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RÉSUMÉ

Récemment, on a assisté à une montée en puissance des techniques d’apprentissage automa-
tique dans le domaine de l’optimisation. Les méthodes d’apprentissage supervisé peuvent
exploiter des structures sous-jacentes dans des multitudes de problèmes et utiliser cette
expertise pour aider à trouver plus efficacement la solution de nouvelles instances de ces
problèmes. Dans l’apprentissage par renforcement (Reinforcement Learning, RL), cepen-
dant, un agent interagit avec l’environnement contrôlé par les contraintes d’un problème
d’optimisation. Une fonction de récompense qui s’aligne sur la fonction objectif du problème
d’optimisation conduit le processus de recherche itératif à prendre de meilleures décisions
pour atteindre la politique optimale. Comme les problèmes d’optimisation combinatoire
peuvent généralement être formulés comme des problèmes de prise de décision séquentielle,
ils peuvent être modélisés comme des processus de décision de Markov (Markov Decision
Process, MDP). L’utilisation de méthodes de recherche exhaustive peut devenir prohibitive
pour ces problèmes, c’est pourquoi des méthodes d’apprentissage par renforcement peuvent
être utilisées pour les résoudre. En raison de la nature combinatoire de ces problèmes, dans
de nombreux cas, les algorithmes de programmation en nombres entiers standard des logi-
ciels de programmation mathématique commerciaux ne peuvent pas résoudre efficacement
les modèles correspondants. D’un autre point de vue, de nombreux problèmes issus de cas
pratiques réels sont de nature online, ce qui signifie que certaines informations ne sont pas
disponibles au départ et qu’elles seront révélées au fil du temps. Dans ce cas, l’information
des paramètres stochastiques n’est pas connue à l’avance. L’utilisation de la programmation
linéaire mixte en nombres entiers pour ce type de problèmes serait coûteuse en termes de
calculs. Néanmoins, les méthodes d’apprentissage par renforcement fonctionnent également
très bien pour ces problèmes dynamiques. En outre, la majorité des problèmes d’optimisation
combinatoire peuvent être définis sur des graphes. Les récentes avancées dans le domaine
de l’apprentissage profond, en particulier les réseaux de neurones graphiques, ont permis de
remarquer l’application des méthodes d’apprentissage par renforcement à ces problèmes. Les
réseaux neuronaux graphiques capturent l’information relationnelle cachée entre tous les élé-
ments (nœuds et arêtes) des graphes pour faire de meilleures prédictions. Dans cette thèse,
nous tirons parti de l’apprentissage par renforcement et des réseaux neuronaux graphiques
pour développer des algorithmes efficaces pour les problèmes d’optimisation combinatoire
dans diverses applications.

Dans le premier projet, nous développons une méthode d’apprentissage profond par renforce-
ment pour trouver les meilleures orientations de faisceaux pour irradier les patients sous
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radiothérapie pour le traitement du cancer en utilisant le système Cyberknife. Nous trou-
vons simultanément la trajectoire pour les traverser afin de réduire le temps de traitement
tout en maintenant la qualité du traitement par rapport à l’utilisation de toutes les orienta-
tions possibles du faisceau. En utilisant l’agent entraîné, nous pouvons générer des plans de
traitement spécifiques au patient au lieu d’utiliser un ensemble fixe de faisceaux pour chaque
patient et chaque site cancéreux. À cette fin, nous représentons le problème par un graphe
et appliquons des réseaux neuronaux de graphe pour apprendre une nouvelle représentation
du graphe et les caractéristiques de ses éléments correspondants. Grâce à cette méthode,
nous pouvons utiliser de nombreuses caractéristiques différentes concernant l’anatomie des
patients et les informations dosimétriques. Nous proposons un algorithme de Q-Learning
profond pour entraîner un agent à sélectionner un sous-ensemble de faisceaux et l’ordre dans
lequel les visiter. Les résultats sont ensuite transmis à un problème d’optimisation directe
de l’ouverture où d’autres paramètres de traitement sont calculés. Les résultats montrent
que l’utilisation de la méthode proposée réduit le temps de traitement tout en maintenant la
qualité du traitement par rapport aux traitements cliniques de base.

Dans le deuxième projet, nous proposons un algorithme d’apprentissage par renforcement
profond basé sur les réseaux de neurones graphiques pour résoudre le problème de routage
dynamique et d’affectation de longueurs d’onde dans un contexte de problème d’optimisation
des réseaux de télécommunications. Les demandes de trafic entrant arrivent dynamiquement
en suivant une distribution inconnue. Nous modélisons ce problème comme un MDP. En
raison de la nature dynamique du problème, nous développons un algorithme RL profond
avec l’objectif de maximiser les demandes de trafic admises. Les résultats montrent que
l’algorithme proposé est plus performant que les heuristiques largement utilisées (tant dans la
littérature de recherche que dans la pratique). En adoptant cet algorithme, nous fournissons
un modèle qui résout le routage et l’affectation des ressources (longueurs d’onde) en même
temps. Nous considérons un cas d’information parfaite, où toutes les informations sont
connues de l’optimiseur, et avons formulé un modèle de programmation mathématique résolu
avec des solveurs commerciaux comme base de référence (limite supérieure) pour comparer
les résultats de l’algorithme.

Dans le troisième projet, nous abordons le problème d’ordonnancement dynamique sous
contraintes multi-ressources qui découle d’un problème réel dans l’industrie. Nous considérons
un cas où chaque tâche a une date limite spécifique et une date d’expiration. Nous appliquons
des Q-Networks avec approximation de fonction pour générer des solutions qui minimisent les
coûts totaux de retard et les coûts d’expiration. Nous définissons d’abord le problème comme
un graphe et attribuons plusieurs caractéristiques à chaque nœud. Pour capturer toutes les
relations latentes entre les éléments, nous appliquons des Graph Attention Networks comme
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décodeurs pour apprendre une nouvelle représentation du graphe d’entrée à chaque instant
de décision. L’agent RL sélectionne une tâche (parmi l’ensemble des tâches arrivées) et lui
affecte des ressources afin de minimiser les pénalités cumulées attendues. Nous comparons les
résultats avec différentes méthodes de la littérature. Nous formulons également le problème
avec une information parfaite à l’aide de la programmation par contraintes, afin d’obtenir
une borne inférieure pour les solutions.
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ABSTRACT

Recently there has been a surge to benefit from machine learning techniques in the field
of optimization. Supervised learning methods can infer the innate patterns in multitudes
of problems and use that expertise to help find the solution for new instances of the prob-
lems more efficiently. In Reinforcement Learning (RL), however, an agent interacts with the
environment that is controlled by the constraints of an optimization problem. A reward func-
tion that aligns with the objective function of the optimization problem drives the iterative
search process toward making better decisions to reach the optimal policy. Since Combinato-
rial Optimization (CO) problems can generally be formulated as sequential decision-making
problems, they can be modeled as Markov Decision Process (MDP). Employing exhaustive
search methods can become prohibitive for these problems, therefore RL methods can be
employed to solve them. Because of the combinatorial nature of these problems, in many
cases, standard integer programming algorithms in commercial mathematical programming
software packages cannot solve the corresponding models effectively. From another point of
view, many problems that arise from real practical cases are online in nature, meaning that
some of the information is not available at the beginning, and they will be revealed as time
goes on. In this case, the information of the stochastic parameters is not known in advance.
Using Mixed Integer Linear Programming (MILP) for these kinds of problems would be ex-
pensive in terms of computations. Nevertheless, Reinforcement Learning methods perform
very well for these dynamic problems as well. In addition, the majority of Combinatorial
Optimization problems can be defined over graphs. Recent advances in deep learning in
particular Graph Neural Networks (GNN) have led to a noticeable improvement in the ap-
plication of Reinforcement Learning methods in these problems. GNNs capture the hidden
relational information among all the elements (nodes and edges) of the graphs to make bet-
ter predictions. In this dissertation, we take advantage of RL and GNN to develop efficient
algorithms for CO problems in diverse applications.

In the first essay, we develop a deep RL method to find the best beam orientations to irradiate
the patients undergoing radiation therapy for cancer treatment using the Cyberknife system.
We simultaneously find the trajectory to traverse them in order to reduce the treatment time
while maintaining the quality of the treatment compared to using all the possible beam ori-
entations. Using the trained agent, we can generate patient-specific treatment plans instead
of using a fixed set of beams for every patient and every cancer site. To this end, we represent
the problem over a graph and apply GNNs to learn a new representation of the graph and
the features of its corresponding elements. Using this method, we can use many different
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features concerning the anatomy of the patients and the dosimetric information. We propose
a deep Q-Learning algorithm to train an agent to select a subset of the beams and the order
to visit them. The results are then forwarded to a Direct Aperture Optimization (DAO)
problem where other treatment parameters are calculated. The results show that using the
proposed method reduces the treatment time while maintaining the quality of the treatment
compared to the clinical treatment baselines.

In the second essay, a GNN-based deep RL algorithm is proposed to solve the dynamic
Routing and Wavelength Assignment (RWA) problem in the context of telecommunications
network optimization problems. The incoming traffic requests arrive dynamically following
an unknown distribution. We model this problem as a MDP. Due to the dynamic nature of
the problem, we develop a deep RL algorithm with the objective of maximizing the admitted
traffic requests. The results show that the proposed algorithm outperforms the widely used
heuristics (both in the research literature and in practice). By adopting this algorithm, we
provide a model that solves the routing and resource (wavelength) assignment at the same
time. We consider a case with the perfect information, where all the information is known to
the optimizer, formulated a mathematical programming model of this problem, and solved it
with commercial solvers as a baseline (upper bound) to compare the results of the algorithm.

In the third essay, we address a dynamic multi-resource constrained scheduling problem that
arises from a real problem in the industry. We consider a case where each job has a specific
deadline and an expiration date. We apply Q-Networks with function approximation to
generate solutions that minimize the total tardiness costs and expiration costs. We first
define the problem as a graph and assign several features to each node. To capture all the
latent relations among elements, we apply Graph Attention Networks as a decoder to learn
a new representation of the input graph at each decision time. The RL agent selects a job
(from the set of arrived jobs) and assigns resources to it in order to minimize the cumulative
expected penalties. We compare the results with different methods in the literature. We
also formulate the problem with perfect information with Constraint Programming (CP), to
achieve a lower bound for the solutions.
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CHAPTER 1 INTRODUCTION

Combinatorial Optimization problems arise in different domains such as operations research,
computer science, and discrete mathematics. Many problems in the fields of routing, telecom-
munication, scheduling, transportation, planning, and decision-making processes are classi-
fied as CO problems. Generally, in CO problems we seek to select a subset from a finite
set that optimizes an objective function. Due to their discrete and non-convex nature, these
problems are known to be difficult to solve from the complexity theory point of view [1].
The majority of current algorithms developed to solve these problems suffer from certain
limitations when dealing with large-scale problems: expensive execution, either in terms of
required infrastructure or the actual execution time, and the lack of generalization due to
devising meticulous, problem-specific configurations.

Recent advances in Machine Learning and in particular in Deep Reinforcement Learning
(DRL) have demonstrated noticeable improvement in the decision-making problems. These
data-dependent (or experience-dependent) methods, which exploit the intrinsic patterns of
the problems, have gained attention in solving CO problems. The promise is that by using
these methods and inferring these patterns, we can develop more efficient algorithms that
achieve high-quality solutions in a shorter amount of time for practical cases. In addition,
once a model is trained, it can be generalized to many other unseen instances and solved in
a short amount of time.

In addition, due to the discrete nature of CO problems, many of them can be introduced
over a graph structure. The majority of these problems can be modeled as a graph, whereas
for some, the variable-constraint relationships can be formulated as bipartite graphs. These
graphs hold critical information on the patterns in their patterns and structures, which
machine learning approaches, in particular, Graph Neural Networks can exploit [2].

In this dissertation, we apply methods from machine learning to different CO problems arising
in diverse contexts which are introduced in the remaining of this chapter.

1.1 Radiation Therapy

More than 50% of the patients suffering from cancer need to be treated with radiation ther-
apy, either as a standalone treatment mode or in combination with surgery or chemotherapy.
The workflow of a patient going through radiation therapy can be classified into six main
steps. In patient consultation, the oncologists evaluate the severity of the case and make
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decisions on how to proceed. The treatment scheme is determined−Intensity Modulated Ra-
diation Therapy (IMRT), Volumetric Modulated Arc Therapy (VMAT), Cyberknife (CK),
etc. Computed Tomography (CT) scans, Magnetic Resonance Imaging (MRI), and further
possible required information which assist in the precise diagnosis are gathered in the plan-
ning image acquisition step . Using this detailed information, the oncologists begin target
and structure segmentation. Tumors, Organs-At-Risk (OARs) and other structures are care-
fully detected and segmented. By meticulously detecting anatomical landmarks, oncologists
and dosimetrists enter the most crucial step, the treatment planning. In this step, all the
parameters of the radiation therapy are determined. The result of this whole process is lim-
ited by the quality and accuracy of the treatment plan devised in this step. The frequency
and the length of treatment sessions are then determined. The patient attends the oncology
and radiation therapy centers for treatment delivery. After finishing up the treatment, post-
treatment patient follow-up steps are carried out to improve the quality for future patients
and further assist the patient in this process.

Machine learning techniques may facilitate decision-making in each of the aforementioned
steps. In this work, we are interested in the treatment planning phase, where objectives
are sought after within some logical constraints. The problems in this step are categorized
as large-scale and complex CO problems. The treatment planning is generally divided into
two major components: Beam Orientation Optimization (BOO) and Fluence Map Optimiza-
tion (FMO). In the former, several beam orientations are selected from the set of all possible
beams (4π plan). The patient will be irradiated through the selected beams. If the candidate
beams are selected in a hypothetical circle around the patient, a coplanar treatment is cho-
sen. Otherwise, if the beams are scattered in 3D space around the patient, a non-coplanar
treatment is followed. The intensity (fluence) of each beam is optimized in the FMO prob-
lem. This can be achieved by either modulating the beam itself emanating from the machine
(IMRT or VMAT) or by spending some time with a fixed beam dose rate (CK).

Several different radiation therapy modalities exist which are presented as follows. Based on
the type, location, and severity of the tumor, the oncologist recommends the most proper
method. Of course, the selection is limited by the modalities available at the clinic.

Three dimensional conformal radiation therapy (3D-CRT) Using sophisticated im-
age techniques, three-dimensional representations of tumors and other surrounding structures
are generated in this technique. By using blocks, the radiation beams are shaped to embody
the shape of the tumor. Nonetheless, this method cannot closely conform to the shape of the
tumor [3].
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IMRT A special case of 3D-CRT with more capability for conforming to the shape of
tumors. The beams are discretized into smaller beamlets where each beamlet can adjust its
intensity independently from others. Only a few fixed beam orientations (generally coplanar)
are employed in this method. Beam is only on at these particular beam orientations and
during the movements to reposition, the beam is off.

VMAT In this method, the beam rotates around the patient’s body while the beam is on.
Dose rate, beam shape and the speed of movement are all adjustable during the rotation as
well. This results in more conforming treatment and reduces the delivery time.

Stereotactic Radiosurgery (SRS) Using smaller beam grids and allowing for more beam
orientations, this method yields high quality treatment but by spending much more time dur-
ing delivery. The Cyberknife system is one of the machines using this modality of treatment.

In this work, we focus on the last modality and in particular the CK system. We are
interested in the case where the beams are discretized into beamlets and an extra equipment
called Multileaf Collimator (MLC) is mounted on the device, which can adjust the shapes of
the beam to the tumor with great extent of accuracy.

1.1.1 The Cyberknife system

The Cyberknife system (Accuray Inc., Sunnyvale, CA) is one the most prominent devices
that delivers Stereotactic Body Radiation Therapy (SBRT). It allows maximal flexibility in
beam orientations and field shaping and fewer monitor units [4]. The standard beam set of
the CK system consists of nearly 200 beams which are typically non-coplanar [5]. However,
using all of those nodes will not be beneficial, and may lead to long treatment times without
any meaningful contribution to the quality of the treatment [6].

In the first work presented in Chapter 4, we propose a GNN-based DRL algorithm to simul-
taneously find the best beams to irradiate the patient, and the trajectory to follow them for
Cyberknife. To this end, we construct a reward function based on different dosimetric and
anatomical characteristics.

1.2 Telecommunication Networks Optimization

In recent years, the data traffic in communication networks has surged dramatically with the
rapid growth of technologies (such as 5G and cloud computing) and new network service. In
response to this rapid growth, it is critical to increase the automation and intelligence within
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telecommunication networks. Optical networks have been the major carrier in communication
networks. In optical networks, the higher layers provide services to the lower level physical
resources of the network [7]. Networking Problems can be categorized in three main steps.
Initially, based on the requirements and estimated demand a network is designed from scratch
in the Network Planning step. By deploying the designed network, traffic is moved across
it. This traffic needs to be routed over the network and the corresponding network resources
are assigned to it based on the individual requests in the Traffic Engineering step. Networks
may be subjected to increased traffic or other problems, and an overall maintenance could
be helpful in the Network Engineering step. The latter is an expensive intervention and a
good design and more importantly a well-planned traffic engineering would be critical. In
this work, we consider the second step.

All-optical networks focus on resource allocation in several dimensions of the problem, i.e.,
links, wavelengths, and time slots for traffic provisioning. These resource management deci-
sions are time consuming and sophisticated for practical problems. Route planning is one of
the fundamental parts of in the resource management of the all-optical networks. Aside from
this, assignment of other types of resources, such as wavelengths, spectrums, and modulation
format, are essential in all optical networks. In the scope of this thesis, we only consider
routes and wavelengths as the resources of the optical networks.

In Wavelength division Multiplexing (WDM) networks, each fiber link has several wave-
lengths to transmit the data. RWA problem refers to selecting a route and assigning a
wavelength (a “lightpath”) for each incoming traffic request [8]. An optical lightpath tra-
verses multiple fiber links and optical nodes, all with the same wavelength. This is called
the “wavelength continuity” constraint. RWA problem is shown to be NP-hard [9] and can
be formulated as a Combinatorial Optimization problem. Many of the approaches to solve
the RWA problem, either using machine learning or not, find the route and the wavelength
in separate steps. In other words, for an incoming traffic connection request, a route is first
selected, without consideration of the wavelengths already assigned throughout the network,
and then a wavelength will be assigned to generate a lightpath. These selections are, however,
substantially intertwined and the status of one greatly affects the other one. A comprehensive
survey on the use of machine learning techniques in different variations of optical networks
is presented in [7].

In terms of the incoming traffic connection requests, the RWA problem can be categorized
into static and dynamic. In the static setting, all the information are available before the
arrival of the requests. The routing and wavelength assignment decisions are determined in
advance. On the other hand, lightpaths are provisioned at the arrival of the new requests
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as they arrive in a dynamic RWA setting. In this condition, the lightpaths usually leave the
network while their corresponding service time is finished.

In the second work of this dissertation presented in Chapter 5, we first formulate the dynamic
Routing and Wavelength Assignment problem as a Markov Decision Process. We then de-
velop a Deep Q-Networks method that trains an agent with the objective of minimizing the
number of blocked incoming traffic connection requests. We utilize the graph-structured in-
put, the underlying communication network, and adopt a GNN framework to embed critical
latent information to find a better policy.

1.3 Dynamic Scheduling

Scheduling is the process of planning, arranging and optimizing workflows in a production
process. The main purpose of scheduling is to keep due dates of customers and minimize
the cost and time of the production, meaning enhancing the productivity of the production
process. Moreover, companies must be able to operate in highly uncertain environments, and
satisfy the ever changing market conditions, keep production quality and maintain sustainable
production. As the production systems develop from basic workshops to flexible and service-
oriented productions, their complexity increases and the uncertainties around the process
become critical.

Task scheduling solution approaches can be categorized into exact and approximate algo-
rithms. Exact algorithms explore the full scope of the solution space and find the global
optimal solution. This exhaustive approach is not efficient in practical, large-scale problems
due to the computational complexity. In dynamic conditions, where the future orders are
not known, the use of exact methods is substantially restricted due to the lack of knowledge
to make decisions. In contrast, approximate scheduling methods do not explore the whole
solution space. They devise various search strategies to find better solutions iteratively.
These methods find feasible solutions more quickly with much lower computational complex-
ity. However, there is no guarantee to find the global optimal solution of the scheduling
problems.

Scheduling problems are characterized by three sets, namely, the jobs, the machines and the
optional additional resources. Machines can be parallel, meaning they can perform the same
function, or they can be dedicated, i.e., specialized in certain functions. For the parallel
setting, the processing power of the machines can be equal (identical). Their processing
power can also vary among them but constant for each machine (uniform) or depending on
a particular task (unrelated). For dedicated tasks, there are three models of processing jobs:
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flow shop, open shop, and job shop. Each job can be comprised of a subset of operations.
In the open shop problem, the number of operations is the same for each job. Also each
operations needs to be processed on a particular machine in a sequential order. A similar
condition exists in flow shop; however, an additional precedence constraint is introduced for
fulfilling operations. The difference in job shop is having an arbitrary number of operations
for each job.

A scheduling problem can be made more complex by introducing resources. In this case, any
task may require the use of several resources besides a machine to be processed on. Resources
are divided into three categories. A resource may be renewable, meaning that its temporary
availability is constrained at a given time. A non-renewable resource means that its total
consumption is constrained. A resource having both previous constraints is called doubly
constrained.

The third work of this dissertation presented in Chapter 6 revolves around a dynamic multi-
resource constrained scheduling problem arising from a real-world problem from industry.
This production system has parallel identical machines to process the input. In order to
forward the production, a number of further resources are required. There exists different
types of resources, and each of those are renewable. The jobs arrive in a dynamic fashion into
the production system, creating an uncertain environment. We discuss a system in which
each job requires some raw material. These raw materials are transferred by either a robotic
arm, a liquid dispenser or a human operator. Once the job is finished, a human operator
removes it from the machine. The type of these additional resources are directly correlated
to the job, and it is known once the job arrives.
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CHAPTER 2 LITERATURE REVIEW

This chapter provides an overview of the preliminaries and basic concepts used throughout
the thesis. Section 2.1 presents a basic summary of Reinforcement Learning. Section 2.2
introduces Graph Neural Networks, an essential part of the methods developed in this dis-
sertation. We then describe the application of Machine Learning methods in CO problems
in Section 2.3. Sections 2.4, 2.5, and 2.6 provide a literature review on Radiation Therapy
Treatment Planning, dynamic Resource and Wavelength Assignment Problem, and dynamic
multi-resource constrained scheduling, respectively, considering the role of Machine Learning
in their corresponding solution approaches.

2.1 Reinforcement Learning

Recent years have seen a surge in applying machine learning techniques in the field of CO
problems [10]. Based on the nature of the CO problems, which can generally be formulated
as sequential decision-making problems, RL has proven to be suitable for these computa-
tion tasks. RL is goal-oriented learning and is conceptually different from other machine
learning techniques−supervised and unsupervised learning. Moreover, RL uses exploitation
and exploration mechanisms, which are not available to the other approaches [11]. Several
researchers studied and categorized the previous literature focusing on successfully applying
RL methods for CO problems [12, 13].

A Reinforcement Learning agent interacts with the environment, takes various possible ac-
tions and observes the reward (or cost) of them, and remembers these effects within the
current state of the environment. The agent has no prior expert information about the envi-
ronment where it is operating in. Only gathering experience from these interactions develops
an optimal policy that results in the maximum expected collected rewards at the end of its
life span, i.e., the episode. The end of the episode is defined by the optimization problem
to be addressed. This optimization problem can be modeled as an MDP. Finding the opti-
mal solution of an MDP generally requires an exhaustive search, computing for all possible
state-action pair combinations. An alternative to this solution approach is to use RL.

Two major approaches for RL methods are tabular and approximate solution methods. The
main building blocks of any RL method are comprised of four essential elements. A policy
(the action-selection strategy followed by the agent), a reward (the feedback of the environ-
ment based on the selected action), a value function (long-term collected rewards), and an
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optional model of the environment known to the agent. We focus on “model-free” RL in this
dissertation.

The RL agent aims to find an optimal policy and by following that obtains the optimal value
function. The recursive relation for the optimal value function by selecting actions at each
decision point is called the Bellman optimality equation. A solution to this can be found
through an iterative process. Watkins and Dayan [14] developed an algorithm based on this
premise, called Q-learning. In the Q-learning algorithm, we create a table consisting of all
state-action combinations and a value for each of those, which are updated iteratively. The
Q-values reflect the cumulative expected reward at a particular state-action pair, assuming
that the current policy is followed until the end of the episode. In practical problems,
however, the size of this Q-table is extremely large, prohibiting the algorithm to be efficient.
To address this issue, function approximation methods were introduced. Mnih et al. [15]
proposed a method by integrating deep neural networks and a Q-learning algorithm, namely
Deep Q-Networks (DQN). DQN uses different neural network structures to approximate the
Q-values without actually exploring the same pair before during the training phase.

2.2 Graph Neural Networks

Successfully applying machine learning techniques within the CO is challenging, especially
when the underlying problem involves graphs. Those problems that discuss real-world prac-
tical problems are generally large-scale and sparse in nature. The potential machine learning
method then must be scalable and have the capability to handle sparsity. The majority of
the advanced machine learning methods are within the supervised learning category. They
require a large number of labeled data (for training) to devise a model that can predict the
new instances with high accuracy and precision. Employing these methods within CO prob-
lems means solving multitudes of large-scale, possibly difficult CO problems for the purpose
of training which contradicts the objective. In addition, supervised learning methods can
only be generalized to new instances arising from the same distribution of the training data.
In the context of CO problems, we need machine learning methods that have the capability
to generalize beyond the training instances [2].

GNNs [16] is a family of neural networks that can handle the above issues. They can operate
over graphs. The promise is that they can achieve relational reasoning and combinatorial
generalization [17]. To take advantage of the machine learning models for CO problems,
effectively representing graphs is critical. The key idea is to learn a new representation
of the underlying graph that can be handled by “classical” machine learning techniques.
There are two major techniques for extracting features to represent graphs including: feature
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engineering and representation learning. The former requires meticulous hand-engineered
features specifically tailored for a problem. This approach is time-consuming and expensive.
The latter, on the hand, learns the features automatically and requires minimal human
effort [18]. Lamb et al. [19] present a high-level study of applications of GNNs in different
reasoning tasks. More recent developments such as algorithmic reasoning are studied in
[2]. GNNs have shown high-performance results in different domains where the data can be
illustrated as an underlying graph [17, 20, 21]. Arising from the first ideas introduced by
Kireev [22], many researchers studied machine learning for graph-structured data. Veličković
et al. [23] and Hamilton et al. [24] examine representation learning on large scale graphs.
Veličković et al. [23] proposed a novel GNN architecture, namely Graph Attention Networks
(GAT), leveraging attention mechanism layers to overcome the shortcomings of the previous
approaches, i.e., only considering the structural information, and not taking the importance
of these information into account. Spectral approaches are discussed in the works of Monti
et al. [25] and Defferrard et al. [26]. Recent advances in deep learning techniques have resulted
in developments in representation learning over graphs algorithms. They greatly facilitated
computations over graphs. GNNs show state-of-the-art performance on different frontiers,
making this research field truly interdisciplinary [18].

The information about the nodes, edges, and connections of a graph are represented in an
adjacency matrix. Nodes and edges may have further properties called node features and
edge features. In the field of machine learning, one can use the graph-structured data for
several purposes. Firstly, one can perform node level predictions. For example imagine we
have a graph with unlabeled nodes and one simply wants to predict attributes about these
nodes or classify them. GNNs will use the information on the other elements of this graph
to infer on these unlabeled nodes. Another possibility is link (edge-level) prediction. As
an example, one can predict whether there will be a connection between two nodes in a
particular graph. To generalize, one can can use the whole graph as an input to classify it
or predict a specific attribute of interest.

In the past, there has been other approaches to handle graph-structured data such as hand
crafted features as the input for machine learning models. However, graph data has some
interesting properties that make it difficult to work with. Feed forward neural networks
typically expect a fixed size input. This brings about the first difficultly of the graph-
structured data. The size and shape of a graph might change within a dataset. This particular
property applies to other datasets such as images, but for these applications, one can simply
resize, pad, or crop the images to the same size across the dataset. Such operations, however,
are not defined over graph data. For instance, we cannot simply remove additional nodes
and edges. Therefore, it is critical to use a method that can handle arbitrary input shapes.
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Another feature of the graphs is called isomorphism in graph theory. It means that two graphs
that look different can be structurally identical. Therefore, the algorithm that deals with
graph data input needs to be permutation invariant. This is the main reason that we cannot
directly use the adjacency matrix as the input of the feed forward neural networks, as it is
sensitive to changes in the node order. Finally, the structure of the graphs is non-euclidean.
For images for instance, there exist a clear grid that can be expressed by coordinates. Graphs,
on the other hand, are dynamic structures that may lay differently in the space and the
distance metrics are not clearly defined.

The fundamental idea of the GNNs is to learn a suitable representation of the graph data
that can be used by neural networks, that is called representation learning. Using all the
information about the graph, including the node features, the edge features, and the con-
nections stored in the adjacency matrix, the GNNs output new representations which are
also called embeddings for each of the nodes. These embeddings contain the structural as
well as the feature information of the other nodes in the graph. In this manner, each node
knows the properties of some other node, its connection and its context in the graph. Fi-
nally, the embeddings can be used to perform predictions for the machine learning problem
that is aimed to be solved. For instance, if the objective is node level predictions, we would
use the node embeddings of a specific unlabeled node to obtain a prediction. On the other
hand, if we want to obtain graph level predictions, all of the node embeddings are combined
in a certain way to output a new representation of the whole graph. Alternatively, pooling
operations can be utilized to compress the graph into a fixed size vector. This representation
can consequently be used to run a prediction. Similar nodes, meaning nodes with similar
features and in similar contexts will lead to similar embeddings. In the same way, similar
graphs will result in similar embeddings using GNNs. The size of the node embeddings is
a hyper parameter that can differ from the initial feature size. Edge features can also be
processed in the GNNs and will be combined into node embeddings.

Within the GNNs, there are several “message passing” layers that are the core building blocks
of the Graph Neural Networks. These layers are responsible for combining the node and edge
information as well as the structural information into the node embeddings. The message
passing is carried out for each node. This is done by gathering the current information of
neighbouring nodes, combining them in certain ways to get a new embedding, and updating
the node features to new embeddings. This approach is also called graph convolution [27].
In graphs, we use the information in the node’s neighborhood, and combine it in a new
embedding vector. In other words, the neighboring nodes of a particular node, share their
embeddings with it. This step is done simultaneously and in parallel for all the nodes in
the graph. This sharing mechanism is called message passing. During the learning process,
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many messages pass back and forth between the nodes.

The features of node u are represented by hu. The feature update for node u is mainly
performed using the two following operations: aggregate and update. Aggregate uses the
features of the all direct neighbors v of a node u, that is shown v ∈ N (u), and combines
them in a specific way. Then, the update operation uses the current features in layer (k)
of the graph neural network, and combines it with the aggregated neighbor features. The
general message passing formulation can be presented as follows:

h(k+1)
u = UPDATE(k)

(
h(k)

u , AGGREGATE(k)
(
h(k)

v , ∀v ∈ N (u)
) )

(2.1)

This basic formula remains the same for all the different variants of the message passing graph
neural networks. The difference would be in how the update and aggregate functions are
performed. There are many operations, such as mean, max, neural networks, and recurrent
neural networks have been used as these functions. Gated Graph Neural Networks uses
a recurrent neural network to update the node features iteratively over time [28]. Kipf
and Welling [29] aggregate the neighboring information as a normalized sum of the states.
Additionally, they incorporate the update function into this aggregation by adding a self loop
for a particular node and including it into the summations. In their approach, therefore,
the update and aggregate functions are combined into one computation. Another work by
Zaheer et al. [30] uses multi-layer perceptrons, also known as feed forward neural networks,
to perform the aggregate operation. In this approach, there are learnable weights that can
be optimized for the best aggregation of the neighboring states. Attention mechanism [31]
is also applied to GNNs by Veličković et al. [32]. This means that the importance of the
features of the neighbor nodes is considered for the the aggregation. As a result, the updated
embedding contains more information about important neighbor features. The corresponding
message passing formulation of the mentioned variants of GNN are presented in Table 2.1
Besides these, many variations of the update and aggregate functions has been proposed in
the literature which are studied by Zhou et al. [33].

Table 2.1 GNN variants.

Variant Message passing formulations
Gated Graph Neural Networks h(k)

u = GRU
(
h(k−1)

u , m
(k)
N (u)

)
Graph Convolutional Networks h(k)

v = σ
(

W(k) ∑
v∈N (u)∪{u}

hv√
|N (u)||N (v)|

)
Multi Layer Perceptron mN (u) = MLPθ

(∑
v∈N (u) MLPΦ(hv)

)
Graph Attention Networks h(k+1)

u = σ
(∑

v∈N (u) α(k)
u,vWh(k)

v

)
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2.2.1 Graph Attention Networks

Instead of using using a weighted average of the features of the neighboring nodes in which
the weights only depend on the number of the connections of the nodes as in the work
presented in [29]. They use a particular function that calculates the weights. This function
considers the embeddings of the source and the target nodes. This allows the weights to
depend more than just the number of the neighbors, but instead it could include anything
that the embeddings capture such as the features and the local structure. This function is
called the attention function [31], shown by “a”, as it allows the node to attend to some of
the neighbors more than the others:

hu =
∑

v∈N (u)
a (hu, hv) hv (2.2)

A softmax function is applied to the attention function to normalize the scores, across the
neighborhood.

αu,v = softmaxv

(
a (hu, hv)

)
(2.3)

=
exp

(
a (hu, hv)

)
∑

k∈N (v) exp
(
a (hu, hk)

) (2.4)

There are various methods to compute the attention function using the embeddings of the
nodes. One methods is to simply calculate the dot product of the embeddings, a(hu, hv) =
hu.hv for the nodes u and v. Using this, if the embeddings are well aligned, the attention
function attains a larger number and if they are orthogonal it will yield the value of −1. The
disadvantage of this this approach is that there are no learnable parameters in this attention
mechanism which consequently limits the modeling capacity. We can thereby use neural
networks that contain parameters that can be adjusted to suit our problem: a(hu, hv) =
σ

(
aT .[Whu||Whv]

)
. W is a learnable linear projection matrix, and “a” is a learnable vector

of parameters. This equation applies a linear projection on each embedding separately,
concatenates the results, and takes the dot product with the direction that should be attended
to, the vector “a”. A nonlinear activation function, σ is then applied to the results. Veličković
et al. [32] used a LeakyReLU activation to obtain the final functional form for calculating
the raw attention scores. The results are then forwarded to the softmax function to get the
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normalized attention scores:

αu,v =
exp

(
LeakyReLU

(
aT .[Whu||Whv

))
∑

k∈N (v) exp
(

LeakyReLU
(
aT .[Whu||Whk

)) (2.5)

The final form of the Graph Attention Networks message passing equation for node u is:

hu = σ

 ∑
v∈N (u)

αu,vWhv

 (2.6)

The raw features of the neighbors of node u are multiplied by the projection matrix W,
which is the same projection matrix used in the attention matrix. This message is scaled by
the normalized attention mechanism, αu,v. The summation of the scaled messages of all the
neighbors of node u is then passed through a nonlinear activation function to get the final
updated embedding for node u.

Figure 2.1 provides an example of the message passing layers. Consider a graph with five
nodes, numbered from 1 to 5. The message passing is carried out for all five nodes simultane-
ously. For illustration purpose, we focus on node 1 in the following, which is shown in yellow.
To update the features in node 1 from layer (k) to (k +1), we collect information of its direct
neighbors, nodes 2, 3, and 4, which means we perform the message passing. What we have
at this stage is the information of the current node features, and the information about the
neighbor node features. We then perform an aggregation over the neighbor nodes to combine
their corresponding information. Finally, the current node features and the aggregated in-
formation are put together to generate the updated features of node 1 in layer (k + 1). After
doing this for all the nodes, we obtain a new embedding for every node of the graph. As it
can be observed, after doing message passing once, the node 5 only has the information of
node 4 (blue features) and the information of its own (green features). At this time step, this
node has no information about the yellow node. After several message passing layers in the
GNN structure, we obtain the final updated features for each node. At the end, every single
node of the graph, knows something about all other nodes, and the structure of the graph.
This is stored in each of the node embeddings. Eventually, we can use these final embeddings
to perform predictions as they contain all the information about the graph that is required.
In other words, we learn these embeddings by iteratively combining the node information in
the local neighborhoods. By iteratively, we mean we first learn about the direct neighbors,
then the neighbors of neighbors and so forth.
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Figure 2.1 Message Passing layers example.

2.3 Machine learning applications in Combinatorial Optimization

Many researchers generated standalone heuristics that do not use a linear, integer or con-
straint programming solver to help a machine learning method satisfy the constraints of a
CO problem. Vinyals et al. [34] proposed a sequence-to-sequence learning method, “pointer
network”, to find a tour for the Traveling Salesman Problem (TSP). In their work, given
a random sequence of cities, they produce a feasible solution using a neural network archi-
tecture. Each node (city) is defined as a vector and a Long Short-Term Memory (LSTM)
encoder generates a new representation of each node. A decoder, based on another LSTM,
using the pointer mechanism (attention-based mechanism) outputs a probability distribu-
tion over the nodes to be selected as the next city in the tour. The algorithm works in
an iterative fashion to build complete tours and delivers a permutation of the input se-
quence as a final solution. They, however, trained this network with supervised learning.
Therefore, many instances of TSPs were required to be solved by conventional methods to
generate labels for the training data. The model’s performance is also determined by the
quality of the training data in supervised learning. To overcome these issues, Bello et al.
[35] substituted the supervised learning with an RL agent within the same neural network
architecture. This has been the first work integrating Deep Reinforcement Learning in the
context of Combinatorial Optimization problems. Considering an instance of a TSP as a
sequence fails to address the critical information on the underlying graph of the problem,
the missing part of the aforementioned studies. Dai et al. [36] integrated GNNs for the first
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time in optimization problems to address this issue. Using GNNs allowed the algorithm to
capture critical, mostly hidden information among elements of the underlying graph. Unlike
the sequence-to-sequence learning proposed before, they used a Structure2Vec architecture
[37]. They also explored applying the same structures to other classical graph optimization
problems such as Maximum Cut and Minimum Vertex Cover. Their extended architecture
was applied to the Set Covering Problem as well. Several variations of routing problems
such as the Traveling Salesman Problem, Capacitated Vehicle Routing Problem (CVRP),
Orienteering Problem (OP), Prize Collecting TSP (PCTSP) were tackled by Kool et al. [38].
They present an encoder-decoder architecture, based on Graph Attention Networks. They
trained this proposed neural network using Policy Gradient methods, in the Actor-Critic RL
approach. Deudon et al. [39] replaced the Recurrent Neural Networks (RNN) encoder with a
transformer architecture [31] (using multi-head attention). The solution generated by the RL
is further improved by a simple yet effective 2-opt heuristic. They show combining learning
methods with heuristics can achieve a solution closer to the optimal solution. Similar to [38],
the input to the decoder in their architecture is the new representation of the input graph
following a GAT. Nazari et al. [40] also proposed similar frameworks to solve the static and
dynamic versions of the TSP and CVRP. François et al. [41] demonstrate that the solutions
developed by the mentioned approaches can be used as the first solution of a local search
algorithm for the TSP, resulting in a more efficient algorithm. An extensive survey on the
use of Graph Neural Networks in Combinatorial Optimization is presented in [2].

2.4 Radiation therapy treatment planning

Bahr et al. [42] proposed the very first linear programming model for radiation therapy
treatment planning. To follow that, many researchers applied different techniques from oper-
ations research to the field of medical physics. As described in Chapter 1, treatment planning
problems can be decomposed into two main modules: Beam Orientation Optimization and
Fluence Map Optimization. The purpose of BOO is to find a subset of all possible beams
such that the treatment goals are satisfied [43, 44]. The main challenge of BOO arises from
the fact that the effect of the selected subset of beams can only be truly viewed based on the
quality of dose distribution, after solving the FMO problem. Considering this, two major
approaches exist in the literature. First, to solve BOO and FMO as a single CO problem,
with one objective function. Following this, the best beam orientations that contribute to the
best dose distribution towards the patient in the final treatment are selected [45]. However,
this approach results in a large-scale optimization problem prohibiting to reach of optimal
solutions for practical instances in oncology centers [46]. Different methods based on column
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generation [47] and benders decomposition [44] are proposed for this approach. Pugachev
et al. [48], Li [49] present a metaheuristic method (Simulated Annealing) to resolve this issue.
In contrast to the first approach and to address the computation complexity, BOO and FMO
can be solved sequentially. The proposed methods following this approach exploit some infor-
mation about the beams prior to solving for the optimized beams [50, 51]. Individual beam
scores are generated based on different criteria and the subset of the beams are generated by
gathering the ones with the highest scores.

The planning and delivery of radiation therapy treatment is a complex task, but can be fa-
cilitated considering the recent advances in artificial intelligence and especially deep learning
[52]. In recent years, machine learning and especially deep learning methods have attracted
studies in all of the steps of the radiation therapy workflow. A low number of previous re-
search projects exist that revolve around the “treatment planning” step, compared to the
multitudes of articles applying deep learning techniques to image segmentation or computer-
aided cancer detection (target and structure segmentation step).

Radiation treatment planning aims to determine the optimal parameters of treatment deliv-
ery. This planning is carried out by using dedicated software developed by manufacturers,
which are mainly driven by users. Several methods using Machine Learning have been de-
veloped to aid treatment planning. The promise is to reduce planning time and increase the
quality of the treatment. They mainly use a knowledge-based pool of previously delivered
plans; and the (semi) automatic planning finds the most similar instances and uses their
parameters [53, 52]. The majority of the previous use of machine learning in treatment plan-
ning is dedicated to dose prediction using a database of previously treated patients. Nguyen
et al. [54] apply a U-net Architecture with additional Convolutional Neural Networks (CNN)
layers to predict the dose delivered to each voxel from the structures of a patient.

Amit et al. [55] developed a random forest regression algorithm to map anatomical features of
the patients to beam scores. An optimization model is then built to select the subset of beam
orientations. They show that the dose distribution of the automatic procedure is comparable
in terms of target volume coverage, and organ sparing is superior to plans produced with a
fixed set of common beams. Obtaining data in the field of radiation therapy is difficult and
the supervised learning they used requires multitudes of labeled training data, not accessible
to all. Dong et al. [56] presents a novel trajectory selection using Monte Carlo Tree Search
(MCTS). They opt for the Maximum Upper Confidence Bounds to intelligently select the
trajectory with consideration of geometric and physical constraints. They demonstrated
similar target volume coverage while sparing OARs better as compared to the coplanar
plans.
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Similar to VMAT, arc therapy has been studied for Cyberknife. Smyth et al. [57, 58] define
a cost map for the robotic arm and find the trajectory achieving the minimum cost using
individual beam scores. A similar algorithm is devised by Kearney et al. [59] to produce
arc trajectories for Cyberknife. Bedford et al. [5] propose an evolutionary algorithm to
select beam orientations. They show that a plan with 15 beams delivers a treatment quality
comparable with the one with 110 beams in approximately half time. Despite the higher
complexity of the trajectory optimization for Cyberknife compared to IMRT and VMAT,
due to the extensive flexibility of the trajectories, very few researchers studied this problem.

2.5 Routing and Wavelengths Assignment

There is a trend to use machine learning-based routing algorithms in all-optical networks
in recent years. Some studies use a pool of previously solved problems and obtain route
generation rules by employing supervised learning methods [60]. On the other hand, routing
can be viewed as a decision-making task for which RL methods have proven to be beneficial
[61].

Troia et al. [60] develops a classification method for the routing problem in Software-Defined
Networking (SDN) optical networks. Prior to training, they create several optimal RWA
configurations using MILP and existing heuristics. Their algorithm captures the incoming
traffic matrices and classifies each request to one of the pre-computed routing solutions. This
results in an efficient algorithm that attains solutions quickly. However, the quality of the
solution is bound by the number of existing classes in the classification task.

Kiran et al. [62] propose an Reinforcement Learning method that finds alternative routing for
Optimal Burst Switching (OBS). They model this problem as a Multi-armed bandit problem
and use a tabular Q-learning method that selects the next link at each node for the next
hop of the burst. Kiran et al. [63] proposed a multi-agent approach for this problem where
each agent considers the actions taken by the others as well. They discuss that, within the
OBS context, single-agent RL methods may result in sub-optimal solutions. They provide
separate algorithms for routing and wavelength assignment, each based on a multi-armed
bandit problem. Some researchers consider other types of resources in the WDM networks.
Chen et al. [64] applied a DRL algorithm for an Routing Modulation and Spectrum Assign-
ment (RMSA) problem in elastic optical networks. They opted for policy gradient methods,
Advantage actor-critic, to select the best resources for the incoming request (route, modality,
and spectrum). Different techniques can improve the performance of a DRL solution ap-
proach. Xu et al. [65] make use of experience replay buffer to address the traffic engineering
in communication networks. They show a reduction in the delay for incoming requests while
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increasing the throughput compared to widely-used baseline methods. Several authors study
different variations of the RWA problem. Networks with physical impairment are studied
in [66]. Similar to the majority of the published articles, the authors separate routing and
wavelength assignment sub-problems in their algorithm, and opt for the first-fit heuristic for
wavelength assignment. Recent advances in GNN have captured the attention of researchers
in communication networks as well. The underlying network topology of the communication
network problems can easily be translated into graph-structured input. Rusek et al. [67]
and Swaminathan et al. [68] developed GNN-based routing algorithms with the objective of
minimizing the request admittance delay.

2.6 Dynamic Scheduling

The dynamic (or online) scheduling problem discusses the case where jobs arrive in the system
in an online manner, during a time horizon. This is in contrast with the case where all the
information about all the incoming jobs is known in advance, at the time of making decisions.
The dynamic scheduling problem can be considered as a dynamic decision making approach.
The orders arrive at random times in the system, and, different resources requirement and
availability change over time. The scheduling agent needs to determine the assignment of
which resource, based on the requirement of the eligible tasks and the availability of the
different types of resources.

One of the critical issues in dynamic scheduling is the existence of uncertainty at decision
points. DRL methods are well-suited for addressing this issue. Mahadevan and Theocharous
[69] demonstrated the superior capability of RL methods in production systems. In recent
years and with remarkable success with DRL [70], these methods are transferred to a plethora
of applications such as production systems.

Even static scheduling problems are usually NP-hard or NP-complete problems [71]. There-
fore, it is difficult to find an efficient exact algorithm to solve practical problems. Most of the
researchers in the field of scheduling develop metaheuristics and tailor them for their prob-
lems. The majority of these studies model static scheduling, and rarely consider resource
constraints [72]. These methods fail to meet the requirements of the highly flexible and dy-
namic environment in complex practical scheduling problems. Therefore, for multi-resource
constrained scheduling problems, heuristics are used. The performance of the schedules is
thereby limited by the quality of the heuristic devised for the particular problem, and once
the environments change slightly, those heuristics need to be readjusted [73].

Similar to other Combinatorial Optimization problems, machine learning and in particular
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Deep Reinforcement Learning methods can help address these issues within the scheduling
problem context. Luo et al. [72] discuss how scheduling problems can be formulated as an
MDP and sequential decisions can be made at the arrival of new jobs in a dynamic fash-
ion. The complexity of DRL is less than the complexity meta-heuristic algorithms. More
importantly, DRL methods have generalization potential. Once the model is trained, it can
be adapted to modified environments (different number of machines and resources, differ-
ent kinds of production processes). Aydin and Öztemel [74] propose a method based on
Reinforcement Learning for the dynamic job shop scheduling problem. They develop a mod-
ified Q-learning agent to select the best “priority rule” among the available ones. They still
make use of priority lists for scheduling; however, selecting the next one is carried out us-
ing a variant of the tabular Q-learning method. Therefore, the scheduling is mainly based
on previous knowledge rather than the exploration capability of the RL agent. Wang and
Usher [75] present a Q-learning algorithm for a production dispatching problem with a single
machine. A solution approach based on RL for unrelated parallel machine problems with
machine constraints is proposed by Zhang et al. [76]. They demonstrat the effectiveness of
their algorithm against the widely-used baselines such as weighted shortest processing time,
weighted modified due date, and weighted cost over time.

A few researchers adopted Graph Neural Networks during the training phase of DRL agents
for job shop scheduling problems. They employ a Proximal Policy Optimization (PPO) [77].
Their results achieve a lower makespan compared to different heuristic rules. Nevertheless,
resource constraints are not discussed in their problem. This issue is addressed by Luo
et al. [72]. They develop a PPO for the multi-constrained dynamic workshop scheduling
problem. They use numerical and graphical features to encode the workshop’s state. A fully
connected and a multi-layer CNN are used to extract latent features from the numerical and
the graphical features, respectively. Each job has only one operation in their work, and each
machine has a buffer for the waiting jobs.
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CHAPTER 3 GENERAL ORGANIZATION OF THE DOCUMENT

As presented in Section 2.3, recently many researchers have adopted methods from Machine
Learning to solve Combinatorial Optimization problems. This trend has been more prevalent
with the advances in deep learning. Since CO problems can be generally represented as a
graph, applying Graph Neural Networks has greatly facilitated the learning mechanism over
graph-structured data. The promise is to enable algorithms that utilize the latent relationship
between graph elements that can be critical to finding better solutions.

The literature on the Cyberknife system treatment planning in Section 2.4 as well as in-
person discussion with physicians and medical physicists show that the lengthy treatment is
a major drawback of this radiation treatment modality. Besides, for all the patients, only a
few predetermined gantry trajectories are currently used, which may not be ideal. This long
treatment plan can adversely affect the treatment quality due to the inadvertent movements
of the patients during the treatment and also entails discomfort for many patients. From
another point of view, because of this treatment time, fewer patients can be admitted at a
given time window, and the wait times (which can be dangerous for patients’ health) can
be large. Considering this drawback, in Chapter 4, we propose an efficient algorithm that
simultaneously finds the beam orientations and the trajectory to traverse them such that
the treatment quality would be similar to the clinical treatment. This method incorporates
advantages from Deep Reinforcement Learning.

The literature on Routing and Wavelength Assignment in Section 2.5 reveals that most of
the previous studies focus on the routing part of the problem and resort to heuristics for the
wavelength (resource) assignment part. In addition, in practice, the incoming traffic arrivals
(and releases) happen online, in a dynamic manner rather than having all the information
at the beginning. In Chapter 5, we utilized the potential of reinforcement learning to solve
this problem. As networks can be represented as graphs, we employ Graph Neural Networks
for the representation learning to generate inputs for the neural networks to make decisions
on routes and wavelengths at the same time.

In Section 2.6 and based on the requirements of the producer, it can be observed that most of
the solution methods devised for the Scheduling problem are suitable for the static case. This
means situations where all the information regarding the arrival times and processing times
of the jobs are known in advance in a deterministic manner. In the problem we consider,
the distribution of arrival times and processing times of the jobs are not known to the
scheduling agent. The jobs arrive in a dynamic fashion. We propose an efficient algorithm
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in Chapter 6 to output a solution for a variant of the dynamic multi-resource constrained
scheduling problem. We employ GNNs and Deep Q-Networks to train a scheduling agent
which generalizes well to problems that do not participate in the training phase.

In Chapter 7, we provide a general discussion on the proposed methods as a whole. Finally,
in Chapter 8, we summarize the contributions of the dissertation, explain the limitations of
the proposed approaches, and offer future research directions.
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Abstract Objective. Despite the high-quality treatment, the long treatment time of the Cy-
berknife system is believed to be a drawback. The high flexibility of its robotic arm requires
meticulous path-finding algorithms to deliver the prescribed dose in the shortest time. Approach.
We proposed a Deep Q-learning based on Graph Neural Networks to find the subset of the beams
and the order to traverse them. A complex reward function is defined to minimize the distance
covered by the robotic arm while avoiding the selection of close beams. Individual beam scores
are also generated based on their effect on the beam intensity and are incorporated in the reward
function. Main results. The performance of the presented method is evaluated on three clinical
cases suffering from lung cancer. Applying this approach leads to an average of 35% reduction in
the treatment time, while delivering the prescribed dose provided by the physicians. Significance.
Shorter treatment times results in a better treatment experience for individual patients, reduces
discomfort and the side effects of inadvertent movements for them. Additionally, it creates the
opportunity to treat a higher number of patients in a given time period at the radiation therapy
centers.

Keywords deep reinforcement learning, Cyberknife, beam orientation optimization, radiation
therapy, trajectory.
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4.1 Introduction

A high-quality radiation therapy treatment requires delivering a prescribed dose to the target
volume while sparing normal tissues and OARs. The deposited dose needs to closely follow
the clinical prescriptions without having a large dose gradient within the tumor. To this end,
selection of the best possible set of beams through which the patient is treated with radiation
is considerably important.

The problem targeted in this work is to find the best beam orientations for the Cyberknife
radiosurgery system (Accuray Inc., Sunnyvale, CA) with a MLC. This system delivers
noncoplanar beams towards the patient and is used for SRS or SBRT. While the Cyberknife
system can deliver high-quality treatment plans in terms of dose conformity, the long de-
livery times of certain Cyberknife plans have been cited as a risk factor [59]. It should be
pointed out that more than half of the overall treatment time corresponds to the robotic
arm movement between beams and not the beam-on time (actual treatment) during which
inadvertent patient movements diminish the treatment quality. The total treatment time
might take about one hour [78]. Finding the optimal beam trajectory is challenging as it
necessitates considering the total treatment time as well as the final dose distributions.

Non-coplanar plans delivered on standard linear accelerators such asVMAT or IMRT tend to
have reasonable treatment times because the treatment field is larger, and there are not as
many degrees of freedom as on the Cyberknife. However, the high flexibility of the Cyberknife
system requires the consideration of treatment time as a critical factor through meticulously
selecting beams and optimizing the trajectory.

In this paper, we propose to use DRL to optimize beam orientations for the treatment plans
delivered with the Cyberknife system. This method has the benefit to exploit different
geometric and dosimetric features to pick the best beams and to simultaneously minimize
the delivery time. This directly enables us to consider numerous patient-specific features for
beam selection, unlike the common practice that uses a fixed trajectory [5].

The contributions of this paper are as follows:

1. We propose a Deep Reinforcement Learning algorithm, namely deep Q-learning, to
optimize the beam orientations. Experimental results obtained show that this approach
can obtain a high-quality solution in a shorter amount of time compared to a standard
mixed-integer programming formulation. The final treatment quality is also on par
with the treatment using all the possible beams.

2. Our proposed solving process leverages both dosimetric and geometric features at the
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same time. This directly leads to a realistic objective compared with individual beam
score methods. In addition, we consider another measure to distribute the selected
beams around the patient and avoid having clusters of beams in specific positions
around the patient.

4.2 Related Works

Treatment Planning problems can be represented by two main subproblems: BOO problem
and FMO problem. The former finds the optimal subset of the beams to treat the patient
through them. The latter computes the amount of the dose delivered at each beam in different
organs.

Two major approaches exist to select the most favorable subset of beams. The first approach
optimizes the beam orientations and beam fluence maps simultaneously. The beams having
positive intensities (positive fluence) in the solution are thus selected in the trajectory. This
approach leads to an NP-hard CO problem, meaning there are no known algorithm able to
solve it in polynomial time [79]. Although this results in an optimal solution concerning the
prescribed dose objectives [45], it entails a major drawback: The computation time may be
prohibitive [46]. A partial solution to these issues is to find an approximate solution, instead
of the optimal one. This can be attained using local-search methods, such as simulated an-
nealing [48], or by controlling the execution time of mixed integer linear programming models
[80]. In addition, some researchers propose methods such as Benders Decomposition [44] or
Column Generation [47] to solve the mixed integer mathematical programming formulation
of this problem.

A second option is to decouple optimizing beam orientation and beam fluence maps and solve
them sequentially. Following this strategy, researchers can exploit some information about
the beams before the optimization of the beam intensities. To solve the beam orientation
problem, various quality measures of an individual or subsets of beams can be generated
[50, 51]. This reduces the computation time despite some approximation errors. The se-
lected beam orientations are then forwarded to another optimization problem to find their
respective fluence [81]. Numerous scores based on geometric features of organs and dosimet-
ric characteristics of the candidate beams are defined. Beams are then ranked and selected
based on their score. The focus of the methods considering geometric measures is based on
the premise that avoiding OARs is essential for an acceptable plan [48, 50]. The overlap
between the volumes of the target and the OARs from every beam’s-eye-view gives a such
metric [82] as well as the position of the OARs with respect to the target value (background
or foreground) due to the physical characteristics of the photon beams [82]. The latter as-
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sumption neglects the cases where the target volume is surrounded by the OARs as in lung
tumors.

Ranking beam orientations based on dosimetric effects have also been considered. Bangert
and Oelfke [81] generate locally ideal beam orientations for each target voxel using radio-
biological features and conclude that beam orientations typically cluster around distinct
positions. They use k-means clustering to select k beams from the potential locally ideal set
of beams. In addition to this metric, Yuan et al. [51] define a similarity score for pairwise
beam orientations to select more scattered beams iteratively, starting from an empty set of
selected beams.

Several researchers have incorporated beam FMO problems into the scalar beam scores to
develop more advanced measures of quality. Bangert and Unkelbach [46] have shown that an
early stopping mechanism before reaching the optimal solution of this problem is a surrogate
for the optimal solution and can thus be used as individual beam metrics. In another study,
after selecting beam orientations using solely geometric scores, Smyth et al. [58] run the
beam fluence optimization for a few iterations. They then perturb the couch angle for each
selected beam and evaluate the FMO to find the best objective function corresponding to
the best beams. Starting from every possible beam orientation around the patient, referred
to as the 4π plan [83], Langhans et al. [84] solve the FMO problem and eliminate the beams
with the total dose of less than the average and repeat this process until N = 20 beams are
selected. By assigning different geometric scores to every selected beam orientation, they
solve a path-finding algorithm with a variation of A∗ algorithm and output a trajectory to be
traversed during the treatment delivery. Nonetheless, one disadvantage is that the angular
separation of the selected beams is such that the delivery would not be feasible due to machine
restrictions. Lyu et al. [85] follow a similar approach and activate a subset of dosimetrically
promising beams from an initial 4π plan. They assign FMO-based individual and pairwise
beam costs to find the optimal trajectory.

In this paper, we apply DRL to solve the BOO problem. We consider a number of measures
in order to optimize beam selection and thereby reduce the treatment time. Even though
we decouple BOO and FMO problems, our proposed method uses measures from both geo-
metric features of the beams and dosimetric features related to each patient. Therefore, dose
information is taken into account without further complicating the problem. The subset of
beams selected by our approach is then forwarded to the DAO module [86] to obtain the
intensities of the beams and delivery sequence.



26

4.3 Materials and Methods

4.3.1 The Cyberknife system

The extra degrees of freedom in the Cyberknife system enable a non-coplanar delivery with
limited restrictions. The robotic arm can deliver radiation at a discrete set of positions
around the patient. Such positions are referred to as nodes. In this work, a node and a
beam are used interchangeably as we assume that there is only one beam orientation per
node. These nodes are uniformly distributed on a sphere centered at the imaging center of
the Cyberknife system. Starting from the resting point, the robotic arm can move from the
current node to any other node that does not entail a collision with the patient’s body. The
Cyberknife equipped with a MLC allows more flexibility in field shaping and delivers fewer
monitor units in comparison with cone collimators [5]. The InCise MLC mounted on the
Cyberknife system has 26 leaf pairs, each with a width of 3.85 mm and a maximum field
size of 115 mm× 100 mm at 800 mm source-to-axis distance. The radiation field from each
beam is discretized into beamlets with the size of twice the MLC leaf width by 5 mm [5] and
a dose distribution is generated for each beamlet.

This work assumes a step-and-shoot delivery [87]. Delivery of the radiation is only allowed at
nodes. Unlike IMRT and VMAT, the dose rate of the Cyberknife system is constant during
delivery and cannot be increased or decreased as a parameter of the device; therefore, the
dose deposited in the patient is proportional to the delivery time.

4.3.2 Deep Reinforcement Learning

Reinforcement learning is a sub-field of machine learning that considers the decision-making
dynamics of an agent that interacts with an environment. The goal is to find an optimal
sequence of actions that the agent must follow in order to accomplish a given task. Rein-
forcement learning problems are commonly modeled as a MDP [11].

Let ⟨S, A, T, R⟩ be the tuple representing the agent-environment interactions in the proposed
RL structure. S is the set of states and A denotes the set of all possible actions. By taking
an action the state of the environment changes to a new one following the transition function
T . The environment sends a signal to the agent by a deterministic reward function R as a
result of selected action. At time step t, the agent receives a representation of the state of the
environment st ∈ S. Using the current information at st, the agent takes an action at ∈ A

which gives the state-action pair (st, at). At the next time step, the state of the environment
is updated to st+1 = T (st, at) and the agent receives a scalar reward of rt = R(st, at) ∈ R.
In a deterministic environment, the selection of an arbitrary action in a specific state always
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results in the same next state. The goal of reinforcement learning is to learn the agent’s
behaviour policy π : S → A, indicating the action to be taken at each state, such that it
optimizes the sum of the rewards. The agent visits a sequence of states st ∈ S at each time
step t ∈ [1, Θ] creating an episode. State sΘ is referred to as the terminal state. The expected
return after time step t is Gt = ∑Θ

k=t+1 R(sk, ak). The problem is to find the optimal policy
π∗ = argmaxπ Qπ(a, s) ∀s ∈ S, ∀a ∈ A where Qπ(a, s) denotes the quality of selecting action
a at state s under policy π. It is referred to as the Q-values, and, for this environment, we
have Qπ(a, s) = Gt.

For relatively small environments, the optimal Q-values can be computed by an exhaus-
tive exploration with Dynamic Programming. However, when the problem size increases,
Dynamic Programming suffers from the so-called curse of dimensionality [88], making an
exhaustive exploration not tractable anymore. In order to deal with this issue, Q-learning
[14] provides an estimation of the optimal Q-value function for every action selected at spe-
cific states. It is computed by successive updates. This value is updated by Q(st, at) ←
Q(st, at) + α

[
Rt(st, at) + maxa∈At Q(st+1, a) − Q(st, at)

]
where α is the learning rate. The

aim is thus to find the optimal policy such that the expected total reward gained through
successive states is maximized.

In practice, the environments are comprised of an exponential number of states and many
of those may not be visited during the previous updates. Neural fitted Q-learning [89] deals
with this issue and uses neural networks to approximate the Q-value function. By learning
a weight vector w, the model provides an estimator such that Q̂(s, a, w) ≈ Q(s, a). To this
end, an optimizer, such as Adam [90] is used to minimize the squared loss between the current
Q-value and the approximated Q-value and update the weight vector: w ← w − 1

2α∇L(w)
where the squared loss is L(w) =

[
R(st, at) + maxa∈At Q̂(st+1, a, w)− Q̂(st, at, w)

]2
. We use

prioritized experience replay [91] to stabilize the training.

4.3.3 Graph Neural Networks

The Beam Orientation Optimization problem can be formulated as a CO problem. Recently,
GNNs [23] emerged as a machine learning architecture to help solve CO problems efficiently
[2]. For any problem that can be represented as a graph, the idea of the GNNs is to compute
a vectorial representation of each node by aggregating features of the neighboring nodes [2].
The learned vector representation encodes crucial and latent structures that help to solve
challenging CO problems. We formulate the BOO problem as a graph to exploit the benefits
of GNNs. As shown in Figure 4.1, a state graph represents the partial trajectory with the
selected beams depicted by full circles. Features are assigned to each node (represented by
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boxes with colors with different shades). The state graph passes through several layers in the
GNNs and at each layer, a new representation of the node features is generated by exploiting
the information of the neighbour edges and nodes. At the end, the final node features of the
last layer are combined to create a vectorized representation of the state graph.

4.3.4 Problem Representation

An instance of the BOO problem can be represented by a simple, undirected, and fully-
connected graph. Let G = (V, E) be a graph representing a problem instance, where the set
of vertices V corresponds to the set of all possible nodes (beams) around the patient for the
Cyberknife system. The edges denote the direct path the robotic arm needs to traverse from
one node to another. To fully represent the problem, we add distance-driven and dose-driven
features to edges and nodes of the graph, respectively. At each time step, using Graph Neural
Networks [36], we obtain an vectorial representation of the current state. This vector is then
forwarded to the next steps to learn the Q-values.

4.3.5 Reinforcement Learning environment for BOO

The RL environment formalizes the problem we want to solve using the aforementioned
learning algorithm. Let us consider an initial set of nodes around the patient. Due to the
flexibility of the Cyberknife system, the robotic arm can move to an arbitrary node in the
following step to irradiate the patient. The movements prone to collision of the robotic arm
with the patient can be manually excluded by setting the cost of traversing their path to an
arbitrary large value. As such, without loss of generality, collisions are not considered in our
implementation. Therefore, at each time step, the set of available nodes includes the ones
that have not been selected yet. An episode starts when the robotic arm is at the resting
point, and at each time step, it moves towards the next node. The episode finishes when
a predefined number of beams (N ) are selected [5, 84]. Each movement incurs a reward.
Following the structure described by Cappart et al. [92], our RL environment is formally
defined as follows:

State At each time t, the state st ∈ S contains the ordered sequence of selected beams
denoted by δt. A state can be represented as an undirected acyclic graph. The nodes
of this graph include following features: (1) the nodes coordinates (x, y, z), (2) the
average dose deposited in the OARs, doar and, (3) the average dose deposited in the
target volume dtar at unit intensity. For every structure (OARs, target volumes) that
each beam passes through, we have computed the dose deposited in each voxel at unit
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Figure 4.1 Vectorized representation of the state graph by applying GNNs.

intensity. We then average this value over the voxels for each individual structure to
obtain the average dose deposited in each OAR (di, i ∈ OARs) and the target volumes
(dtar) separately corresponding to each beam. Each state is transformed into a d-
dimensional vector of features (d = 128) using GNNs, which serves as the input of a
fully connected neural network.

Action At each state st, the action at ∈ At is defined as the next node to be visited. An
action is available only if it is not already included in the trajectory (i.e., at /∈ δt).

Transition The state is updated according to the action performed. By selecting a new ac-
tion, a new beam is appended to the sequence of the already selected beams. Therefore,
δt+1 = δt ∪ {at}.

Reward At each time step t, the agent receives the reward rt = R(st, at). Let m be the last
beam added to the trajectory in state st and the next beam selected is at = n. The
reward is defined as follows:

R(st, at) = −(rdist + rdose), t ̸= Θ (4.1)

R(sΘ, at) = −(rdist + rdose + rspread)

rdist is the euclidean distance between m and n. rdose for beam n is defined as the
ratio

( ∑
i∈OARs ωi di

)(
ωtar dtar

)−1
where ωj is the importance of each structure j. For

simplicity we have considered a similar weight for all the structures. rspread is the
beam-spread score. The latter accounts for the beam-spread measure among n and
all previously selected beams in the trajectory denoted by ∑

i,j K
(
1 − cos αij

)−1
and
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i, j ∈ δΘ. This ensures a maximum separation between selected nodes to produce a
plan with higher quality [51, 43].

The importance of each part of the reward can be determined by weighting them;
however, in our experiments, we set an equal weight on all terms except for the beam
separation which is set by the choice of the parameter K.

4.3.6 Learning Algorithm

The learning algorithm relies on DQN presented in Algorithm 1. An agent is used to learn
the weight vector (w) of a fully connected neural network to output Q-values. At each
iteration of the training phase, a random instance of the problem represented as a graph
G is created. Each instance resembles a hypothetical patient. It must be noted that we
generate the features to create the state graph. Therefore, for each instance, we generate
random coordinates for the nodes from which the beams are delivered towards the patients.
These values are normalized to be in the range of (0, 1). The other important measure to
shape random instances during training is the ratio of the dose delivered to OARs to the
dose delivered in the target volume for each beam. To compute this, for each beam, we
need the information on the dose deposited in every OAR (di, i ∈ OARs) and the target
volume (dtar) that the beam passes through. Prior to the training, for all the real patient
data we calculated these values as follows. For every structure (OARs, target volumes) that
each beam passes through, we compute the dose deposited in each voxel at unit intensity.
We then average these values over the voxels of each OAR and the target volume to obtain
the values of di, i ∈ OARs and dtar. We then add white Gaussian noise with zero mean
and square coefficient of variation equal to 0.25 to augment the dataset of dose to OARs
and dose to target. Following this, new instances has been added to the dataset for the
training purpose [93]. Then during the training phase, the values of di, i ∈ OARs and
dtar are randomly selected from this augmented dataset. We thereby compute the ratio of( ∑

i∈OARs di

)(
dtar

)−1
for each possible beam. An episode is then constructed by selecting

one beam at each time step t using the model’s deep neural network architecture with the
current weight vector. To make the training more robust, we exploit Prioritized Experience
Replay [91]. At each time step, an experience tuple et = (st, at, rt, st+1) and its corresponding
significance are added to the memory for further use in the training.

Always greedily selecting the action with the maximum immediate reward generally leads
to inferior solutions due to the lack of exploration. Even following the action with the best
approximated Q-value could lead to local minima if no exploration is used. To ensure a
balanced exploitation-exploration trade-off, actions are chosen following a softmax action
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selection strategy. This is also superior to the ϵ-greedy strategy where it chooses equally
among all available actions while exploring [92]. In the softmax action selection strategy,
the greedy action still has the highest probability while others are weighted according to
their value estimates. By adjusting a temperature hyper-parameter, the learning begins with
higher exploration followed by increasingly favoring exploitation. At the beginning of the
training, the temperature is set to 0, and it increases to a predefined maximum value as the
training goes on.

Gradient-based optimizers tend to have difficulties if the rewards are large, sparse, or too
small. To avoid such cases, we use scaling to map the reward space into an interval close to
zero [92]. Let γ ∈ R be the scaling factor which is dependant on the value of the coordinates
of the nodes. The rescaled reward at time step t is γ rt.

We sample a batch from the stored experiences to learn the model for estimating optimal
Q-values for every state-action pair. For each experience comprising the batch, we obtain
an embedding (vectorized representation) of the state as illustrated in Figure 4.1 and then
pass the embedding into a neural network called the policy network as an input, shown in
Figure 4.1. The aim of the policy network is to approximate the optimal policy by finding the
optimal Q-values for state-action pairs. We have such a network associated with each possible
action from the input given state. The output of these networks is the estimated Q-value for
each available action from the state st. It must be pointed out the output layer of this neural
network presents the action space of the proposed RL algorithm. Each output unit (action)
corresponds to a node of the state graph (a beam). The beams that are currently included
in the partial trajectory are masked, illustrated by full circles in Figure 4.2, and cannot be
chosen. Once the next beam is selected, the trajectory will be updated the state transitions
to a new one as in Figure 4.2 (b).

At this point, the loss needs to be calculated by comparing the Q-value estimated from the
policy network for the action at of the experience tuple in the batch and the corresponding
(target) Q-value for the same action denoted by q∗(st, at) = E

[
Rt+1 + max a′ q∗(st+1, a′)

]
and a′ ∈ At+1. The max a′ q∗(st+1, a′) needs to be approximated. The target Q-values are
obtained from a completely separate network cloned from the policy network named the
target network with its weights are frozen with the original policy network’s weights. The
weights of the target network are updated to the policy network’s new weights every certain
amount of the time steps. This target network enables us to estimate the maximum Q-value
for the next state st+1 in the experience tuple to get the target Q-value q∗(st, at).
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Figure 4.2 Action Selection. (a) Passing the embedding of the state through a Feed Forward
Neural Network. (b) Updated trajectory after the action (selected beam) is performed. The
state graph is transitioned into a new state.

4.3.7 Neural Network Architecture

Selecting the beams to incorporate in the final trajectory for the robotic arm movement
of the Cyberknife system depends on the nodes of the underlying graph G. Therefore, to
capture all the node and edge features, we employ a Graph Attention Network architecture
to embed the graphs [32]. The policy network is a fully connected feed-forward network with
three hidden layers, consisting of 128, 64, and 32 hidden units, respectively. The input of
this network is the embedded current state. At each stage, we have one such network for
every available action. The output of the policy network is the prediction of the Q-value for
the current state-action pair. We use the Rectified Linear Units (ReLu) as the activation
function of the hidden layers and no activation at the output layer.
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Algorithm 1 Training
1: I is the number of iterations
2: Θ is the length of the episode
3: N is the mini-batch size
4: et is the experience tuple (st, at, rt, st+1)
5: α is the learning rate
6:

7: M← initializeMemory(m) ▷ Creating the replay memory with size m

8: for i from 1 to I do
9: G← generateRandomInstance

10: (S, A, T, R)← initializeEnvironment(G)
11: s1 ← initializeState(G)
12: for t from 1 to Θ do
13: at ← softmaxSelection(st)
14: rt = γ R(st, at)
15: st+1 = T (st, at)
16: M← updateMemory(et)
17: for j from 1 to N do
18: e← getSampleFrom(M)
19: Lj(w)← squared loss of e

20: end for
21: w← w + α

2N

∑N
j=1 Lj(w) ▷ Update the weight vector

22: end for
23: end for
24: return w

4.3.8 Solving Algorithm

Once trained, the model can be reused to obtain a trajectory for unseen instances. First, the
instance is represented as a graph, and the relevant features are extracted. The features of
each state s are inputted to the deep neural networks architecture of the model to estimate
the value of the state-action function Q̂ for all feasible actions. The next node is selected
following the greedy policy π = argmaxa∈A Q̂(s, a). The node incurring the maximum Q-
value is inserted into the list of selected nodes until a predetermined number of nodes are
selected.
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4.4 Experiments

4.4.1 Dataset

To evaluate the performance and efficiency of the proposed algorithm, we consider three
challenging cases suffering from lung cancer. The data is collected from anonymous patient
data who underwent radiation therapy using the Cyberknife system at Centre Hospitalier
de l’Université de Montréal (CHUM). For the lung tumor, a choice of a few predetermined
paths developed by the manufacturer is selected regardless of the innate differences among
various patients. The first case consists of 28,800 beamlets and 6,241,184 voxels where the
tumor is in the right lung. There are 26,208 beamlets and 7,736,670 voxels for the second
case for which the tumor lies in the left lung. The third plan has 3,440,112 voxels and 29,952
beamlets, and the tumor lies in the right lung.

To this end, we evaluated the results of the proposed method with the current clinical treat-
ment plan for the lung tumor including 100, 91, and 104 non-coplanar 800 source-to-axis
distance (SAD) nodes configured by the manufacturer scattered around the centroid of the
target volume for patient 1, 2, and 3 respectively.

4.4.2 Setup

Our model is implemented in Python 3.7. Training is carried out on one GPU (NVIDIA V100
Volta, 32GB memory) for 24 hours on randomly generated instances and Adam optimizer is
used for training. To create an instance in the training phase, at any node, values for different
features are selected from the augmented database. Therefore, we can compute the rewards
namely distance-driven, dose-driven, and beam-spread measure. It should be pointed out
that all of these randomly generated values are normalized to have similar ranges for all of
the features during the learning.

Before initiating the training phase, we generate a set of 100 held-out validation instances to
track the performance of the learned model and the baselines as the training goes on. The
model resulting in the best average reward on the held-out validation set is then selected
as the final one and tested on another set of randomly generated graphs with the same
configuration as the training set to evaluate the generalization ability of the model.

Three baselines are developed to compare the performance of our proposed algorithm. They
select a subset of beams and the best trajectory in a single pass. Firstly, for each instance in
the validation set, we randomly create 50 trajectories and output the the best, the worst, and
the average objective values. In addition, a greedy heuristic is developed as follows. Starting
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from the resting point of the robotic arm, at each time step, we select n nearest points as
the candidates to be selected for the next node to visit. For each potential next node and
the partial trajectory created so far, we compute the dose-driven and the beam-spread score
and add the node yielding the maximum total reward to the tour. We also implemented and
solved the problem (with the same instances used in the RL and the heuristic) in Gurobi
9.0.0 [94] with time limits. The mathematical programming model is represented in the
appendices. Restricting the time to converge prevents finding the optimal solution using the
exact solver and results in some negligible optimality gap. Nonetheless, for practical cases,
the optimizer takes a long time to converge, which limits clinical applicability.

Once the subset of beams is selected, we follow the algorithm represented by Renaud et al. [86]
for only photon particles. This algorithm is implemented in C++ and the quadratic math-
ematical programming is solved by IPOPT 3.13 1 which is based on interior-point methods.
This outputs the weight of the every selected beam and how to deliver the treatment.

4.4.3 Training

We initialize the parameters of the policy network (weight vector w) according to Xavier
initialization [95] sampled uniformly from (−x, x) where x = g

[
6 / (dimin + dimout)

]1/2
where

dimin and dimout refer to the input and output dimensions of the current layer and g =
√

2
is the scaling factor used in this work. The capacity of the replay memory is set to 50 and
at each epoch, a batch of 32 experiences are sampled from it. We train for 24 hours on the
training data generated randomly on-the-fly as described in Section 4.4.2. The learning rate
of α = 4× 10−4 is set following different experiments.

Using the weight vector w learned in the training phase, at each time step the next node to
be visited (next action) based on the current state st is selected by a greedy policy following
at = argmaxa∈At

Q̂(st, a, w). This process continues until the end of the episode where the
predetermined number of beams are selected. With the way that the reward function is
defined, the selected beams will not be clustered around some points in the space around the
patient.

4.4.4 Results

In this section, we evaluate the performance of the proposed algorithm based on the quality
and efficiency of the treatment on the lung cases. We use the Dose-Volume Histogram (DVH)
to evaluate the quality of the plans, a method widely used in practice. These histograms

1https://coin-or.github.io/Ipopt/

https://coin-or.github.io/Ipopt/
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depict the percentage of the organs capturing a certain amount of dose. In order to attain an
acceptable treatment plan regarding DVH constraints, we change the structures underdose
and overdose weights during the optimization of the dose intensities. We increase the penalty
for the structures whose DVH measures are worse than the critical dosimetry references
or the proposed values by the physicians. A challenging issue is the voxels that could be
identified in more than one structure. In this case, based on the important factor of individual
structures, the aforementioned voxels are assigned to the structures with higher priority. All
the structures are considered throughout the algorithm, to create individual beam scores
and beamlets for the beam intensity optimization. It should be pointed out that fewer multi-
structure voxels results in higher quality plans. The figures and tables representing the results
for patient 2 and 3 are shown in the appendices.

Figures 4.3, A.1, and A.2 compare the DVH diagrams for the cases of K = 25 beams (DQN-
Plan) and the clinical plan which uses all the beams (Full-Plan). Healthy tissues are protected
in both plans but the dose to the tumor is relatively lower in DQN-Plan. All treatment plans
meet clinical needs. As for the healthy tissues for patient 1, the right and left lungs, and
the ribs receive lower radiation in high percentage of their volume using the DQN-plan. The
heart and trachea attain lower dose in high volumes using the proposed algorithm. In all
these cases, the dose deposited in the structures are within the acceptable thresholds.

The heart, right lung, esophagus receive lower dose throughout the structure with the DQN-
methods compared to the Full-Plan for patient 2. For the high percentage of the volumes of
the ribs and the left lung (where the tumor is in), the DQN-Plan gets lower dose deposited.
The dose deposited in tumor however is less in the majority of the volume when following
the DQN-Plan.

In addition, the robotic arm traverses only 25 beams in the DQN-plan whereas the Full-Plan
requires all the beams in the original treatment plan, 100, 93, and 104 for patients 1, 2,
and 3. In general, the DQN-Plan maintains the quality of the Full-Plan treatment within
the clinically accepted thresholds, while delivered in shorter time. Table 4.1 compares the
total reward (objective), execution time, and the total distance traversed by the robotic arm,
and time for different methods. It should be pointed out that the value of the objective
function and the execution time are irrelevant for the clinical method which is currently used
at CHUM. The arm travels the distance while the beam is off. The majority of the treatment
time is spent on moving from one beam to the next one. The total reward (the objective) is
comprised of three parts, total distance traversed, total dose-driven score collected, and the
level of the sparsity of the selected beams around the patient. Therefore, merely having the
lowest distance covered will not necessarily lead to a more advantageous treatment.
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Figure 4.3 Comparison between DVH diagrams for patient 1.

Table 4.1 Solution comparisons between different methods of solving the BOO.

Patients Method Obj. Execution
time (s)

Total arm
Distance

Time
(min)

Patient 1 DQN 3.53 1.09 5,529 35
Gurobi 3.27 3600.00 6,350 37
Heuristic 4.50 2.47 5,494 35
Random 4.65 0.15 2,696 31
Clinical NAa NAa 17,726 54

Patient 2 DQN 4.18 1.08 4,656 35
Gurobi 3.18 3600.00 4,836 36
Heuristic 4.26 2.89 4,128 34
Random 4.88 0.24 6,730 39
Clinical NAa NAa 12,936 51

Patient 3 DQN 1.80 1.38 4,068 30
Gurobi 1.53 3600.00 5,851 31
Heuristic 4.26 1.26 3,696 29
Random 2.41 0.09 8,166 35
Clinical NAa NAa 22,553 50
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As illustrated, although DQN-Plan does not yield the minimum distance traversed in com-
parison with the heuristic and random selection, it attains a better total reward and hence a
higher treatment quality shown in Tables 4.2, A.1, and A.2. In these tables, DX% represents
the amount of dose deposited in at least X% of the structure, Dmax is the maximum dose
delivered to the structure, and Dmean is the mean dose to the structure. VY Gy percentage
of the structure volume receiving Y Gy dose.

Table 4.1 also demonstrates the treatment time comparison between the clinical plan and the
DQN-Plan. Using the DQN-Plan results in a 35%, 33%, and 40% reduction of the treatment
time for patients 1, 2, and 3, respectively.

We represent the performance of the proposed Deep Q-learning algorithm during the training
phase in Figure 4.4 for both patients. At certain points in time (every 100 episodes), we apply
the learned model against the instances in the validation set and show it in the plot. The
same results are also illustrated for each baseline (random selection, heuristic, and the results
of the implementation in Gurobi). Figure 4.5 illustrates a trajectory generated by the DQN-
method compared with one of the Clinical method.

Figure 4.4 Total reward of the algorithm against the fixed validation set during training. The
shaded area depicts the spectrum between the worst and the best random trajectories.



39

x

y

z

Figure 4.5 Comparison of the trajectories of the DQN-method (blue) and the Clinical-method
(red).

4.4.5 Discussion

In this work, we proposed a method based on Deep Q-learning to solve the BOO problem
for the Cyberknife system. It entails a reduction in treatment time while maintaining plan
quality. The selected subset of the beams can be forwarded to any formulation of the Flu-
ence Map Optimization or Direct Aperture Optimization problem (with different objective
functions and constraints) to realize beam intensities and leaf sequencing.

Compared to previous methods, using a deep Q-learning approach enables us to include dose
considerations related to each patient as well as the geometric characteristics of beams. The
proposed algorithm exploits the benefits of both approaches of solving the BOO problem.
Firstly, capturing the dose-related scores results in more realistic treatment planning. Meth-
ods assigning scores to beams by geometric characteristics generally suffer from the lack
of dose-relevant rewards as they do not directly capture the information of the deposited
dose of individual beams. However, we showed that including the dose-driven part in the
rewards compensates this issue. Furthermore, similar to heuristics, using the learned models
on new patients takes a short amount of time. However, the majority of the heuristics in the
literature use only anatomical features of the patients.

As mentioned before, long treatment times are a fundamental drawback of the Cyberknife
system treatment planning. We reduced the overall treatment time by considering travel
times in the distance-driven part in reward computations of the proposed algorithm.

Finally, imposing spatial dispersion as the terminal reward of the episodes helps to choose the
most spread subset of beams while minimizing the total rewards gained. As mentioned before,
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BOO can be modeled as a combinatorial optimization problem which is proven to be NP-hard.
Adding these measures to this problem will increase the complexity of this problem. However,
deep Q-learning method allows to consider multiple measures as different (immediate and
terminal) rewards. Therefore, deep Q-learning is an efficient and effective method to tackle
the BOO problem. This approach results in treatment plans with a substantially shorter
treatment time compared to current clinical practice using all the beams. Although it takes
a relatively long time for the model to be trained (as is the case for all learning tasks),
once the model is trained, finding the solution to new instances in the inference part takes
up to few seconds compared to the hours of computational time by solvers such as Gurobi.
For training, we only generate random values for node coordinates and doses deposited to
different organs through the beams corresponding at each node. Therefore, we do not restrain
the learning for a particular case.

Another challenge with the current clinical methods is the use of a set of fixed trajectories
devised by the manufacturer for all patients with the same tumors. Neglecting individual-
specific variations is likely to diminish the quality of the plan, where even small changes can
greatly influence the health of the patients.

The treatment plan resulting from the beams generated by the DQN-plan has acceptable dose
quality. For the first patient, the maximum dose, average dose, and median dose deposited
in the target volume is 4.5 Gy lower, 0.2 Gy larger and 0.8 Gy larger respectively compared
to the Full-Plan. The maximum dose is reduced by 4.5 Gy in DQN-plan compared to the
full-plan. While the mean dose and the median are increased with negligible values of 0.2
Gy and 0.8 Gy respectively. As for the right lung where the tumor is located, the maximum
dose and the median dose are reduced by 3.3 Gy and 0.6 Gy while the average dose is 0.3
Gy higher in DQN-plan.

For the second patient, maximum dose delivered to tumor is 5.34 Gy less in the DQN-
Plan. The right lung, heart and esophagus are also much better protected, considering the
maximum and mean dose in DQN-Plan. The maximum dose deposited in the right lung
is 12.56 Gy lower than the Full plan, while the mean dose is if reduced by around 80%.
maximum dose attained by the heart and esophagus are down by 4.33 Gy and 4.59 Gy
respectively. As for the left lung, where the tumor is located at, a small reduction of 5.32 Gy
is obtained. On the other hand, although the maximum dose delivered to the ribs is almost
1.5 times greater using the DQN-Plan, the average dose is on par with the Full-Plan.

For the last patient, the maximum dose is about 9 Gy less in the tumor in the DQN-Plan.
The maximum dose deposited in the left lung is also 20 Gy lower while the max and mean
dose in the other organs are similar in both plans. Therefore, the DQN-Plan at maintains the
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Table 4.2 Dose-volume parameters for the target volume and critical structures for treatment
plans generated by different method for patient 1.

Plan Structure Statistics
DQN-Plan Dose 95% (Gy) Dose 98% (Gy) D max (Gy)

Target 60.0 58.1 81.3
D max (Gy) D mean (Gy) V 20Gy (%)

Right Lung 81.1 5.1 8.9
Left Lung 26.4 2.2 0.5
Ribs 73.9 2.9 2.8
Hearts 24.4 1.1 0.2

Gurobi-Plan Dose 95% (Gy) Dose 98% (Gy) D max (Gy)
Target 60.0 58.2 81.2

D max (Gy) D mean (Gy) V 20Gy (%)
Right Lung 80.5 5.2 7.8
Left Lung 26.6 2.3 0.4
Ribs 75.8 3.2 2.2
Hearts 20.5 1.2 0.0

Heuristic-Plan Dose 95% (Gy) Dose 98% (Gy) D max (Gy)
Target 60.0 57.7 85.7

D max (Gy) D mean (Gy) V 20Gy (%)
Right Lung 85.5 5.0 7.4
Left Lung 33.0 2.3 1.7
Ribs 79.3 3.1 2.8
Hearts 19.3 0.5 0.0

Random-Plan Dose 95% (Gy) Dose 98% (Gy) D max (Gy)
Target 60.0 56.3 97.5

D max (Gy) D mean (Gy) V 20Gy (%)
Right Lung 94.7 5.2 9.9
Left Lung 58.0 2.2 4.3
Ribs 79.1 3.4 6.5
Hearts 62.7 0.8 1.5

Full-Plan Dose 95% (Gy) Dose 98% (Gy) D max (Gy)
Target 60.0 56.3 85.8

D max (Gy) D mean (Gy) V 20Gy (%)
Right Lung 84.5 4.8 6.5
Left Lung 17.3 2.0 0.0
Ribs 72.4 3.6 2.8
Hearts 20.5 0.9 0.0
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dose-volume parameters of the clinical full-Plan. The dose-wash images for different patients
comparing DQN method and the clinical full-plan is illustrated in Figure A.3.

The values corroborate the fact that intelligently selecting a subset of nodes results in rela-
tively the same treatment quality. It should be remarked that these similar treatments are
obtained by reducing the robotic arm movement time. This reduction of treatment time
yields higher comfort for the patients, eliminates the burden on the clinics and allows more
patients to be treated in any given time duration.

4.5 Conclusion

In this work, we have proposed a Deep Q-learning algorithm for the Beam Orientation Op-
timization problem for the Cyberknife system treatment planning. This algorithm generates
a set of favorable beams which is tailored to consider patient-specific dosimetric features and
beam-related geometric features. This approach also tries to maximally distribute the se-
lected beams around the patient. The proposed Deep Q-learning algorithm has the following
advantages over the other methods that can be found in the literature:

• The majority of the previous methods consider only a single feature (geometric or
dosimetric) for the individual beam scores. Using this method, we can integrate any
number of features into the neural network structure to generate a favorable trajectory.

• By intelligently selecting the beams, we attained treatment plans with much shorter
times while maintaining the treatment quality of using all the possible beams.

Finally, we have evaluated our proposed algorithm on three challenging lung cancer cases to
demonstrate the effectiveness and efficiency of the algorithm. While the training may take a
long time, it should be remarked that the solution time is really short.

Although we have considered identical importance for different features in generating rewards
at each step of the Deep Q-learning algorithm, one might tune the weights to achieve an even
better treatment quality. For instance, having higher weight on the beam-spread score would
lead to an even more scattered beam formation. In addition, as the training is not restricted
to a particular patient or cancer type, it would be beneficial to evaluate the possibility of
applying the same model to patients suffering from the different types of cancers.
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5.1 Introduction

All-optical-Networks are considered to play a critical role in wide-area backbone networks
[96]. In this paper, we investigate the performance of novel learning algorithms on the
Routing and Wavelength Assignment problem [97] in the context of Wavelength division
Multiplexing networks. Solving RWA corresponds to selecting a route between two end-
points of all incoming requests and assigning a wavelength to transmit the data across them.
In WDM networks, packages that use the same fiber links cannot use the same wavelengths
at the same time. Due to the limited number of wavelengths, incoming traffic requests may
be blocked if there are no available wavelengths across the links of the selected route.

RWA problems are conventionally categorized into static and dynamic. The static version
is based on the assumption that all the information of the incoming requests such as arrival
time, and duration (in case of releasing the requests after a finite time) are known. A set
of lightpaths (combination of a route and a wavelength) are set up all at once, and they
remain in the network. However, in realistic applications, these assumptions do not hold. A
lightpath needs to be generated for each incoming request as it arrives. The admitted traffic
connection request may be released after a finite amount of time.

The dynamic arrival and departure of the traffic requests and the uncertainty of the future
ones substantially destabilize the problem and reduce the accuracy and efficiency of the
conventional optimization methods. In general, the lightpaths already assigned cannot be
re-routed to accommodate the new requests that arrive. However, aggressive reconfiguration
i.e., lightpath defragmentation has recently been proposed to modify the current lightpaths
to reduce the blockage probabilities at the expense of high computational and operational
costs [64, 98, 99].

In the settings of this work, wavelengths are assigned to each of the links comprising a
route for an incoming request. If all of these links use the same wavelength along the route
of the request, the information can transfer from source to destination. Otherwise, the
incoming request is blocked. This is known as the wavelength continuity constraint, which
makes wavelength-routed networks different from the traditional circuit-switched telephone
networks.

Although recently researchers have started applying methods from artificial intelligence in
the field of RWA problems, only routing has been under investigation. The wavelength
assignment and routing are substantially intertwined and selecting one affects the other.
In this paper, an algorithm based on Deep Reinforcement Learning is presented for the
dynamic RWA problem. This algorithm selects the route and wavelengths simultaneously.
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The algorithm is entirely online and trains via simulation and past experiences, and thereby
does not require large data sets. We assume that precise network state information is available
at any point in time. The specific contributions are as follows:

1. We propose a Deep Reinforcement Learning algorithm to find the routes and assign
wavelengths to incoming traffic requests. Experimental results obtained show that this
approach can yield a high-quality solution against standard baselines used to solve this
problem for four of the most famous topologies.

2. We exploit the topology of the underlying network as a graph-structured data and
apply Graph Neural Networks to encode latent information. This enables us to capture
more features and leads to a better performance of the proposed algorithm.

3. The DRL agent proposed in this work has the capability to select routes and assign
wavelengths for the dynamic RWA problem simultaneously. This outperforms the con-
ventional methods that mostly focus on the routing part of the problem, for incoming
connection requests.

The rest of the paper is organized as follows. Section 5.2 examines the existing literature
on the use of Graph Neural Networks and Deep Reinforcement Learning in Routing and
Wavelength Assignment as well as the previous algorithms to solve the RWA problem. Section
5.3 discusses the deep reinforcement learning algorithm to solve this problem. The RL
environment and the proposed neural networks architecture are introduced in this Section.
Experimental results, discussions, and conclusions are presented in Section 5.4.

5.2 Background

In this Section we study previous methods developed to solve the RWA problem.

5.2.1 Routing and Wavelength Assignment

Route planning and resource management are two fundamental tasks in optical networks.
This problem is shown to be NP-hard for a set of traffic requests [100]. As the size and
complexity of the network increase, opting for conventional Shortest Path First routing al-
gorithms may lead to a high number of blocked requests. In addition to routing, assigning
wavelengths to routes results in a more complex problem. RWA is an NP-complete problem
[7]. It may be formulated as an Mixed Integer Linear Programming. This approach, however,
attains solutions at the expense of complex, expensive, and time-consuming computations
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even for medium-sized instances [93]. The majority of the literature on RWA has focused
on heuristic solutions, such as Genetic Algorithms and Simulated Annealing [101]. These
methods are faster but attain sub-optimal solutions [99, 93]. Most of the conventional, exact
algorithms are proposed only to find a route, while the heuristics are capable of finding sev-
eral routes more readily [102]. A taxonomy of the RWA problems and their corresponding
information is provided in [103]. Jaumard and Daryalal [104] propose methods to enable
solving RWA instances with realistic sizes. To this end, they present an exact method based
on column generation decomposition as well as two heuristics for the RWA problem. The
authors outline that the algorithm may fail for large instances in a reasonable solution time;
however, it provides ϵ-solutions with high accuracy. Daryalal and Bodur [99] formulated the
RWA problem as a stochastic optimization problem where uncertainty exists for the future
traffic. They studied two perspectives, namely, while granting the connection requests via
the RWA problem, and during the defragmentation process by lightpath rerouting. In their
study, the distributions of the random variables are known to the decision maker.

In contrast to routing solution approaches, a number of researchers study wavelength assign-
ment techniques. Randhawa and Sohal [105] show that that by increasing the load of the
network, the blocking probability increases. Zhou and Yuan [106] compared different wave-
length assignment strategies, random-fit, first-fit, and most-used with the effect of imprecise
global network information. In their study, they opted for the widest shortest path algorithm
for the routing part of the incoming requests.

While several researchers have studied dynamic RWA problems, the majority of them focus
on finding optimal routing while the requests arrive in real-time, and only opted for a fixed
heuristic for the wavelength assignment [107, 108, 109]. Some also consider traffic grooming
by the presence of wavelength conversions throughout the network, to reduce the blocking
probability [110]. A dynamic algorithm that considers the length of the k-shortest-paths and
free wavelengths is developed by combining the weighted least-congestion routing and first-fit
wavelength assignment strategy [111]. It is shown that plugging wavelength converters over
the network does not highly contribute to the reduction of the blockage rate as time goes on
[112, 113].

Recently, different Machine Learning techniques have been applied to solve this complex
problem. In Martin et al. [93], the authors presented supervised learning solution methods
based on logistic regression and deep neural networks. They formulated the RWA problem as
a classification problem. Several optimal RWA configurations are computed prior to training
the model using MILPs and heuristics in the literature. Their method learns relations between
features of a problem, such as the topology of the network, capacity, and wavelengths, with
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one of the corresponding optimal configurations. Although this approach attains solutions
quickly, it only considers a few possible configurations for all diverse network configuration
inputs. Several researchers leverage Reinforcement Learning to solve the RWA problem.
Kiran et al. [62] formulate the path and wavelength selection in Optical Burst Switched (OBS)
networks as a multi-armed bandit problem and solve it with a tabular Q-learning method.
They provide separate algorithms for path and wavelength selection. The corresponding
Q-value of path selection and wavelength selection are updated based on a successful burst
in the network. The selection of the route and wavelength are not directly related in their
proposed method.

Applying DRL to network optimization problems has received high interest in recent years.
Chen et al. [64] propose a DRL framework for a Routing, Modulation, and Spectrum Assign-
ment (RMSA) in Elastical Optical Networks. They deploy advantage actor-critic methods
to parameterize the action selection policy, and show a reduction in request blockage fol-
lowing their proposed algorithm. In [65], the authors utilize experience replay to enhance
the performance of a proposed Q-learning method to solve the traffic engineering problem in
communication networks. Pointurier and Heidari [66] solve the routing problem in Optical
Networks with physical impairment by developing a Linear Reward ϵ-penalty method. They
disaggregate the wavelength assignment from the routing and opt for a first fitted heuristic.
The experimental results show a lower blocking rate in comparison with the shortest path
and uniform path selection strategies. By proposing a novel elaborate representation of the
states in a DRL algorithm, Suárez-Varela et al. [114] show an increase in the performance
of applying DRL to the routing problem in Optical Transport Networks, which outperforms
traditional heuristics. A few studies use Graph Neural Networks as a part of the RL approach
to solve variants of the RWA problem. Swaminathan et al. [68] developed a GNN-driven RL
algorithm, GraphNet, for optimal routing of the incoming requests on Software-Defined Net-
working to minimize the package delay. Unlike WDM, they do not consider the existence of
multiple wavelengths over the fiber links of the network. In order to predict the distribution
of per request delay in SDNs, Rusek et al. [67] proposed a novel network-based on message-
passing GNNs using Recurrent Neural Networks as aggregation functions. Similar to other
algorithms devised for SDN, RL-routing uses RL for routing packages with the objective
of throughput and delay of the incoming traffic. Recent comprehensive survey on machine
learning methods for optical networks and SDN are presented in [7] and [115].

As discussed, most of the previous studies develop novel methods for the routing part of
the problem, and resort to accepted heuristics for the wavelength assignment. A few other
provide new approaches for wavelength assignment, but fail to fully consider the intertwined
relation between routing and wavelength assignment, especially in a dynamic setting.
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5.3 Methodology

We propose a solution method based on Graph Neural Networks and Deep Reinforcement
Learning. We use GNNs to model the problem at each time so that a DRL agent be able
to learn how to operate it to achieve an optimization goal. An overview of the proposed
framework is presented in Figure 5.1.
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Figure 5.1 Overview of the proposed framework.

5.3.1 Graph Neural Networks

GNNs [16] are novel neural networks that operate over graph-structured inputs. They gen-
erate a vectorial representation of an input graph. This is done by an iterative process that
associates the latent features of the neighbouring elements (nodes and edges) of a graph.
Through this iterative message-passing algorithm, the features of these elements are updated
to generate and learn an output vector. We use Graph Attention Networks [23].

The final learned vectorial representation of the graph encodes hidden information of the
graph that can be used to solve complex Combinatorial Optimization (CO) problems [2].
Since Network topologies can be directly translated to a graph, using GNNs offers more ad-
vantages than applying other neural networks architectures (fully connected neural networks,
convolutional neural networks, and etc.). This potential performance is shown in recent works
[116, 17].
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5.3.2 Deep Reinforcement Learning

In Deep Reinforcement Learning, an agent interacts with the environment by performing
actions and observing information about the environment [117]. The information contains
the state of the environment and an immediate reward, evaluating the performed action. DRL
agents aim to maximize a long-term goal in an optimization problem. They have no prior
knowledge of the environment. They learn the optimal policy by exploring the environment
and this search is directed by a reward function. At each state s ∈ S, an action a ∈ A is
performed. The state is thereby transitioned to a new state, s′, and the environment sends
a scalar immediate reward r to the agent. The DRL agent finds a strategy to maximize the
cumulative reward when the episode is finished. This problem can be modeled as a Markov
Decision Process.

Q-learning is an RL algorithm that learns an optimal policy π, a mapping from states to
actions [14], and is used to solve MDPs. Throughout the algorithm, the value of performing
an action in a state, called Q-value, is updated according to the rewards generated by the
environment. Q-values for different state-action pairs are initiated at zero or randomly gen-
erated values and are stored in a table (also known as Q-table). For a more sophisticated
problem where the number of states or actions are larger, the Q-table will be substantially
large, and updating Q-values will be inefficient. In these situations, Q-values are directly
approximated using deep neural networks. Deep Q-Network (DQN) [15] is an algorithm used
in such cases. DQN employs the advances of the deep neural networks to closely approximate
Q-value functions by receiving the features of the states. The high generalization capabilities
of deep neural networks enable the DRL agent to accurately approximate the Q-value for
states never seen before during the training.

We consider a WDM optical network topology to be represented by a graph G = (V, E) where
V and E correspond to nodes and the fiber links of the physical network. For each fiber link,
a set of possible wavelengths Ω indexed by ω exist. The number of possible wavelengths
is fixed and denoted by W = |Ω|. All wavelengths are assumed to have identical capacity.
At particular stochastic times τ , traffic demands are requested from the network. A traffic
request is represented by a source node n1, a destination node n2 and a service time duration
δ. We represent a lightpath request for an incoming traffic demand as ℓκ

ω where κ denotes the
path between the source and the destination (among the k-shortest paths), and ω being the
wavelength assigned to it. Feasible lightpaths are generated such that no two paths sharing a
link are assigned the same wavelength and all the links throughout its path must use the same
wavelength. The latter is called the wavelength continuity constraint. Figure 5.2 depicts a
few possible light paths for a sample topology with |Ω| = 2 and an arriving request. In the
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static RWA problem, a set of predetermined, incoming traffic connection requests are given
[104]. The objective of this problem is generally to minimize the number of used resources,
i.e., the number of wavelengths used [103].

2 5

1

43

Figure 5.2 Some possible lightpaths for a sample topology with |Ω| = 2 and an arriving
request between nodes n1 to n2 at arrival time τ and for duration δ.

The dynamic RWA problem is defined as follows. For a WDM network represented by a
graph G, the problem is to find a lightpath for an incoming traffic request at the time of
its arrival. We assume that no wavelength conversion exists over the network; therefore, the
wavelengths assigned must follow the wavelength continuity constraint. The traffic adds and
drops over time by assigning new lightpaths and releasing of the wavelength by the end of
their corresponding durations. The objective of the problem is to reduce the blockage rate
of traffic requests over time.

Requests are generated by uniformly selecting a source destination from the set of the nodes.
Each request has an arrival time and a duration. Arrival times follow a Poisson process and
the durations are generated by an Exponential Distribution. These values represent the load
of the network at each time of the simulation. Load is measured in Erlangs, and is calculated
by multiplying the arrival rate and the average duration of the requests. It is therefore the
average number of connections measured at any time in the network [107]. No information
regarding these distributions and the future is available to the agent at each decision point.
This results in a challenging optimization problem for the agent to devise an optimal strategy.
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5.3.3 DRL Environment

Here we describe the proposed DQN method to solve the dynamic RWA problem. At the
arrival of a new incoming traffic request, the agent receives the state of the environment as
a graph. The request contains the source, destination, and the duration of the package. The
requests do not have any preference over individual routes or wavelengths. By observing the
state, in particular node and edge features, the agent decides on the lightpath to assign to
the current traffic request.

The role of the GNN is to receive the state as the graph, process it, and output a new
representation. To this end, the GNN aggregates the information of the neighboring nodes
and edges of the graph and encodes them with a new representation. This new encoded
vectorized representation of the state graph is then forwarded to a fully connected neural
network that approximates the Q(s, a) for all the possible actions a ∈ A (lightpath) to be
performed in state s.

Given the underlying network, the links carry the related information such as capacity and
the available wavelengths at the current time during the simulation. To reflect this in our
implementation, we use the line-graph L transformation of the original network graph G. In
such a transformation, L has a node for each edge in G, and an edge joins those nodes if the
two edges in G share a common node. This conversion facilitates the message passing steps
in the GNN. Figure 5.3 illustrates a sample line-graph transformation.

The environment of the proposed DQN algorithm is formally defined as follows.

State Upon receiving a traffic demand (n1, n2, δ), and consequently a lightpath request, the
agent observes a graph-structured representation of the environment. The GNN module
retrieves the state features as well as the graph structure of the state s. The features of
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the graph elements illustrate the state. Node features include the wavelength assigned
to a particular edge, the number of available wavelengths, the relative popularity of the
wavelengths in previous selections, the remaining service times of the already assigned
incoming requests, and the edge betweenness centrality [118]. The latter computes the
number of all pair shortest paths that go through a particular edge in a graph network.
The higher the betweenness centrality, the more likely is the edge to be selected in
different paths. State features and their corresponding types are shown in Table 5.1.

Table 5.1 Features of each link in the graph-structured state.

Feature Description Type
f1 Wavelength assigned to the link One-hot encoding vector
f2 Remaining service time of traffic request Vector
f3 Betweenness centrality Scalar
f4 Popularity of the wavelengths Vector
f5 Number of available wavelengths Scalar

Action Considering all possible paths between any selection of nodes of the underlying net-
work graph results in large action space, even for small networks. There are numerous
combination of links to create a path between every two node in a network. For in-
stance, the average action space size considering all routes for the topologies used in this
work is around 4500. This means that at each decision point, one of these actions need
to be selected. This reduces the capabilities of the proposed algorithm as it needs to
approximate Q-values for every possible path and every wavelength. To overcome this
challenge, a limited number of paths are selected. For every source-destination node
pair in G, the first k shortest paths are generated prior to training the model. Upon
arrival of incoming traffic demand, the DQN agent receives the new representation of
the state and the information of the current lightpath request (source, destination, and
duration). Besides k paths to choose from, the agent needs to select a wavelength
assigned to every path. Therefore, the dimension of the possible actions is Wk + 1. It
should be pointed out that the action state is different based on incoming traffic re-
quests since the source and destination nodes of requests are different. At each decision
point, the action a is the decision to either (1) Assign a lightpath to the current request
arriving at that time, or (2) reject the request (null action a∅).

a ∈ {ℓ1
1, . . . , ℓk

W} ∪ {a∅} (5.1)

Reward The objective of the proposed method is to minimize the blocked traffic connections
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(or maximize admitted ones). To this end, A positive reward is returned by performing
an action (not null action) corresponding to the action a successful provisioning of an
incoming traffic connection request. Therefore the reward is constructed as:

r =

1 if a ̸= a∅,

0 otherwise.
(5.2)

5.3.4 Efficient Formulation

We observed that a large number of transitions (changing from the current state to the next
state) are driven by the null action. As we assume the transition function is deterministic
as a result of the selected action, such transitions are trivial. For instance, when all the
potential lightpaths for an incoming request are not available, the decision is automatically
driven by a∅. We propose a framework that only models transitions when a ̸= a∅. In such
a framework, a non-trivial state is defined at a situation where for an incoming request, at
least one lightpath be available. Therefore, the cases a = a∅ do not contribute to the training
process, meaning we ignore the trivial state-action pairs in our algorithm.

5.3.5 Neural Network Architecture

The Neural Network used in this paper is composed of two main modules, namely the GNN
and the feed forward neural network that outputs the predicted Q-values. GNN is a process
of representation learning of a graph, in particular the state graph in this problem. Therefore,
the aim of this module is to learn the representative features of the entire graph by leveraging
the node features and graph structure. The algorithm performs 3 steps of message passing
and stacks the results. it takes node features and graph structure as an input and outputs
a new set of node features. This step is called graph filtering. We use Graph Attention
Networks [23] to capture the information on the nodes of the state graph. For each node,
the algorithm iterates over its neighbour and aggregates the related information from their
features. Since we require to achieve a new graph-level representation, we need to generate
features for the entire graph from the node features. Therefore, we apply a graph pooling
layer which utilizes the graph structure to guide the pooling process. To summarize, the
GNN module takes the state graph as an input and outputs a coarsened graph with fewer
nodes as an output. The described Neural Network architecture are represented in Figure
5.4. This abstract, high-level representation of the state graph is then passed through a
Feed Forward Neural Network to approximate the Q-values for the current state and action.
We use 32 hidden layers, each with 128 hidden units and Rectified Linear Units (ReLU)
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activation function.

Feed Forward NNGNN

Graph PoolingGraph Filtering

Figure 5.4 Neural Networks architecture is comprised of two modules: Graph Neural Networks
and Feed Forward Neural Networks.

5.3.6 Learning Algorithm

The proposed algorithm is represented in Algorithm 2. In the beginning, we create a replay
memory buffer to store the experiences at the memory initialization iterations and during
the training phase (line 1). By initializing the environment and generating an instance (lines
7, 8), we create a graph G based on the underlying topology where the nodes and edges of
the graph correspond to the nodes and the fiber links of the original network, respectively.
Centrality betweenness is computed for all the links and k = 4 shortest paths are generated
for each pair of nodes. As described in 5.3.3, we generate a line-graph L and the edge feature
of G is converted to node features for L. Arrival times and duration of service for each traffic
request are created following a Poisson and an Exponential distribution, respectively. This
information is not known to the agent, and they only become available as they are introduced
at the corresponding arrival time (line 10). In general, the size of the output layer of the feed
forward neural networks used in DQN algorithms equals the size of the action space. The
value of each output unit in such a structure represents the predicted Q-value for each possible
action at the current state of the environment. In this study, however, as the set of possible
actions is different at each particular state, we embed the information of these possibilities
into the state features. This is called the action-in network structure for DQN. The output
layer of the feed forward neural network is thus comprised of one unit, which also depicts
the Q-value for the current state-action. To this end, at each state s, we allocate routes
and wavelengths and compute Q-values (lines 11-15). A ϵ-greedy action selection strategy
is devised for selecting action a from the set of possible lightpaths (line 16). The state is
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transitioned to a new state and a reward signal is sent to the agent (line 21). The current
experience tuple (s, a, r, s′) is added to the replay memory buffer and replaces a previous one
with lowest priority (line 22). The environment awaits the arrival of the successor incoming
request and upon arrival, the features of the new state are updated. The algorithm is repeated
for a predefined number of episodes. The objective of the proposed algorithm is to learn the
weights of neural network framework such that the predicted Q-values accurately estimate
the expected long-term collected rewards. In training, we batch samples of size 32 from the
memory buffer.

In order to capture the features and structural information of the elements of the graph, we
use Graph Attention Networks [32]. For the message passing, we configured 3 layers of graph
filtering, and one layer of graph pooling on top of that. The number of features at each
layer of graph filtering is a hyperparameter. In this work, we set the number of features as
{128, 64, 32} for each of these layers, respectively. To further smoothing the final embeddings,
apply a max-pooling layer on the output of graph filtering layers. This layer can be used as
in independent operation to produce a coarsened representation of the current graph. In this
work, however, the output of the the pooling layer is one node with a set of features that
are generated by max-pooling. The result vectorial representation of the input graph data is
then forwarded to a feed forward neural network for the prediction tasks.

Once Q-values are computed and an action is selected, we update the weights of the neural
network in order to minimize the loss between the predicted values and the real values (lines
25-29). Since we do not have access to real values, we approximate them following the target
network [117]. To this end, Adam optimizer [90] is used. When the episodes are all finished,
we save the weights of the trained model for solving new instances (line 30).

After experimenting with different values for the learning rate during the training phase,
a rate of 7 × 10−7 resulted in stable learning. By using larger learning rate in our experi-
ments during the training phase, the performance on the validation set fluctuates after 5000
episodes. This means that the agent cannot reach near optimal solution as the step size in
its search strategy is too large, although the search direction could be correct. By setting
smaller learning rates, the algorithm converges but very slowly. At each iteration, we use a
batch of 32 samples drawn from the experience replay buffer. Prior to the training phase,
we store 50000 samples in the experience buffer using Prioritized Experience Replay [119].
Samples with the lowest priority are replaced with the new samples during training.

We select actions following the ϵ-greedy strategy. For the initial 200 iterations of training, the
agent explores the environment with the exploration rate of ϵ = 1. This rate is then decayed
with a rate of 0.995 after every episode until it reaches the minimum value of ϵ = 0.01. We
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also update the weights of the target network every 50 iteration by cloning the values from
the policy network of our DQN agent. The weights of the policy network are initialized
following Xavier initialization [95].

Algorithm 2 DQN algorithm for the dynamic RWA Problem
1: memory_buffer ← {}
2: total_reward ← 0
3: w initial weights of the Neural Network
4: k-shortest-paths initiated for all source-destination pairs prior to training
5:
6: for episode in 0, . . . , num_episodes do
7: environment ← initialize_environment
8: instance ← generate_instance
9: for i in 0, . . . , num_requests do

10: s← (n1, n2, δ, τ , current_time)
11: for κ in 1, . . . , k do
12: for ω in 1, . . . , |Ω| do
13: q_values[κ][ω]← compute_q_values
14: end for
15: end for
16: a← epsilon_greedy (q_values, s) ▷ action a is comprised of a route and a

wavelength (lightpath)
17: if a = a∅ then
18: Reject current request
19: skip to the next request
20: end if
21: s′, r ← make_step (s, a)
22: memory_buffer ← (s, a, r, s′)
23: total_reward ← total_reward + r
24: end for
25: for j in 0, . . . , batch_size do
26: e← get_sample
27: Lj(w)← loss of e
28: end for
29: update the weight vector w
30: save w
31: end for

5.3.7 Solving Algorithm

Once the model is trained, we can use the saved model to solve new instances following the
Algorithm 3. To this end, we take the best model observed during training. This is the
model that resulted in the highest reward on the validation set (line 1). We initiate the total
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cumulative reward (line 2), the environment (line 4), and the instance (line 5). For each
incoming connection request, a state graph is generated (line 7) and Q-values are computed
for the corresponding action space (line 8-12). We use a greedy strategy to select the lightpath
resulting in the largest estimated Q-value (line 13). The state is thereby transitioned into a
new state and a positive reward is returned (line 14), and accumulated reward is updated
(line 19). Once all the requests arrive, the accumulated reward, i.e., number of admitted
incoming traffic connections is returned (line 21).

Algorithm 3 Solving Algorithm.
1: w← best model saved during training
2: total_reward ← 0
3:
4: environment ← initialize_environment
5: instance ← generate_instance
6: for i in 0, . . . , num_requests do
7: s← (n1, n2, δ, τ , current_time)
8: for κ in 1, . . . , k do
9: for ω in 1, . . . , |Ω| do

10: q_values[κ][ω]← compute_q_values
11: end for
12: end for
13: a← argmax(q_values, s)
14: s′, r ← make_step (s, a)
15: if a = a∅ then
16: Reject current request
17: skip to the next request
18: end if
19: total_reward ← total_reward + r
20: end for
21: return total_reward

5.4 Experimental Results

In this section we evaluate the performance of the proposed algorithm, and corresponding
results are discussed here as well.

5.4.1 Setup

Our model is implemented in Python 3.8 using PyTorch 1.11.0. Training is carried out on one
GPU (NVIDIA V100 Volta, 32GB memory). Prior to training, we create a fixed validation
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set to keep track of the performance of the training and compare with baselines. This vali-
dation set is comprised of 100 randomly created instances. The mathematical programming
formulation of the model is solved by Gurobi 9.5.0 with a system containing 16 GBs of RAM
with 4 core Intel Core i7 processors. Random instances are generated by producing random
arrival times and service hold time for incoming traffic requests. In this work, we generate
arrival times based on a Poisson process with a mean of 0.6. Service hold duration for the
requests follow an Exponential distribution with the mean of 100. These values are selected
after several experiments, in order to maintain the load of the network at an acceptable level.
Having a very low load or a very high load will result in situations where the majority of
the traffic requests are admitted or rejected. Prior to training, we solve these instances with
widely used baselines in the literature. For routing, we select Shortest path selection and
Alternate Routing methods [9]. As for the wavelength selection, First fit heuristic is selected.
We also developed a simple random selection strategy to evaluate the other methods against
it.

In addition to these baselines, we assumed a case where we have perfect information of the
arrival time and duration for all the incoming traffic requests. We formulated this problem
with a mathematical programming model presented in Appendix. Although this problem
is in essence different with the dynamic RWA problem as we do not have stochasticity, its
solution is an upper-bound for the problem studied in this work.

5.4.2 Experiments

Figure 5.5 represents the National Science Foundation Network (NSFNET) [120], the Gigabit
European Academic Network (GEANT), the European Optical Network (EON), and the USA
network. We trained an RL agent for each topology. For solving new instances, we chose
the model that was learned on the NFSNET topology, as the network has a smaller size
and lower average node degrees. We apply the learned model on all graph topologies. Table
5.2 depicts different topologies and their corresponding information which we used in this
work. For each incoming traffic connection requests, the source and destination are selected
randomly. The incoming traffic connection requests arrive following a Poisson process and
each request stays on the network for a duration that follows an Exponential distribution.

In Figure 5.6, we demonstrate the performance of the learning algorithm for NSFNET (a),
GEANT (b), EON (c), and USA (d) . We show the performance of the applied model at
every 100 episode on the validation set. The results of applying the other baselines are also
illustrated. These training curves suggest that the learning algorithm is able to infer the
crucial information from the state (using GNNs), and take actions that result in maximum
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Figure 5.5 Network topologies.

Table 5.2 Different topologies.

Topology Nodes Links Avg. Degree
NSFNET 14 21 3.0
GEANT 24 37 3.1
EON 20 36 3.6
USA 24 44 3.7
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cumulative rewards. We can observe that after approximately 1000 episodes, the learning
remains relatively stable. It should be pointed out that the ϵ parameter started to decay at
iteration 200.

(a) (b)

(c) (d)

Figure 5.6 Evaluating the performance of the DQN algorithm during training for (a) NSFNET
, (b) GEANT , (c) EON , and (d) USA topologies.

We ran experiments to evaluate the performance of the proposed algorithm and the learned
model on new instances that did not participate in training. Since the objective is to minimize
the number of rejected incoming traffic connection requests, we check the percentage of
the blocked requests. In the first set of experiments, the generated instances are from the
NSFNET topology. These include the instances used during training, or for solving after the
model is learned. In the second set of experiments, we use the same learned model using
NSFNET, but we apply this to instances generated from the other topologies (GEANT,
EON, USA) that have not been seen during training.
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To this end, we run four separate simulation sessions. We randomly create 100 instances of
the problem. For each instance, we generate arrival time and service time duration following
a Poisson and an Exponential distribution, respectively. Within all the steps that the model
is saved during the training phase, we select the one that revealed to be the best performing
on the validation set to solve for the new instances. To be able to compare these results, we
solve these instances with the accepted methods which are widely used in practice and in
previous studies. For routing, shortest path and alternate routing are chosen. To assign the
wavelengths, we opted for the first fit method which favors selecting more wavelengths against
resulting in congestion and therefore blockage of the incoming requests. We also solved
these new instance using a random strategy. At each decision point for an incoming traffic
connection, the lightpath comprising of a route and a wavelength is generated randomly.

Figure 5.7 shows the percentage of blocked traffic connection requests for the described
simulation scenarios. As demonstrated, the rate of blocking for the proposed method is less
than the other baselines which is the goal of this algorithm. The random lightpath selection
strategy shows the worst performance. Although for some cases the random selection could
work better than other baselines, the median and the mean of the results for this strategy is
lower than others. Although selecting the shortest paths at each decision point appears to
be a logical approach, it only considers a myopic view of the problem. Always performing
a greedy approach (by selecting the paths with smaller number of fiber links) may fall in
local optimal points. As the results suggest, opting for the alternate routes proves to be
better. Comparing the median and the mean of these two methods reveal the slightly better
performance of the latter. The DQN-algorithm however, outperforms other approaches. In
the best case, less than 3% of the requests are blocked. The median of the results of the DQN
algorithm is around 3% better than the one of the next best performing approach (alternate
routing), and about 13% better than random policy.

For the results presented above, we apply the model learned on the NSFNET topology to
the newly created instances that even though did not participate in training, have the same
underlying topology. To determine the generalization capability of the algorithm, we solve
new instances from a different network topology (GEANT, EON, USA) and compare them
with their corresponding baselines. Similar to the previous experiment, we generate 100
new instances following the new topology, and solve them with the proposed DQN agent
that is learned over NFSNET. The results are illustrated in Figure 5.7(b-d). For GEANT
network topology, random selection policy shows the worst performance. For this relatively
bigger and more dense network topology, the relative performance of the alternate routing
against the shortest path is better than the previous experiment. This is demonstrated via
the difference in the median of these two methods across the 100 test instances. The DQN
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agent trained on NSFNET topology performs well on these instances compared to the best
baseline. Although the median value is almost the same (still better in DQN-algorithm),
the proposed RL algorithm has an edge in the maximum value. Random selection results in
a slightly better performance compared to Shortest path first fit strategy for the instances
created from the EON network in 5.7(c). DQN method and Alternate Routing First Fit
demonstrate relatively similar behaviour in terms of the best solutions, however, the median
in the DQN method is around 7 units better than that of the ARFF which in practice results
in more profits.

ARFF
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DQN

65 70 75 80 85 90 95 100

(a)

DQN
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65 70 75 80 85 90 95 100

(d)

Figure 5.7 Comparison of performance of the DQN-algorithm and the baselines with the
model trained on NSFNET. The results are shows for new instances that are generated
following the (a) NSFNET , (b) GEANT , (c) EON , and (d) USA topologies.

To observe the characteristic of action selection between the different methods, we evaluate
their corresponding action selection behavior. In Figure 5.8, we represent the average number
of admitted incoming requests over the instances created at the test phase. Similar to above,
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the DQN agent is trained on NSFNET topology and the performance of the algorithm over
test instance from NSFNET, GEANT, and EON topologies are illustrated in Figure 5.8(a),
(b), and (c), respectively. The x-axis shows the number of the request and the values of the
curves is the average of times a particular request is admitted. As expected, as the time
goes on, considering the load, the network gets more congested and less possibilities exist.
However, the long-term approach of the DQN method results in more average accepted
traffic. The random strategy reveals to be the worst performing one. The alternate routing
approach has an edge over the shortest path because of the relatively myopic approach of the
latter. Figure 5.9 demonstrates the length of the selected lightpaths for different methods
for instances from NSFNET (a), GEANT (b), and EON (c). It could be observed that the
random strategy selects lightpaths with relatively longer routes compared to other method;
however, after arrival of around half of the incoming traffic, the capacities rapidly depleted
and a decrease in admittance is observed. The length of the accepted routes also decrease. On
the contrary, always opting to take shortest routes (greedily) results in suboptimal solutions.
As this Figure suggests, the rejected connection request rapidly increase for he SPFF method.

5.4.3 Conclusion

This paper studies a dynamic RWA algorithm based on Deep Reinforcement Learning that
simultaneously selects routes and wavelengths. By inferring the information from the ele-
ments and the structure of the network, it devises a strategy to minimize the blockage of the
incoming requests in the long term. Simulations show that the proposed algorithm performs
superior to widely used solution methods to solve the dynamic RWA problem. We demon-
strate the generalization capability of the proposed model. The GNN module of the training
learns a new representation of the graph-structured input regardless of the topology of the
graph. In other words, computations within GNN module only takes into account node and
edge features, which is similar in size for any network topology. Therefore, we can train the
model using a single topology, and solve instances arising from variety of topologies (not
present during training) which works better than the current methods used in practice.
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Figure 5.8 Average admitted traffic for each request over test set instances. (a) NSFNET,
(b) GEANT, (c) EON, and (d) USA.
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Figure 5.9 Average length of the lightpath for each request over test set instances. (a)
NSFNET, (b) GEANT, (c) EON, and (d) USA.
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CHAPTER 6 DYNAMIC MULTI-RESOURCE CONSTRAINED
SCHEDULING WITH GNN-BASED DEEP Q-NETWORKS

6.1 Introduction

Today’s production systems must cope with sophisticated customer demands and the require-
ments of the shareholders. Companies need to address these challenges and be capable of
manufacturing in highly uncertain conditions and try to shorten production times to increase
throughput and productivity. All these concerns can be addressed through formulating and
solving scheduling problems. In this setting, we consider a scheduling problem that arises
from a real use case in the industry. We consider a setting, where jobs require additional
resources besides machines to be processed. In this setting, each job is completed by the
use of some raw materials, which must be processed on machines. To transfer and add the
materials to machines, one of the three available resources is required. The type of resource
is defined by the job in a deterministic manner. In other words, each job requires either a
robotic arm, a liquid dispenser, or a human operator in addition to a machine. Since the
number of these resources is limited (one resource per type), and the fact that arrival times
of the jobs are stochastic, leads to a challenging scheduling problem.

Many approaches have been taken in the literature to address scheduling and production
optimal control. A very comprehensive literature review is presented in [121]. The scheduling
problems in general are NP-hard, therefore finding exact solutions can be very expensive.
Therefore, many researchers apply metaheuristics and heuristics to solve these problems.
Various types of scheduling problems such as flow shop or job shop scheduling problems are
vastly studied. Methods such as particle swarm optimization, and evolutionary algorithms
applied to these problems are presented in [122]. The potential of machine learning to
deal with these issues in production systems is discussed by Kang et al. [123]. In dynamic
situations, having the perfect information about the future production system can lead to
an increase in the performance of any dynamic scheduling approach. However, this real-time
knowledge of the production is not available in practical cases. In such cases, the capabilities
of methods from machine learning and reinforcement learning can be exploited [124, 125]. In
order to respond to the dynamic changes in the production line from a cloud manufacturing
perspective, Chen et al. [126] proposed a scheduling method based on reinforcement learning
to select tasks in real time.

Machine learning techniques include supervised, unsupervised, and reinforcement learning
(RL). The first two categories deal with finding innate patterns among historical data,
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mostly for further predictions and decision-making. Reinforcement learning, however, re-
volves around training an agent via trial-and-error and interactions with the environment
without any prior knowledge to find the optimal policy regarding the objective to achieve
[11]. The agent is thereby capable to adapt to highly uncertain conditions. As a result of
this flexibility and the characteristics of modern production systems, RL is well suited for
problems arising in this domain. Based on recent studies, RL has the ability to outperform
state-of-the-art heuristics [127].

The contribution of this particular scheduling setting is as follows: We propose a Deep
Reinforcement Learning algorithm to assign machines and corresponding resources (robotic
arms or a human operator) to jobs after they have arrived in the system. Experimental
results suggest high-quality solutions compared to conventional baselines. Using the GNN-
based deep reinforcement learning algorithm enables us to find a schedule of the jobs that
arrive dynamically with an unknown distribution (to the scheduling agent) that outperforms
other baselines.

The remainder of this work is organized as follows. Section 6.2 provides background on the
methods of machine learning used to solve the scheduling problems. Section 6.3 discusses
reinforcement learning and Graph Neural Networks that will be used in this work. We define
the problem in Section 6.4. Section 6.5 discusses the environment, Neural networks architec-
ture, and the learning algorithm in detail. Experiments and the results are represented in
Section 6.6 and finally, the conclusion of this work is in Section 6.7.

6.2 Related Work

In this section, we provide previous studies that exploit the recent advances in Machine
Learning and Artificial Intelligence in the context of scheduling problems.

Recently there has been a significant increase in the use of machine learning in the field
of production systems. In particular, many researchers developed methods based on neural
networks and reinforcement learning. Panzer and Bender [128] publish a detailed survey of
the use of deep neural networks in the field of production systems. They discuss that of the
most active discipline is scheduling. The first application of neural networks in this field dates
back to [129]. Their study showed higher performance and lower costs in comparison with
the manual system design for the job shop scheduling problem. For a dynamic distributed
job shop scheduling problem, Zhou et al. [130] minimized the completion time of all the tasks,
for a set of randomly arriving instances. They considered queue times for the incoming jobs
and proposed a deep reinforcement learning algorithm for this problem. Deep RL algorithms
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are shown to be more efficient and faster compared to conventional heuristics in different
domains with particular objectives, such as reducing makespan for medical mask production
[131] in times of COVID-19 pandemic, reducing tardiness for repair scheduling operations
[132], increasing profitability in chemical scheduling by dealing with shifting demands and
fluctuating costs [133], or reducing costs in paint job scheduling for the automotive industry
[134] by using deep reinforcement learning algorithms for scheduling.

Discipline-specific scheduling problems have been addressed by a number of researchers. To
address the volatility in the mold injection industry, Deep Q-networks are used to reduce
the weighted tardiness of this dynamic environment. This method demonstrated better
performance than the current dispatching rules [135]. Lin et al. [136] propose a multi-class
Deep Q-Networks algorithm for a special use-case, semiconductor manufacturing, to reduce
the makespan. Using reinforcement learning methods based on policy gradients, especially
proximal policy optimization (PPO), has attracted many researchers. By considering several
features such as setup times, Park et al. [137] developed an algorithm based on PPO that
works better compared to the conventional heuristics such as shortest setup time or shortest
processing time, in terms of minimizing the makespan for semiconductor manufacturing. A
better generalization was observed by embedding Graph Neural Networks in the learning
algorithm for the job shop scheduling problem [138]. This new algorithm was proven to be
superior to scenario-specific configured algorithms as well. It is shown that few studies have
been adopted in real environments [128]. They discuss that developing and implementing of
scheduling policies based on reinforcement learning for established production environments
is critical.

Aydin and Öztemel [74] proposed a variant of the Q-learning algorithm to train an agent
to dynamically select scheduling rules. The action set used in their work consists of a few
heuristic rules adopted in for the scheduling problems in the literature. At each decision point,
the set of possible actions are jobs that satisfy the Shortest Processing Time (SPT), Cost Over
Time (COVERT), and Critical Ratio (CR). They show the superiority of their algorithm
compared to individual options. By using the average tardiness as the reward signal, Wei
and Zhao [139] proposed a Q-learning algorithm to select scheduling rules to minimize the
mean tardiness of the final schedule. They both used a tabular version of Q-learning. Similar
to the work of [74], other researchers developed heuristics to create priority lists as actions
in their Reinforcement Learning frameworks. Zhang et al. [140] used Weighted Shortest
Processing Time (WSPT), Weighted Modified Due Date (WMDD), Weighted Cost Over
Time (WCOVERT), and Ranking Apparent Tardiness cost with setups (RATCS) as actions
to solve the parallel machine scheduling with constraints. Mao et al. [73] presented a deep
reinforcement learning approach to deal with the dynamic resource management. to this end,
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similar to [72], they utilized graphical features of the current schedules to identify different
states. They used convolutional neural networks to capture the critical information of the
images during their algorithm. Since scheduling problems can be well defined over graphs,
Park et al. [138] adopted a PPO algorithm to train GNN for the Job Shop Scheduling Problem
to minimize the total makespan. Similar to the methods mentioned above, they opted for a
few heuristic rules as possible actions. These limited options may lead to a decrease in the
performance of the algorithms.

6.3 Technical Background

In this section, we introduce graph Neural Networks and Reinforcement Learning.

6.3.1 Graph Neural Networks

Graph Neural Networks (GNNs) [16] is a machine learning architecture designed to operate
over graph-structured data. For any problem that can be represented as a graph, the aim
of the GNNs is to compute a vectorial representation of each node of the input graph. This
is done by aggregating the features of the neighboring nodes and edges. The new vector
representation of the input graph embeds crucial graph structures that help to solve Com-
binatorial Optimization problems. Cappart et al. [2] and Vesselinova et al. [141] present a
review of key advances in how GNNs have been recently used as building blocks for Combina-
torial Optimization problems, either as solvers or by enhancing exact solvers. The potential
of GNNs is shown in multiple domains where data can be represented as a graph structure
[20, 21, 142]. GNNs may aim to learn good features for each node of the graph, such that
node-focused tasks be facilitated. On the contrary, for graph-focused tasks, they target on
learning a new abstract representation of the entire graph in which learning node features is
an intermediate step. In both these cases, particular node features and the structure of the
graph are taken into consideration. The process of generating a new representation for node
features is called a graph filtering operation. Generally, several consecutive stacks of graph
filtering layers are used to get the final node features. To obtain a new graph representation,
pooling operations can be employed on top of the graph filtering layers [18].

In the proposed approach, the GNN receives the graph-structured input of the orders and
generates a vectorized representation of the state by applying consecutive graph filtering
operations. The nodes of the graph represent the tasks and the edges show the order of the
tasks corresponding to a specific job. This new representation of the state encodes latent
information between the nodes and edges of the state graph. For each node, the features of
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the neighboring nodes and edges are aggregated through a message passing mechanism. The
GNN is trained in an end-to-end fashion to learn the state vector. This new representation
is then ready to be forwarded to a feed-forward neural network to estimate the values of the
actions at the current state.

6.3.2 Deep Reinforcement Learning

Reinforcement Learning (RL) algorithms learn a policy to maximize the expected value of an
objective function of an optimization problem. Unlike supervised learning, there is no labeled
data in the context of the RL. The RL agent learns this policy by iteratively interacting
with the environment. Therefore, there is no need for previous expert knowledge about
the dynamics of the environment. The agent explores the state and action space and the
search is directed by a reward function. Let S and A represent the set of states and actions,
respectively. By performing an action a ∈ A, the state is transitioned to s′ ∈ S and a
reward r is received by the agent. The promise here is to find the policy that maximizes the
expected total reward during its lifetime by a sequence of states st ∈ S with t = 1, . . . , Θ.
Such sequence is called an episode and sΘ denoted the terminal state.

Q-learning [14] is an RL algorithm to learn the value of performing an action at a specific
state, called Q-values. The Q-learning agent learns a policy π : S → A to maximize the
expected cumulative rewards in the successive steps until termination. The initial Q-values
for every possible state-action pair, Q(s, a), are set to zero (or generated randomly) in the
form of a table. During training, these values are updated by performing actions and receiving
the corresponding reward from the environment. Q-values denoted the expected cumulative
reward by performing action a at state s following the learned policy π.

For many problems, the number of all possible state-action pairs can be exponentially large.
Therefore, storing and accessing Q-values in a table would be inefficient and would hinder
the learning process. To resolve this, Deep Q-Learning [15] is developed to approximate Q-
values by leveraging the generalization capabilities of Deep Neural Networks. The key idea
is provide an estimator Q̂(s, a, w) ≈ Q(s, a), where w is the learned vector parameterizing
Q̂.

During the training, to create a balance between exploring different states and exploiting
the known best actions, we follow a softmax action selection strategy [143]. Unlike ϵ-greedy
action selection, when exploring, the softmax strategy does not choose the actions with equal
probability. These actions are weighted based on their estimates. It should be noted that
the greedy action still has the highest selection probability.
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6.4 Problem Definition

The problem in this study is characterized by three sets, namely jobs, machines, and addi-
tional resources, which are discussed as follows.

Jobs

Jobs arrive dynamically to the system. They are independent and arrive following an un-
known stochastic process. Let j denote the index of the arriving job. We assume that the
interval time between the arrival of two consecutive jobs follows a probability distribution
P (t):

|αj − αj−1| ∼ P (t) (6.1)

where αj is the arrival time of job j. The set of all jobs is J . In this work, we do not consider
any precedence among jobs. Arrived jobs will queue up to be processed in the system, while
the size of the queue is assumed to be infinite. Each job j has an arrival time αj, processing
time pj, deadline dj, and a expiration time ej. Once a job arrives, it will start at a start time
σj ≥ αj. If job j reaches its corresponding expiration time ej, it will be removed from the
system and will be thrown away, and cannot fulfill the customers’ order any more.

Machines

Each task requires a machine to be processed on. In this context, we consider parallel
machines that are all capable of performing similar tasks. In addition, there is no difference
in terms of processing power among them; therefore, they are identical. In the current
problem, once a job is assigned to a machine, it needs to be processed on that particular
machine until the job is finished (or expired) and leaves the system. We considerMmachines.
The processing time of job j represented by pj is independent of the machines, solely relies
on the particular job, and is deterministic.

Resources

Besides machines, any job requires another resource ρr for being processed. These resources
are renewable, meaning their availability is constrained at a given time. However, this is not
true for their consumption. The requirement of each one of them is directly reflected in the
job description. The resources are non-preemptive, meaning once they are assigned to a job,
they will be unavailable for other jobs until the current one is finished.
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Objective

In static scheduling problems, a complete information set of jobs are available and the sched-
uler assigns start times to different tasks subject to the problem constraints. In a dynamic
case, however, jobs arrive over time until the time horizon is finished. The scheduling agent
has no idea about future events at any decision time.

The objective of the problem is to minimize the costs that are incurred to the system based
on all the decisions made during the scheduling horizon. In our problem, the costs have
two sources: (1) tardiness costs, and (2) expiration costs. If the processing of a job is not
finished within its start time and deadline, we incur a penalty proportional to the extra time
the job stays in the system. In addition, if this extra time is passed the job’s corresponding
expiration, it will leave the system with an expiration penalty and we lose the order. The
objective function is similar to the one presented in [72] and as follows:

min z = Pt + Pe (6.2)

=
∑
j∈J

ωj (ℓj − dj)+ +
∑
j∈J

ωj ϕjpj

where (x)+ = max(0, x), ωj is the weight of job j, ℓj is the time job j leaves the system and
ϕj is binary parameter equal to 1 when job j is expired.

Constraints

Several constraints control the solution space of the problem we study here. Firstly, once a
job is assigned to a machine, it needs to be carried out on the same machine, until the job is
finished or the job is expired. Secondly, two jobs cannot be scheduled at the same time on
the same machine. Lastly, the start times σj, j ∈ J must be larger than the arrival time of
job j.

At each decision point, the set of all jobs can be divided into four categories based on their
status: (1) eligible to be scheduled, (2) finished, (3) currently being scheduled, and (4) not
eligible to be scheduled. A job is eligible if it is arrived to the system, regardless of the
availability of required machines and resources. The agent schedules one eligible job at each
time step. We assume that for each job, the type of the required resource is known upon
arrival. More specifically, a resource profile of each task is denoted by rj ∈ R designating the
resource type. As we do not consider a constrained buffer, orders can wait to be processed.
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6.5 Methodology

The RL agent implements a DQN algorithm [15] and outputs the Q-values. The objective
of the algorithm is to predict the Q(s, a) of selecting the next task (a) to carry out at the
current state (s).

6.5.1 Reinforcement Learning Environment

The reinforcement learning method is defined by states, actions, and rewards functions which
are described as follows.

State

In order to take informed decisions, the agent needs to observe the state of the environment
at the decision points. The proposed model is designed to find a scheduling strategy based
on this observation. The state of the environment is illustrated by the state graphs node and
edge features. We consider a complete, undirected, acyclic graph G = (V, E). The set of
jobs constructs V . An edge exists between every pair of jobs in this graph. A sample input
graph with six jobs is demonstrated in Figure 6.1. We consider a complete graph, and this
representation suggests that if all the jobs are available, i.e., arrived in the system, they can
potentially be selected in any order one after each other, given the availability of machines
and resources.

Figure 6.1 A sample graph-structured input is comprised of six jobs.

Each element of the graph contains features. For every node (job), we keep track of its status,
i.e., currently being processed, finished, not scheduled yet, or eligible for selection at the
current decision point. This information is stored as a one-hot encoding vector. Similarly,
every job requires a particular resource, which is also represented by a one-hot encoding
vector. Table 6.1 provides a description of the features of a state. All of the numeric features
are standardized.
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Table 6.1 Features of job j in the input graph at time t.

Feature Definition Description
x1 {0, 1} Status of the task
x2 pj Processing time
x3 dj Deadline
x4 (dj − t)+ Remaining time
x5 ωj Weight
x6 {0, 1, 2} Required resource
x7 {0, 1} Tardy job

Action Set

In this section, we describe how the scheduling actions are represented within our proposed
algorithm. The size of the action set equals the total number of jobs to be scheduled.
Although this would be a large number, at each decision point, many jobs will be unavailable,
or masked, either because they have already been selected, or they are simply not available
as they have not arrived in the system yet. In addition, decisions must follow the natural
constraints of the system. For instance, if the required resource for a particular job is not
valid at the current time, that job will be masked. At each state st, the action at is the
next job to be selected. Each job can be processed by a specific resource. A job is available
only if it has not been already selected. As the information about the upcoming jobs is not
known and based on the limited number of resources, there could be cases where no action
can be selected as the resources may be already in use. We add a particular null action aϕ to
the action set at each state. However, since the transition to a new state is deterministic in
this study, the outcome of taking aϕ is trivial (the current state) and no reward is collected.
Therefore, we ignore these state-action pairs during the training and updates of the network.

It should be pointed out that although we have different types of resources, the resources of
each type are completely identical. Therefore, assigning any one of them to the corresponding
job will be the same and no decision is required here.

Reward Function

The goal of reinforcement learning is to devise a strategy that maximizes the expected cumu-
lative reward. Therefore, the definition of the reward function is crucial to guide the learning
algorithm. At each decision time t, the agent will receive a reward R(st, at) in a certain state
st after executing any possible action at. In general, the reward function corresponds to the
objective of the problem. The goal of this problem is to minimize the costs of the schedule,
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while the RL agent tries to maximize the total collected rewards, so the value of the reward
should be negatively correlated with the overall penalties.

Decision points are when an action (a non-null action) needs to be taken. In our framework,
these points in time equal the start time of any of the arrived jobs that are eligible to be
scheduled. When a job arrives (before its start time), all the related information about
processing time, deadline, and expiration time are available. Therefore, once a job is selected
to be scheduled on a particular machine using its required resource, we can compute its
completion time cj as:

cj = σj + pj (6.3)

By comparing the completion time with the deadline and the expiration time, we can deduce
the values of the penalties incurred by selecting this job (taking a particular action).

Let J(t−1,t) be the set of jobs in the scheduling system from time t − 1 to t. For each job
j ∈ J(t−1,t), the partial cost pcj is:

pcj =


0, cj ≤ dj

−ωj (cj − dj) , dj < cj < ej

−ωj

[
(ej − dj) + pj

]
, cj ≥ ej.

(6.4)

and the reward is:

R(st, at) =
∑

j∈J(t−1,t)

pcj (6.5)

6.5.2 Neural Networks Architecture

To capture all the critical information and predict an accurate estimate of the Q-values, we
use two separate neural network architectures for this problem: GNNs, and feed-forward
neural networks (policy network).

We use Graph Attention Network introduced by Veličković et al. [32] to not only utilize the
feature and structural information of the input graph data, but to consider the importance of
each piece of information to make a decision at each state of the algorithm. Graph Attention
Networks computes a normalized attention mechanism that realizes the importance of an
element’s features into obtaining a new representation of the graph data. To this end, we
generated a Graph Attention Network with 3 layers of graph filtering. In each of these layers,
the features of every node is updated by combining its own features and the aggregated
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features of its direct neighbor nodes following Equation 2.6. The size of the features at
each layer is a hyperparameter that is selected as {128, 64, 32}, respectively. It should be
pointed out that the attention mechanism used in Equation 2.6 contains two learnable set of
parameters that are updated within the main training algorithms. The output of the Graph
Attention Network is a new embedding, a new vectorial representation, of the input graph
data.

These new embeddings are then forwarded to a fully connected, feed-forward neural network
that models the Readout function. The objective of this network (called the policy network)
is to output a prediction of taking different actions at the current state. As noted in Section
6.5.1, we mask the tasks that cannot be selected at the current state and the action is chosen
following a softmax strategy among the available ones. This neural network architecture is
illustrated in Figure 6.2.

6.5.3 Learning Algorithm

In this study, we use the Q-learning algorithm to solve the scheduling problem. This algorithm
finds a policy (action selection strategy) π∗ such that:

π∗ = argmaxπ Qπ(a, s) ∀s ∈ S, ∀a ∈ A (6.6)

where Qπ(a, s) represents the value of selecting action a at state s following an arbitrary policy
π. For relatively smaller problems, this policy can be found using exhaustive exploration by
Dynamic Programming. In a large-size practical problem where the jobs arrive in a dynamic
fashion, this will be expensive to compute. To address this issue, the Q-learning algorithm
[14] provides an estimation of the Q-values at each state-action pair by iterative updates
following:

Q(st, at)← Q(st, at) + α
[
Rt(st, at) + max

a∈At

Q(st+1, a)−Q(st, at)
]

(6.7)

in which α is a step size (learning rate) and the Q-values are initiated and updated using a
Q-table. As the size of the problems expands, maintaining a Q-table will be difficult. Neural
networks are thereby used to approximate these values [89]. We parameterize these values
by a vector w such that Q (s, a, w) ≈ Q (s, a). We use the Adam optimizer [90] to minimize
the square loss between the approximated and the real Q-value:

L(w) =
[
R(st, at) + max

a∈At

Q̂(st+1, a, w)− Q̂(st, at, w)
]2

(6.8)
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Input graph Policy network Updated input graphGraph Neural Networks

Figure 6.2 An overview of the proposed algorithm. An input graph (with node and edge
features) at each state is forwarded into the GNN for the purpose of representation learning.
Already selected tasks are shaded in black. The new vector representation is then forwarded
to the Policy network to predict the Q-values. The next action is then selected among the
eligible ones (shaded in grey) and the input graph and its corresponding features are updated.

The agent interacts with the environment in the simulation model and based on past experi-
ences, figures out the best actions at different states that yield maximum expected cumulative
rewards, or in this problem, minimize the costs. The process is represented in Algorithm 4. In
the beginning, we initialize the memory buffer (line 1) and set the total accumulated rewards
to zero (line 2). At each episode, we initialize the environment by setting the features of the
elements of the graphs (line 5) and the initial state is generated (line 6) . At this point, no
job has been started, and the eligible job (the first job arriving in the system) is identified.
Processing time, deadline, and expiration time are also set. To restrict the size of the action
space, we determine the set of available actions (line 8), i.e., jobs that have already arrived
and are not scheduled yet. If at the current time t, there are not such jobs, we directly go to
the next steps. Otherwise, an action is selected following an ϵ-greedy strategy (line 12). By
taking this action, the state is transitioned towards a new one„ and a reward is returned to
the agent (line 13) following equation 6.5. Now that the action is taken, the time is updated
(line 15) and based on that, we update the status of the jobs, update their remaining time,
and for those that are finished, we free up their corresponding resources (line 16). Once
all the jobs are scheduled, we sample a subset of them (a mini-batch) from the reply mem-
ory buffer (line 17). At this point, the weights of the feed-forward neural network (policy
network) are updated in order to minimize the loss function using the Adam optimizer [90]
(line 20-24). To this end, at particular iterations, a snapshot of the policy network is cloned
(structure and weights). This new network is called a target network. For the subsequent
iterations, the output of this fixed network resembles the actual Q-values compared to the



79

predicted ones following the policy network. At the end of each iteration, we save the model
i.e., updated weights. (line 25).

Algorithm 4 DQN algorithm
1: memory_buffer ← {}
2: total_reward ← 0
3:
4: for each episode do
5: env ← env_init()
6: s← state_init()
7: while jobs arrive do
8: eligibles← get_valid_actions(s)
9: if no job is eligible then

10: wait for the next state
11: else
12: a← get_action(s, eligibles) ▷ ϵ-greedy action selection strategy
13: r, s′ ← env_step(a, s)
14: end if
15: t← t + 1
16: update_status()
17: memory_buffer ← (s, a, r, s′)
18: total_reward ← total_reward + r
19: end while
20: for j in 0, . . . , batch_size do
21: e← get_sample()
22: Lj(w)← loss of e
23: end for
24: update the weight vector w
25: save w
26: end for

6.6 Experiments

In this section, we provide an analysis of the experiments of applying our proposed method
to the problem. The results are discussed here as well.

6.6.1 Setup

We implemented our proposed algorithm in Python 3.8 using PyTorch 1.11.0 library [144].
For training, we used a single GPU (NVIDIA V100 Volta, 32GB memory).

In order to evaluate the performance of the training, we sample a number of instances prior
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to training as the validation set. At predetermined iterations of the training, we apply the
latest trained model on the validation set and output the results as the training goes on. We
also solve this validation set with the baseline algorithms.

6.6.2 Baselines

We evaluate the performance of the training by comparing it to three heuristic rules: SPT,
WSPT [145], WCOVERT [146]. Shortest Processing Time favors the selection of the jobs
that are already arrived and have the shortest processing time among others, as long as their
corresponding required resources are available. Weighted Shortest Processing Time considers
a weight on top of the shortest processing times. For each job j, we compute the value of
ωj

pj
. If all weights are equal, the WSPT equals the SPT rule. In addition to these heuristics,

Weighted Cost Over Time computes the degree of criticality of jobs used for determining job
sequence. For each job j, WCOVERT is calculated as ωj

pj
max[0, 1 − max[0,dj−t−pj ]

pj
]. We also

generate a method that randomly selects a job among the ones that have already arrived and
their corresponding resources are available.

We also formulated a modified version of this problem as a Constraint Programming model,
implemented in MiniZinc, and solved it with OR-Tools 9.3.10497 FlatZinc solver with free
search. To this end, we considered a problem with the perfect information where we know
exactly when the jobs arrive and how long their corresponding processing times are in a
deterministic way. The optimal solution to this problem will be better (lower) than the one
with the online arrival of the jobs.

6.6.3 Results and Discussion

Figure 6.3 shows the training process of the model in three experiments. The results of
applying the model on the held-put validation set are also illustrated. For the first 100 epochs
of training, we only allow exploration, following the ϵ-greedy action selection strategy. After
the exploration rate is decayed until it reaches a small value favoring exploitation of the best
actions at each state. For a more complex setting, Figure 6.3 (c), the result of applying the
trained model on the held-up validation set marginally passes the best baseline during the
time limit for the training since we limit the training time to 24 hours.

Hyperparameter values for the RL-scheduler are selected following a series of preliminary
experiments. We perform 3 layers of graph filtering operations. The policy network contains
32 hidden layers, each with the size of 128 hidden units. we employ the Rectified Units (ReLu)
as the activation function of the hidden layers and no activation at the output layer. The
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(a) (b)

(c)

Figure 6.3 Average training rewards (penalties) for different configurations. (a) 50 jobs, 5
machines, (b) 100 jobs, 5 machines, and (c) 100 jobs, 20 machines.
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memory replay buffer stores 5000 experience tuples and at each training iteration, batches of
32 samples are selected. Prioritized experience replay [147] is selected for our implementation
where samples with the lowest priority are replaced with the new samples during training.
The learning rate is set to 10−6. For selecting actions and in particular the exploration
strategy, we opt for the softmax action selection. This approach was revealed to be superior
to the ϵ-greedy strategy where it assigns a similar probability to different actions during
exploration [92]. The softmax strategy selects the best action with the highest probability
(exploitation); however, the other actions during exploration are weighted based on their
values. At the beginning of the training, the temperature hyperparameter is set to 0 and is
increased as the training goes on, thereby increasing exploitation. The network is trained for
24 hours for all the instances.

Since this problem is based on a real practical problem, we consider some parameters corre-
sponding to the real scenarios there. For each type of resource, we have one available unit.
However, the number of machines and number of orders can be flexible based on the cases
in practice.

Once the model is trained, we apply it to new instances that have not been observed by the
agent during the training phase. New orders are represented as a graph, and the features
and the environment are initialized. The graph is forwarded to the neural network structure
illustrated in Figure 6.2. At each state, the objective is to take the action that yields the
maximum Q-value. To this end, the next action is selected following a greedy policy π =
argmaxa∈A Q̂(s, a) among possible actions (eligible tasks). it should be noted that the best
model during the training is saved and is used to solve the new orders.

Table 6.2 shows the performance of different algorithms on problems identified with the
number of jobs and machines, 50 jobs (with 5 machines), and 100 jobs (with 5 and 20
machines). As described earlier, the number of resources is fixed throughout the experiments.
There are also two distinct robotic arms and one human operator. For each instance, we
calculated the tardiness, expiration, and total penalty incurred by applying each method.
As expected, randomly scheduling the jobs results in the highest cost for all the instances.
As it can be observed from the results, besides the CP model, solving the problem with the
proposed method results in lower total costs compared to the other baselines. To evaluate the
performance of the DQN methods against the case with the perfect information modeled as a
Constraint Programming model, we computed the gap between these values across different
problem instances. The gap is calculated as objcp−objdqn

objdqn
and represented in Table 6.2. However,

it should be pointed out that the Constraint Programming is indeed the best performing
method among the baselines as it considers the case with the perfect information and provides
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a lower bound for the dynamic problem. This measure demonstrates the distance to the case
with the perfect information.

Table 6.2 Comparison of total penalty for different methods.

Jobs - Machines Cost RANDOM SPT WSPT WCOVERT CP DQN GAP (CP)
50 -5 Expiration 1888 655 519 553 272 384

Tardiness 1290 945 824 759 912 877
Total 3178 1600 1343 1312 1184 1261 7%

100 -5 Tardiness 450 322 401 356 139 415
Expiration 352 215 189 232 73 150
Total 802 537 590 588 212 565 167%

100 - 20 Tardiness 237 198 217 260 163 194
Expiration 271 255 129 86 38 130
Total 508 453 346 346 201 324 61%

Running times for different methods are also displayed in Table 6.3. It can be viewed that the
time required to find a solution for Random, SPT, WSPT, and WCOVERT are very close
in different problem settings. When the number of jobs increases, in particular with 150
jobs, CP takes a rather long time to find the optimal solution, a bit more than 16 minutes.
As for the proposed methods, the time required to get the solution is closer to the heuristic
baselines as well which shows the efficiency of the learned model.

Table 6.3 Comparison of calculation times (seconds).

Jobs 50 100 100
Machines 5 5 20
RANDOM 5 11 18
SPT 7 12 21
WSPT 7 12 25
WCOVERT 11 12 27
CP 11 15 291
DQN 34 38 48

6.7 Conclusion

This work studies GNN-based deep reinforcement algorithm for a particular scheduling prob-
lem with constraints on the resources arising from a real use-case. In this problem, jobs arrive
dynamically following an unknown distribution, with stochastic processing times where their
distribution is also unknown. The algorithm captures the hidden information within the
features and the relations of a graph-structured input and devises a near-optimal policy to
reduce the total penalty as a result of late delivery and expiration of the orders arriving
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in a dynamic fashion into the system. Experimental results show the proposed algorithm
outperform the baselines in a shorter computation time. However, it should be pointed out
that the agent takes a rather long time for the it to learn a good model. The reinforcement
learning agent learns a model to assign a particular resource at the decision points to jobs
that have already arrived and available to be scheduled.
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CHAPTER 7 GENERAL DISCUSSION

In this dissertation, we studied the application of Graph Neural Networks and deep rein-
forcement learning on three different Combinatorial Optimization problems arising in three
particular applications, namely, healthcare, network optimization, and production system
using robotic arms.

In Chapter 4, we presented a method based on Deep Reinforcement Learning to solve the
beam orientation optimization and trajectory optimization simultaneously for the CyberKnife
system in radiation therapy treatment planning. Because of the intrinsic complexity of this
problem, beam orientation optimization is generally solved sequentially and does not consider
the influences of the beam fluence maps. This results in a sub-optimal solution. Employing a
machine learning method enables us to solve this large-scale problem efficiently. We show that
we can maintain the quality of the treatment compared with the ones actually carried out in
clinics. This problem is similar to the Traveling Salesman Problem with profits, therefore it
can be represented as a graph. We utilized GNNs to capture the latent relational information
among the underlying graph elements. This efficient algorithm reduces treatment time and
allows centers to admit more patients at a given time window, which results in less waiting
time for patients who are already in pain.

In the second article in Chapter 5, we utilized a similar approach and applied it to a problem
arising in network optimization, the online Routing and Wavelength Assignment Problem.
Unlike the first article in Chapter 4, some information is stochastic and not available to the
RL agent. The online aspect of the problem where incoming traffic requests may arrive in
the network following an unknown distribution would make the problem really difficult to be
solved with exact algorithms. Unlike methods in the literature that solve routing and resource
allocation sequentially, our proposed method simultaneously finds the beneficial combination
in each decision point in time in order to maximize the expected overall number of admitted
traffic requests. We formulated this problem under perfect information as a MILP and solved
it with commercial solvers as a baseline.

In Chapter 6, similar to the previous one, we develop a GNN-based deep Q-learning algorithm
to solve the online multi-resource constrained scheduling problem for a robotic production. As
a result of the dynamic arrival of jobs, and the unknown values of processing time, solving this
problem is challenging. To compare the results, we formulated the problem with Constraint
Programming considering that we have perfect information on the stochastic parameters.
We also solved the dynamic problem with three of the prevalent heuristics and compared the
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results of the proposed method against them.

Throughout this dissertation, we showed that the use of Deep Reinforcement Learning can
benefit solving different Combinatorial Optimization problems that are difficult to be solved
using conventional solution methods. Although the proposed methods do not reach the
exact global optimal solution, they outperform other methods in terms of being efficient and
achieving acceptable, near-to-optimal results.
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CHAPTER 8 CONCLUSION AND RECOMMENDATIONS

In this dissertation, we studied the application of advanced machine learning methods such as
Deep Reinforcement Learning and Graph Neural Networks in three different Combinatorial
Optimization problems. In the following, we first present the contributions achieved by this
dissertation. Then we highlight the limitations of the proposed solutions and possible future
research directions.

8.1 Summary of Works

We addressed the simultaneous Beam Orientation Optimization and trajectory optimization
for Cyberknife in the Chapter 4. Most of the previous studies consider one particular type
of beam score, rank beams based on that criteria, and select a subset of the beams starting
from the one with the highest score in a greedy fashion. These scores are either dosimetric-
driven (related to the dose distribution of the selected beam) or geometric-driven (related
to the physical and anatomical features of the patient). We, on the other hand, propose an
algorithm based on DRL which enables us to construct reward signals based on different beam
score approaches, either individual or universal scores. Latent information between beams
can be captured by applying a GNN framework. By following a DQN method, we are capable
of finding the best subset of the beams and the order to traverse them (trajectory) at the
same time, such that the maximum expected cumulative reward is achieved while minimizing
the treatment time. Although the training phase is time-consuming, once a model is trained,
it solves new instances in a few seconds. The results on patients suffering from lung cancer
demonstrate that shorter treatment time (35% reduction) is achieved and the quality of the
treatment is maintained. The treatment time reduction is truly beneficial. It leads to a
better treatment experience for individual patients and diminishes the discomfort and the
side effects of inadvertent movements for them. Furthermore, it creates the opportunity to
treat a higher number of patients in a given time period at the radiation therapy centers,
which is a major hurdle in clinics.

As for the second essay in this dissertation described in Chapter 5, we apply a GNN-based
DQN algorithm to the dynamic Routing and Wavelength Assignment problem. We generate
Deep Reinforcement Learning agents that do not have prior expertise in the environment
and have no information on the future incoming traffic connection admitted to the network.
Most if not all of the previous studies focus on developing different methods for the routing
part. They subsequently resort to choosing an acceptable simple heuristic (such as first-fit,
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least-used, or most-used wavelengths) for assigning a wavelength to the selected route. We
propose an algorithm that finds the best route-wavelength combination (i.e., lightpath) at
the same time. The status of the previously used wavelengths affects the selection of a route
and vice-versa. We also considered the challenging dynamic traffic connection case, where
the requests may arrive at arbitrary times and, if accepted, they are released after spending
their corresponding service time in the network.

In the last essay in Chapter 6, we addressed a challenging multi-resource constrained schedul-
ing problem arising from a real company where robotic arms and a human operator are used
to move raw material to machines in order to process the jobs. To generate a solution method
applicable to this practical problem, we captured and embedded practical constraints to the
scheduling problem. A DRL algorithm based on deep Q-learning is adopted to tackle this
problem. As this scheduling problem can be represented as a graph, we employed a GNN
framework using an attention mechanism in the embedding phase. To simulate the practical
case and similar to the second essay, we consider a dynamic case, where the orders arrive
following a Poisson distribution. The agent has no information about the orders and the
environment. We consider the case that jobs have an expiration time after which they may
not be delivered to customers.

8.2 Limitations and Future Research

In the first article represented in Chapter 4, which discusses the application of Deep learning
methods in Radiation Therapy treatment planning, the major limitation has been the lack
of access to patient data. As discussed in the article as well, the results of the trained model
were only applied to the three patients suffering from lung cancer. Although this small
number is customary in publications in this field, having access to more data can always be
illuminating in terms of the performance of the algorithm. This would not hinder the agent
from learning a (near) optimal policy, but it is likely that could affect the discussion of the
results. Therefore, we believe having access to a larger, more diverse data set with tumors
in different structures would better explain the performance of the proposed algorithm. In
addition, by assigning different weights in the reward construction step, one may achieve
better solutions in terms of the different objectives to follow. Finally, a similar framework
might be adapted to IMRT or possibly VMAT treatment planning to find the best beams or
arcs, respectively.

In the Routing and Wavelength Assignment problem discussed in the second work described
in Chapter 5, we assign the route and the wavelength at the same time. However, there
are more different resources in the WDM networks, such as spectrum that could be con-
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sidered. Considering that additional information could illustrate a more realistic situation.
As discussed in the article and following the recommendation of the previous studies in the
literature, we consider 4-shortest-paths between every node pair in the underlying network
topology. Although it is demonstrated that following this rule would result in acceptable
results in practical networks such as NSFNet or GEANT, we are inevitably restricting the
solution space. Increasing this number entails more computational time and requires more
infrastructure for the training purpose.

The third work presented in Chapter 6 is developed to solve a simplified version of a problem
in a real company. We propose a solution for a dynamic multi-resource constrained scheduling
problem. In this setting, a job requires one type of additional resource (either one type of
robotic arm or a human operator) for processing. The dynamic nature of the problem makes
it challenging to compare with the global optimal solutions. Therefore, we resort to heuristic
baselines to evaluate the performance of the algorithm. We also formulated the problem
under perfect information and solved it with CP to have a lower bound on the solutions.
Future studies can focus on the cases where a limited buffer exists for the incoming orders,
where an order is immediately rejected if at the decision time the buffer would be full. We
may also consider cases where jobs are comprised of a number of operations, making the
problem more realistic.
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APPENDIX A SUPPLEMENTS OF CHAPTER 3

A.1 Mathematical Programming Model

The Mathematical Programming model which is implemented in Gurobi is represented as
follows in (A.1)-(A.7). Let G = (V, E) be a graph where V = {v1, v2, . . . , vn} is a set of n

vertices and E is a set of edges. V corresponds to the nodes at which the robotic arm delivered
a beam toward the patient. An edge e ∈ E represents the path the robotic arm traverses
from one node to the other. Let a score fi be associated to each node vi ∈ V and a distance
de associated to each edge. A beam spread measure is denoted by sij = K (1− cos αij)−1

for every pair of the nodes (beams) i and j. αij is the angle separation between the pair
of beams [51]. Distance de, score fi and spread measure sij corresponds to rdist, rdose, and
rspread described in Section 4.3.5.

We associate a binary variable xe to every edge e ∈ E, equal to 1 if the edge is traversed and
0 otherwise. Another binary variable yi is associated with every vi ∈ V , equal to 1 if and
only if the corresponding node is used in the solution.

min
∑
e∈E

de xe +
∑

vi∈V

fi yi +
∑

vi∈V

∑
vj∈V

sij yi yj (A.1)

∑
e ∈ δ({vi})

xi = 2 yi vi ∈ V (A.2)

∑
e∈E(S)

xe ≤ |S| − 1 S ⊆ V, 2 ≤ |S| ≤ |V | − 2 (A.3)

∑
vi∈V

yi = N (A.4)

y1 = 1 (A.5)

xe ∈ {0, 1} e ∈ E (A.6)

yi ∈ {0, 1} vi ∈ V (A.7)

Constraints (A.2) are the degree constraints. Constraints (A.3) eliminates subtours form the
solutions. As discussed before, the number of selected nodes is illustrated by N = 25 and
enforced in constraint (A.4). The resting point of the robotic arm is denoted by node 1 as is
imposed by constraint (A.5).
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A.2 Tables and Figures

In this section, we present the DVH diagrams and the tables discussing the dose-volume
parameters of different methods for patients 2 and 3.
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Figure A.1 Comparison between DVH diagrams for patient 2.
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Table A.1 Dose-volume parameters for the target volume and critical structures for treatment
plans generated by different method for patient 2.

Plan Structure Statistics
DQN-Plan Dose 95% (Gy) Dose 98% (Gy) D max (Gy)

Target 60.00 58.60 80.98
D max (Gy) D mean (Gy) V 20Gy (%)

Right Lung 1.59 0.01 0.00
Left Lung 80.98 5.87 9.26
Ribs 61.83 5.94 11.45
Hearts 0.06 0.00 0.00
Esophagus 1.88 0.07 0.00

Gurobi-Plan Dose 95% (Gy) Dose 98% (Gy) D max (Gy)
Target 60.00 58.50 84.00

D max (Gy) D mean (Gy) V 20Gy (%)
Right Lung 6.94 0.76 0.00
Left Lung 84.00 5.96 8.69
Ribs 56.32 5.48 0.00
Hearts 6.35 0.22 0.00
Esophagus 5.26 0.88 0.00

Heuristic-Plan Dose 95% (Gy) Dose 98% (Gy) D max (Gy)
Target 60.00 58.09 84.35

D max (Gy) D mean (Gy) V 20Gy (%)
Right Lung 7.72 0.65 0.00
Left Lung 84.35 5.85 8.70
Ribs 57.71 5.53 10.75
Hearts 3.39 6.43 0.00
Esophagus 9.43 1.27 0.00

Random-Plan Dose 95% (Gy) Dose 98% (Gy) D max (Gy)
Target 60.00 58.80 87.60

D max (Gy) D mean (Gy) V 20Gy (%)
Right Lung 3.65 0.07 0.00
Left Lung 87.60 6.45 9.47
Ribs 58.27 5.62 10.46
Hearts 4.04 0.02 0.00
Esophagus 4.55 0.62 0.00

Full-Plan Dose 95% (Gy) Dose 98% (Gy) D max (Gy)
Target 60.00 58.1 86.32

D max (Gy) D mean (Gy) V 20Gy (%)
Right Lung 14.15 0.54 0.0
Left Lung 86.32 5.46 7.52
Ribs 38.92 5.90 3.86
Hearts 4.39 0.09 0.00
Esophagus 6.47 1.05 0.00
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Table A.2 Dose-volume parameters for the target volume and critical structures for treatment
plans generated by different method for patient 3.

Plan Structure Statistics
DQN-Plan Dose 95% (Gy) Dose 98% (Gy) D max (Gy)

Target 50.0 43.0 90.2
D max (Gy) D mean (Gy) V 20Gy (%)

Right Lung 90.2 13.05 20.1
Left Lung 11.1 0.04 0.0
Ribs 86.9 6.2 14.7
Hearts 57.4 3.1 4.9

Gurobi-Plan Dose 95% (Gy) Dose 98% (Gy) D max (Gy)
Target 50.0 45.5 82.8

D max (Gy) D mean (Gy) V 20Gy (%)
Right Lung 82.1 12.1 23.7
Left Lung 22.4 2.7 0.6
Ribs 76.6 6.9 14.9
Hearts 44.4 3.1 4.7

Heuristic-Plan Dose 95% (Gy) Dose 98% (Gy) D max (Gy)
Target 50.0 44.3 84.6

D max (Gy) D mean (Gy) V 20Gy (%)
Right Lung 84.7 12.3 22.4
Left Lung 34.6 2.6 5.9
Ribs 76.5 5.3 9.9
Hearts 54.4 4.8 10.8

Random-Plan Dose 95% (Gy) Dose 98% (Gy) D max (Gy)
Target 50.0 43.6 86.0

D max (Gy) D mean (Gy) V 20Gy (%)
Right Lung 86.1 13.7 24.1
Left Lung 43.2 3.3 7.5
Ribs 82.2 6.2 11.2
Hearts 69.4 7.7 15.7

Full-Plan Dose 95% (Gy) Dose 98% (Gy) D max (Gy)
Target 50.0 43.7 99.1

D max (Gy) D mean (Gy) V 20Gy (%)
Right Lung 99.1 9.5 16.9
Left Lung 31.6 0.8 0.3
Ribs 87.9 6.9 11.0
Hearts 55.2 3.3 4.88
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Figure A.2 Comparison between DVH diagrams for patient 3.
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Figure A.3 Dose-wash images. Left column represents the DQN-plan and right column is the
Clinical full-plan. Rows 1, 2, and 3 correspond to patients 1, 2, and 3, respectively.
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APPENDIX B SUPPLEMENTS OF CHAPTER 4

B.1 Mathematical Programming Model under Perfect Information

In order to develop another baseline for the Dynamic RWA problem, we formulated it as a
mathematical programming model. However, we considered a case where we have perfect
information about the incoming traffic requests at the beginning. This means that for each
traffic request, we know exactly when they will arrive and how long they will stay on the
network. Solving this problem gives an upper-bound to the the case where our DRL agent
solves the problem.

let G = (V, E) be a graph generated from an underlying topology of the network. V is the
set of nodes of the network. ℓ ∈ E denotes a fiber link of the network, joining a pair of nodes.
Let D be the set of all incoming traffic requests, and ∆d be the set of all possible lightpaths
for a traffic request d ∈ D. We define a binary variable xdδ,∀d ∈ D, ∀δ ∈ ∆d that is 1 if
traffic request d is assigned to lightpath δ. In addition, a binary variable ydt represents if
request d is on the network at period t ∈ T where T is the set of all periods of the horizon.
For each request d, we have complete information of the their arrival time arrd, and duration
durd. We define a parameter qℓδ equals to 1 if fiber link ℓ is assigned to lightpath δ and 0
otherwise. In addition, parameter rωδ is 1 if wavelength ω ∈ Ω is used in lightpath δ and 0
otherwise. The corresponding mathematical programming model for the described problem
with perfect information on the requests is illustrated in B.1 to B.6:

max
∑
d∈D

∑
δ∈∆d

xdδ (B.1)

∑
δ∈∆d

xdδ ≤ 1 ∀d ∈ D (B.2)

durd

∑
δ∈∆d

xdδ =
∑

t∈{arrd,...,arrd+durd+1}
ydt ∀d ∈ D (B.3)

∑
d:arrd∈{t−durd,t}

∑
δ∈∆d

qℓδ rωδ xdδ ydt ≤ 1 ∀t ∈ T , ∀ℓ ∈ E, ∀ω ∈ Ω (B.4)

xdδ ∈ {0, 1} ∀d ∈ D, ∀δ ∈ ∆d (B.5)

ydt ∈ {0, 1} ∀d ∈ D, ∀t ∈ T . (B.6)

Constraints B.2 ensures that at maximum one lightpath is selected for each incoming traffic
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request. As we consider a dynamic RWA, where the traffic requests are released after their
service time is finished, we need to keep track of the times where the requests are utilizing
the network resources. Constraints B.3 are thereby defined to this end. In Constraints B.4
we make sure that each fiber link and each wavelength is at maximum used in one lightpath
for the requests currently on the network at each time period.
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APPENDIX C SUPPLEMENTS OF CHAPTER 5

C.1 Constraint Programming model

We consider a variant of the problem presented in Chapter 6 where we have know all the
characteristics of the problem in a deterministic way. In other words, all the information
about the time of arrival and the processing time of the every job is completely known to
the scheduler. We then formulated this problem with the perfect information as a Constraint
Programming model. Table C.1 introduces the parameters and notations used.

Table C.1 Notations and parameters used in the CP model.

Notation Description
J Set of jobs
R Set of resources
aj Arrival times of job j
sj Start times of job j
pj Processing times of job j
dj Delivery times of job j
δj Expiration times of job j
ej Expiration costs of job j
wj Importance of job j

rrr,j Required resource of type r for job j
rcr Capacity of resource type r

C.1.1 Variables

Jobs (activities) are fundamental elements in the implementation of the scheduling problem
in CP. The proposed model handles the following variables. start_timesj is the variable
denoting the time where the processing on job j starts. expiredj is a variable that represents
the partial cost whether job j has passed its expiration time.

sj : start time of the job j (C.1)

ej : expiration penalty of job j (C.2)
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C.1.2 Constraints

This section introduces the different constraints that comprise the CP formulation.

Start time constraints. Since the jobs arrive dynamically into the system, any job needs
to be started after its arrival time.

sj ≥ aj, ∀j ∈ J (C.3)

Resource usage constraints. It is required that a set of jobs given by particular start
times, processing times and resource requirements, never used more than a global re-
source capacity at any one time. We used the special cumulative global constraint to
this end.

cumulative
(
[ sj | j ∈ J ], [ pj | j ∈ J ], [ rrr,j | j ∈ J ], rcr

)
, ∀r ∈ R (C.4)

C.1.3 Objective Function

As described in Chapter 6, we aim to minimize the total amount of penalty incurred as a
result of tardiness and expiration of jobs following the equation 6.2.

min objective =
∑
j∈J

wj max
(
0, sj + pj − dj

)
+ ej (C.5)

where

ej =

 ωj pj, if sj + pj > δj

0, otherwise.
(C.6)
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