat transfer
for all 10 years was equal to 3761 W, which means an imbalance towards heat extraction.
The impact of this imbalance is shown in Figure 6.9b,c, exhibiting decreasing behavior in
both fluid temperatures and borehole wall temperature at the end of the simulation. The
maximum and minimum inlet fluid temperatures were 19.98 and 0.95 °C, respectively, and
the maximum and minimum outlet fluid temperatures were 17.29 and 4.25 °C, respectively.
At the end of the simulation, the fluid had a temperature of 9.17 °C for both T}, and
Tout, since there was no heat exchange at this time. This represents a difference between
the temperature at the beginning of the simulation and the end of the simulation equal
to 3.33 °C. For the average borehole wall temperature for each equivalent borehole, the
maximum and minimum temperatures in the 10-year period were, respectively, 14.82 and
7.28 °C for equivalent borehole I; 14.86 and 7.37 °C for equivalent borehole I7; and 14.89 and
7.45 °C for equivalent borehole I11. At the end of the simulation, the equivalent boreholes
(I, II, I11) presented average borehole wall temperatures equal to 9.36, 9.44 and 9.52 °C,
respectively. Although the variation in the borehole wall temperature between the equivalent
boreholes was small, it existed and shows the need to simulate in detail a field composed of
several GHEs for larger periods of time. It is also worth mentioning that if the ground loads
maintain their imbalance for a longer time, the average borehole wall and fluid temperatures

will tend to decrease until they reach steady-state.
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Figure 6.9 Multi-annual simulation over 10 years with the proposed method: (a) ground
loads, (b) inlet and outlet fluid temperatures and (c) average borehole wall temperature at
each equivalent borehole.

Figure 6.10 compares the inlet and outlet fluid temperatures evaluated with the proposed
model and the FEA model. The difference between predicted inlet fluid temperatures is
denoted AT;,, and the difference between predicted outlet fluid temperatures is denoted
AT,,;. The results corresponding to the time steps of the minimum and maximum differences,
and at the end of simulation, are presented in Table 6.3. Lastly, the RMSEs for the inlet and
outlet fluid temperatures were 0.13 and 0.14 °C over the 10th simulation year, respectively.

Therefore, the inlet and outlet temperatures show good agreement when compared with the
FEA model.
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Figure 6.10 Comparison of predicted inlet and outlet fluid temperatures during the 10th year:
(a) proposed method, (b) FEA model, (c) error of the inlet temperature and (d) error of the
outlet temperature.

Table 6.3 Errors of fluid temperatures during the 10th year.

En(oc) Tout(oc) AT:in(OC) ATvout(o(j)
FEA  Meth. FEA  Meth.
Minimum error 0.57 0.95 3.86 4.25 —0.39 —0.39
Maximum error 18.71 18.54 16.02 15.84 0.18 0.18
End of simulation 9.03 9.17 9.03 9.17 —0.14 —0.14

The behavior between the soil and the GHE can be studied through the behavior of the
borehole wall temperature. For this purpose, according to the groups identified in Figure 6.8,
the average borehole wall temperature for each of the equivalent boreholes was calculated in
the FEA model to compare with the proposed methodology. Figure 6.11 shows the average
borehole wall temperature for each of the equivalent boreholes for the proposed method
and the FEA model, and the error between each of them for the 10th simulation year.
For Figure 6.11a—c, the average borehole wall temperature for each equivalent borehole was

estimated by means of the proposed method; for Figure 6.11d—f, by the FEA model; and
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Figure 6.11g—i shows errors between FEA and the proposed model, for the 10th year. The
results corresponding to the time steps of the minimum and maximum differences and at the
end of simulation are presented in Table 6.4. The largest error (in magnitude) was reached
when the minimum temperature was reached. The RMSEs between FEA and proposed
method were 0.10, 0.09 and 0.10 °C, for each equivalent borehole, I, I1 and I11, respectively.
The errors show that the proposed model is able to predict with reasonable accuracy the

thermal response between GHE and the soil.
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Figure 6.11 Comparison of predicted borehole wall temperatures for each equivalent group
(I, I1, III) during the 10th year: (a—c) proposed method, (d—f) FEA model and (g—i) error
between models.

Table 6.4 Errors on borehole wall temperatures during the 10th year.

T51(°C) Ty1:1(°C) Ty111(°C) ATy (°C)  ATyu(°C) AT 11(°C)
FEA Meth. FEA Meth. FEA Meth.
Minimum error 7.07 7.28 7.16 7.37 7.45 7.66 —0.21 —0.21 —0.21
Maximum error 13.37 13.34 13.50 13.46 13.61 13.57 0.03 0.04 0.04

End of simulation  9.22 9.36 9.31 9.44 9.39 9.52 —0.14 —0.13 —0.13
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The calculation time for this simulation was 310 s: 210 s dedicated to the initialization
procedures (i.e., integrals, eigenvalues, coefficients, etc.) and 100 s to the solution of the

systems of equations and iterations for the period of 10 years with a time step equal to 1 h.

Short-term effects after 10 years

For the validation of the proposed method with respect to the short-term effects, an additional
period of 7 days was simulated following the 10 years of simulation. The time step during
this period was set to 1 min. The FEA model was initialized using the final results of the

10-year simulation as initial conditions.

Figure 6.12 shows the inlet and outlet fluid temperatures and the borehole wall temperatures
for each of the equivalent boreholes for the FEA model and the proposed method, and a com-
parison of the results. Figure 6.12a,b shows the temperatures obtained using the proposed
method, and Figure 6.12c¢,d shows the same temperatures obtained with the FEA model. Fig-
ure 6.12e,f shows the differences between the FEA and proposed method. Table 6.5 presents
the inlet and outlet fluid temperatures at the time of the maximum and minimum errors and
at the end of the simulation, and the differences between the FEA and the proposed model.
The RMSEs between the two models were 0.23 and 0.24 °C for the inlet and outlet fluid tem-
peratures, respectively. This shows that the proposed method is able to accurately estimate
the fluid temperatures when the short-term effects are considered. Table 6.6 compares the
average borehole wall temperatures at each equivalent borehole at the times of the maximum
and minimum errors and at the end of the simulation, and the differences between the FEA
and the proposed model. The RMSE for each equivalent borehole, I, IT and I11, was 0.16,
0.16 and 0.15 °C, respectively. As previously noted, these results show good agreement when
compared with the FEA model.
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Figure 6.12 Comparison of predicted inlet and outlet fluid temperatures and borehole wall
temperatures for each equivalent group (I, I1, I11) during the 7-day period: (a,b) proposed
method, (¢,d) FEA model, (e) errors of the inlet and outlet fluid temperatures, and (f) error

of the borehole wall temperatures.

Table 6.5 Errors of fluid temperatures during the 7-day period.

T;-n(OC) Tout(oc) AT‘in(oC) ATout(OC)
FEA Meth. FEA  Meth.
Minimum error —0.05 0.4 3.6 4.06 —0.46 —0.46
Maximum error 9.47 9.59 9.47 9.59 —-0.2 —0.2
End of simulation 8.98 9.12 8.98 9.12 —0.14 —0.14
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Table 6.6 Errors of borehole wall temperatures during the 7-day period.

T..1(°C) Tb1:(°C) T4.111(°C) AT, ;(°C) ATy 11(°C) ATy 11(°C)
FEA Meth. FEA Meth. FEA Meth.
Minimum error 7.06 7.30 7.14 7.37 7.22 7.44 —0.24 —0.24 —0.23
Maximum error 9.63 9.75 9.71 9.83 9.79 9.90 —0.12 —0.11 —0.11
End of simulation  9.16 9.31 9.25 9.39 9.33 9.46 —0.14 —0.14 -0.13

Figure 6.13 shows the fluid temperature profiles and the borehole wall temperature profiles
for each of the equivalent boreholes along their lengths estimated with the proposed method
and the FEA for the time step where the largest difference (in magnitude) between the two

methods was obtained, which in this case corresponded to 7029 min.

—100 F

~20F

—100 |

Figure 6.13 Fluid and borehole wall temperature profiles for each equivalent borehole at
7029 min: (a) fluid temperature profiles for the FEA (dotted line) and the proposed method
(solid line) for each equivalent borehole, and (b) equivalent borehole wall temperature profiles
for the FEA method (dotted line) and the proposed method (continuous line).

The arrows indicate the fluid flow direction for each pipe. The inlet temperatures for each

equivalent borehole for the FEA and proposed method were equal to —0.05 and 0.4 °C,
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respectively. This amounts to the error previously computed as —0.46 °C between FEA
and the proposed method. The outlet temperatures for the proposed method were equal to
4.15 °C for I, 4.19 °C for II and 4.23 °C for I1I. On the other hand, for the FEA the
temperatures were equal to 3.69 °C for I, 3.73 °C for II and 3.76 °C for II1.

Figure 6.13b shows the equivalent borehole wall temperature profiles along the lengths of the
GHEs for the FEA and proposed model. According to results in Table 6.6, the difference
between FEA and proposed method for each equivalent borehole was preserved, and were
similar to the differences in the average temperature, being —0.24, —0.24 and —0.23 °C for
boreholes I, Il and III, respectively. A small difference was observed at all equivalent

boreholes, top and bottom, equal to —0.22 °C on both parts.

6.5 Conclusions

This paper presented a novel approach to the study of heat transfer in a field of thermally
interacting GHEs where the heat capacity effects of the fluid, grout and soil are included. In
the proposed method, the heat transfer inside the GHE is studied by the transient multipole
expansion and coupled with the outside of the GHE by penalizing the interior solution with
the equivalent borehole method to include the interactions between the GHEs. The advection
inside the pipes is modeled by the energy balance along the pipes and discretized using a
finite difference scheme. The method drastically reduces the dimensions of the system of
equations due to the use of the equivalent borehole method to limit the number of modeled

boreholes.

The main contributions of this paper are listed below:

e The method is able to be used in efficient short-term simulations by extending the
transient multipole expansion [143] with an efficient coefficient updating scheme to

compute fluid and GHE temperatures.

e [t is no longer necessary to separate the solutions for short- and long-term effects as done
by some researchers [18,144,145], since the heat extraction rates are calculated by the
extension of the transient multipole expansion; therefore, the transition between time
scales is done naturally by the approaching exact solution. Additionally, no condition

is assumed at the borehole wall.

e (Calculation times show that it is possible to perform computationally efficient simula-
tions, even when both short- to long-term effects are included. The majority of this

calculation time is due to the initialization (210 s on every simulation). The initializa-
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tion time for the multipole method is independent of the time step and the number of
boreholes. The initialization time for the equivalent borehole method is only weakly de-
pendent on the number of boreholes and the number of time steps. The simulations for
Beier’s experiment, the 10-year borefield simulation and the 7-day borefield simulation

were done in 4 s, 100 s and 16 s, respectively.

The method was first validated against experimental data provided by Beier et al. [155] for a
single GHE and against an FEA simulation of the same experiment. The maximum errors for
the inlet fluid temperature, outlet fluid temperature and average borehole wall temperature
were 0.556, 0.519 and 0.253 °C, respectively, when compared to the experimental data; and
0.317, 0.317 and 0.270 °C, respectively, when compared to the FEA method. The validation
showed that the proposed model compares well with the FEA method, and that both methods
compare favorably with the experiment. Differences between the proposed method and the
FEA method were expected, since the two methods use different models for the interiors of
the GHEs. A 10-year simulation of a field of 24 GHEs was then presented to evaluate the
long-term accuracy of the proposed method when compared to the FEA method. A 10 year
period was simulated with a 1 h time step, followed by a 7-day period with a time step of
1 min to evaluate the short-term accuracy of the proposed method in the context of long-
term simulations. For the 10-year period, the last year presented maximum and minimum
differences with the FEA method of 0.18 and —0.39°C, respectively, for both the inlet and
outlet fluid temperatures. For the 7-day period, the maximum and minimum differences with
the FEA method were —0.24 and —0.46 °C, respectively, for both the inlet and outlet fluid

temperatures.

The method is not restricted to applications where the GHEs are connected in parallel, but
could also be extended to consider series connections between the boreholes by modifying
the model in Section 6.3.3. The method could also be extended to include stratified solutions
for anisotropic soils, adapting, for example, the solution by Abdelaziz et al. [74]. Addition-
ally, by specific modifications of the FLS solution, the method could include effects such as
groundwater flow by making use of proposed solutions such as the moving infinite line source
(MILS) by Diao et al. [88], the moving finite line source (MFLS) by Molina-Giraldo et al. [95]
or the stratified MFLS by Luo et al. [104]. This will, however, require future work to adapt

the equivalent borehole method to consider groundwater flow during the clustering process.
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6.6 Appendix A: Load aggregation

The temporal superposition process described in Equation (6.22), repeated here, is instead

solved using a load aggregation algorithm:

g n

ATy, = ZZZQM(mﬂ( — ) = hzzw(t" — 1)) (6.36)

QWkSJ 1v=1p=1

The load aggregation algorithm presented by Claesson and Javed [158] is used. The load

history is discretized in time using geometrically expanding cells:

Ak — Af . olt=1/nc] (6.37a)

k
=" Ar? (6.37b)

where At is the width of the first aggregation cell (equal to the simulation time step), n. is
the number of cells per aggregation level, and || is the floor operator. Cells are generated

until last value 7% is larger than the maximum simulation time.

Each aggregated load contributes to the average borehole wall temperature for each segment

as follows:

Ns  Nc

ATqu - 27T]€ Z Z Z CZIP7 (hI] uv ) - szﬂw(,]_p—l)) (638)

S J=1v=1p=1

where Q are the aggregated loads in each cell p at a time t".
For p > 2, aggregated loads at a time t™ are calculated according to the aggregated loads on

the previous time step "~ !:

lpn 1 ‘Amp—1n—1 2L(P D/ne] lpn ‘Amn—1
@re = g ma @7 T S Q7 (6.39)

The first aggregated load (p = 1) has its value equal to the average load since the last time

step. Here, loads are constant during a time step:

Q’l n=qQ7, (6.40)
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6.7 Appendix B: Additional expressions for the transient multipole method

In addition to the expressions presented in Prieto and Cimmino [143], the proposed method

) and the aver-

requires the evaluation of the average temperatures at the pipe walls (7} 7
Tq

age temperature at the borehole wall (TLI’ ), along with their derivatives (e.g., 8521 =
Ty .
% 02 " a?’z dg). Their evaluation necessitates expressions for averages and derivatives of
P olry

the eigenfunctions (X;) for the homogeneous problem, and the average temperatures (77,,)

and derivatives for the steady-state non-homogeneous problem.

For the homogeneous problem, the average and derivatives of the eigenfunction X; at the

pipe boundary (0€);) are given by:

1 27 M .
XLI - 27/ Xl’zdgﬁ = Z ’y?nljm(/\ll'lol)elmem J0(>\17IT’1)
m™J0 m=—M
+ Y6 HSY (M zm1) (6.41a)

N M
+ D D VhzYmz

j=Lj#l m=—M

X1z u 0 imbo; 7/
B = =Mz Z Y.z Im (A1 zlor)e™ " Jo (A1 z7m1)
P T m=—M
+ )\1,175,1H6(1)(>\1,I7"l) (6.41b)
N M

+ Az Z Z 75;1,197,71,2

j=LjAl m=—M

where

Jm()\llljl)eimejlH(gl)()\llm) if ljl <7
G,z = , (6.42a)
HT%)()\17Iljl)61m9ﬂJQ(/\LIT’[) lf ljl > T

T (M 7l eim ;I () if 1., <
_ (1,I]l)6 0 (1,17“l) 1L &5 T (6.42b)

gm,I .
H(l)(Al,zljl)elmeﬂJ(l)()\LIT’l) lf ljl >

m
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At the borehole wall boundary (9€):

X1z =101J0(Mz7)

N M , (6.43a)
+Z Z VmZJ (Arzljo)e e JOH (/\117”b)
j=lm=—M
0X
a;’z = A2702J6 (A1 zr)
Ty
vow o (6.43D)
Mz Y A s T Oaglio)e ™0 HYY (A 274)
j=lm=—M

For the steady-state non-homogeneous problem, the average and derivatives of the multipole

expansion at the pipe boundary (0€2;) are given by:

N
T,z =a0z+ %l),z Inr; + Z (Vé,zgj,z) (6.44a)
J=1j#l
3TISS T .
P) = + Z (’Yé,zgé‘,z) (6.44b)
Pl J=1j#l

where

In(l;;) ifl;>r
951 = (i) e (6.45a)
ln(rl) if ljl <nmn

, 0 if ljl >
gr=93, . (6.45b)

= if ljl <7

r
(6.45¢)
At the borehole wall boundary (9€2):
T,.z=aoz+ ) {’Y(J),z (In Tb)} (6.46a)
j=1

aTlsS T

N .
= Noz/m (6.46Db)
7j=1

b
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7.1 Abstract

An analytical solution for the transient heat transfer under groundwater flow for ground
heat exchangers (GHEs) is presented. The method is an extension of the transient multipole
expansion that describes the transient heat transfer as a pure conduction phenomenon inside
and around a GHE including arbitrarily positioned pipes in the grout, coupling an irrotational
and incompressible potential field in the ground with constant far-field velocity. The method
does not rely on the supposition that groundwater flows through the GHE but instead moves
around it. The method is validated against a finite element analysis model comparing the
borehole wall temperature for two cases considering different single U-tube pipes position. It
is shown that the thermal resistances inside the GHE do not respect the general symmetry

condition (R;; # Rj; and R; # R;;) as opposed to the pure conduction problem.

7.2 Introduction

One of the main components of ground-coupled heat pump (GCHP) systems are ground heat
exchangers (GHESs) which allow heat transfer between the building and the ground. In many
applications the heat transfer between the GHE and the ground can be treated as pure heat
conduction due to diffusion in the ground. However, there are cases where the impact of
groundwater flow on the heat transfer process is significant. When groundwater is present,
the heat transfer process is given by three effects: conduction in the ground, conduction in the
groundwater and advection by groundwater. Current analytical models consider that the fluid
within the ground moves unidirectionally through the GHE and not around it. This allows
the classical heat conduction models such as infinite/finite line sources (ILS/FLS) [62,67]
and cylindrical heat source (CHS) [20] to be extended to their analogs when groundwater is
present resulting in the moving infinite/finite line sources (MILS/MFLS) [88,95] and moving
cylindrical heat source (MCHS) [103]. These models have been used to study the response
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between the ground and the periphery of the GHE due to the presence of groundwater,
finding that when the groundwater velocity increases, the average borehole wall temperature
decreases and thus the average temperature of the circulating fluid decreases (in cooling
mode) [87,96,102];. However, how diffusion-advection of groundwater flow moving around
GHE affects the heat transfer between the circulating fluid in the pipes and the borehole
wall due to grout diffusion has not been studied, as well as whether the position of the pipes

plays an important role in the overall heat transfer.

This paper presents a new analytical solution for the heat transfer problem that relates the
groundwater flowing around the GHE by extending the transient multipole expansion for
pure conduction presented by Prieto and Cimmino [143] in which any number of pipes could
be placed inside the GHE. The groundwater model is reduced from diffusion-advection to a
diffusion-reaction model using a special change of variable and coefficient simplification for
the reaction term. The average borehole wall temperature for two different pipe positions
of a single U-tube is calculated and compared with a finite element analysis (FEA) model
to validate the present solution. Thermal resistances are calculated to understand how the

pipes position impacts the overall thermal response of the GHE.

7.3 Mathematical Model

Figure 7.1 shows a top view of a GHE containing two pipes (0€2;, 0€2;) arbitrarily positioned
(0;,0;) within the grout (£2;) and bounded by the borehole wall (0€2,) with respect to
the ground (€22). The heat-carrier fluid inside the pipes has a constant temperature (77,)
at each pipe i. The geometrical parameters of the GHE are the borehole wall radius (r)
and the outer pipe radius (r;) at each pipe i. The thermal properties of the grout and
the ground are considered isotropic, constant, and homogeneous. ky, ks are the thermal
conductivities of grout and ground, and a4, o are the thermal diffusivities of the grout and
ground, respectively. The ground has a constant porosity (€) that allows groundwater to
pass through with constant volumetric heat capacity (pc,)s and thermal conductivity (ky)
through the whole ground domain. The ground is considered as a semi-infinite domain and

extends to r, — oco.



120

- Q.

> Te

Ground.
—
—
—
—
—

7 U Pipe i

Grout

Borehole Wall

Figure 7.1 Domain geometry around a GHE

The transient multipole expansion of Prieto and Cimmino [143] is extended to describe the
heat transfer phenomenon inside and outside the GHE considering groundwater flow. The
original transient multipole expansion describes the heat conduction inside the periphery of
the GHE for pipes arbitrarily positioned in the grout. As opposed to several existing models
in the literature, the groundwater flow does not pass over the GHE but flows around it. It
is assumed that the flow is incompressible and irrotational with constant far-field velocity

(Uso), resulting in a potential field.

7.3.1 Diffusion-advection model

The partial differential equation known as the advection-diffusion equation is used to describe

the phenomenon of heat transfer in and out of the GHE for polar coordinates (p, ¢) and time

T, (pcy)s . 9
) f _ ) S . 1
BT + (pe): (p—mrp)u- VT, = ;V-T; (7.1)

where H (p — rp) is the Heaviside function which is defined as 0 if p < 7, and 1 otherwise,

T; is the temperature field for domain ;, a;(= ﬁ) is the thermal diffusivity for each
Q;(ap = a7 and o crf = ). The ground has an effective thermal conductivity and capacity
given by volume average properties defined as ksepp = kpe + (1 —€) ks and (pcy), ;p =
(pcy) fet (1 —¢€) (pcp),, respectively. The velocity vector field, 4, is derived considering the
continuity equation in the ground for a fluid moving with a density py:

0 ,

Pr 4 - (psid) = 0 (7.2)

ot
For an incompressible and irrotational flow, Equation (7.2) is then a potential field V¢ = 0

which means @ = V. For a non-slip boundary condition at 0, (i|,, - @ = 0), the velocity
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field with constant far-field velocity is then:
2

2
U= Uso <1 — ;g) COS P€, — Uso (1 + ;Z) sin ey = uye, + Upey (7.3)

where €, and €4 are unitary vectors in the radial and tangential directions, respectively. The
2
potential field is then ¢ = uq, (1 + ;’;) p COS ¢.

The boundary and initial conditions of the advection-diffusion equation (Equation (7.1)) are

given by:
oT
— BTy 87; + Tl = Ty, on S (7.4a)
Tk
T1|7"b = TQ‘Tb on aQb (74b)
o1y T,
—kb 8710 . = —k&eff aip . + [(pcp)f U/TTQ]‘Tb on 8Qb (74C)
Talres00 = T° on 0N, (7.4d)
Ti (p,$,0) =T in Q; UQy (7.4e)

Equation (7.4a) corresponds to a Robin boundary condition for each pipe k with constant fluid
temperature 7Y, , where 8, = 27k, Ry, is the dimensionless fluid-to-outer wall pipe thermal
resistance and Ry the fluid-to-outer wall pipe thermal resistance. Equations (7.4b) and
(7.4c) describe the continuity conditions for temperature and heat flux, respectively. Here,
it is important to mention that Equation (7.4c) is different from the ones encountered in the
literature since the dissipation term, [(pc,) furTg]‘Tb, is included. In this case, this term is
equal to zero since the radial velocity at the borehole wall is 0 due to non-slip condition.
Equations (7.4d) and (7.4e) are the far-field temperature and initial temperature, which are

both equal to the undisturbed ground temperature 7°.

7.3.2 Groundwater transient multipole expansion

The resolution of the problem defined by Equations (7.1) and (7.4) is based on the method-
ology proposed in Prieto and Cimmino [143], which separates the heat transfer model as the
sum of two subproblems, in this case: a) transient advection-diffusion equation with homo-
geneous boundary conditions (7;4), and b) steady-state advection-diffusion equation with
non-homogenous boundary conditions (7} ss). The following change of variable is introduced
to relate the potential field ¢ with the temperature field:
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1 (pcp)f )H r
T.=T,, ezas,eff ((pcp)s,eff (p=rp)¥ _T, hef(p,ab) (7.5a)
1 (pep)f )H —r
T.. - 70 _ T eQas,eff ((pcp)syeff (p—rp)?p -7, Ssef(p@) (7.5b)

The mathematical model for T;, is reduced to a diffusion-reaction model and defined as:

oL, (Pcp)f 2 (w2 + ué 5
— + H (p - Tb) < L Fi,h = aiV Pi,h (76&)
8t (pcp)s,eff 40[2
or
—Bka a;h + Fl,h|rk =0 on an (76b)
Tk
Tinlry = Danlr, /7% on 09, (7.6¢)
o'y, o'y,
—k P = —kgepp 2| el on 0Q, (7.6d
" op |, < dp Tbe on O (7.6d)
Lo plre—00 = 0 on 082 (7.6e)

Fi,h (pa ¢7 O) = (TO — 7—‘7;755)/6f(p7¢) in Ql U QQ (76f)

For T; 55, the problem is described as:

2 2 2
c us +u
H (p i Tb) ( (10 P)f ) < p ¢> Fi,ss — aiv2ri,ss (77&)
(PCp)g.er s 4oy
aF1 ss 0
—6k7"k 8p’ + Fl,ss‘rk = Tfk —T" on an (77b)
Tk
Fl,ss”/‘b - F2,55|rb ef(rlﬁd)) on 89[) (77C)
OI'y 46 Ol'g 46
—/{Zb L = _ks,eff 2 ef(rb’d)) on 8Qb (77(1)
8p b Tb
[9 ss|re—00 = 0 on 082, (7.7¢)
An approximation of the reaction coefficient ui + ui = uZ ( — 210%5 cos 2¢ + ;%) ~ Kgu? is

proposed to simplify the model presented in Equations (7.6a) and (7.7a) . This approximation
is valid since u? +u3 has a maximum value of 4u? for p =71y, ¢ = (2n+ 1) 7 forn € Z and a
minimum value of 0 for p = r,, ¢ = nw. Moreover, when p is sufficiently large when compared

with 7, the value is u2,. It was found that K, = 1.6 produces a good approximation.

Equation (7.6a) has a similar structure to those expressed in Prieto and Cimmino [143].
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Thus, assuming that I'; ; is spatiotemporally separable as I';;, = X; (p, ¢) 7 (t) results in a
2
Sturm-Liouville problem with 7 (t) = exp (— ()\{) omﬁ) for unique j eigenvalues for each
. 2 N\ 2
domain 7 denoted as A]. The continuity condition requires that o ()\{) = ay ()\é) must
hold for all time ¢. Therefore, the problem X; (p, ¢), defined as the Helmholtz equation for
the interior of the GHE (i.e. X3), has the same formulation as that of the transient multipole

expansion for a point x with coordinates related to a particular pipe center O given by
xx = (pk, o) and for the GHE center xo = (po, ¢o):

X (xid) = 3 A0 (M) e+ 3 Z i H (M) e (7.8)
I=—M

k=1l=—

For the ground domain, the expansion for X5 is slightly different:

X, (X; )\32) Z (50H(1) (0jp0) €% (7.9)

2 . 2
where 0]2. — ()\92) — Ugo (Kgg’) ((p(cj,)p)fff> ,and J and HW are the first kind Bessel and

das i
Hankel functions, respectively. The calculation of the eigenvalues is done by means of singular

value decomposition (SVD), as done by Prieto and Cimmino [143]. The coefficients 7%, 7", §°

are the coefficients that match the boundaries and calculated for each eigenvalue.

The full solution for 7 is given by a Fourier-Bessel expansion:
j 2
Tip (1) Z Cj X, (w; M) e (M) e 11100 (7.10)
7j=1
where C; are in this case:

o B o, (T = Tou) Xnd + 22940 [, (T° = Th,) Xpe2 00100040,
’ % Jo, X1X1d + SJ;J; Jo, X2 Xpe20:0)dCy

(7.11)

The coefficients expressed in Equation (7.11) are obtained by means of the quasi-orthogonal

conditions of the Sturm-Liouville problem and using Green’s second identity.

Similarly, for Equation (7.7a), the same procedure is done. For the grout, the same multipole
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expansion presented in Prieto and Cimmino [143] is used:

['1ss =00 + mzi:l {am (T:Zx> cos (maeg) + B ( :Zx) sin (mgzﬁo)]

(7.12)

min min

For the ground, the multipole expansion is given by:

F2,ss - i 6l0Kl (uoo <\/Kigw> <( (pcp)f > pO) eil¢0 (713>

pcp)syeff

where K is the modified Bessel function of the second kind of order 1 and «, 3,7, are the

coefficients that match the boundaries which are different from the homogenous problem.

7.4 Results

The average borehole wall temperature (7}) is evaluated using the present method and FEA
for 4 different far field velocities: us = 0, 1075 1075, 107* m/s. Two cases are studied,
with the same thermal properties and geometrical parameters shown in Table 1 but with
different positioning of the pipes: (I) the pipes are positioned at O; (—0.05,0), O2(0.05,0),
and (II) O4(0,0.05), O3 (0,—0.05). The FEA model for both cases is composed of 5504
nodes and 9906 triangular elements (second order Lagrange elements) with r. = 55 m. The
parameters for the multipole expansion are set to M = 14 and h = 30, doubling those
shown in Prieto and Cimmino [143] due to the exponential term in the continuity conditions
(Equations (7.6¢)-(7.6d) and (7.7¢)-(7.7d) ), and the first 100 eigenvalues are used.
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Table 7.1 GHE Parameters

Parameter Value

Grout thermal conductivity ky = 0.81 W/(mK)
Grout thermal diffusivity ap =213 x 107" m?/s
Ground thermal conductivity ks = 2.4 W/(mK)
Ground thermal diffusivity as=12x10"%m?/s
Groundwater thermal conductivity kf=0.48 W/(mK)
Groundwater thermal capacity (pep); = 4.2 x 10° J/(m*K)
Borehole radius r, = 0.075 m

U-tube pipe outer radius re = 0.021 m
Dimensionless fluid-to-outer pipe thermal resistance S, = 0.480281
Undisturbed ground temperature T =10 °C

Porosity e=0.2

Shank spacing e=0.0om

Figure 7.2 shows the average borehole wall temperature calculated by the present method
(dotted line) and the FEA method (solid line) for cases I and II for a period of 60000 s with a
time-step equal to 60s considering the four different far-field velocities with fluid temperatures
equal to Ty, = T}, = 20 °C for both cases. Figure 2 also shows temperature contours for
the final simulation time with us,, = 107> m/s. As expected, when the far-field velocity
increases the average borehole wall temperature decreases and reaches the quasi-steady-state
condition earlier. The maximum absolute differences between the proposed method and the
FEA appear at approximately 180 h (10740 s) with values of 0.105, 0.115, 0.117, 0.061 °C
for case I and 0.090, 0.103, 0.106, 0.024 °C for Case II, for each far-field velocity u,, = 0,
1075, 1072, 10=* m/s, respectively. At the final simulation time, the maximum difference
between the proposed method and the FEA is 0.010 °C for case I with u,, = 107¢ m/s.
The main reason for this discrepancy is the simplification in Equations (7.6a) and (7.7a)
for the reaction coefficient. The relatively small errors show that the coefficient K, can be
used to successfully simplify the problem without significant loss of accuracy. Figure 2 also
shows that the borehole wall temperatures are different in cases I and II for the same far-field
velocity when us, > 107° m/s. This implies that, under groundwater flow, the orientation

of the U-tube influences the internal thermal resistances.
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Figure 7.2 Average borehole wall temperature comparison between FEA (continuous line)
and present method (discontinuous line) for 4 different far-field velocities: a) Case I and b)
Case 11

The internal thermal resistances are defined by:

Ty, — Ty, = Ruqi + Ri2go (7.14a)
Ty, =Ty, = Runqq + Raogo (7.14b)

where ¢, = }%k (Tfk — m) is the heat flow at each pipe k, with 73|, the average outer-
wall pipe temperature. Internal thermal resistances are generally symmetrical (Ry; = R
and Ris = Ryp) in the absence of groundwater flow when symmetrically positioned pipes
are considered. To estimate the thermal resistances, two pairs of arbitrary constant fluid
temperatures for both pipes are used to solve the system of equations defined by Equa-
tions (7.14). Figures 7.3 and 7.4 show the thermal resistances defined in Equation (7.14) for
the two cases, with Figures 7.3a and 7.4a corresponding to u., = 0 m/s. The internal ther-
mal resistances are symmetrical for this velocity. The thermal resistances calculated with the
multipole method developed by Claesson and Hellstrom [18] for the quasi-steady-state con-
dition (conduction problem) are Ry; = Ros = 0.29 mK /W and Ris = Ro; = —0.029 mK/W
for both cases. Comparing these resistances with the final simulation time shown in Fig-
ure 7.3a and Figure 7.3a, the thermal resistances are Rj; = Rgo = 0.285 mK/W and
Ris = Ry = —0.027 mK/W. As expected, thermal resistances are symmetrical and are
in good agreement with the classical multipole method. There are small differences between
the multipole method and the transient multipole expansion since the transient multipole has
not reached steady state. When ¢ — oo, the thermal resistances approach those calculated
by Claesson and Hellstrom [18].
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Figure 7.3 Internal thermal resistances for  Figure 7.4 Internal thermal resistances for
case I with different far-field velocities: a)  case II with different far-field velocities: a)
Uso = 0 Mm/5, D) Us = 1078 M/, €) Uo =  Use = 0 m/s, b) use = 1076 m/s, ¢) Uy =
107° m/s and d) us, = 107* m/s 107° m/s and d) us = 107 m/s

As shown on Figures 7.3b-d for case I, the thermal resistances decrease when the far-field
velocity increases, and the symmetry tends to break down at higher far-field velocities. This
is not the case on Figures 7.4b-d for case II where the symmetry holds at all far-field veloc-
ities. At the final time, the values of the thermal resistances are R, =0.281, 0.259, 0.239,
Ros =0.289, 0.289, 0.253, R1» =-0.029, 0.020, 0.0, Ry; =-0.024, -0.006, 0.003 for case I, and
Ri1 = Ry =0.285, 0.267, 0.234, Ry; = Ry =-0.027, -0.02, -0.001 for case II, respectively, for
each far-field velocity uy, = 107%, 107°, 107* m/s.

On Figures 7.3c-d and 7.4c-d, it is observed that the resistances Ry, and Ryy are not equal for
case I, however they are equal for case II. This interesting result shows that even though the
pipes are symmetrically distributed within the GHE, the symmetry condition does not hold
in general. The fact that case II does present symmetry is because the far-field velocity is
perpendicular to the spacing between the pipes. This allows using Green’s identities to show
that for this case the symmetry condition holds. It is also interesting to observe the behavior
of thermal resistances Ri5 and Ry, for both cases I and II. Figures 7.3d and 7.4d show that
these resistances tend to 0 as the velocity increases. In both cases, this behaviour on thermal
resistances is explained in that the heat transfer is due to heat exchange between each pipe
and the borehole wall rather than the pipes transferring heat to each other, therefore the

groundwater is dissipating heat from the pipes.
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7.5 Conclusions

A new analytical method for the study of conduction-advection heat transfer inside and
around of a GHE was presented. The method allows including a potential field in the ground
flowing around the GHE, in this case incompressible and irrotational. No simplification inside
the GHE is made, allowing to place different pipe positions. Also, when posing the complete
mathematical model, a new boundary condition is considered in Equation 4.3 which takes

into account the energy dissipation by means of the groundwater advection.

As a first validation, the method was compared with a high-fidelity FEA simulation, which
showed that the present method possesses good agreement despite making an approximation
in the reduction of the diffusion-reaction problem by introducing a K, coefficient. With
this new analytical method, it was shown that the position of the pipes slightly changes the
temperature around the GHE. The observation of the temperature around the borehole wall
showed that the thermal resistances coming from the linear conduction problem inside the
GHE are not symmetric (R;; # R;; and R;; # Rj;). It was found that when the groundwater
velocity is sufficiently large, the heat transfer problem is one-dimensional, meaning that to
calculate the heat flux of each pipe it is sufficient to know the temperature of each pipe and

the average borehole temperature as R;; — 0 for i # j.

With these results, the use of methods such as thermal resistance capacitance (TRC) methods
should be revisited when including groundwater flow, as the delta-circuit is not always valid.
Extending the method from 2D to 3D including thermal interactions between boreholes and
time-dependent fluid temperatures could be done using a segmented MFLS solution [101]
and a modified equivalent borehole method [153] with a coefficient updating scheme as done
in Prieto and Cimmino [143,159].
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CHAPTER 8 GENERAL DISCUSSION

This thesis presented a set of analytical and semi-analytical models that allow the study
of the transient heat conduction phenomenon and the effects of groundwater flow. These
solutions consider short- and long-term effects by including transient multipole expansion in
the interactions and axial effects in a field of thermally interacting GHESs, considering the
advection in the pipes within each GHE. The transient multipole expansion was extended to

account for the impact that the groundwater has as it moves around the GHE.

Models for the interior of the borehole enable the calculation of heat transfer rates as a func-
tion of fluid temperatures inside the borehole (and vice-versa). Computationally efficient
steady-state methods, such as the steady-state multipole method, were already available.
However, steady-state methods are only valid on long time steps of a few hours or more.
It is possible to formulate accurate transient models for the interior of the borehole using
numerical methods (such as FEM, FDM or FVM). However, these methods require more
significant computational effort, thus limiting their viability in GHE simulations. The two
most popular approaches are equivalent pipe methods and TRC methods. Since they are
usually constructed from steady-state thermal resistances, they lead to accurate results in
long time steps. The thermal capacity of the borehole materials is allocated in an annular
region (in the case of equivalent pipe methods) or at arbitrarily positioned nodes (in the
case of TRC methods), and thus available models only approximate the short time step re-
sponse of the GHE. Chapter 4 presents an exact solution to the transient heat conduction
on a cross-section of a GHE, thus solving the issue of current approximate short-term so-
lutions. This chapter obtained the analytical solution called transient multipole expansion,
which considers an arbitrary distribution of N pipes within the GHE, thus overcoming the
drawbacks mentioned above regarding models that approximate the interior of a GHE. The
complete transient heat transfer problem allows a superposition of particular solutions in
their homogeneous and non-homogeneous parts, which allows the study of the short-term
effects within the GHE. The eigenvalues associated with the Sturm-Liouville problem of the
homogeneous part were validated with those found in the literature and the solution for the
steady state. This chapter also presented a way to update the coefficients from the Sturm-
Liouville problem for the inclusion of time-dependent fluid temperature and extended via
the Duhamel’s theorem (see Appendix A), meaning that it is possible to estimate the tem-
peratures increments given heat loads. The transient multipole expansion was validated by
comparing it against an FEA method for two cases, one pipe positioned at the center of the

GHE and two symmetrically positioned in the grout.
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To extend the analytical solution presented in Chapter 4, it was necessary to develop a new
method that would include axial effects and GHE interaction. Models that account for axial
effects are constructed by coupling suitable analytical solutions (e.g. g-functions) or numer-
ical models for the exterior of the GHE to a model of the borehole interior. However, when
studying large fields of thermally interacting GHESs, the calculation of the thermal response
becomes computationally burdensome. For this purpose, Chapter 5 develops a novel ap-
proach that allows the inclusion of such effects by grouping boreholes having similar borehole
wall temperature and heat extraction rates, called equivalent boreholes. The method was
based on a hierarchical clustering algorithm; it is possible to cluster completely considering
linkage related to the maximum temperature dissimilarity between two boreholes. With a
cut-off criterion in the dendrogram, it is possible to find the minimum number of clusters
by proceeding to increase by one precision group to increase its precision. The method was
validated for several cases, from typical configurations (i.e. Rectangular, L, U, box-shaped)
to arbitrarily positioned pipes with or without an internal constraint. The method resulted
in a substantial improvement in g-function computation, allowing one to compute the g-
function of a field of 1024 randomly positioned boreholes in a matter of seconds. This was
not possible with the known methods for personal computers, thus allowing the new method
to be used not only in design but also in the control and performance of GCHP installations.
The complete validation was done using current state-of-the-art methods available in the
literature, showing that the equivalent borehole method can accurately predict the thermal
response in fields of geothermal boreholes. Furthermore, the equivalent borehole method is
fully implemented in the current pygfunction (v2.2) library [160], in which the computa-
tional time was also further reduced: the g-function estimation is performed in 0.245 seconds

over 30 time steps for a thermally interacting field of 400 randomly positioned boreholes.

Cimmino [77] has shown that the distribution of fluid temperatures and heat transfer rates
along the GHE affect the long-term response, so the interior model needs to be considered
when initializing the exterior model. Since the thermal capacity of the borehole modifies how
fluid temperatures and heat transfer rates are distributed, short-time step effects may change
the thermal response for an extended period. Thus, based on the methods of Chapters 4 and
5, it was possible to extend the transient multipole method from 2D to 3D. Chapter 6 penal-
izes the transient multipole expansion to include thermal interactions and axial temperature
distributions in geothermal fields without a boundary condition at the borehole wall. The
coupling was done by a uniform discretization of the GHE into segments, following the sug-
gestion of Cimmino and Bernier [73], the use of equivalent boreholes and the inclusion of
the advection phenomenon in the pipes for the fluid temperature estimation employing a

Finite Difference scheme. Compared to existing methods, no temporal separation of the so-
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lution outside and inside the GHE is required since an approaching exact analytical solution
performs the coupling. To validate this extension, data found in the literature were used
to verify the accuracy of the short-term effects [155] as well as to compare them with an
FEA model based on existing methodologies with particular modifications [83,84]. We also
proceeded to validate the response of the thermal interactions between the boreholes as well
as the axial temperature distribution for a multi-annual simulation over 10 years following
a period of 7-days for a field of 24 boreholes located in a rectangular array. This validation
was done using an FEA model in two stages; the first 10 years was done using a time step
of 1 h while the following 7-day period used a time step of 1 min. Because of this, it was
possible to include both short- to long-term effects. This extension was accurate given a
maximum absolute difference of 0.5 °C between FEA and the proposed method for the fluid

temperatures in the 7 days.

Groundwater advection has been shown to impact the ground temperature response around
GHEs. The available works in the literature focused on heat transfer in the ground and,
for the most part, used already available thermal resistance methods to model heat transfer
inside the borehole. As it has been shown, the formulation of thermal resistance networks
relies on the solution of the heat conduction equation inside and outside the GHE. Ground-
water flow modifies the temperature field around the GHE and thus impacts the borehole
thermal resistance and the long- and short-time step responses of GHEs. Discussed ana-
lytical models consider a line source as a representation of GHE, such as the moving line
source model. They cannot describe the thermal behaviour near-field of GHE by considering
that a centric line in the borehole emanates heat which is different from a real configura-
tion of the borehole. When this assumption is considered, the borehole wall temperature
differs from a model that considers a real configuration inside GHE. As opposed to existing
methods in the literature, the groundwater movement is around the GHE and does not pass
through. This allows the use of an incompressible and irrotational model for groundwater
flow. The transient multipole method can be modified to include such an effect, and shown in
Chapter 7. The same methodology of superposition of solutions presented in Chapter 4 was
used, employing a particular variable change that allows transforming the diffusion-advection
model into a diffusion-reaction model. This diffusion-reaction model is separable in space
and time, resulting in a Sturm-Liouville problem. In addition, a reaction term approximation
was proposed to simplify the problem mathematically. This simplification showed that the
method could accurately estimate the temperature profile inside and outside the GHE. This
methodology showed that the position of the pipes inside the GHE plays a crucial role. Two
cases were simulated with different velocities and pipe positions. It was shown that at higher

velocities, the location of the pipes changes the thermal response inside the GHE. In addition,
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although the pipes may be symmetrically positioned, the reciprocal thermal resistances from
the heat transfer problem are not the same, as opposed to the pure conduction phenomenon.
This means that TRC methods should be revisited when including groundwater flow. For
mathematical completeness, the proof of Fourier-Bessel coefficients is done in Appendix B,

and extra formulas are shown in Appendix C.
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CHAPTER 9 CONCLUSION AND RECOMMENDATIONS FOR FUTURE
WORK

This thesis presented different contributions that allow the simulation of short- to long-
term effects when multiple pipes are considered within the GHE and the effects of thermal
interaction between various GHEs are present. In addition, the effect of groundwater flow
moving around the GHE was modelled and assessed. As such, the contributions can be listed

as follows:

e An exact approaching solution to study the transient heat transfer at the interior and

exterior of a GHE containing multiple pipes in the grout.

e An equivalent borehole method to study the thermal interactions and axial effects

between multiple boreholes positioned in the soil.

e A full-time-scale semi-analytical solution that enables the calculation of the fluid tem-

peratures inside the pipes of multiple parallel-connected GHEs.

e An analytical solution to simulate the thermal response within the GHE when ground-

water flow is moving around it.

With these contributions, the thermal modelling of GHEs can be done in a computationally
efficient and approaching exact way. Therefore, this thesis fills the gap in the scientific
literature regarding the analytical solution for studying in full the short- to long-effects of
multiple boreholes. Also, the last takeaway is that TRC methods should be revisited when
the groundwater is considered since the thermal response on the inside is different from the

classical point of view (i.e. pure conduction).

9.1 Thesis limitations and future research

One of the main limitations of the present thesis is that the mathematical models are only
used for grouted GHESs. If one wishes to use the current methodology to analyze water-filled
GHE, simple modifications in the heat transfer problem’s analytical solutions are insuffi-
cient. Although the mathematical model for the conduction heat transfer phenomenon for
any number of pipes inside the GHE was solved analytically, proposing an exact solution,
its computational implementation has interesting limitations. One of them is estimating and

extracting eigenvalues utilizing singular value decomposition (SVD), which requires running
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a broad spectrum of eigenvalues to estimate the real values. This leads to excessive com-
putational time and requires most of the computational time for a typical simulation. In
addition, the computation of the integrals needs computational effort and high expertise to
stabilize the far-field boundary conditions. Finally, calculating the coefficients that match
the boundaries for the steady-state problem produces an ill-posed problem that needs to be

regularized by preconditioning.

When grouping boreholes into equivalent boreholes, it has been found that the number of
groups generally varies between 3 to 5 for a large spectrum of random and regular arrange-
ments. This can be considered a limitation since a hierarchical clustering algorithm does the
clustering. This leads to the fact that although the boreholes have similar behaviour, the
selection metric (i.e. complete linkage) does not consider whether the variations are small
or large between two boreholes. Therefore, this method tends to overestimate the thermal
response, as seen in this thesis. Although the method can analyze large arrays of geothermal
fields containing thousands of boreholes, its validation is not straightforward since the tech-
niques found in the literature are computationally demanding and makes it difficult to find
reference results. For instance, the Beijing airport is said to have about 10 000 boreholes
installed, and it is not possible to know if the method developed here can accurately predict

the thermal response of this example.

Since the extension of the 2D to 3D method is based on both the transient multipole and
equivalent borehole methods, it is evident that the same limitations are inherited. The main
limitation of the present method lies in two parts: a) the calculation of the Fourier-Bessel
coefficients at each time step and b) the direct coupling of the penalized solution with the
advection model in the pipes. In the coefficient updating scheme, the time step plays an
important role because if it is too small or too large, the solution tends to produce incorrect
results. This is due to the construction of the Sturm-Liouville problem and its regularity in
superimposing the solutions. However, it was found that the method works well for time steps
of 1 min and 1 h. Similarly, the coupling between the discretized advection model and the
complete solution using the penalty requires an iterative process that can be computationally
unstable if the time step is not chosen appropriately. Although the advection model is implicit
(i.e. always convergent) and requires the solution of a system of equations at each time step,

this iterative method increases the computational consumption.

Finally, the extension of the transient multipole method to include groundwater moving
around the GHE has limitations besides the ones inherited from the transient multipole
method. The first is the assumption of groundwater movement as a potential flow, and its

simplification that allows using a particular variable change that simplifies the problem for
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an analytical solution. However, groundwater movement is based on more accurate models
such as Darcy-Brinkman-Forchheim, thus making the transient multipole method not easily
adaptable. Another limitation is the use of a term approximation in the diffusion-reaction
model. Although the approximation term showed an excellent approximation for estimating

average borehole wall temperature, its overall effect is unknown and should be studied further.

There are several things that this research opens up as a next project that can be studied in

the future and are listed below:

e New computational techniques for eigenvalue extraction and integral computation should
be adopted to improve the computational performance of the transient multipole method

implementation.

e Extend the ideas of the equivalent borehole method when groundwater flow is included.
This can be done by adopting ideas found in the literature, such as MILS, MFLS,
or MCHS methods. Also, explore the impact of the selection metric on the overall

clustering process.

e The semi-analytical method for 3D transient heat transfer could increase its capabil-
ity by including both geothermal gradient effects and solutions in which the thermal
properties change along the length of the borehole. Also, improve the iterative pro-
cess for fluid temperature estimation by proposing a "one-shot" style model that allows
explicitly building the system of equations to solve it in a single attempt rather than

iterating over initial conditions.

e The groundwater transient multipole method can increase its capabilities by extend-
ing it to 3D following a methodology similar to that proposed in the semi-analytical
solution for the 3D transient heat transfer. For this, it is necessary to initially extend
the ideas of the equivalent borehole to include groundwater flow. Subsequently, it is
required to adopt a new coefficient updating scheme for the groundwater flow case for
estimating the time-dependent fluid temperatures. In addition, the short- and long-
term groundwater effects could be studied in their entirety. Also, the effects of soil

thermal properties, groundwater velocity, and axial effects could be studied.
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APPENDIX A TIME-DEPENDENT FLUID TEMPERATURES BY
MEANS OF DUHAMEL’S THEOREM

This appendix shows an extension of Chapter 4, specifically Section 4.3.3 where the estimation
of the temperature profile of the GHE and its periphery considering time-dependent fluid
temperatures is shown. The complete transient heat transfer problem for the inside and
outside of the GHE is repeated here:

1 0T;

= V2T, in Q;, i =1,2 Al
o ot VT, in €, i , (A.1a)
oT,
- mRka—l +T =T (t) on 0%, k=1,....N (A.1b)
Pk Ry
oT oT.
—ky = = —k, =2 on 8 (A.1c)
8p0 Ro ap(] Ro
TllRO = T2|R0 on aQQ (Ald)
T3(Re; ¢,t)| g, oo = 0 om OS2 (A.le)
Ti(p, ¢,0) =T in Q;, i = 1,2 (A.1f)

Separating the problem into N-subproblems using the linearity of Equation (A.1) and sub-
tracting T° from the full problem:

N
T, =T+ T} (A.2)

j=1

Then, the new transient heat transfer problem for subproblem j at domain ¢ is given by:

1 0T},
~ 8;3 _ vailj inQ,i=12 (A.3a)
~ por, 2 Tl = 6T, O, k=1,...,N A.3b
Bk kﬁpk + 1j — kfk(t)on ky v = 4y ( 3)
Ry,
oTY . o7y
_kb 9 1j = —ks ) 2 on 090 (A3C)
Po Ry Po Ro
T1’|RO = T2’|R0 on 08 (A.3d)
Ty(Re, &, 1) 5, oo = 0 00 09 (A.3e)

T!(p,$,0) =0in €, i =1,2 (A.3f)
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where, T}, (t) = Ty, (t) — T° and 67 is the Kronecker delta which is equal to 1 if j = k and 0

otherwise.

Since the fluid temperature in Equation (A.3b) is time-dependent, it is possible to construct
the solution employing the Duhamel’s theorem. In this case, the Duhamel’s theorem states
that:

OH,; OH;;
/ Tf j p7¢7t_7_)d7_:_/ Tfj or j(paqs)t_T)d (A4>

where H;; is the solution of Equatlon (A.3) with T% (t) = 1.

Solving for H;; for each subproblem j follows the same structure of the transient multipole
expansion shown in Section 4.3.1 and 4.3.2. Interestingly, when splitting the problem H;; into
the homogeneous transient problem and non-homogeneous steady-state problem, the tran-

sient problem is solved just once and the steady-state problem N times at the initialization.

The integral in Equation (A.4) could be considered as Riemann-Stieltjes for a discontinuous
function T chj. Let’s consider n discontinuities for the fluid temperature T}, and step-wise

variations for each pipe at each time step n, i.e. over 7"V < ¢ < 77 (where 7" = 7"~V L At):

_/OtT}j‘g{TU(p,qﬁ,t—T)dT:—V +/ +- +/(n ) (,cjali”( 0.t )T) (A.5)

Integrating by parts:

or!
+/ Hyy s Ldr

a/
+/ H,; de

H;;
/ 7, 2 o tdr = ~T}, Hy

— T} Hi;

¢ t oT!
. —|—/ H,—Ldr
T n—1

!
— Tfj Hij 1) ij or

Now, expanding the evaluation of the functions and compacting the integrals yields:

/tf T}, aT” dt = Hy(p, 6, 1)T},(0) + Hij(p, ¢, t — 7) [T}_(71)+ - T}_(rl)‘}

+ Hyj(p, 6.t —72) [T}, (7)* = T} (%) +/ H,; wf
n—1

=memwwﬂ%WV—%WH

z=0
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(A7)

where 7% = zAt, and the 4+, — mean the discontinuous function is approaching from the right
and left, respectively, at the time the function is evaluated. The integral in Equation (A.7)

is 0 since the step-wise variations make derivative 0 in this case for all the small changes.

The complete solution Equation (A.1) is then:

N n—1
Ti=T0+ 33 Hilp, ¢t — 7°) [T}, (75) " = T, (7)7 | (8.8)
j=12=0

Equation (A.8) could be used in combination with a load aggregation algorithm such as

presented in Claesson and Javed [158] for the estimation of the fluid temperatures.
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APPENDIX B QUASI-ORTHOGONAL CONDITION FOR THE
GROUNDWATER TRANSIENT MULTIPOLE EXPANSION

The homogeneous problem for 7;; for the groundwater transient multipole expansion ex-

pressed in Chapter 7, specifically Section 7.3.2, is repeated here (replacing):

2
8Fz C 2 + 2
h + H (p . ’]”b> ( (p p)f ) (up ud)) Fi’h — Oéiv2ri7h (Bla)
ot (pcp)s,eff day;

ar

—BkTk a;’h + T4l = 0 on 09 (B.1b)
Tk

Cinle, =Tonlr, ef 00 on 90, (B.1¢)
—ky | = ke = el on 90y (B.1d
" op |, SET7H N (B.1d)
F2,h Te—00 — 0 on 896 (Ble)

Tin(py6,0) = (T° = Tp55) /ef®9 in QuUQ, (B

Assuming that I'; , is spatiotemporally separable as I'; , = X; (p, ¢) 7 (t) results in a Sturm-

N 2
Liouville problem with 7 (¢) = exp <— ()\f ) ozit) for unique j eigenvalues for each domain ¢

. 2 2
denoted as AJ. The continuity condition requires that ay (A{) =y (AJQ) must hold for all

time ¢. Therefore, Equation (B.1a) is transformed as follows:
V2T 4 [(M)? = | X =0 (B.2)

2 . ,
where u?;; = K, o ( (ecp), ) H (p — 1) and for notation simplicity X; = X;(p, ¢; \]).

W oy (Pcp)s,eff

To prove the quasi-orthogonal condition expressed in Equation (7.11), suppose there exist
two eigenvalues 7 and n for Equation (B.2). Both equations associated with eigenvalues j
and n are multiplied by X, k;e* (%) and )_(ijk:iezf (r9) respectively. Then, subtracting and
integrating the whole domain €2; U €25, the multiplied equations yields:

Q1UQ2 QLU
(B.3)

Equation (B.3) could be partitioned for both domains €; and €2,. Applying Green’s second
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identity to the LHS for the first domain {2, gives:

. 0x{

b [ (X”VQXj —)EJVQX") 40—k 3 [ (% OXY
o, (M1 i i 1 2~ Joo, \ T 9p

dp

- OXxn
X7 =1
1 ap

— X,

Tl

) ds
" (B.4)

) as
b

_9Xxi
+ ky (X{L !
09, op

Tb

Now for the second domain 2s:

— . - _ aXJ - 8Xn
e / <X”V2X] - XJVQX") a0 =k, , / 0 0X2 1 i OXF 1) s gg
ef f 0 2 2 2 2 ef f o0t 2 dp N 2 ap . e
_ 09X} — . OXD
ke / xp 9221 _xg 9220 ) 200e0)gg
+ eff 80 < 2 ap Ny 2 ap Te) e

(B.5)

The terms in RHS in Equation (B.4) correspond to the evaluation at the N pipe bound-
aries and the contribution of the borehole wall through the domain €2;. Similarly, in Equa-
tion (B.5), the RHS terms correspond to the contribution of the borehole wall and the far-field
boundary, respectively. In Equation (B.4), the contribution by the N pipes is 0 since the
homogeneous Robin boundary condition expressed in Equation (B.1b) guarantees that the
difference vanishes in the domain €2;. On the other hand, the far-field contribution in Equa-
tion (B.5) is 0 since the far-field boundary condition given by Equation (B.1e) is 0. Therefore,
Equation (B.3) is then:

_oXx? - QX"
kb/ ) (X{L OXi 0Xi
09, Op

. -. 0X2
—X{ 9 2

_ 90X}
dS+k.. / xp 220 xi
) Thsers aa;( 2 9p 2 9p

Ty
D= 0] [ kX Xpee9dq
Q1UQs

b b

) 2l (red) 1g —

b

(B.6)

Now, using the continuity condition given by Equations (B.1c) and (B.1d) and noting that
normal vectors at 0€, are in the opposite direction when approaching from domain €2; with
respect {2y, the LHS in Equation (B.6) is then 0. Therefore, the only way that RHS in
Equation (B.6) holds is that the eigenvalue must be M) = \? for all j = n (i.e. RHS integral
is 0 for all 7 # n) . Thus, the Fourier-Bessel coefficients based on the quasi-orthogonal

N\ 2 N\ 2
condition are written as follows using the continuity condition ay ()\]1) = Qo ()\%) in the
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RHS of Equation B.6:

_ B fo, (T° = Thyss) X1dy + z;i Jo (T = T, 55) Xpe?T00)=1(0:0) 40y

C. - =
’ % fm X1 Xad$ + fz}xf sz Xy Xpe2 :0)d2y

(B.7)
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APPENDIX C ADDITIONAL FORMULAS FOR THE GROUNDWATER
TRANSIENT MULTIPOLE EXPANSION

In addition to the formulas presented in Chapter 4 and in Chapter 6 (section 6.7) for the
transient multipole expansion for pure conduction that correspond to the same mathematical
structure for the groundwater flow phenomena, the solution for the non-homogeneous steady-

state problem is slightly different and must be explicit presented.

The groundwater multipole expansion for the ground is repeated here:

Ty = i 50K, (uoo <\/K7”> ( : (pey) >p0) ildo (C.1)

I=h 2ay pcp)s,eff

At the borehole wall boundary (9€):

Lo, = 32 00K, (uoo (W) (( (vcy), )b) "

I=h 20, PC)sers
Ol s . \/ Kgw ( (pcp)f ) Zh: 0K | e \ Kguw ( (pcp)f )?”b pilo
dp - 209 (P%)s,eff I=—h 200 (Pcp)s,eff (C.2)
K g C '
F2,ss - 5?K0 Uoso ! < (p p)f ) Ty
" 20y (pcp>s7eff
Ol s N Y Kogw ( (pcp) )5?[((/) u [V Kguw ( (pcp) s )Tb
dp - 209 (P%)s,eff 209 (Pcp)s,eff
where @ = o 07 Fpee| dg and Dol = 50 f37 T, do
Th
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