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RÉSUMÉ 

Les industries comme l’aérospatiale, l’automobile, etc. exigent une productivité élevée et une grande 

précision des pièces usinées, ce qui requiert une rigidité élevée des machines-outils. En outre, pour 

maintenir la machine dans l’état de performance souhaité, il est crucial de surveiller et de compenser 

la précision des machines.  Cette thèse présente de nouveaux  modèles, artefacts et méthodologies 

pour surveiller la précision d’une machine-outil en analysant à la fois sa compliance articulaire et sa 

compliance volumétrique. La compliance volumétrique de la machine est étudiée en fonction de la 

position, de l’orientation et de la charge. 

Le nouveau modèle de compliance des articulations est mis au point et est estimé indirectement à 

différents niveaux de charge volumétrique radiale et de données de déplacement obtenu au moyen du 

test de la barre à double bille chargée (LDBB). Une matrice jacobienne numérique du changement de 

la longueur de la LDBB en fonction des compliances articulaires et des forces appliquées est générée 

en utilisant le modèle cinématique et de compliance du mécanisme en série. Les simulations et l’étude 

de la matrice jacobienne numérique indiquent une dépendance entre les compliances des axes X et Y 

en raison de la nature de l’essai. Il est démontré que les compliances dominantes sont les compliances 

le long des articulations X et Y soit CXXX et CYYY. Le modèle permet de séparer la contribution de 

certains groupes de compliance pour guider les réparations et prévoir la déviation dans diverses 

conditions telles que lors de l’usinage. Étant donné que des erreurs géométriques peuvent aussi 

influencer les résultats de la LDBB, on introduit le modèle élasto-géométrique qui utilise le principe 

de superposition pour séparer les effets de la compliance des articulations et des erreurs géométriques 

sur la position radiale de l’outil par rapport à la pièce. Les paramètres du modèle élasto-géométrique 

sont ajustés avec les lectures LDBB pour différents niveaux de force en identifiant parmi les erreurs 

celles qui changent avec la force (effet de compliance) de celles qui ne changent pas (effets 

géométriques). Il a été démontré qu’au niveaux de force inférieur et supérieur, les erreurs 

géométriques et de compliance dominent, respectivement. La compliance étant supposée constante 

dans le premier modèle élaboré, cela peut être la cause du changement apparent des paramètres 

d'erreur géométrique à différents niveaux de force. Par conséquent, le modèle de compliance a été 

enrichi par une fonction linéaire de la force appliquée pour traiter toutes les données de niveau de 

force ensemble, de sorte que la géométrie estimée reste la même à tous les niveaux de force.  

Un nouvel appareil d’essai, le Ball-Roller Bearing Device (BRBD) est présenté. La rigidité 

volumétrique de la machine est examinée par ce dispositif. La force et l’engagement sont calculés à 

partir du courant du servomoteur et des lectures de l’encodeur disponible via la commande numérique 
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de la machine, respectivement, ce qui en réduit le coût et augmente la robustesse. On observe que la 

rigidité de la machine augmente avec le niveau de force. 

En résumé, ces travaux contribuent au développement de modèle et de l’appareillage de mesure pour 

évaluer la précision d’une machine-outil du point de vue de la compliance. Le modèle et le dispositif 

développés peuvent quantifier la compliance de la machine et déterminer son origine dans la structure 

de la machine, information utile  pour l’auto-étalonnage et l’auto-caractérisation de la machine-outil.
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ABSTRACT 

Industries such as aerospace, automotive, etc. require high productivity and high accuracy of the 

machined part, which demand high stiffness of the machine tool. Furthermore, to keep the machine 

in the desired performance condition, it is crucial to monitor and compensate for the machine's 

compliance.  This research presents modeling, novel artefact, and methodology developed to monitor 

the accuracy of the machine tool by analyzing both machine axes and volumetric compliance under 

loaded conditions. The machine's volumetric compliance can be studied as a function of position, 

orientation, and load. 

A joint compliance model is developed and indirectly estimated using different levels of volumetric 

radial load and displacement data obtained via the Loaded Double Ball Bar (LDBB) test. A numerical 

Jacobian of the change in the LDBB length as a function of the machine joint compliances and the 

applied forces is generated by using the kinematic and compliance model of the serial mechanism. 

Simulations and investigation of the numerical Jacobian matrix reveal confounding among the X- 

and Y-axis compliances due to the nature of the test. It is shown that dominant compliances were the 

on-axis compliances including 𝐶XXX and 𝐶YYY. This model allows, to separate the contribution of 

compliance to guide repairs and predict deflection under various conditions such as when machining. 

As geometric errors are also present during the LDBB tests an elasto-geometric model is presented 

which uses the principle of superposition to separate the effects of joint compliance and geometric 

errors on the radial position of the tool relative to the workpiece. The elasto-geometric model’s 

parameters are tuned with LDBB reading at different force levels by identifying among the errors 

which are changing with force (compliance effect) and the ones which do not (geometric effects). It 

was shown that at the lower and higher force level, geometric and compliance errors are dominant, 

respectively. In the initial model, the compliance is assumed to be constant which appeared to be 

causing apparent changes in the geometric error parameters at different force levels. Consequently, 

the compliance model was enriched as a linear function of the applied force to process all force level 

data at once so that the estimated geometry is kept the same at all force levels.  

A novel test apparatus, Ball-Roller Bearing Device (BRBD) is introduced to study the machine's 

volumetric stiffness without added force device or sensor. The force and engagement are calculated 

from the servo motor current and the encoder readings obtained from the CNC, respectively. It is 

observed that the machine volumetric stiffness increases as the load is increasing. 
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CHAPTER 1 INTRODUCTION 

Machine tool precision is a significant attribute. Identifying error sources, their physical cause, and 

their contribution to machine precision are key factors in the design of high precision machines. 

Machine tool accuracy is affected by factors such as static stiffness, dynamic stability, geometry, and 

thermal expansion.  

Machine compliance causes inaccuracies when forces are present such as the weight of the workpiece, 

the cutting forces during machining, and the inertial forces during its rapid motion when machining. 

Stiffness is the ability to resist deflection. The machine design, construction, wear and tear, and 

various malfunctions may affect its stiffness. Machine stiffness is a major criterion of performance 

for high-speed machining. Monitoring compliance may also reveal mechanical degradation and 

failures. Machine maintenance is greatly facilitated if problems can be detected early on and 

diagnosed to avoid unexpected machine breakdown,  or making bad parts. 

1.1. Problem definition 

There are methods regarding loading the machine with weights or using force pistons and 

displacement sensors. Nonetheless, these are intrusive methods incompatible with Industry 4.0 style 

machine monitoring which requires simplicity, automation, and robustness. To evaluate and quantify 

machine tool stiffness numerous sensors and devices have been proposed A machine tools static 

compliance and hysteresis measurement procedure is suggested in ISO 230-1:2012. It uses an 

internally generated force resulting from a commanded motion that is resisted by the load cell and 

the machine structure. The relevant deflection is the difference between the commanded motion and 

the apparatus motion measured by a displacement sensor. One drawback of this approach is that the 

machine is not in motion as it is during machining and the test is unidirectional for a single setup. 

Another limitation is that there is a very limited separation of the source of any observed compliance.  

1.2. Objectives 

The primary objective of this research project is to establish indirect approaches to estimate the 

compliance of machine tools under machining feed rate conditions. The secondary objectives are: 

1. Indirectly estimate joint compliance model from an LDBB load. 

2. Develop an elasto-geometric model to separate the geometric errors and compliance-related 

effects from an LDBB test. 

3. Evaluate machine compliance under the loaded condition without added sensors or loading 

devices. 
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1.3. Hypotheses 

In this thesis, the following hypothesis applies: 

The tested machine tools follow rigid body kinematics but with compliances at the joints only. 

.
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CHAPTER 2 LITERATURE REVIEW 

This chapter presents a short review of machine tool stiffness/compliance research. Since the machine 

tools have different parts, the stiffness/compliance of those parts will be reviewed individually. 

However, in the case of volumetric stiffness/compliance, all those parts may contribute. 

2.1. Tool stiffness 

Tool deflection specifically in a milling process affects the finished part accuracy. A tool can deflect 

significantly due to cutting forces depending on its stiffness which is partly dependent on the ratio of 

its length to diameter so-called slenderness [1-4]. As shown in Figure 2.1 the tool center point (P7) 

deflects the most. Additionally, as shown in Figure 2.2, section C deflects more in comparison with 

the A and B sections. The main purpose of online monitoring of tool stiffness and tool deflection 

compensation is to adapt tool path and trajectory during the machining process. 

 

 

Figure 2.1. Deformation of spindle head by applying force in tool center point [3]. 
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Figure 2.2. Tool deflection measurement in three different sections [3]. 

The cutting force causes a displacement of the tool tip via a stiffness chain which includes the tool, 

tool holder, spindle, and machine tool [5]. Depending on the tool stiffness it was observed that the 

tool contribution was between 30.5 and 55% of the total deflection. Cutting force and displacement 

are measured by the dynamometer and the inductive/eddy current sensor installed on the spindle, 

respectively.  

Tooltip radial stiffness is associated with the kinematic chain displacement including the tool and 

workpiece branches [6]. To represent both kinematic chain displacements, an equivalent system is 

used. The value of the total stiffness is between 11.367 and 11.429 N/µm. From the experimental test, 

79% of the total maximum error comes from static stiffness behavior of the turning center under load 

and 21 % comes from a quasi-static source such as thermal error, axis acceleration, etc. 

Considering tool stiffness, most of the compliance errors come from both tool deflection and angular 

deformation of the collet [7]. Machine stiffness can be divided into several categories such as a tool, 

tool holder, and spindle stiffness. For instance, in a micro-milling experiment, the main compliance 

is related to the tool where it assigned 80-90 % of the total tool tip compliance to itself. 

In the stiffness model at the tooltip, a point transformation matrix is used to transfer both force and 

displacement, and the multiplication of those matrices leads to the stiffness matrix at the tooltip [8, 

9]. To analyze the machine's stiffness, all the parts stiffness such as axes, tool, and spindle should be 

considered. The Jacobian matrix can be used to transfer the displacement from the joint and cutter 

tool to the workpiece coordinate system (CSW).  
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Measuring the volumetric static stiffness of the machine tool requires the entire stiffness of the 

machine at the center of the tool. To quantify stiffness value, experimental tests are performed and 

the applied force to the tool center point and then resultant displacement are measured by the 

dynamometer and displacement sensors, respectively [10, 11].  

2.2. Spindle stiffness 

Non-contact measurement of the rotating spindle is conducted by using a magnetic loading device as 

shown in Figure 2.3 [12-17]. It attracts the dummy tool attached to the spindle and the spindle 

displacement is measured with eddy-current sensors at speeds up to 5000 𝑚𝑖𝑛−1. The frequency 

response function (FRF) can be estimated from the measured force and displacement of the spindle 

in the applied force direction. The first mode of natural frequency and damping of the spindle increase 

with the temperature of the spindle housing. Spindle stiffness also changes with speed. 

 

Figure 2.3. Schematic of the magnetic loading instrument. (A) Structure of the device and (B) cross-

section perspective [14]. 

Machine tool stiffness can be monitored by using a cutting force and displacement sensor [18]. Up 

and down cutting tests in X- and Y- directions are used to produce a dynamic load measured by a 

dynamometer. To identify the spindle stiffness at various temperatures, a cutting test with different 

feed rates is used and it is shown that the generated temperature which increases by spindle rotation, 

has not much effect on the variation of spindle stiffness. The relationship between the displacement 

of the spindle and cutting force for various spindle speeds is linear. Furthermore, it is represented that 

the monitoring error comes from the spindle displacement because of the thermal effect and spindle 

stiffness modeling. 
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Tool holder-spindle stiffness is studied using different types of tool holder-spindle connections [19, 

20]. Different methods including static test, FEM, and FRF are employed to estimate joint stiffness 

parameters. Mathematical modeling is used to evaluate the tool deflection at the cutting point where 

it could be minimized by increasing the tool, tool holder, and spindle shaft diameter and decreasing 

their length. Dynamic and static stiffness at tooltip which is modeled as a 2-DOF spring depends on 

spindle geometry, tool stiffness, bearings, housing, and all machine structure. 

 2.3. Joint stiffness 

The top-down equivalent stiffness method is used to determine and calculate the contribution of joint 

stiffness to machine total deviation under loaded conditions [21]. The machine structure is modeled 

by several springs as shown in Figure 2.4. The maximum and the minimum deviation are observed 

between Pr1 - Pr2 and Pr6 points respectively. Hence, it is possible to measure the joint deflection 

based on the force-deviation model by using the acted force and torque. 

 

Figure 2.4. Stacked up a total deviation of the machine on the joints by spring model [21]. 

Hydrostatic guideways and bearings stiffness of ultra-precision machines can be obtained based on 

the virtual prototype machine [22]. Normal, lateral, and axial directions are used for the four load 
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applications and displacement points are used to estimate the normal, lateral, and axial compliance 

of the X, Y, and Z-axis feed systems. An optimization problem is used to minimize the error between 

measured and predicted compliances. It is found that the estimated normal and lateral stiffness of all 

three-linear axis and the C rotary axis were higher than the designed values due to machining error, 

assembling error, deformation of the machine structure, etc.  Figure 2.5 illustrates the schematic of 

an ultra-precision machine tool. 

 

Figure 2.5. Schematic of the ultra-precision machine tool [22]. 

The analytical Hertzian theory is used to examine the static stiffness of the guideway's linear motion 

[23]. Normal, lateral, and angular directions are used for the static stiffness experiment. Figure 2.6 

represents the experimental setup for the analysis of machine tool guideways in the radial direction. 

To measure the deviation in the movement a pneumatic cylinder and external mass on the carriages 

are used. The stiffness curves for the guides are nonlinear in all directions whereas this nonlinearity 

is more obvious when there is no preload. The static stiffness in the radial direction is larger than in 

the reverse radial and lateral direction. The highest angular deflections are at higher traveling speeds 
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and reversal backlash with high value can be viewed in the pitch and roll direction, specifically at 

higher speeds.  

 

Figure 2.6. Tets setup for analysis of static stiffness of the guideway's in the radial direction [23]. 

2.4. Structural stiffness 

Stiffness is the ability of a mechanical system to support external loads to resist extensive variation 

in machine geometry which is a key factor in the machine and system design [24]. The top-down 

design method can be used for machine stiffness that is built based on multi-body system theory to 

model the entire machine deflection [25].  To create a 3D model of the machine, the static equilibrium 

equations are applied and then the finite element method is used to validate the proposed method. 

Figure 2.7 represents the exploded model of a horizontal machine tool and stiffness coefficients. To 

evaluate machine displacement the force is applied to the machine structure. The machine structure 

is deflected due to the constant force which is applied to the machine spindle in the X-direction and 

the resultant deflection is measured by eddy current sensors. 
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Figure 2.7. Exploded model of horizontal machine tool and its component [25]. 

To model the machine's total stiffness each part is considered separately and each part's stiffness is 

considered as a spring where it gives the resultant displacement in the force direction [25]. To validate 

the computational model, the finite element method is used. As shown in Figure 2.8 the spindle 

structure is deformed under 1000 N force in the Z direction. 

 

Figure 2.8. Finite element diagram for spindle structure with 1000 N applied force [25]. 
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The Design of Experiments (DoE) method is applied to the machine stiffness evaluation which is 

connecting spindle structure stiffness relevant to the machine's entire stiffness [25]. 

CNC machine stiffness can be analyzed using the computer-aided engineering (CAE) technique such 

as finite element models [26]. In this technique, the model is divided into two single module methods 

(SMM) and hybrid modeling methods (HMM). Figure 2.9 shows a hybrid model including a detailed 

mesh of machine bed. In SMM, the auto-meshing method is used and the applied force to the tooltip 

and work-piece is considered as the equivalent force on each module. The other coupled parts which 

connect two components are considered as the constraints such as the column and bed. In HMM, 

creating a hybrid model is proposed for the machine which includes adjusting the boundary conditions 

and the application of load. To analyze the machine stiffness by SMM, some factors should be 

considered such as the right location of the module where the force will apply, defining the boundary 

condition properly, especially the bed, and obtaining the right local stiffness to illustrate each module 

stiffness. In analyzing the machine stiffness by HMM, the unit force, which is applied at the work-

piece and the tooltip, can be transferred as an internal force to the machine structure. Subsequently, 

the mentioned force can be transferred to the nodes in the interfacial zone, which is between the two 

connected modules. the HMM is more accurate and efficient in comparison with SMM.  

 

Figure 2.9. A hybrid model including a detailed mesh of machine bed [26].  
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Designing the stiffener layout inside large machine tools is proposed by the self-optimal growing rule 

by the ramifications of the plant [27]. The optimal load-bearing topology is created by using the leaf 

venation for a high stiffness machine tool. The approach can be used for re-designing the machine 

tool. One of the compliance effective tools is the leaf venation and the growth procedure is used for 

the complex structure in a machine tool. The growth-based method is the eco-efficient design tool for 

the generation of stiffener fundamentals in a machine tool. 

 

 

Figure 2.10. Correlation between leaf venation and stiffened machine tool structures [27]. 

The structure deforms owing to the loads produced by the machining process in different directions. 

Those loads can affect the tool displacement and machining inaccuracy [28]. Numerical modeling 

and simulation of different loads are used to analyze their impact on the stresses and deformation 

developed in the machine frame. The method is used to modify the machine frame components during 

the optimization of the designed part. Figure 2.10 illustrates the dependency between leaf venation 

and stiffened machine tool structures 

2.5.  Support stiffness 

Machine tool support stiffness is investigated by using contact stiffness in a three-placement position 

including the front, rear, and center of the bed [29-31]. By using the contact stiffness model and 

applying proper location for the machine tool support, both grounds and drive disturbance vibration 

are decreased. Furthermore, the stiffness in an arbitrary direction is determined by the contact 

stiffness in the interfaces as well as the bulk stiffness of the supports and ground. In the proposed 

model the contact stiffness is obtained by multiplication of the unit stiffness contact with the real 

contact region. Figure 2.11 shows the 3D stiffness schematic for machine supports.  
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Figure 2.11. 3D schematic for machine tool support stiffness [29]. 

As shown in Figure 2.12 to investigate the machine tool support stiffness based on the contact 

stiffness, the relationship between the preloading and the stiffness of the support should be adjusted 

to stay in the critical region where the bulk stiffness is smaller than the contact stiffness. The increase 

of support stiffness strongly depends on the arrangement of the support placement. Figure 2.13 shows 

different support placements for the machine tool bed. 

 

Figure 2.12. Preload and support stiffness dependency [30]. 

 



13 

 

 

 

 

Figure 2.13. Different support placements were used in the experimental test, (a) First placement, 

(b) Second placement, (c) Third placement, and (d) Forth placement [30]. 

2.6.Volumetric stiffness 

The volumetric stiffness is analyzed using loading devices such as the Loaded Double Ball Bar 

(LDBB) [32, 33] and the Stiffness Workspace System (SWS) [34]. The LDBB apparatus uses a 

pneumatic cylinder and a displacement sensor. It is an extension of the double ball bar (DBB) 

apparatus adopted, according to international standards, as a circular test instrument [35, 36]. The 

LDBB applies a force to the machine tool structure [37]. In both LDBB and SWS, the load is applied 

between the tool holder and work table of the machine, and this relative displacement is measured. 

Consequently, the volumetric quasi-static stiffness can be calculated in the machine's working 

volume. 
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(a) (b) 

Figure 2.14. Machine tool loading device in quasi-static status. (a) Loaded double ball bar [32, 33]. 

(b) Stiffness workspace system [34]. 

It is found that the volumetric stiffness depends on both the direction of applied force and its position 

in the workspace. Figure 2.14 shows the LDBB and SWS installed on the machine tool to measure 

the stiffness. 

Direction dependency of both tool and workpiece compliance was defined as a frequency response 

function of the displacement between the tool, workpiece, and the cutting force [38, 39]. The 

frequency response function of the acceleration to the excitation force was acquired through an FFT 

analyzer and by integrating it, compliance was obtained. The compliance in both the X and Y 

direction was larger than in the Z-direction because the tool response and axial stiffness of the Z-axis 

were larger than the radial stiffness. The compliance maximum value in the X direction was almost 

twice as large as those in the Y and Z directions. The C rotary axis effect on the tool and workpiece 

compliance was considered by the compliance map. The bending direction and clamping condition 

of the C axis were important due to the influence on the direction dependency of compliance. It was 

shown that the clamping of the rotational axis increases the cutting vibration. The compliance map 

illustrated that the value of the compliance varied by up to 60 % with the changes in the clamping 

condition and the rotation angle.  The rotation angle would affect more the direction which had 

smaller stiffness. 
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Machine tool volumetric stiffness including translational and rotational stiffness was measured by 

load and displacement sensors [40-42]. Load and displacement were measured by using LDBB and 

Linear Variable Differential Transformers (LVDT), respectively. For measuring the machine 

volumetric displacement another type of sensor such as Non-Contact Capacitive Probes (NCCPs) 

also was used. In the measurement process, the machine spindle tracks the circular trajectory 

inscribed by the movement of the machine rotary axis. Figure 2.15 shows the experimental setup for 

measuring the machine tool cartesian translational stiffness using LDBB and LVDT. 

 

Figure 2.15. Measurement of machine tool cartesian translational stiffness including LDBB and 

LVDT [40]. 

2.7. Stiffness modeling 

Modeling the static stiffness in the work space was used to evaluate the machine tool stiffness [43]. 

The machining space method was a suitable tool for designing the machine tool structure. This 

method was a connector between the spatial stiffness and the prediction of the resulting error in the 

machine tool. The load and deformation of each element are modeled with a stiffness matrix. The 

combination of the stiffness model for the whole machine was developed by synthesizing the 

deformation with the load transfer matrix. The six-directional static stiffness was developed within 

the parametric model to evaluate and design the machine tool stiffness. 
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Collinear stiffness value (CSV) was defined with a known configuration in a working space [44-48]. 

CSV includes translational stiffness value (TSV), rotational stiffness value (RSV) and screw stiffness 

value (SSV). CSV had a non-negative and positive value in singular and regular configuration 

respectively.  The minimal CSV was applied in the regular configuration to estimate the local stiffness 

for the specified configuration in the working space. Form Shaping Function (FSF) was an important 

tool for machine design optimization. To make a connection between the applied force and the 

resultant displacement, the 6 × 6 stiffness matrix was defined as a ratio of a wrench to displacement. 

It is important to consider stiffness value in a design stage and limit the collinear stiffness value in a 

definite regular configuration. For machine stiffness evaluation, the minimal collinear stiffness value 

and its partial component including a translational stiffness value (TSV), rotational stiffness value 

(RSV), and screw stiffness value was used. In the machine working volume, the specified limits 

should be smaller than the both minimum translational and screw stiffness values. The collinear 

stiffness value is a potent tool for the evaluation of machine stiffness based on the configuration and 

structure of the machine to analyze different types of machine tool kinematics. Form shaping function 

(FSF) was used to evaluate machine tool kinematic, geometric, and compliance error and it gives 

important information about the machine layout and structure optimization which could be considered 

in the early design stage. 

Machine tool accuracy was analyzed using the Elastically Linked System (ELS) model which 

connects the tool and workpiece position to the machined part geometrical error [49-53]. Figure 2.16 

depicts a detailed explanation of the Elastically Linked System which depends on the machine tool 

structure, control system, and process. 
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Figure 2.16. ELS model for machining system capability [49]. 

Additionally, machining system capability was connected to the accuracy of the machined part 

through the ELS model [53, 54]. Figure 2.17 represents the elastically linked system in which the 

LDBB instrument was considered as the connecting link between the tool and workpiece. The 

deviation of the system was calculated for the specified tool path. As shown in Figure 2.17, each 

element was considered as a spring and its displacement was counted for both the total deviation of 

the system and the maximum cutting force. 

 

Figure 2.17. Schematic diagram of an elastically linked system which is modeled for the machine 

tool [50]. 
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Bottom-Up and Top-Down methods were used for the analysis of machine tool errors in quasi-static 

status and loaded conditions [52]. These procedures were divided into two different direct and indirect 

measurements (laser interferometry and loaded double ball bar measurement). Both methods use the 

computational model to estimate machine geometric errors and static stiffness, and finally predict the 

errors under quasi-static and loaded conditions. Figure 2.18 depicts the detailed synthesis of the two-

mentioned method. 

 

Figure 2.18. Combination of Bottom-Up and Top-Down modeling [52]. 

A top-down method was performed in different positions by using an LDBB to obtain optimum 

working space. It was claimed that stiffness is both direction and position-dependent. To characterize 

the stiffness in the machine coordinate system, the position and directional dependent stiffness were 

estimated by measuring the point stiffness in a spherical coordinate system. The point stiffness 

includes the stiffness both in the X and Y direction. If the loads were applied by the LDBB, it will be 

deviated from its nominal position, and to quantify the deviation, it is necessary to use the stiffness 

both in the X and Y direction. Virtual Machining System Simulator (VMSS) [55] was used to 

represent the quasi-static error and quantify it by simulating the interaction of the machine tool 

structure and cutting process based on the synthesis of the bottom-up and top-down model. 

 Static and dynamic stiffness of machine tools servo drive with disturbance force was modeled by a 

closed-loop control system [56]. Servo drive system stiffness was defined as the influence of 

disturbance forces on the position deviation. Figure 2.19 shows the model which is a closed-loop 
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control system including integrator gain (ki), input position (Xi), output position (Xo), damping 

quotient (b), sampling period (T), position loop gain (Kv), damping of the electrical parts (D), nominal 

angular frequency (ɷ) of the electrical parts, total stiffness of the mechanical transmission elements 

(Kvk), coefficient of transformation of rotation in translation (kg), disturbance force (F), disturbance 

force gain (Kf), a gain of the mechanical transmission damping (kb), Laplace operator (s), a mass of 

the mechanical parts (m), etc. Sensitivity to the load disturbance is the key parameter in the servo 

drive system which is the stiffness of the system. Increasing the damping of the electrical parts, 

sampling period and mass of the mechanical transmission elements will decrease the dynamic 

stiffness. On the contrary, the high value for the damping gradient of the mechanical transmission 

parts, the nominal angular frequency of the electrical element, position gain, and the total stiffness of 

the mechanical transmission elements will enhance the dynamic stiffness.  

 

Figure 2.19. Block diagram model for machine tool servo drive system including disturbance force 

[56]. 

Machine tool feed drive system stiffness was modeled by a block diagram [57]. In the block diagram, 

the mechanical transmission elements were considered which include axis servo motors and a power 

train.  
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Figure 2.20. Block diagram of machine tool drive mechanism [57]. 

Figure 2.20 shows the relationship between the input voltage and cutting force of the machine axis 

feed drive system. To model Coulomb and viscous friction coefficients in the machine drive, the 

preloads elements were used. The total backlash in the machine drive system was shown by the 

hysteresis elements and it also affects the transverse movement of the table in a certain direction. The 

effect of stiffness, friction, backlash, and table mass can be monitored to optimize the drive condition. 

The application of such a model can be a design-validation tool that can demonstrate the effect of 

parameter variation on the performance of drive and machine tool settings. 

The stiffness of the machine feed drive was examined using the feedforward procedure which is 

represented the effect of the stiffness on the machine performance. The axial stiffness of the machine 

feed drive was modeled as a spring-mass system for one and two ends thrust systems [58]. 

Machine volumetric stiffness measurement was performed by applying a known load to the machine 

table during the positioning of the working axis and measuring the displacement with the laser 

interferometer [59, 60]. The modified stiffness measurement which took place instantly after the 

beginning of the programmed position was more reasonable than the conventional measurement 

which was affected by the nonlinear behavior of the machine table during the loading process. Static 

stiffness after sliding was also introduced to better understand the differences between static stiffness 

and stiffness in motion. This method allows for a better assessment of machine working conditions 

and identifying faults such as assembly errors. A load speed increases the stiffness value [61]. The 

effect of hysteresis measurement as a function of the load on the machine stiffness was also studied 

[62]. It was shown that the hysteresis changes due to the dissipative force which occurs during the 

loading of the machine structures. This measurement method gives better insight into machine 

diagnostic and machinery development. 
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In summary, the aforementioned methods and models are mainly focused on machine tool 

components stiffness, separately. Furthermore, those methods are applicable in the analysis of 

machine volumetric compliance. Nonetheless, the new model is required to establish the relationship 

between joint and volumetric compliance under the loaded condition. None of the previously 

mentioned models and approaches are considered the effect of both machine compliance and 

geometry under the loaded status. Besides, the apparatus which are used for the analysis of the 

machine stiffness contains varieties of external sensors which is not of interest due to both sensor and 

setup errors. Consequently, novel models and measuring apparatus are needed to evaluate machine 

tool accuracy from the compliance point of view. Those needed models and apparatus will be 

introduced and presented in this thesis.  
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CHAPTER 3 GENERAL ORGANIZATION OF THE WORK 

 

The subject of the thesis was formed by Chapter 1 (introduction) and Chapter 2 (literature review). 

This Chapter presents the overall structure of the thesis including the article's overview. The 

subsequent three chapters (4, 5, and 6) include published/submitted papers which are the principal 

contribution of this Ph.D. research. The last two chapters of the thesis are a general discussion in 

Chapter 7 and a conclusion in Chapter 8. 

The tests associated with Chapters 4 and 5 are conducted on the Hermle C50 machine in the center 

for Design and Management of Manufacturing Systems (DMMS) at KTH university. The tests in 

Chapter 6 are carried out on the Huron KX8 five-axis vertical machine in the Virtual Manufacturing 

Research Laboratory (Polytechnique Montréal) using a novel loading apparatus so-called a Ball roller 

bearing device (BRBD). 

The article entitled “Modelling and indirect measurement of machine tool equivalent joint 

compliances”, which was published in November 2021in the CIRP Journal of Manufacturing Science 

and Technology, is in Chapter 4. The research work, presented therein, explores equivalent joint 

compliances that are estimated from LDBB readings using a kinematic and compliance model of the 

machine. The compliance parameters include the main, cross, and rotary compliances. There was 

confounding between the compliances of the X- and Y-axis. By using all force levels at once the 

global compliance is estimated whereas using only two force levels shows the variation of compliance 

with force. It is found that X-and Y-axis on-axis compliances CXXX and CYYY are the dominant 

compliances. As the force level increases, the dominant compliances also increase by approximately 

5%. The values for CXXX and CYYY  were 7.61E-05 and 6.05E-05 mm/N, respectively. 

Chapter 5 is the article entitled “Mathematical separation of elasto-geometric error parameters from 

loaded circular tests on a machine tool”, which was submitted in February 2022 in the International 

Journal of Machine Tools and Manufacture. In this paper, an elasto-geometric model is introduced 

which uses the superposition principle to separate machine compliance and geometric errors. The 

model parameters are estimated by the reading of the LDBB device at different force levels. It is 

found that at a lower force, geometric errors are dominant while at the highest force level compliance 

errors dominate. By using adjacent force levels, the variation of both estimated compliance and 

geometry parameters with changes in force level is observed. As the force level increased, the 

majority of the compliance parameters also increased. The dependency of the compliance to the force 
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level is examined by a linear compliance model. The RMSE of the predicted reading for global 

constant and variable compliance were 0.0011 and 0.0009 mm, respectively. Both constant and 

linearly variable compliance models are represented with over 91% fit to the experimental data. 

Chapter 6 presents the sensorless loaded test for machine tool stiffness characterization. The novel 

apparatus so-called Ball Roller Bearing Device (BRBD) is introduced to measure the machine tool 

volumetric stiffness. The volumetric compliance measurement procedure uses a circular test with 

commanded radial engagement between the ball and roller-bearing which causes a radial force to 

develop. The force and engagement are calculated from servo motor current and encoder reading. 

Setup compliance is measured with a dial indicator and the calculated machine tool compliance is 

compensated for it. The estimated force from servo motor current is validated by a dynamometer 

table. The calculated compliance is also validated using a known compliance value from a rig artefact 

added to the machine tool table.
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CHAPTER 4 ARTICLE 1  MODELLING AND INDIRECT 

MEASUREMENT OF MACHINE TOOL EQUIVALENT 

JOINT COMPLIANCES 

B. Beglarzadeh a, J.R.R. Mayer a, A. Archenti b 

a Department of Mechanical Engineering, Polytechnique Montreal, Montreal, QC, H3T 1J4, Canada 

b Department of Production Engineering, KTH Royal Institute of Technology, Brinellvägen 68, 

Stockholm SE-10044, Sweden 

* Published on 29 October 2021 in the CIRP Journal of Manufacturing Science and Technology 

4.1. Abstract 

Machine tools require high geometric accuracy and stiffness. Both of these characteristics affect the 

radius of a radially loaded circular test. By using various loads, the machine's volumetric compliance 

can be studied as a function of position, orientation, and load. Further processing of the data using a 

kinematic and compliance model of the machine allows the equivalent joint compliances to be 

estimated. This model also allows to produce the characteristic patterns of loaded telescopic double 

ball bar readings associated with each compliance term. The compliance model contains numerous 

superfluous and confounded terms that are pruned from the model. The analytical model is then used 

to produce a numerical identification Jacobian that is further applied to estimate the compliances from 

test data gathered at various force levels. By using all force data at once global compliance values are 

estimated whereas using only adjacent force level data allows observing the change in compliance 

with force. The new nomenclature is introduced where each compliance term has three subscripts. 

The first subscript is the direction of the displacement, the second subscript is the applied force 

direction, and the third subscript is the relevant joint or axis. The dominant compliances are the X-

axis and on-axis compliance 𝐶XXX (confounded with the lateral compliance of the Y-axis 𝐶XXY) and 

𝐶YYY (confounded with 𝐶YYX). It is observed that as the load increases from 76 to 706 N (by 

increments of 126 N), the dominant compliances increase by around 5%. Type A uncertainties of the 

calculated compliances are estimated from repeated measurements and are found to be relatively 

small. Some non-dominant compliances, such as the torsional compliance of the Y-axis 𝐶CCY account 

for deflection of less than 0.5 % of that for the main compliances and has a negative value which is 

mechanically unexpected. It is explained in detail in the results and discussion section. 



29 

 

 

 

Keywords: Joint compliance, machine tool, measurements, numerical simulation 

4.2. Introduction 

High accuracy of machined parts and high productivity depends on machine tools having high 

accuracy and stiffness. An elastically linked system (ELS) was introduced [1] in the form of a loaded 

double ball bar (LDBB) that can apply a radial load between a ball at the tool attachment and another 

on the workpiece table and simultaneously measure the radial volumetric displacement during a 

circular test. The ELS concept was used [2] to study the relationship between machining system 

capability represented by geometric /kinematic errors and static deflection due to compliance and the 

machined part accuracy. The approach is based on the circular loaded measurement and the 

computational model in accordance with ELS multi-body simulation. The finite element model is 

used to consider the tool and workpiece contribution to the total deviation. The equivalent stiffness 

approach proposed in [3] models the machine compliance by seven sets of judiciously located three-

axis linear springs within the machine structure and which stiffnesses are then quantified by the ELS 

technique.  

Tool deflection was monitored by a “Feeling” approach in [4]. This technique allows online 

measurements of process force and tool stiffness in spite of disturbance in a working area. Metallic 

resistive strain gauges are incorporated in selected machine tool parts such as the spindle slides and 

spindle head to measure the process force. A calibration matrix is used to convert the strain gauge 

signals to force signals. The calibration matrix determined by linear regression uses components 

strain signal and reference external force signal. The discrepancy between the actual and nominal tool 

path caused by tool deflection is determined by stiffness measurement through the machine-integrated 

cycle which is based on controlled contact between the tool and workpiece whereby, while the spindle 

is locked, the tool moves towards the workpiece until a contact force is detected. From that position, 

the tool moves further by nominal pre-set distances. Since the tool is more compliant than the 

workpiece with reference to the conducted experiments, most of the pre-set distance becomes tool 

deflection. The tool is modeled as a cantilever beam and its stiffness is computed based on the pre-

set distances and the variation in measured force.  

Dynamic radial stiffness of a rotating spindle [5, 6] is measured by using a new magnetic loading 

device that attracts a dummy tool connected to the spindle. The spindle shaft and tool displacement 

are measured using Eddy current sensors and the applied load is measured using a dynamometer. 
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They found that the speed had less impact on the hardening (stiffness increase) than the spindle 

temperature. 

The static stiffness of a machine tool’s single linear motion guide was measured in all five constrained 

degrees of freedom in [7]. Some results were compared with a Hertzian contact theory model which 

was found to overestimate the stiffness. A maximum force of 10 kN was applied to measure stiffness 

in the compressed and tensile directions. Both the direction and sense of the force affected the 

stiffness. Non-linear behavior is also observed, especially at lower loads, with a tendency to stiffen 

with increasing load. 

The impact of contact stiffness of the joint interface on the structural dynamics of the machine tool 

was examined in [8]. A theoretical model based on the fractal theory was used to compute the contact 

stiffness. The experimental test setup was designed to validate the simulated contact stiffness. The 

experimental test consisted of two models including fractal contact and a dynamic model. According 

to these two models, the impact of the interfacial contact stiffness on the structural dynamics of the 

machine tool was examined. It was indicated that by decreasing the preloads at two joints by 15%, 

the maximum displacement was increased by 1.74% and 2.90%, correspondingly. In this regard, it 

was shown that the sensitivity of joint interface among the column and lathe bed was higher. 

Uncertainty of the measurement results is defined in GUM [9]. Type A uncertainty is the standard 

deviation of the repeated measurements. 

Aforementioned models mainly focused on volumetric compliance. This paper explores the indirect 

estimation of joint compliance using a novel analytical model from the volumetric radial load and 

displacement data obtained via a circular loaded test. The physical mechanism causing compliance is 

not considered nor is the arrangement of guides constituting a particular joint. Joint compliance refers 

to a punctual location where the compliance is assumed to be acting. The model establishes the 

relationship between the joint and volumetric compliance and the joint compliance is estimated on 

the basis of a loaded circular test. This indirect method allows, given sufficiently rich tests to be 

determined, to separate the contribution compliance to guide repairs. The same model can then also 

be used to predict deflection under different conditions such as when machining.   

4.3. Compliance Estimation Model 

The loaded telescopic double ball-bar (LDBB) is shown, conceptually, mounted on a five-axis 

machine tool with a wCAFYXZt topology in Figure 4.1. The loaded telescopic double ball-bar applies 

a partial wrench, in the form of equal and opposite radial forces at the tool ball (attached to the spindle 
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unit via HSK100 interface) and the workpiece ball, and measures part of the resulting twist, in the 

form of the change in distance between the two balls, which is along the loaded telescopic double 

ball-bar axis.   

 

 
 

(a) (b) 

Figure 4.1. a) Five-axis CNC machining center with loaded telescopic double ball-bar mounted 

between the table and spindle balls. Only axes X and Y are used for the tests. b) CAD model of the 

laboratory 5-axis CNC machining center including loaded telescopic double ball-bar device (the 

CAD model differs from the real machine and is only shown to illustrate the overall machine 

geometry) 

These quantities are volumetric as they occur within the machine work envelope. The volumetric 

stiffness equation at the tool, t, is defined as [10]: 

 

𝑊t = 𝐾t. ∆𝐷t (4.1) 

where 𝑊t, 𝐾t and ∆𝐷t are the wrench, stiffness matrix, and displacement twists, respectively.  
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The general tool wrench, 𝑊t, has six components, three forces, and three torques along and around 

Cartesian axes: 

𝑊t = (𝐹X, 𝐹Y, 𝐹Z, 𝑀X, 𝑀Y,𝑀Z)
𝑇 (4.2) 

The general displacement twists, ∆𝐷t, has three translational and three angular components. The 

compliance matrix is the inverse of the stiffness matrix, therefore [10]: 

𝐶𝑡 = 𝐾𝑡
−1 (4.3) 

By substituting Eq.(4.3) in Eq.(4.1), [10]: 

∆𝐷𝑡 = 𝐶𝑡𝑊𝑡 (4.4) 

∆𝐷t can also be modeled by considering the joint compliances. First the joint wrenches, 𝑊joint, are 

calculated as reactions wrench to the tool wrench as follows: 

𝑊joint = 𝐽T𝑊t (4.5) 

using the transposed geometric Jacobian 𝐽T. Those wrenches are then applied to the joint compliance 

to produce the joint displacement twists ∆𝐷joint 

∆𝐷joint = 𝐶joint𝑊joint (4.6) 

By substituting (4.5) in (4.6) the resulting joint displacement twists are generated: 

∆𝐷joint = 𝐶joint𝐽
T𝑊t (4.7) 

Finally, the joint displacement twists are propagated using the small twist approximation using the 

geometric Jacobian 𝐽 which expresses the sensitivity of the tool displacement twist ∆𝐷t to small twists 

occurring at the joint locations: 

∆𝐷t = 𝐽∆𝐷joint (4.8) 

Combining Eq.(4.4) with Eq.(4.8) establishes the relation between the applied tool wrench and the 

tool displacement twists due to the joint compliances [10] 

∆𝐷t = 𝐽𝐶joint𝐽
T𝑊t (4.9) 

The relation between the volumetric and joint compliance of a serial kinematics machine is then 

apparent [10]: 

𝐶t = 𝐽𝐶joint𝐽
T (4.10) 

Eq.(4.9) can be understood as follows: the wrench 𝑊t applied at the tool is first multiplied by 𝐽T to 

calculate the applied wrench at each joint, or location where compliances are defined, then the joint 
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wrenches are multiplied by their respective compliances 𝐶joint to generate joint displacement twists 

which are then propagated back to the tool using 𝐽. 

The general elastic model Eq.(4.9) is now contextualized to the use of the loaded telescopic double 

ball bar. The loaded telescopic double ball-bar only measures, 𝜌,  the change in the relative distance 

between the tool ball and the workpiece ball. For a small change in the relative coordinates of the two 

balls, 𝜌 can be approximated by the projection, or dot product, of the relative translational 

displacement twist between the two balls with the unit vector, �̂�, describing the nominal axis of the 

loaded telescopic double ball bar, which is also its sensitive direction, as defined by the two end balls 

centers. The loaded telescopic double ball-bar response is then approximated by: 

𝜌 = �̂�T∆𝐷t (4.11) 

Therefore, by multiplying both sides of Eq.(4.9) by the transposed sensitive direction unit twist, �̂�T, 

Eq.(4.9) becomes: 

�̂�T∆𝐷t = �̂�T𝐽𝐶joint𝐽
T𝑊t (4.12) 

So that 

𝜌 = �̂�T𝐽𝐶joint𝐽
T𝑊t   (4.13) 

This equation can be summarized as follows: the sub-terms 𝐽T𝑊t, 𝐶joint 𝐽
T𝑊t,  𝐽𝐶joint 𝐽

T𝑊t and 

�̂�T𝐽𝐶joint 𝐽
T𝑊t is the joint wrench, displacement at the joints due to its compliance, and the joint 

wrench, displacement at the workpiece, and displacement in the loaded telescopic double ball-bar 

sensitive direction, respectively.  

In the test that will be presented, only two linear axes of a wFYXt machine topology, shown in Figure 

4.2  are involved in the 2D circular test so that only forces in the XY plane and torques around z are 

considered for the wrenches and similarly only displacements in the XY plane and rotations around 

the Z-axis are considered for the twists.  

The corresponding 2D compliance terms are retained and so the complete two axes compliance matrix 

has this form: 
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𝐶joint6×6
=

[
 
 
 
 
 
𝐶XXX 𝐶XYX 𝐶XCX 0 0 0
𝐶YXX 𝐶YYX 𝐶YCX 0 0 0
𝐶CXX 𝐶CYX 𝐶CCX 0 0 0

0 0 0 𝐶XXY 𝐶XYY 𝐶XCY

0 0 0 𝐶YXY 𝐶YYY 𝐶YCY

0 0 0 𝐶CXY 𝐶CYY 𝐶CCY]
 
 
 
 
 

 

 

(4.14) 

where each compliance term has three subscripts representing from left to right the nature of the 

displacement caused, the nature of the applied force or torque, and the joint where the displacement 

and force are located. 

Eq.(4.15) renders explicit the Jacobian definition in the X and Y directions, and around Z at the X 

and Y-joint. 

 

𝐽 =

[
 
 
 
 
 
 
𝜕𝐸VX

𝜕𝐸XX

𝜕𝐸VX

𝜕𝐸YX

𝜕𝐸VX

𝜕𝐸CX

𝜕𝐸VX

𝜕𝐸𝑋𝑌

𝜕𝐸VX

𝜕𝐸𝑌𝑌

𝜕𝐸VX

𝜕𝐸𝐶𝑌

𝜕𝐸VY

𝜕𝐸XX

𝜕𝐸VY

𝜕𝐸YX

𝜕𝐸VY

𝜕𝐸CX

𝜕𝐸VY

𝜕𝐸𝑋𝑌

𝜕𝐸VY

𝜕𝐸𝑌𝑌

𝜕𝐸VY

𝜕𝐸𝐶𝑌

𝜕𝐸VC

𝜕𝐸XX

𝜕𝐸VC

𝜕𝐸YX

𝜕𝐸VC

𝜕𝐸CX

𝜕𝐸VC

𝜕𝐸𝑋𝑌

𝜕𝐸VC

𝜕𝐸𝑌𝑌

𝜕𝐸VC

𝜕𝐸𝐶𝑌]
 
 
 
 
 
 

 (4.15) 

where 𝐸VX , 𝐸VY and 𝐸VC are the volumetric errors in the X and Y directions, and around Z (so it is 

called a C error), respectively. Additionally, 𝐸XX, 𝐸YX and 𝐸CX, are the geometric translational and 

rotational deviations at the X-joint in the X and Y directions, and around Z, respectively. Similar 

terms are defined for the Y-joint. 

Table 4.1 depicts this reduced 2D compliance matrix for the X- and Y-axis with row and column 

headings to facilitate its interpretation. 
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Table 4.1.The simulated compliance matrices for the X- and Y-axis is a block diagonal matrix 

where only the orange and green colored cells are used.  

𝐶joint6×6
 

Wrench components 

T
w

is
t 

co
m

p
o

n
en

ts
 

 𝐹XX 𝐹YX 𝑀CX 𝐹XY 𝐹YY 𝑀CY 

𝛿XX 𝐶XXX 𝐶XYX 𝐶XCX 0 0 0 

𝛿YX 𝐶YXX 𝐶YYX 𝐶YCX 0 0 0 

𝛿CX 𝐶CXX 𝐶CYX 𝐶CCX 0 0 0 

𝛿XY 0 0 0 𝐶XXY 𝐶XYY 𝐶XCY 

𝛿YY 0 0 0 𝐶YXY 𝐶YYY 𝐶YCY 

 𝛿CY 0 0 0 𝐶CXY 𝐶CYY 𝐶CCY 

 

 

Figure 4.2. Conceptual diagram of the LDBB test setup and its circular trajectory in the XY 

machine tool plane. Note that 𝑡𝑥 and 𝑡𝑦 as shown are negative. 
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Accordingly, the general wrench at the tool, and at all locations where compliance is defined have 

the general form: 

𝑊𝑡 = (𝐹X, 𝐹Y, 𝑀Z)
T. 

 
(4.16) 

The LDBB sensitive direction is: 

�̂� = [cos(𝜃) sin(𝜃) 0   ]𝑇  
 

(4.17) 

where θ is the angular position of the loaded telescopic double ball bar on its circular trajectory, see 

Figure 4.2. For the Jacobian matrix, only relevant columns (EXX, EYX, ECX, EXY, EYY, and ECY) are 

kept and the rest of the columns are removed due to test limitations to the XY plane. For example, 

ECX is a small geometric angular deviation around the z-axis occurring at joint X. The six geometric 

deviations are small deviations in x, y, and around z occurring at the X- and Y-axis joints. For a test 

consisting of a complete circular test (2 radians) with one reading along the circle,  Eq.(4.18) is 

used: 

𝜌1×1 = �̂�1×3
T   𝐽3× 3n  𝐶joint3n×3n

   𝐽3n×3
T    𝑊3×1  

(4.18) 

If m measurements are gathered and there are n compliance locations along the kinematic chain,            

(n=2 for two axes), then m occurrence of (4.13) are assembled in a single system to yield  Eq.(4.19): 

𝜌𝑖 = �̂�T
𝑖  𝐽𝑖   𝐶joint  𝐽

T
𝑖  𝑊𝑖         𝑖 = 1,m  

 

(4.19) 

where, 

�̂�𝑖 = [
cos 𝜃𝑖

sin 𝜃𝑖

0

]                    𝑖 = 1,m  (4.20) 

𝐽𝑖 = [
1 0 −𝑡y
0 1 𝑡x
0 0 1

1 0 −𝑡y
0 1 𝑥𝑖 + 𝑡x
0 0 1

]               𝑖 = 1,m  

 

(4.21) 

where 𝑡x, 𝑡y and 𝑥𝑖 are the coordinates of the tool ball in the X-axis frame and the joint coordinates 

for axis X respectively, as shown in Figure 4.2, and finally: 

𝑊𝑖 = [

𝐹X𝑖

𝐹Y𝑖

𝑀Z𝑖

]                      𝑖 = 1,m (4.22) 
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In Eq.(4.22), the term 𝑀𝑍𝑖
 is equal to zero because the ball bar cannot apply torque as friction forces 

between the ball and its socket are assumed negligible. 

4.4. Numerical Jacobian 

In order to estimate the compliance values the relationship between the observed ball bar length 

change and the compliance at the joints is linearized using a computed wrench Jacobian matrix as 

follows: 

𝜌m×1 = 𝐽Wm×n
𝐶n×1 (4.23) 

where the  𝐽W is the derivatives of loaded telescopic double ball-bar change (𝜕𝜌) with respect to the 

compliance (𝜕𝐶) at the joints in the following: 

𝐽W𝑖,𝑗
=

𝜕𝜌𝑖

𝜕𝐶𝑗
                𝑖 = 1,m 

                                    𝑗 = 1, 9n 

(4.24) 

An approximate solution in the least square for the required compliance changes needed to produce 

the measured displacements is given by: 

𝐶n×1 = 𝐽Wn×m

+ 𝜌m×1 (4.25) 

where 𝐽W
+  is the pseudo-inverse of the linearized wrench Jacobian. 

Figure 4.3 shows the free body diagram of the loaded telescopic double ball-bar and main machine 

model components. 𝐹b is the generated force by the loaded telescopic double ball-bar. 
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Figure 4.3. Free body diagram of the LDBB and main machine model components. 

Figure 4.4 illustrates conceptually the on-axis compliance terms 𝐶XXX  and 𝐶YYY , the lateral terms 𝐶YYX  

and 𝐶XXY  as well as the torsional terms 𝐶CCX  and 𝐶CCY . The cross-compliance terms are not shown. 
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Figure 4.4. 2-D conceptual diagram of the machine with the location of the on-axis, lateral, and 

torsional compliances (the cross-compliance terms are not illustrated).  

4.5. Simulation 

The compliance estimation process using the loaded telescopic double ball-bar is first validated 

through simulations. Figure 4.5 presents the data flow for the simulation and estimation of the 2-axis 

linear axis of the 5 -axis machine tool. 



40 

 

 

 

 

W: simulated wrench at the tool 

F: loaded telescopic double ball-bar force 

l: loaded telescopic double ball-bar length 

ɵ: loaded telescopic double ball-bar rotation angle 

C joint, sim: simulated compliance for each axis 

C joint, est: estimated compliance for each axis 

ρsim: simulated loaded telescopic double ball-bar reading 

ρpred: predicted loaded telescopic double ball-bar reading 

ec: compliance error 

eρ: loaded telescopic double ball-bar reading error 

Figure 4.5. Data flow for the simulation for machine tool compliance. 
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As depicted in the simulated machine in Figure 4.5, joint compliance values based on values in the 

literature review are assigned to the machine joints (axes) using 𝐶joint,sim. The wrench at the tool, W, 

applied by the loaded telescopic double ball-bar causes wrenches at the joints calculated using 

Eq.(4.5). Then Eq.(4.19) calculates the loaded telescopic double ball-bar length change readings one 

at a time due to the compliance and resulting wrench at the tool. As shown in the estimated machine 

in Figure 4.5, the simulated compliance matrices are estimated using Eq.(4.25). Furthermore, 

Eq.(4.19) is used to predict simulated loaded telescopic double ball-bar readings by having estimated 

compliance matrices. The simulated and predicted loaded telescopic double ball-bar readings are 

compared for confirmation of the intermediate simulated values. 

4.5.1. Simulation results and discussion 

The compliance terms relevant for the 2D case are simulated as non-zero values as listed in Table 4.2 

The loaded telescopic double ball bar has a nominal length of R=150 mm and the applied force is 

F=100 N. Table 4.3 shows the estimated compliances. As Table 4.3 indicates, the estimated values 

differ significantly from the simulated ones. However, as Figure 4.7 shows, the simulated and 

predicted reading obtained from the simulated and estimated compliances of Table 4.2 and Table 4.3 

are similar. In order to better understand the reason for this, separate simulations are conducted for 

each compliance. As indicated in Table 4.4, the compliance terms CXXX and CXXY produce the same 

loaded telescopic double ball-bar readings. Compliances 𝐶XXX and 𝐶XXY are always subjected to the 

same force and cause displacements always in the same directions so that they cannot be distinguished 

in their effect; they are confounded. Other confounded compliances can be recognized by visual 

inspection of Table 4.4. Compliance terms including 𝐶XYX, 𝐶YXX, 𝐶XYY and 𝐶YXY generate the same 

readings. 𝐶YYX and 𝐶YYY are also producing the same readings pattern. For the rotary compliance 

terms, 𝐶XCY, 𝐶CXY produce identical readings. 𝐶YCY, 𝐶CYY yield similar readings. It is worth 

mentioning that the only compliance term which has a unique shape and readings is 𝐶CCY, an angular 

compliance term. Finally, there are five compliance terms including 𝐶XCX, 𝐶YCX, 𝐶CXX, 𝐶CYX and 𝐶CCX  

which produce no readings and cannot be estimated from the data.  
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Table 4.2. Simulated compliance ( 𝑚𝑚
𝑁⁄  ) of the X and Y axes simultaneously with the simulated 

value of all compliance terms. 

𝐶joint6×6
 simulated 

Wrench components 

T
w

is
t 

co
m

p
o

n
en

ts
 

 

 𝐹XX 𝐹YX 𝑀CX 𝐹XY 𝐹YY 𝑀CY 

𝛿XX 1.1E-04 1.2E-04 1.3E-06 0 0 0 

𝛿YX 2.1E-04 2.2E-04 2.3E-06 0 0 0 

𝛿CX 3.1E-06 3.2E-06 3.3E-08 0 0 0 

𝛿XY 0 0 0 4.4E-04 4.5E-04 4.6E-06 

𝛿YY 0 0 0 5.4E-04 5.5E-04 5.6E-06 

𝛿CY 0 0 0 6.4E-06 6.5E-06 6.6E-08 

 

Table 4.3. Estimated compliance matrices ( 𝑚𝑚
𝑁⁄  )  for the X and Y axes simultaneously in the 

presence of non-zero simulated values of all compliance terms. 

𝐶joint6×6
 Estimated 

 

Wrench 

T
w

is
t 

 𝐹XX 𝐹YX 𝑀CX 𝐹XY 𝐹YY 𝑀CY 

𝛿XX 2.75E-04 3.3E-04 0 0 0 0 

𝛿YX 3.3E-04 3.85E-04 0 0 0 0 

𝛿CX 0 0 0 0 0 0 

𝛿XY 0 0 0 2.75E-04 3.3E-04 5.5E-06 

𝛿YY 0 0 0 3.3E-04 3.85E-04 6.05E-06 

𝛿CY 0 0 0 5.5E-06 6.05E-06 6.6E-08 
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Figure 4.6. Figure 4.7. Simulated and predicted reading obtained from Table 4.2 and  

Table 4.3. (One unit of the radial scale represents 15.0 µm). 
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Table 4.4. Associated patterns which generated by the unique compliance terms, (One unit of the 

radial scale represents 15.0 µm). 

List of compliances each producing the pattern shown 

𝐶𝑋𝑋𝑋 , 𝐶𝑋𝑋𝑌 𝐶𝑋𝐶𝑌, 𝐶𝐶𝑋𝑌 𝐶𝑋𝑌𝑋, 𝐶𝑌𝑋𝑋, 𝐶𝑋𝑌𝑌 , 𝐶𝑌𝑋𝑌 

   

𝐶𝑌𝐶𝑌, 𝐶𝐶𝑌𝑌 𝐶𝑌𝑌𝑋 , 𝐶𝑌𝑌𝑌 𝐶𝐶𝐶𝑌 

   

 

The numerical Jacobian has 18 columns which corresponds to each compliance terms. By using the 

MATLAB command, the condition number and rank of the numerical Jacobian matrix are 1.7e+34 

and 6, respectively. The rank illustrates that there are only six independent columns out of 18 in the 

matrix. If identical numerical Jacobian matrix columns exist all but one of the corresponding terms 

are removed. Terms corresponding to null columns are also removed. The final set of retained 

compliances includes 𝐶XXX, 𝐶XYX, 𝐶YYY, 𝐶CXY, 𝐶CYY and 𝐶CCY. After pruning, the condition number 

reduces to 9742 and the rank of the numerical Jacobian matrix remains equal to six. To verify that the 

retained compliance terms are sufficient to explain the readings due to any values of the full set of 

compliances, a supplementary simulation is conducted with the simulated compliance terms in Table 

4.2 and only estimating the retained six compliance terms. Table 4.5 lists the six estimated 
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compliances. Figure 4.8 demonstrates that the predicted loaded telescopic double ball-bar readings 

using the six estimated compliances of Table 4.5 are similar to those simulated using the simulated 

non-zero values for all compliances from Table 4.2. As a result, it can be said that the six estimated 

compliances are equivalent compliances as they are compliances that would produce similar readings 

to a potentially different set of actual compliances. The circular test is not sufficiently rich to allow 

to separate the contributing compliances. 

Table 4.5. Estimated compliance matrices ( 𝑚𝑚
𝑁⁄  ) for the X and Y axes simultaneously with the 

presence of a value of six compliance terms. 

𝐶joint6×6
 Estimated 

 

Wrench 

T
w

is
t 

 𝐹XX 𝐹YX 𝑀CX 𝐹XY 𝐹YY 𝑀CY 

𝛿XX 5.5E-04 1.32E-03 0 0 0 0 

𝛿YX 0 0 0 0 0 0 

𝛿CX 0 0 0 0 0 0 

𝛿XY 0 0 0 0 0 0 

𝛿YY 0 0 0 0 7.7E-04 0 

𝛿CY 0 0 0 1.1E-05 1.21E-05 6.6E-08 
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Figure 4.8. Simulated and predicted readings were acquired using compliance as simulated in Table 

4.2 and as estimated in Table 4.5. (One unit of the radial scale represents 15.0 µm). 

4.6. Results and discussion 

The test is conducted in the XY plane of the machine illustrated in Figure 4.1. The length of the 

loaded telescopic double ball bar was 150 mm and the feed rate was 2000 mm min⁄ . Length change 

readings are taken over a full circle starting with the tool ball relative to the workpiece ball aligned 

with the negative X-axis. Seven different runs are performed with levels of pressure of 0.4, 1, 2, 3, 4, 

5, and 6 bars applied to the loaded telescopic double ball-bar device corresponding to forces of 36, 

112, 238, 364, 490, 616, and 742N, respectively. Using Eq.(4.26) the lowest force (36N) is taken as 

a reference near zero force thus assumed to only be affected by such error sources as geometric errors 

and those readings are deducted from the raw readings at other force levels in order to eliminate 

effects assumed not to vary with the applied force.  

∆𝜌112−36 = 𝜌112 N − 𝜌36 N 

(4.26) 

 

∆𝜌238−36 = 𝜌238 N − 𝜌36 N 

∆𝜌364−36 = 𝜌364 N − 𝜌36 N 

∆𝜌490−36 = 𝜌490 N − 𝜌36 N 

∆𝜌616−36 = 𝜌616 N − 𝜌36 N 

∆𝜌742−36 = 𝜌742 N − 𝜌36 N 
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As mentioned above, a similar process is used for the corresponding force levels, where the lowest 

force level (36 N) is subtracted from the rest of the forces. Eq.(4.27) illustrates the force subtraction 

process for each corresponding force separately. 

∆𝐹112−36 = 𝐹112 N − 𝐹36 N 

(4.27) 

 

∆𝐹238−36 = F 238 N − 𝐹36 N 

∆𝐹364−36 = 𝐹 364 N − 𝐹36 N 

∆𝐹490−36 = 𝐹 490 N − 𝐹36 N 

∆𝐹616−36 = 𝐹 616 N − 𝐹36 N 

∆𝐹742−36 = 𝐹 742 N − 𝐹36 N 

 

4.6.1. Global (overall/aggrigated) compliance 

To estimate the global compliance of the machine tool, as depicted in Eq.(4.28) all the corresponding 

force data from 76 to 706 N (differential forces) are fed to the estimator to generate one set of 

compliance values. In Eq.(4.28), 𝐽∆F
+  is the pseudo-inverse of the numerical Jacobian generated by the 

change of relevant force in the specific local force interval. Subsequently, that set of estimated 

compliance is used to predict all the loaded telescopic double ball-bar readings as illustrated in Figure 

4.9. The estimated compliance values for the X- and Y-axis when using all force levels at once are 

listed in Table 4.6.   

[
 
 
 
 
 
 
𝐶XXXest

𝐶XYXest

𝐶YYYest

𝐶CXYest

𝐶CYYest

𝐶CCYest]
 
 
 
 
 
 

6×1

=

[
 
 
 
 
 
 
𝑱∆𝐅𝟏𝟏𝟐−𝟑𝟔

𝑱∆𝐅𝟐𝟑𝟖−𝟑𝟔

𝑱∆𝐅𝟑𝟔𝟒−𝟑𝟔

𝑱∆𝐅𝟒𝟗𝟎−𝟑𝟔

𝑱∆𝐅𝟔𝟏𝟔−𝟑𝟔

𝑱∆𝐅𝟕𝟒𝟐−𝟑𝟔]
 
 
 
 
 
 
+

6×6m
[
 
 
 
 
 
∆𝝆𝟏𝟏𝟐−𝟑𝟔  

∆𝝆𝟐𝟑𝟖−𝟑𝟔 

∆𝝆𝟑𝟔𝟒−𝟑𝟔 

∆𝝆𝟒𝟗𝟎−𝟑𝟔 

∆𝝆𝟔𝟏𝟔−𝟑𝟔 

∆𝝆𝟕𝟒𝟐−𝟑𝟔 ]
 
 
 
 
 

6m×1

 (4.28) 
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Table 4.6. Estimated global compliance value ( 𝑚𝑚
𝑁⁄  )  of X and Y axes using all pressure data at 

once. 

 
C𝐗Estimated and C𝐘Estimated   

 

Wrench 

T
w

is
t 

 𝐹XX 𝐹YX 𝑀CX 𝐹XY 𝐹YY 𝑀CY 

𝛿XX 7.61E-05 2.27E-07 0 0 0 0 

𝛿YX 0 0 0 0 0 0 

𝛿CX 0 0 0 0 0 0 

𝛿XY 0 0 0 0 0 0 

𝛿YY 0 0 0 0 6.05E-05 0 

𝛿CY 0 0 0 1.08E-09 5.35E-10 -1.73E-11 

Figure 4.9 presents the experimental and predicted loaded telescopic double ball-bar readings from 

76 to 706 N force. All the predicted readings are generated using one set of compliance. At maximum 

force, the radial displacements in the X- and Y- positive sense for experimental and prediction are 

0.0535 mm and 0.0422 mm, and 0.0523 mm and 0.0416 mm, respectively. As depicted in the 

Figure/diagram, by increasing the applied force, the loaded telescopic double ball-bar readings 

increase to deviate from the nominal trajectory up to its maximum level at 706 N force. When all data 

is used to estimate compliances the predicted behavior should be entirely linear with the applied force. 

However, as can be seen, from Figure 4.9 at 76 N force the results exhibit a non-linear behavior and 

there is a difference between experimental and predicted readings. However, at higher force levels 

the response appears linear and the prediction agrees more closely with the experimental readings.  
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Figure 4.9.Experimental and Predicted global loaded telescopic double ball bar readings for X and 

Y-axis simultaneously with six different levels of applied force without geometric errors. ρ_exp and 

ρ_pred are the experimental and predicted readings of a loaded telescopic double ball bar. 

In order to distinguish the dominant global compliance parameters simulated readings are generated 

for each estimated global compliance parameter individually. As shown in Figure 4.10  as well as 

Figure 4.11 the dominant compliance parameters  are 𝐶XXX and 𝐶YYY.  A precise mechanical 

interpretation is not possible because those dominant compliances, which are related to the axis feed 

drive systems, are confounded with cross-compliances, which are associated with guiding systems. 

The global value of 𝐶CCY compliance is always negative which means that adding a four-lobed shape 

at 45 degrees to the one produced by a positive compliance 𝐶CCY is helping to reduce the model 

prediction residuals in a least-square sense. However, its value is very small and its impact on the 

loaded circular test readings is predicted to be around 0.00007 mm peak-to-peak which is less than 

one-third of the 0.00024 mm resolution of the LDBB position readout. Figure 4.11 shows predicted 
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reading of less than 0.00017 peak-to-peak for the largest non-dominant compliances which is also 

less than the LDBB resolution. We feel that these estimated non-dominant compliance values are not 

reliable. Although the estimated values repeat as will be shown in section 4.7. 

 

Figure 4.10.Predicted readings of the loaded double ball bar (radial deviation versus the angle of the 

ball bar with the X-axis during the circular test) from the estimated global compliance parameters 

(𝐶XXX, 𝐶XYX, 𝐶YYY , 𝐶CXY, 𝐶CYY and 𝐶CCY) at a highest force (706 N). 
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Figure 4.11. Predicted readings of the loaded double ball bar (radial deviation versus the angle of 

the ball bar with the X-axis during the circular test) from the estimated global compliance 

parameters (𝐶XYX, 𝐶CXY, 𝐶CYY and 𝐶CCY) at the highest force (706 N). 

4.6.2. Local compliance 

Local compliances are estimated using two force levels ([112-36, 238-36], [238-36, 364-36], etc.). 

For example, for the force level [238-36, 364-36], the local compliance terms are estimated using 

Eq.(4.29). The ∆𝜌238−36  and ∆𝜌364−36  are obtained through Eq.(4.26).  

[𝐶est]6×1 = [
𝐽∆F238−36

𝐽∆F364−36

]
6×2𝑚

+

[
∆𝜌238−36

∆𝜌364−36
]
2𝑚×1

 

 

(4.29) 

Then the associated predicted readings are produced for each set of forces. Figure 4.12 shows 

corresponding experimental and predicted local readings for an individual set of differential forces. 

As the force increases, the predicted local readings better follow the experimental readings. The non-

linear behavior can still be seen at 76 N force.  
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Figure 4.12. Experimental and predicted loaded telescopic double ball bar readings with six 

different force levels without geometric errors and predicted using locally estimated compliance 

values. ρ_exp and ρ_pred are the experimental and predicted readings of a loaded telescopic double 

ball bar. 

Estimated local compliance values for each set of unique forces are shown in Table 4.7.  
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Table 4.7. Estimated local compliances values for a different set of pressures. 

Force (N) 𝐶XXX ( mm
N⁄  ) 𝐶XYX ( mm

N⁄  ) 𝐶YYY ( mm
N⁄  ) 𝐶CXY ( rad N⁄  ) 𝐶CYY ( rad N⁄  ) 𝐶CCY ( rad N mm⁄  ) 

∆𝐹 1−2  (76 and 202) 7.39E -05 -1.26E-06 5.88E-05 2.52E-07 4.58E-07 -1.18E-10 

∆𝐹 2−3  (202 and 328) 7.31E-05 -9.09E-07 5.79E-05 3.87E-08 -1.92E-08 -3.21E-11 

∆𝐹 3−4  (328 and 454) 7.47E-05 -4.09E-07 5.93E-05 7.72E-09 -1.87E-08 -2.29E-11 

∆𝐹 4−5  (454 and 580) 7.58E-05 8.50E-08 6.03E-05 -5.12E-09 -2.09E-08 -2.52E-11 

∆𝐹 5−6  (580 and 706) 7.68E-05 5.49E-07 6.10E-05 -1.54E-08 -1.78E-08 -9.59E-12 

Figure 4.13 illustrates the estimated experimental compliance results. Most local compliances 

increase with the applied force such as 𝐶XXX, 𝐶XYX, 𝐶YYY and 𝐶CCY. But some decrease such as 𝐶CXY 

and 𝐶CYY. The on-axis (on the diagonal of the compliance matrix) compliances all increased but two 

of the three cross-compliances (off-diagonal terms) decreased. These results are counterintuitive as it 

was expected that the machine would stiffen (decreasing compliance) as the applied force increases.  

The dominant compliances, 𝐶XXX and 𝐶YYY, which explains almost all of the readings (see Figure 

4.10), increased in values but only did so by around 5 %. As depicted in Figure 4.13, for all retained 

compliance terms, at the highest force level such as 454, 580, and 706 N, both local and global 

compliance values (shown as a dashed line in the plots) closely follow each other. This is expected 

because the estimation criteria is to match the loaded telescopic double ball-bar length change 

readings and the readings corresponding to the higher forces are more sensitive to the compliance 

value. This confers them to a higher weight in the least square estimation. 

The 𝐶CCY compliance is always negative which is physically unexpected. Its global value was also 

negative. However, its contribution to the deflection readings is about one-thousandth that of the 

dominant compliance so quite negligible. 
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Figure 4.13. Estimated local compliances obtained using data from two consecutive force levels (a 

dashed horizontal line from 76 to 706 N represents the unique global compliance value for each 

compliance term). 

The test and the model used for the estimation process do not allow to specifically consider the 

contribution of compliances coming from other parts of the machine. For instance, studying Figure 

4.4 would suggest that compliance 𝐶YYX will contribute to the cartesian compliance in the Y direction 

as would 𝐶YYY. However, the proposed test and model cannot distinguish between them and so this 

is the reason why the estimated compliances must be considered as equivalent compliances. 

4.7. Uncertainty 

Five repetitions of tests at 328 and 454 N were conducted on February 10th, 2021, for the purpose of 

evaluating the repeatability of the compliance measurement. The experimental loaded telescopic 

double ball-bar readings for the repeated tests are shown in Figure 4.14 They appear to have good 

repeatability. Based on GUM [9], a type A uncertainty is obtained by estimating the compliance 

values using all possible combinations of the two test repetitions. Since there are five repetitions for 

each test, 25 pairs of tests 1 and 2 results are available so that 25 compliance sets can be estimated 

each set consists of 𝐶XXX, 𝐶XYX, 𝐶YYY, 𝐶CXY, 𝐶CYY and 𝐶CCY. The mean and standard deviation of these 

25 compliance sets are calculated and shown in Table 4.8. Figure 4.15 shows the computed mean and 

standard deviation of those tests. These mean values differ from the compliance values previously 

presented which may be due to the latter having been gathered on May 2nd, 2019, about two years 

earlier.  
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Figure 4.14. Experimental repeated LDBB readings for 328 and 454 N. 

Table 4.8. Associated mean and standard deviation for each estimated compliance parameter. 

Estimated compliance parameter Mean ( mm
N⁄  ) Standard deviation ( mm

N⁄  ) 

𝐶XXXest
 5.82E-05 2.16E-07 

𝐶XYXest
 -1.69E-06 1.64E-08 

𝐶YYYest
 6.02E-05 1.88E-07 

𝐶CXYest
 4.02E-07 1.12E-09 

𝐶CYYest
 -5.64E-08 7.30E-10 

𝐶CCYest
 -7.66E-11 9.98E-13 
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Figure 4.15. Type A uncertainty of global compliance parameters (𝐶XXX, 𝐶XYX, 𝐶YYY, 𝐶CXY, 𝐶CYY 

and 𝐶CCY). 

 

4.8. Conclusion 

A loaded telescopic double ball-bar is used to perform a circular 2D XY test on a machine tool from 

which machine equivalent joint compliances are estimated. A matrix formulation of the kinematic 

and compliance model of the serial mechanism is used to generate a numerical Jacobian of the change 

in the loaded double ball bar (LDBB) length as a function of the machine joint compliances and the 

applied forces. Simulations and close inspection of the numerical Jacobian matrix suggest the 

presence of significant confounding between compliances of the X- and Y-axis. This is partly due to 

the nature of the test which does not allow, for example, to differentiate between the effect of on-axis 

compliance at the X-axis, 𝐶XXX, and lateral compliance at the Y-axis, 𝐶XXY. A similar confounding 

occurs between the on-axis compliance of the Y-axis 𝐶YYY and the lateral compliance of the X-axis 

𝐶YYX. The loaded telescopic double ball-bar test was conducted at seven force levels of 36, 112, 238, 

364, 490, 616, and 742 N. When using all available data, the dominant estimated global compliance 
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terms were 𝐶XXX and 𝐶YYY at 7.61E-05 and 6.05E-05 mm/N. These dominant compliances gradually 

increase with the load by approximately 5% over the tested load range which was unexpected. 𝐶XYX 

also increased Others decreased such as 𝐶CXY and 𝐶CYY. The compliance term 𝐶CCY  results in a four-

lobed trace, as demonstrated by simulations, which has not been associated with unloaded ball bar 

circular tests. Its estimated value is always negative which is physically unexpected. However, its 

contribution to the deflection is estimated at one-thousandth that of the main compliance term and 

about one-third of the resolution of the LDBB position readout so its value is too small to be relied 

upon for the tested machine. 

 This indirect method of measuring the volumetric effect of many contributors are attractive by their 

simplicity and automation potential, especially for use as a regular checkup of a machine in an 

industrial setting. It also allows, given sufficiently rich tests to be determined, to separate the 

contribution compliance to guide repairs. The same model could then also be used to predict 

deflection under different conditions such as when machining. Nevertheless, the direct methods are 

often measuring individual compliance and the simplicity of the data does not allow to distinguish 

between compliance contributors within the machine. 
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5.1. Abstract 

A loaded double ball bar applies a radial force between the work table and the tool holder of a machine 

tool while measuring the radial deviations during a two-axis circular path on a machine tool. The 

machine compliance and geometric errors, as well as the test setup eccentricity, simultaneously 

contribute to the readings. An elasto-geometric model uses the principle of superposition to separate 

the effects of joint compliance and geometric errors. The model parameters are estimated from tests 

at different force levels, by distinguishing between errors that change with the applied force 

(compliance effect) from those that do not (geometric effects). At lower forces, the geometric errors 

are dominant whilst at higher forces compliance-induced errors dominate. When using all data to 

build a single geometry and compliance set of parameters the maximum effect of compliance reaches 

0.046 mm, which is three times as much as the geometric effects. By feeding the elasto-geometric 

model with pairs of adjacent force data the evolution of estimated equivalent compliance parameters 

and geometric errors with changes in the applied force are observed. Although theoretically 

unexpected, the estimated geometry also changes across the force range. The change in estimated 

geometry predicts radial effect changes of at most 0.0085 mm, which is nearly 50% of the global 

geometric effect. As the force increases the majority of equivalent compliance terms increase such as 

the dominant equivalent compliances 𝐶XXX and 𝐶YYY as well as the less significant compliances 𝐶XYX 

and 𝐶CCY. As for 𝐶CXY and 𝐶CYY no clear trend was observed. Given this observed dependence of the 

compliance on the force level, the compliance was further modeled as a linear function of the applied 

force. The root mean square error (RMSE) value for predicting the radial readings for all force levels 

for the constant and linearly variable compliance models are 0.0011 and 0.0009 mm, respectively, 

representing an 18% improvement for the linear compliance model. Both the constant and linearly 
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variable compliance models exhibit over 91 % fit to the experimental data with just over 1 % 

improvement for the linear compliance model. 

Keywords: Elasto-geometric model, joint compliance, geometric error, machine tool, numerical 

simulation.  

5.2. Introduction 

Compliance in a machine tool results in changes in the location of its tool with respect to the 

workpiece in the presence of cutting forces and inertial and gravitational loads. A model for machine 

tool equivalent joint compliance is introduced in [1]. Indirect estimation of joint compliance is carried 

out via the loaded circular test. The relationship between joint and volumetric compliance is 

established. It is shown that on-axis compliances including 𝐶XXX and  𝐶YYY were dominant and their 

values slightly increased with the applied force. In this model, the effect of geometric errors was 

removed by subtracting the lowest force data assuming it only contained the effect of geometric 

errors. 

The tooltip stiffness chain was examined experimentally and with both analytical and finite element 

models [2]. The cutting force and the tool deflection were measured with a dynamometer and 

inductive proximity sensors, respectively. The tool deflection was found to contribute as much as the 

rest of the system. Tests were conducted one direction at a time with a single axis being moved very 

slowly to gradually increase the deflection. Results were represented that the stiffness of shorter and 

thicker tools, as well as slender and flexible tools, were about 5-7 and 15 times less than that of the 

machine and tool holder system, respectively. 

The equivalent stiffness method models the joint deviation contribution to the total volumetric 

deviation under load [3] from measurements of the force versus deviation functions at the interface 

between the tool and workpiece. The translational compliances at the joints are modeled by a number 

of suitably oriented linear springs. 

Static stiffness modeling of the machining space is introduced in [4]. The parametric model includes 

the six-directional static stiffness obtained by the combination of both load and deformation transfer 

matrices. The loading and deformation of each part of the machine are analyzed separately. To 

identify the static stiffness, an experimental setup is used including a loading device (hydraulic 

cylinder) to apply force in the X-, Y- and Z-direction and a displacement sensor to measure the 
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deflection in the same direction. The error between the introduced model and measured stiffness was 

7.6%. 

The total stiffness of the machine is modeled using simple springs located at the bearing supports 

between the carriages and guideways [5]. Multi-body system theory is used to explain the topological 

structure of the machine. The deflection model represents the connection between the deformation of 

the components and the relative deformation of the tool and workpiece. To determine the stiffness 

value, each component was modeled as a spring with different degrees of freedom to deliver the 

resultant displacement in the direction of the force. The experimental data is gathered by applying a 

force to the machine spindle in either the X-, Y- or Z-direction and measuring the resulting deflection 

using an Eddy current proximity sensor. The difference between the estimated and given stiffness 

values at the tooltip was 8.8%, 9.6%, and 8.4% in the X-, Y- and Z-direction respectively. 

To analyze the structural characteristics of an ultra-precision four-axis machine, the joint stiffness of 

both hydrostatic guideways of linear axes and hydrostatic bearings of the rotary C-axis were studied 

using a virtual prototype and experimental data [6]. The compliance of the individual axes and the 

stiffness of the overall machine loop were experimentally determined using a load cell and 

displacements measured by a laser interferometer. The virtual prototype was modeled in ANSYS 

software using solid elements as well as identifiable stiffness matrices for the four joints, which were 

identified to match the experimental joint compliances. The designed, predicted, and measured 

stiffness of the X- and Y-axis were 5.71, 4.68, and 4.98 (N/μm), and 9.86, 12.70, and 13.24 (N/μm), 

respectively. The predicted loop stiffness of the virtual prototype machine in the X-, Y- and Z-axis 

directions were 94%, 96%, and 93% of those experimentally measured. 

In [7] the direction dependency of the tool to workpiece compliance of a machine tool was examined. 

A piezoelectric actuator excites the tool while the force and displacement are measured by a three-

axis force sensor and three-axis accelerometer signals, respectively. The compliance in the X and Y 

(horizontal) directions was larger than that in the Z (vertical) direction. The highest compliance value 

in the X direction was two times larger than those in the Y and Z directions. 

A device named Stiffness Workspace System (SWS) was introduced in [8]. It applies a force with a 

controlled value and direction and measures the resultant translational and rotational displacement 

using twelve inductive sensors. The machine is stationary. It was concluded that the stiffness varies 

both with the applied force direction and the location in the workspace. 
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An elastically Linked system (ELS) was introduced and the physical implementation was designed 

as a Loaded Double Ball Bar (LDBB) [9]. The LDBB measures the radial volumetric displacement 

during a circular test trajectory [10] while applying a constant radial force between the balls at the 

tool holder and workpiece table. The measurements provide the volumetric compliance i.e., the 

compliance in the working volume. It allows to test the machine in motion and combine the movement 

of two mechanical axes at various feed rates thus approaching more realistic conditions of use. A low 

force test is used as a reference and those readings are subtracted from data at higher force levels to 

remove contamination from no-load effects. Using data from an LDBB test, the accuracy of a 

machined part was predicted from the analysis of machining system capability [11]. In this approach, 

the volumetric deviations measured by an LDBB circular test are used to estimate a multi-body 

compliance model that can predict compliance for an arbitrary tool path. An FE model determines 

the tool and workpiece contributions to the total deviation. This method predicted the machined 

workpiece geometry with about 17% error.  

The unloaded telescopic ball bar was invented to measure the two- or three-dimensional accuracy of 

machine tools, as a fast and accurate method [12]. In [13] the characteristic patterns of ball bar traces 

for 2D circular tests in the XY, YZ, and XZ planes of a three linear axis machine tool due to a variety 

of machine error sources such as out-of-squareness and out-of-straightness were presented.  

An elasto-geometrical calibration method for geometric errors and compliance parameters of a six-

DOF serial robot was introduced [14]. The load was applied using weights at the end effector and the 

effect on the positioning was measured using a laser tracker. The torsional compliances, self-gravity, 

and weight center of gravity were estimated. The geometric errors included such as joint-dependent 

and joint-independent errors including link, link offset and link twist errors. 

When conducting a loaded test that involves a significant motion of one or more axes, geometric 

errors may also, together with compliance, produce instrument readings. This is the case when 

conducting a two-linear axis circular test using a loaded double ball bar. This paper proposes to 

simultaneously estimate joint compliances and geometric error using an elasto-geometric model and 

the associated mathematical parameter separation in order to attribute the observations to geometric 

errors and joint compliances, which should facilitate machine monitoring and fault diagnostics. It also 

provides a means to analyze the relative contribution of geometric errors and compliance at different 

load levels.   
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5.3.Machine geometric and volumetric model 

A geometrically perfect, thermally insensitive, and rigid machine tool locates its tool and workpiece 

to the desired relative location. However, manufacturing and assembly errors, wear and tear, 

collisions, thermal expansion, and the presence of forces and compliance are a few factors that cause 

the tool to deviate in location relative to the workpiece. A machine tool kinematics can be modeled 

using a series of links and joints [15]. Machine deviations can be quantified as small errors in 

translations and rotations occurring at the attachment of each link between axis joints as axis 

alignment errors (or inter-axis errors) and each joint frame as error motion (intra-axis errors). These 

errors then propagate through the branches to the workpiece and tool. The difference between the 

actual and the nominal positions of the tool relative to the workpiece defines the volumetric error. A 

schematic of the kinematic model of the tested machine is illustrated in Figure 5.1. As shown in 

Figure 5.1 the LDBB circular test only involves the X- and Y-axis and since both are in the tool 

branch, the kinematic model of the deviated position of the tool with respect to the foundation frame 

can be written as 

P
t′

{F},F
= T T 

Y0
′

Y0 T Y
Y0

′

Y0

F T Y′
Y T T 

X0
′

X0 T X
X0

′

X0

Y′
T X′

X T T [0 0 0 1]T
t′
t  t

X′
 (5.1) 

in which 𝑇𝑗
𝑖  is the homogeneous transformation matrix (HTM) from frame i to frame j. T Y0

F  is the 

nominal location of the Y-axis and it is identity as the foundation frame and the Y-axis carriage frame 

at y=0 cannot be distinguished from each other, since the Y-axis is the primary reference then  T 
Y0

′
Y0    

is also identity, T Y
Y0

′

 is the nominal motion of the Y-axis, T Y′
Y  is error motion of the Y-axis, TX0

Y′
 is 

identity as the X-axis is nominally aligned with the i-axis of frame Y’ and the X-axis location error, 

here an out-of-squareness error, will be modeled as a linear straightness error, then T 
X0

′
X0  is identity, 

T X
X0

′

 is the nominal motion of the X-axis, T X′
X  is the error motion of the X-axis and T t

X′  is identity as 

the nominal tool ball is assumed to be nominally at the moving carriage frame origin. T t′
t  is the setup 

error on the tool ball. The LDBB test is conducted within a single XY plane and since the LDBB test  
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Figure 5.1. Schematic of the nominal model for the LDBB test and its circular path through the XY 

plane along with the machine with the topology of wCAFYXZSt where S stands for the spindle 

axis. Only the X- and Y-axis, shown in blue, are active during the LDBB circular test. Compliance 

and geometric parameters are shown in magenta and green color, respectively. 

 

does not provide readings out of the XY plane, only the error terms that can affect the ball bar readings 

are retained. The matrices of the model are as follows: 

T = (

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

)Y0

F  

(5.2) 

T 
Y0

′
Y0 = (

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

) 

(5.3) 
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T Y
Y0

′

= (

1 0 0 0
0 1 0 y
0 0 1 0
0 0 0 1

) 

(5.4) 

TY′
Y =

(

 
 

𝐸XY

[𝑅(�̂�Y, 𝐸C(OY)X)]
3×3

𝐸YY

0
01×3 1 )

 
 

 

(5.5) 

T = (

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

) X0

Y′
 

(5.6) 

T = (

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

)
X0

′
X0  

(5.7) 

T X
X0

′

= (

1 0 0 x
0 1 0 0
0 0 1 0
0 0 0 1

) 

(5.8) 

TX′
X = (

1 0 0 𝐸XX

0 1 0 𝐸YX

0 0 1 0
0 0 0 1

) 

(5.9) 

T = (

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

)t
X′

 

(5.10) 

T = t′
t (

1 0 0 𝐸Xt

0 1 0 𝐸Yt

0 0 1 0
0 0 0 1

) 

(5.11) 

where for instance 𝑅(�̂�Y, 𝐸C(OY)X) depicts a rotation by an angle 𝐸C(OY)X around the Z-axis of the Y-

axis reference frame and  𝐸XY and 𝐸YY are linear positioning error of the Y-axis and straightness error 

motion of the X-axis in the y-direction. Additionally, 𝐸XX, 𝐸YX, 𝐸Xt and 𝐸Yt are linear positioning 

error of the X-axis, straightness error motion of the X-axis in the y-direction, tool offset in the x-

direction, and tool offset in the y-direction, respectively.  

In the workpiece branch, the deviation of the actual position of the workpiece ball with respect to the 

foundation frame is: 
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P
w′

{F},F
= T T [0 0 0 1]T

w′
w

w
F  (5.12) 

However, since there is no physical means of distinguishing between the foundation frame and the 

actual workpiece ball position all HTMs in Eq.(5.12) are replaced by the identity matrix as only one 

setup is used and the workpiece ball is used as the foundation frame origin.  

The LDBB readings, 𝜌, are computed by the subtraction of the nominal trajectory radius, R, from the 

actual cartesian distance between the actual positions of the tool and workpiece balls as follows: 

𝜌 = R′ − R  (5.13) 

where the actual cartesian distance is: 

R′ = ‖ Pt
{F},F

− Pw
{F},F

‖ (5.14) 

While the above model is theoretically exact for any size of deviations, a simplified linearized model 

can be produced assuming that deviations are small. This model can easily be solved to estimate the 

causal deviations indirectly from measurements of the volumetric errors. A geometric Jacobian 

matrix, 𝐽, propagates the causal geometric errors, 𝐸G, which include the geometric errors occurring at 

the joints and the setup errors, to the volumetric cartesian errors, 𝐸V, as follows [16]  

𝐸V = 𝐽 𝐸G (5.15) 

where 

𝐽 = [
𝑥 0 𝑦2 0 0 1 0

0 𝑥2 0 𝑦 𝑥 0 1
0 0 0 0 1 0 0

] (5.16) 

where x and y are the joint coordinates for axis X and Y respectively. Each column of the Jacobian 

matrix are related to the following geometric errors and setup errors composing 𝐸G =

[ 𝐸XX1, 𝐸YX2, 𝐸XY2, 𝐸YY1, 𝐸C(0Y)X, 𝐸Xt0, 𝐸Yt0] 
𝑇. 

Eq.(5.15) can be contextualized to the telescopic loaded double ball bar reading by projecting the 

translational volumetric error vector along the sensitive direction of the ball bar at position i 

𝜌G,𝑖 = 𝐽G,𝑖 𝐸G (5.17) 

where 
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𝐽G,𝑖 = [cos𝜃𝑖   sin𝜃𝑖   0] 𝐽    (5.18) 

with θi being the angle that the ball-bar sensitive direction makes with the X-axis.  

Multiple measurements around the circular trajectory are concatenated vertically to yield a single 

linear system relating all ball bar readings to the causal geometric errors occurring at the joint and the 

setup errors of the balls of the ball-bar 

𝜌G = 𝐽G 𝐸G (5.19) 

5.4. Compliance model 

The compliance model calculates the deflection occurring at the tool relative to the workpiece due to 

a wrench applied between the tool and the workpiece in the presence of compliance (inverse of 

stiffness) at the joints. It requires calculating the reaction wrench at the joints, the resulting deflection 

at the joint, and propagating these deflections down the kinematic chains to the tool in the tool branch 

and the workpiece in the workpiece branch using the geometric Jacobian. For each measurement 

i=1,m of the LDBB a wrench 𝑊𝑖 is applied resulting in a change in the LDBB length 𝜌𝐶,𝑖 as follows:  

𝜌𝐶,𝑖 = �̂�T
𝑖  𝐽𝑖  𝐶joint  𝐽

T
𝑖  𝑊𝑖         𝑖 = 1,m  (5.20) 

where, 

�̂�𝑖 = [
cos 𝜃𝑖

sin 𝜃𝑖

0

]                    𝑖 = 1,m  (5.21) 

is the unit vector of the sensitive direction of the LDBB and  

𝐽𝑖 = [
1 0 −𝑡y
0 1 𝑡x
0 0 1

1 0 −𝑡y
0 1 𝑥𝑖 + 𝑡x
0 0 1

]               𝑖 = 1,m  (5.22) 

where 𝑡x and  𝑡y are coordinates of the tool in the last tool branch frame, i.e. the X-axis frame and 

𝑊𝑖 = [

𝐹X𝑖

𝐹Y𝑖

𝜏Z𝑖

]                      𝑖 = 1,m (5.23) 

is the general wrench, for the 2D case, consisting of two forces in the X- and Y-direction and torque 

around the Z-axis. The complete two axes compliance matrix is 
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𝐶joint6×6
=

[
 
 
 
 
 
𝐶XXX 𝐶XYX 𝐶XCX 0 0 0
𝐶YXX 𝐶YYX 𝐶YCX 0 0 0
𝐶CXX 𝐶CYX 𝐶CCX 0 0 0

0 0 0 𝐶XXY 𝐶XYY 𝐶XCY

0 0 0 𝐶YXY 𝐶YYY 𝐶YCY

0 0 0 𝐶CXY 𝐶CYY 𝐶CCY]
 
 
 
 
 

. (5.24) 

 where for example 𝐶CXY  represents compliance causing a rotation around z (represented by C) due 

to a force in x, both occurring at joint Y. Each compliance term has three subscripts. The first subscript 

is the translation or rotation direction, the second subscript is the applied force direction, and the third 

subscript is the relevant joint or axis, respectively. 

Since the LDBB test is conducted within a single XY plane and it does not provide readings out of 

the XY plane, only the compliance error terms of the X- and Y-axis that can affect the ball bar 

readings are considered in the model. However, there could be a contribution of compliances 

originating from other components and non-modeled, but stationary, axes of the machine such as the 

Z-, A-, and C-axis. Hence, the estimated compliances will be considered as equivalent compliances. 

 

5.4.1. Linearized wrench Jacobian 

The authors did not find a closed-form solution for the compliance matrix from experimental 

measurements of the applied wrench and resulting LDBB length changes. Instead, Eq.(5.20) was used 

to generate a wrench Jacobian 𝐽W through numerical derivatives that multiplies the 18 compliances 

to produce the LDBB length change as follows: 

𝜌C m×1
= 𝐽Wm×18

𝐶18×1 (5.25) 

where the 𝐽W is 

𝐽W𝑖,𝑗
=

𝜕𝜌𝑖

∂C𝑗
   𝑖 = 1,m and 𝑗 = 1, 18 (5.26) 

5.5. Elasto-geometric model 

The elasto-geometric model uses the principle of superposition to combine the effects of geometric 

errors and compliance deflection on the position of the tool relative to the workpiece. Intuitively, the 

geometric errors will cause a certain change in the length of the loaded ball bar even if no load is 

applied. Then, by applying the load the compliance within the system will result in an additional 

change in the ball bar length. The no-load geometric effects and the load-related compliance effects 
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are assumed to act independently. This is also a consequence of the load applied by the LDBB not 

being dependent on its length as it is applied using air pressure within a cylinder. As a result, the 

geometric effect does not cause a change in load and so the elasto-geometric model becomes  

𝜌H = 𝜌C + 𝜌G (5.27) 

where 𝜌G, 𝜌C and 𝜌H are the ball-bar length change due to the geometric errors, the compliance 

deflection, and both (the letter H was chosen for hybrid compliance and geometric error model), 

respectively. Using data at a single force level is not likely to allow us to distinguish between the 

geometric and compliance error sources. Let us consider two force levels for the system of equations 

to separate parameters with an effect that is constant across force levels, i.e. geometric errors, from 

parameters that have an effect proportional to the applied force, i.e the compliances. For example, 

using two force levels and Eq.(5.25) for each level yields Eq.(5.28) and Eq.(5.29) 

𝜌C,1,𝑖 = 𝐽 F,1,𝑖 𝐶 (5.28) 

𝜌C,2,𝑗 = 𝐽 F,2,𝑗 𝐶 (5.29) 

which are then substituted in the combined equation 

𝜌H,1,𝑖 = 𝜌C,1,𝑖 + 𝜌G,𝑖 (5.30) 

𝜌H,2,𝑗 = 𝜌C,2,𝑗 + 𝜌G,𝑗 (5.31) 

By substituting Eq.(5.17), Eq.(5.28), and Eq.(5.29) in Eq.(5.30) and Eq.(5.31),  

𝜌H,1,𝑖 = 𝐽F,1,𝑖𝐶 + 𝐽G,𝑖 𝐸G (5.32) 

𝜌H,2,𝑗 = 𝐽F,2,𝑗𝐶 + 𝐽G,𝑗  𝐸G 
(5.33) 

which can be written in a matrix form, 

[
𝜌H,1,𝑖

𝜌H,2,𝑗
] = [

𝐽F1,𝑖 𝐽G,𝑖

𝐽F2,𝑗 𝐽G,𝑗
] [

𝐶
𝐸G

] (5.34) 

For i=1, m1, and j=1 to m2, there are m=m1+m2 measurements in total so Eq.(5.34) can be re-written 

[

𝜌H,1

⋮
𝜌H,m

]

𝑚×1

= [

𝐽F,1 𝐽G,1

⋮ ⋮
𝐽F,m 𝐽G,m

]

𝑚×13

[
𝐶
𝐸G

]
13×1

 (5.35) 

Eq.(5.35) can be summarized as follow: 
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 𝜌H𝑚×1
= 𝐽H𝑚×13

𝑃H13×1
 (5.36) 

where,  𝜌H is the summation of the compliance and geometric LDBB length change readings. 𝐽H is 

the elasto-geometric Jacobian which is constituted by the combination of the wrench Jacobian and 

geometric Jacobian. Finally, 𝑃H is the combined parameters set which are composed of compliance 

and geometric parameters. To estimate the elasto-geometric parameters, Eq.(5.36) is solved using the 

elasto-geometric Jacobian pseudoinverse as follows: 

𝑃H,est13×1
= 𝐽+

H13×𝑚
 𝜌H𝑚×1

 (5.37) 

Figure 5.2 shows a 3D rendering of the tested 5-axis CNC machine with the topology wCAFYXZSt.  

 

Figure 5.2. 3D rendering of the target 5-axis machine tool (wCAFYXZSt) with the LDBB mounted. 

5.6. Simulation 

Figure 5.3 shows the data flow for the simulation of the elasto-geometric model. The joint 

compliances are simulated at reasonable values from the literature review. The simulated LDBB 
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readings due to the compliance calculated with Eq.(5.20) and the simulated geometric contributions 

to the readings calculated with Eq.(5.13) geometric are summed up using Eq.(5.30) and Eq.(5.31) to 

generate the combined readings. In the estimation process, Eq.(5.37) yields the estimated combined 

parameters (compliance and geometric parameters) which are then compared with the simulated 

values. They are also used back in Eq.(5.20) and Eq.(5.13) to predict the LDBB combined readings 

which are compared with the initially simulated readings. 

 

W: simulated wrench at the tool 

F:  loaded double ball bar force 

R: nominal trajectory radius 

𝑹′: Cartesian distance 

𝜽: loaded double ball bar rotation angle 

𝑪𝐣𝐨𝐢𝐧𝐭,𝐬𝐢𝐦: simulated compliance for each axis 

𝑪𝐣𝐨𝐢𝐧𝐭,𝐞𝐬𝐭: estimated compliance for each axis 

𝑬𝐆,𝐬𝐢𝐦: simulated geometric parameters for each axis 

𝑬𝐆,𝐞𝐬𝐭: estimated geometric parameters for each axis 

𝝆𝐆,𝐬𝐢𝐦: simulated geometric loaded double ball bar reading  

𝝆𝐂,𝐬𝐢𝐦: simulated compliance loaded double ball bar reading  
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𝝆𝐇,𝐬𝐢𝐦: elasto-geometric (combined) simulated loaded double ball bar reading 

𝝆𝐇, 𝐩𝐫𝐞𝐝: elasto-geometric (combined) predicted loaded double ball bar reading 

𝑱𝐇: elasto-geometric (combined) Jacobian matrices 

𝝆𝐂,𝐩𝐫𝐞𝐝: predicted compliance loaded double ball bar reading  

𝝆𝐆,𝐩𝐫𝐞𝐝: predicted geometric loaded double ball bar reading  

𝒆𝐆: geometric parameters error 

𝒆𝐂: compliance error 

𝒆𝐏: loaded double ball bar reading error 

 

Figure 5.3. Data flow for the simulation of the elasto-geometric Model. 

5.6.1. Simulation results and discussion 

Since only the X- and Y-axis of the wCAFYXZSt machine, illustrated in Figure 5.2,  are engaged in 

the 2D circular test only compliance and geometric errors in the XY plane and rotations around the 

Z-axis are considered. As a result, the model may use those modeled axes to explain effects, which 

may in reality originate from non-modeled axes of the real machine. The following relevant geometric 

errors for the 2D test as shown in Figure 5.1, are simulated: 𝐸XX1, 𝐸YX2, 𝐸XY2, 𝐸YY1, 𝐸C(0Y)X, 𝐸Xt0 and 

𝐸Yt0. They are described in Table 5.1. 

The linearized wrench Jacobian matrix in Eq.(5.26) has 18 columns, which represent each compliance 

term. The condition number and rank of the wrench Jacobian matrix are 1.7e+34 and six, respectively. 

The rank of the matrix shows that there are only six independent columns out of 18. Twelve 

compliances must be removed from the estimation process. If the numerical Jacobian matrix has 

identical or linearly related columns, one of the compliances associated with this set is kept and the 

others are removed. Table 5.2 lists such compliance sets of confounded compliances. Compliances 

associated with null columns are also removed. The retained compliances as shown in Figure 5.1, are 

𝐶XXX, 𝐶XYX, 𝐶YYY, 𝐶CXY, 𝐶CYY and 𝐶CCY which are in bold in Table 5.2. However, other compliances 

from each confounded set could have been selected. The reduced Jacobian condition number 

decreases to 9742 while the rank remains at six. The detailed descriptions of the kept compliance and 

geometric parameters are presented in Table 5.1. 
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Table 5.1. A detailed description of relevant compliance and geometric errors. 

Error description Symbol 
Compliance causing a translation in x for a force in x at joint X 𝐶XXX 
Compliance causing a translation in x for a force in y at joint X 𝐶XYX 
Compliance causing a translation in y for a force in y at joint Y 𝐶YYY 
Compliance causing a rotation around z (C) for a force in x at joint Y 𝐶CXY 
Compliance causing a rotation around z (C) for a force in y at joint Y 𝐶CYY 
Compliance causing a rotation around z (C) for a moment of the force around z (C) at joint Y 𝐶CCY 

Linear positioning error gain of the X-axis 𝐸XX1 

Quadratic straightness error motion of the X-axis in the Y-direction 𝐸YX2 

Quadratic straightness error motion of the Y-axis in the X-direction 𝐸XY2 

Linear positioning error gain of the Y-axis 𝐸YY1 

Out-of-squareness of the X-axis relative to the Y-axis 𝐸C(0Y)X 

Tool offset in the X-direction 𝐸Xt0 

Tool offset in the Y-direction 𝐸Yt0 

Compliances and geometric errors are individually simulated to detect similarities in the response of 

the LDBB. Parameters producing similar responses cannot be separated mathematically. Table 5.2 

and Table 5.3 presents the LDBB response patterns generated by each simulated compliance and 

geometric term, respectively. These simulations were used to guide the variables’ pruning selection.  
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Table 5.2. LDBB response patterns generated by each compliance term (one unit of the radial scale 

represents 15.0 µm). 

 

List of compliances and their corresponding LDBB patterns (kept compliances are in bold) 

𝑪𝑿𝑿𝑿 , 𝐶𝑋𝑋𝑌  𝐶𝑋𝐶𝑌 , 𝑪𝑪𝑿𝒀 

  

𝑪𝑿𝒀𝑿, 𝐶𝑌𝑋𝑋 , 𝐶𝑋𝑌𝑌  , 𝐶𝑌𝑋𝑌  𝐶𝑌𝐶𝑌 , 𝑪𝑪𝒀𝒀 

  

𝐶𝑌𝑌𝑋 , 𝑪𝒀𝒀𝒀 𝑪𝑪𝑪𝒀 
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Table 5.3. LDBB response patterns generated by each geometric parameter (one unit of the radial 

scale represents 15.0 µm). 

 

Some simulations are also conducted to show that although some geometric and compliance 

parameters produce similar patterns the size of the compliance pattern varies with the applied force 

thus allowing its separation from the geometric effect. For this simulation 𝐸XX1 and 𝐶XXX are set to 

1.1200 E-04 and 1.1000 E-04, respectively, and seven force values are simulated i.e., 36,112, 238, 

364, 490, 616, and 742 N. The LDBB readings are shown in Figure 5.4. At a force of 0 N, the 

compliance does not contribute to the LDBB readings and so only the geometric error produces the 

response. As shown in Figure 5.4, for non-zero forces from 36 to 742 N the readings gradually 

increase. Both 𝐶XXX and 𝐸XX1 cause an ovalisation of the response along the X-axis but the size of the 

oval effect due to the compliance parameters changes with the applied force whereas the geometric 

effect, as modeled, does not. 

List of geometric parameters each producing the pattern shown 

𝑬𝑿𝑿𝟏  𝑬𝒀𝑿𝟐 𝑬𝑿𝒀𝟐 𝑬𝒀𝒀𝟏 

  
  

𝑬𝐂(𝟎𝐘)𝐗 𝑬𝑿𝒕𝟎 𝑬𝒀𝒕𝟎 - 
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Figure 5.4. The LDBB’s simulated as well as integrated compliance and geometric readings with a 

given value of  𝐶XXX and 𝐸XX1 for seven different force levels (36,112, 238, 364, 490, 616 and 742 

N). 
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Table 5.4. Simulated and estimated compliance values and geometric errors. 

Error Simulated Estimated Difference % Difference 

𝑬𝐗𝐗𝟏 1.1200E-04 1.1200E-04 0.0000 0.0000 

𝑬𝐘𝐗𝟐 1.2300E-07 1.2295E-07 5E-11 0.0406 

𝑬𝐗𝐘𝟐 -2.1300E-06 -2.1305E-06 5E-10 -0.0234 

𝑬𝐘𝐘𝟏 -2.2000E-04 -2.2195E-04 -1.95E-06 0.8863 

𝑬𝐂(𝟎𝐘)𝐗 2.6100E-05 2.6097E-05 -3E-09 -0.0114 

𝑬𝐗𝐭𝟎 6.1100E-04 6.1179E-04 7.9E-07 0.1292 

𝑬𝐘𝐭𝟎 6.2200E-04 6.2196E-04 -4E-08 -0.0064 

𝑪𝐗𝐗𝐗 1.1000E-04 1.1000E-04 0.0000 0.0000 

𝑪𝐗𝐘𝐗 1.2000E-04 1.2000E-04 0.0000 0.0000 

𝑪𝐘𝐘𝐘 5.5000E-04 5.5000E-04 0.0000 0.0000 

𝑪𝐂𝐗𝐘 6.4000E-06 6.4000E-06 0.0000 0.0000 

𝑪𝐂𝐘𝐘 6.5000E-06 6.5000E-06 0.0000 0.0000 

𝑪𝐂𝐂𝐘 6.6000E-08 6.5999E-08 -1E-12 -0.0015 

 

Figure 5.5 shows the simulated and predicted LDBB readings for the simulated and estimated model 

parameter values in Table 5.4. Simulated and estimated values are close to each other. As shown in 

Figure 5.5, the simulated and predicted readings are similar.  
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Figure 5.5. Simulated and predicted LDBB readings for values listed in Table 5.4 for eight different 

force levels (0, 36,112, 238, 364, 490, 616, and 742 N). 𝜌G sim, 𝜌C sim, 𝜌Comb sim, 𝜌G pred, 𝜌C pred 

and 𝜌Comb pred is the simulated geometric, compliance, combined and predicted geometric, 

compliance, and combined readings respectively. 

5.7. Experimental Results and discussion 

Figure 5.6 shows the loaded double ball bar test setup. The test is conducted on a machine tool with 

the configuration wCAFYXZt. The LDBB has a length of 150 mm, and the test feed rate is 2000 

mm/min. The circular trajectory is in the XY plane with starting and ending angles of 0°and 360°, 

respectively. Radial displacement readings are measured for seven tests at forces of 36, 112, 238, 

364, 490, 616, and 742N corresponding to pressure levels of 0.4, 1, 2, 3, 4, 5, and 6 bars internally 

applied to the LDBB, respectively. The radial displacement readout has a 0.00024 mm resolution. 

The raw data which was captured by the LDBB and readings were compensated for the setup 

deflection by using (5.38) 

𝛿 = 𝑃 × 2.33 × 𝑐𝑜𝑠2𝜃 (5.38) 

where 𝛿 (µm), 𝑃 (bar), and 𝜃 (degree) are the deflection at the workpiece ball, the air pressure, and 

the angle of the LDBB with the horizontal plane, respectively. The LDBB is perpendicular to the 

horizontal plane, therefore 𝜃 = 0 degree.  
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Both the tool and the workpiece balls have a radii of 30 mm. According to ISO 3290-1:2014 [17], 

spheres of that radius can be reasonably well produced up to grade G20, i.e., with a tolerance in 

diameter of ± 11.5 µm; alternatively, the American Bearing Manufacturers Association standard 

defines tolerances of ±12.5 µm for a corresponding grade G25 sphere. The LDBB measurement 

instrument features steel spheres for general industrial use. Thus, it must be assumed that each 

measurement contains an error component that is attributable to the imperfect shape of the sphere. It 

is possible to manufacture spheres according to much tighter roundness tolerance, e.g., the IBS 

Spindle Error Analyzer® features spheres with a roundness of less than ± 25nm [18]. The use of such 

spheres can reduce the complexity of understanding the measurement data as well as the time required 

to perform a measurement. Alternatively, one needs to employ error separation methods such as 

the Ball Reversal Method to quantify the contribution of the sphericity on the measurand [19]. For 

the work described in this manuscript, the form error of the spheres has not been compensated for. 

Based on the CMM measurement of these spheres, their form errors may contribute at most 30 µm. 

This means, that the model inaccurately re-attributes this error to the described kinematic machine 

tool errors. Nevertheless, this does not affect the modeling approach, as the measurement data, in 

general, should be compensated for this error before the model parameter estimation. 

. 
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Figure 5.6. Loaded double ball bar test setup. The direction of the test is clockwise. The work ball is 

fixed, and the tool ball is moving. The test is conducted in the XY plane. 

5.7.1. Global (overall) compliance and geometric parameters 

Using the results from all force levels at once in Eq.(5.37) yields global estimates for the compliance 

and geometric parameters. The estimated compliance and geometric parameters values are listed in 

Table 5.5 and Table 5.6, respectively. 
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Table 5.5. Estimated global compliance value ( mm
N⁄  )  of X- and Y-axis using all force data at 

once. 

𝐶𝐗Estimated
 and 𝐶𝐘Estimated

 

Wrench 

T
w

is
t 

 𝐹XX 𝐹YX 𝑀CX 𝐹XY 𝐹YY 𝑀CY 

𝛿XX 6.19E-05 7.98E-07 0 0 0 0 

𝛿YX 0 0 0 0 0 0 

𝛿CX 0 0 0 0 0 0 

𝛿XY 0 0 0 0 0 0 

𝛿YY 0 0 0 0 4.61E-05 0 

𝛿CY 0 0 0 -2.69E-08 -1.66E-08 -1.10E-09 

 

Table 5.6. Estimated global geometry value (rad,mm, or mm/m) of X- and Y-axis using all 

pressure data at once. 

𝐸XX1 𝐸YX2 𝐸XY2 𝐸YY1 𝐸C(0Y)X 𝐸Xt0 𝐸Yt0 

-0.00013 4.34E-07 -7.26E-07 -9.86E-05 1.15E-06 0.003891 -0.00062 

 

Figure 5.7 shows the experimental and model prediction of the loaded telescopic double ball-bar from 

36 to 742 N force levels. The estimation is conducted without the 112 N dataset, which will be studied 

in the next section as it exhibits a non-linear behavior. As expected, the loaded telescopic double ball-

bar readings increase with the applied force. Also, although the shape of the trace predicted generally 

follows the contour of the measurements there is a cyclical difference between them.  
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Figure 5.7. Experimental and predicted global loaded double ball bar readings for X and Y-axis 

simultaneously with seven different levels of applied force. ρ_exp and ρ_pred are the experimental 

and predicted readings of a loaded double ball bar. 

The model allows studying the relative contribution of the geometric and compliance parameters to 

the response. Figure 5.8 shows the predicted readings in the absence of set-up errors (𝐸Xt0 and 𝐸Yt0) 

for (a) all compliance and geometric parameters, (b) the compliance parameters only, and (c) the 

geometric parameters only. Since the geometry of the machine is modeled as invariant with a load, 

all the predicted loaded geometric readings are identical. In Figure 5.8 (b) the maximum and 

minimum predicted radial LDBB readings attributed to the compliance are 0.046 and 0 mm, 

respectively, which results in a 0.046 mm radial variation. In Figure 5.8 (c) the maximum and 

minimum predicted radial LDBB readings due to the estimated geometric errors are -0.007 mm and 

-0.026 mm, respectively, which results in a 0.019 mm departure from the nominal circular trajectory. 

The radial variation due to compliance effects is more than 3 times that of geometric errors. 
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Figure 5.8. Predicted global loaded double ball bar readings for the X and Y-axis simultaneously 

with seven different levels of applied force. (a) Predicted combined readings (ρ_pred). (b) Predicted 

compliance readings (ρ_comp_pred). (c) Predicted geometric readings (ρ_geo_pred). 

Figure 5.9 and Figure 5.10 presents predicted readings of the loaded double ball bar from the 

estimated global compliance and geometric parameters at the highest force (742 N), respectively. In 

Figure 5.9 (a) the dominant equivalent compliance’s (𝐶XXX, 𝐶YYY) impact on the loaded circular test 

readings are predicted to be around 0.045 and 0.034 mm peak-to-peak. In Figure 5.9 (b) the impact 

of non-dominant equivalent compliances (𝐶XYX, 𝐶CXY, 𝐶CYY and 𝐶CCY) are predicted to be around 

0.00058, 0.0022, 0.0014 and 0.0045 mm peak-to-peak. 

In Figure 5.10 (a) the loaded geometric parameters (𝐸XX1, 𝐸YY1) impact on the loaded circular test 

readings is predicted to be around 0.019 and 0.014 mm peak-to-peak. In Figure 5.10 (b) the impact 

of loaded geometric parameters (𝐸YX2, 𝐸XY2, 𝐸C(0Y)X, 𝐸Xt0 and 𝐸Yt0) are predicted to be around 

0.0074, 0.012, 0.00017, 0.0076 and  0.0012 mm peak-to-peak. 
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Figure 5.9. Predicted readings of the loaded double ball bar (radial deviation versus the angle of the 

ball bar with the X-axis during the circular test) from the estimated global compliance parameters at 

the highest force (742 N). (a) 𝐶XXX, 𝐶XYX, 𝐶YYY , 𝐶CXY, 𝐶CYY and 𝐶CCY. (b) 𝐶XYX, 𝐶CXY, 𝐶CYY and 

𝐶CCY. 

 

 

Figure 5.10. Predicted readings of the loaded double ball bar (radial deviation versus the angle of 

the ball bar with the X-axis during the circular test) from the estimated global constant geometric 

parameters at the highest force (742 N). (a) 𝐸XX1, 𝐸YX2, 𝐸XY2, 𝐸YY1, 𝐸C(0Y)X, 𝐸Xt0 and 𝐸Yt0. (b) 

 𝐸YX2, 𝐸XY2, 𝐸C(0Y)X, 𝐸Xt0 and 𝐸Yt0. 
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5.7.2. Local compliance and geometric parameters 

By using only two adjacent force levels: [36 and 112; 112 and 238; 238 and 364; 364 and 490; 490 

and 616; 616 and 742] N a set of local compliance and geometric parameters are estimated. The 

experimental and predicted readings for a particular set of forces are illustrated in Figure 5.11(a). 

From 238 N force, the predicted readings more closely follow the experimental readings. At 112 N 

force, results do not follow the general trend. This set of data significantly affects the estimated 

parameters. 

 

 

                                                           (a) 
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                                                             (b) 

Figure 5.11. Experimental and predicted local loaded telescopic double ball bar readings for X and 

Y-axis simultaneously with seven different levels of applied force. ρ_exp and ρ_pred are the 

experimental and predicted readings of a loaded telescopic double ball bar. (a) Includes the 112 N 

force level results and the predicted traces are obtained using parameters estimated using the 

following two adjacent force levels ([36, 112], [112, 238], etc.).  (b) Without 112 N force level and 

using the following two adjacent force levels ([36, 238], [238, 364], etc.). 

Figure 5.12 shows the predicted local loaded telescopic double ball bar readings calculated using the 

estimated machine parameters, excluding the tool offsets. Three simulations are conducted: (a) 

compliance and geometric parameters; (b) compliance parameters only and (c) geometric parameters 

only. Although theoretically unexpected the estimated geometry changes with force levels. A possible 

explanation is that the compliance model cannot fully explain the change in response and so the 

geometric errors are used to explain those effects. The predicted LDBB reading variation due to 

geometry variation is at most 0.0085 mm over the force range. This compares with 0.019 mm 
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attributed to the global geometry obtained when using all force data at once. So the variation is early 

half the global value, which is not negligible. However, the overall shape of the geometric effect 

remains similar.  

Figure 5.13 and Figure 5.14 present predicted readings of the loaded double ball bar from the 

estimated local compliance and geometric parameters at the highest force (742 N), respectively. In 

Figure 5.13 (a) the dominant equivalent compliance’s (𝐶XXX, 𝐶YYY) impact on the loaded circular test 

readings are predicted to be around 0.048 and 0.036 mm peak-to-peak. In Figure 5.13 (b) the impact 

of non-dominant equivalent compliances (𝐶XYX, 𝐶CXY, 𝐶CYY and 𝐶CCY) are predicted to be around 

0.0018, 0.0064, 0.001 and 0.0036 mm peak-to-peak. 

In Figure 5.14 (a) the loaded geometric parameters (𝐸XX1, 𝐸YY1) impact on the loaded circular test 

readings is predicted to be around 0.022 and 0.017 mm peak-to-peak. In Figure 5.14 (b) the impact 

of loaded geometric parameters (𝐸YX2, 𝐸XY2, 𝐸C(0Y)X, 𝐸Xt0 and 𝐸Yt0) are predicted to be around 0.012, 

0.014, 0.00082, 0.0068 and  0.0031 mm peak-to-peak. 
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Figure 5.12. Predicted local loaded telescopic double ball bar readings for the X and Y-axis 

simultaneously with seven different levels of applied force. (a) Predicted local combined readings 

(ρ_pred). (b) Predicted local compliance readings (ρ_comp_pred). (c) Predicted local geometric 

readings (ρ_geo_pred). 
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Figure 5.13. Predicted readings of the loaded double ball bar (radial deviation versus the angle of 

the ball bar with the X-axis during the circular test) from the estimated local compliance parameters 

at the highest force (742 N). (a) 𝐶XXX, 𝐶XYX, 𝐶YYY , 𝐶CXY, 𝐶CYY and 𝐶CCY. (b) 𝐶XYX, 𝐶CXY, 𝐶CYY and 

𝐶CCY 

 

 

Figure 5.14. Predicted readings of the loaded double ball bar (radial deviation versus the angle of 

the ball bar with the X-axis during the circular test) from the estimated local geometric parameters 

at the highest force (742 N). (a) 𝐸XX1, 𝐸YX2, 𝐸XY2, 𝐸YY1, 𝐸C(0Y)X, 𝐸Xt0 and 𝐸Yt0. (b)  𝐸YX2, 𝐸XY2, 

𝐸C(0Y)X, 𝐸Xt0 and 𝐸Yt0.  
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Table 5.7 and  

Table 5.8 list the estimated local compliance and geometric parameters values. 

 

Table 5.7. Estimated local compliances values (mm/N, rad N⁄  or rad N mm⁄ ) for different sets of 

two force levels. 

Force (N) 𝐶XXX  𝐶XYX 𝐶YYY  𝐶CXY  𝐶CYY  𝐶CCY  

𝐹 1−2  (36 and 238) 6.15E-05 -1.65E-06 4.64E-05 8.04E-08 -2.79E-08 -2.88E-09 

𝐹 2−3  (238 and 364) 6.28E-05 1.07E-06 4.72E-05 -6.94E-08 3.13E-09 -1.92E-09 

𝐹 3−4  (364 and 490) 6.54E-05 5.54E-07 4.94E-05 -6.03E-08 -3.11E-08 -1.38E-09 

𝐹 4−5  (490 and 616) 6.37E-05 2.56E-06 4.74E-05 -3.67E-08 -2.60E-08 -1.08E-09 

𝐹 5−6  (616 and 742) 6.60E-05 2.48E-06 4.92E-05 -7.63E-08 1.24E-08 -8.76E-10 

 

Table 5.8. Estimated local geometric values (rad,mm, or mm/m) for different sets of two force 

levels. 

Force (N) 𝐸XX1 𝐸YX2 𝐸XY2 𝐸YY1 𝐸C(0Y)X 𝐸Xt0 𝐸Yt0 

𝐹 1−2  (36 and 238) -0.00012 2.75E-07 -7.66E-07 -9.36E-05 3.71E-06 0.004438 5.29E-05 

𝐹 2−3  (238 and 364) -0.00013 4.91E-07 -7.79E-07 -9.91E-05 -6.08E-07 0.004025 0.0003 

𝐹 3−4  (364 and 490) -0.00014 5.27E-07 -6.77E-07 -0.00011 6.41E-07 0.003821 -0.00036 

𝐹 4−5  (490 and 616) -0.00014 5.01E-07 -6.68E-07 -0.0001 -5.91E-06 0.003525 -0.00093 

𝐹 5−6  (616 and 742) -0.00015 7.19E-07 -8.15E-07 -0.00011 -5.58E-06 0.003413 -0.00155 

 

Figure 5.16 show the estimated experimental compliance and geometric error values. In Figure 5.15 

by increasing the force the majority of compliance terms increase such as 𝐶XXX, 𝐶XYX, 𝐶YYY and 𝐶CCY. 

The other two, 𝐶CXY and 𝐶CYY show no clear trends. In Figure 5.16 as the force increases, most of the 

loaded geometric terms decrease such as the scale gain errors 𝐸XX1 and 𝐸YY1, the out-of-squareness 
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𝐸C(0Y)X and the tool offsets 𝐸Xt0 and 𝐸Yt0. Nevertheless, some increase such as the quadratic 

straightness 𝐸YX2 and 𝐸XY2. 

 

 

 

Figure 5.15. Estimated local compliances were acquired employing data from two adjacent force 

levels (dashed and dotted lines from 36 to 742 N depict the constant and variable global compliance 

value obtained by using all force results, respectively). 
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Figure 5.16. Estimated local geometric parameters were acquired employing data from two 

continuous force levels (dashed and dotted lines from 36 to 742 N depict the constant and variable 

unique global geometric parameter value for each compliance term, respectively). 

5.7.3. Variable compliance 

Results obtained for local compliances suggest that the values of compliances vary slightly with the 

applied load. This appears to cause changes in the estimated geometric error parameters which 

contravenes the definition of geometric errors which should be invariant with the applied load. To 

analyze the change of compliance parameters as a function of force (F) a solution is now proposed 

that consists of using a linear model for each compliance term such as 

𝐶XXX = 𝐶XXX0 + 𝐶XXX1𝐹 (5.39) 

Then, the elasto-geometric Jacobian  (𝐽H) in Eq.(5.36) is expanded to include the new linear (degree 

one) compliance terms by adding an adjacent column for each existing column, corresponding to a 

constant compliance term (degree 0), which is the same value but multiplied by the relevant force 

level for each row.  Each row corresponds to a force level that generated that relevant LDBB reading. 

These estimated parameters as a function of force are shown in Figure 5.15 as a dotted line from 36 

to 742 N. To observe the modeling improvement of the variable compliance in comparison with 

constant compliance values, the root mean square error is used  
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𝑅𝑀𝑆𝐸 = √
∑ (𝑃𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑𝑖 − 𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑑𝑖)2𝑛

𝑖=1

𝑛
 

(5.40) 

where Predicted, Measured and n represents predicted LDBB readings, experimental LDBB readings, 

and the number of measurements, respectively. The RMSE value for produced LDBB reading for all 

force levels by constant and variable compliance are 0.0011 and 0.0009 mm, respectively which 

shows a further reduction of 18% using the variable compliance model. To determine how well the 

predicted data aligns with the measured one, the normalized root mean square error fitness is used 

𝑓𝑖𝑡𝑛𝑒𝑠𝑠 (%) = (1 −
𝑅𝑀𝑆𝐸

|𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑑𝑖,𝑚𝑎𝑥 − 𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑑𝑖,𝑚𝑖𝑛|
) × 100 

(5.41) 

Table 5.9 presents the fitting percentage for predicted readings from estimated global, variable global, 

and local compliance parameters. The fit improves slightly with the force level as the compliance 

effect becomes more significant. All fitting percentages exceed 91%. Compared to the constant 

variable model, the linearly variable compliance model improves the fit only slightly by just over 1% 

when using all force level data.  

Table 5.9. The fitting values for global, variable global, and local compliance predicted readings 

with different force levels. 

LDBB readings for 

different force level 

Fitting with global 

compliance 

Fitting with variable global 

compliance 

Fitting with local 

compliance 

𝜌36 (%) 92.4 93.7 91.7 

𝜌238 (%) 93.0 94.2 95.3 

𝜌364 (%) 92.5 93.8 95.4 

𝜌490 (%) 93.0 94.2 95.8 

𝜌616 (%) 93.4 94.6 96.0 

𝜌742 (%) 93.9 95.0 96.2 

5.8. Conclusion 

The elasto-geometric model is contextualized to the data gathered during a loaded 2D circular test 

implemented using a loaded double ball bar (LDBB) to simultaneously estimate the machine tool X- 

and Y-axis equivalent compliances and geometric errors. The compliances are said to be “equivalent” 

because although only two axes are mobile during the test, the machine has five axes and all axes 

may contribute to the observed volumetric deflections. The tests are executed using seven levels of 
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forces of 36, 112, 238, 364, 490, 616, and 742 N. At lower forces the geometric errors are dominant 

whilst at higher forces compliance errors dominate. When using all data to build a single geometry 

and compliance set of parameters (global constant compliance model) the radial volumetric variations 

due to geometric errors and compliance are estimated at 0.019 mm and 0.046 mm, respectively, 

making compliance dominant by more than three times. The impact of dominant and non-dominant 

equivalent global compliance 𝐶XXX, 𝐶YYY, 𝐶XYX, 𝐶CXY, 𝐶CYY and 𝐶CCY on the loaded circular test 

readings at the highest force level of 742 N are predicted to be around 0.045, 0.034, 0.00058, 0.0022, 

0.0014, and 0.0045 mm peak-to-peak, respectively. The impact of loaded geometric parameter 

𝐸XX1, 𝐸YY1, 𝐸YX2, 𝐸XY2, 𝐸C(0Y)X, 𝐸Xt0 and 𝐸Yt0 on the loaded circular test readings are predicted to be 

around 0.019, 0.014, 0.0074, 0.012, 0.00017, 0.0076 and 0.0012 mm peak-to-peak, respectively. The 

dominant global compliances are 𝐶XXX and 𝐶YYY at 0.0619 and 0.0461 μm/N, respectively. 

By feeding the elasto-geometric model with pairs of adjacent force data the evolution of compliance 

with changes in the applied force is observed. Although theoretically unexpected, the estimated 

geometry changes with force levels. The radial volumetric largest change due to variation in the 

estimated geometry across the range of tested forces (local model) amounts to 0.0085 mm whereas 

the global model radial volumetric effects due to geometric errors are estimated at 0.019 mm. This 

means that the estimated change in geometry is significant. As the geometric errors would ideally not 

change for different force levels, this points to the need to enrich the compliance model so that it can 

better explain the change in the machine behavior across the tested force range.  As the force increases 

the majority of compliance terms increase such as 𝐶XXX, 𝐶XYX, 𝐶YYY and 𝐶CCY. Two of the less 

significant compliances, 𝐶CXY and 𝐶CYY, show no clear trends. Most of the loaded geometric terms 

decrease such as 𝐸XX1, 𝐸YY1, 𝐸C(0Y)X, 𝐸Xt0 and 𝐸Yt0 as the force increases but 𝐸YX2 and 𝐸XY2 increase. 

The change in local compliance suggests that the compliance may vary with the applied force. As the 

compliance is assumed to be constant this may be causing the apparent change in the geometric error 

parameters at different force levels. Consequently, the compliance model was enriched as a linear 

function of the applied force to process all force level data at once so that the estimated geometry is 

kept the same at all force levels. The root mean square error (RMSE) value for predicting the radial 

LDBB readings using the constant and linearly variable compliance models are 0.0011 and 0.0009 

mm, respectively, for an improvement of about 18% using the variable compliance model. As all 

models predict over 91% of the experimental radial deviations, the use of a linear compliance model 

results in just over 1% fitting improvement.  
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CHAPTER 6 SENSORLESS LOADED TEST FOR MACHINE TOOL 

STIFFNESS CHARACTERIZATION 

 

6.1. Abstract 

Machine tools stiffness may affect a machined part’s accuracy. Volumetric stiffness is measured by 

a novel test apparatus, named Ball-Roller Bearing Device (BRBD). The volumetric stiffness 

measurement procedure is conducted by a loaded circular test consisting of a commanded radial 

engagement between a ball attached to the table and a roller bearing mounted at the tool holder 

causing a radial force to develop. The engagement and force are calculated from the encoder readings 

and the servo motor current, respectively. Disturbance from non-compliant effects is removed by 

analyzing the data from at least two engagement levels. Predicted force and obtained volumetric 

compliance values are validated with the dynamometer table force and compliant rig artefact, 

respectively.  

Keywords: Ball-roller bearing device (BRBD), sensorless, volumetric stiffness, machine tool 

6.2. Introduction 

Machine stiffness is a major criterion of performance for high-speed and accurate machining since 

the machine will deflect due to cutting forces and workpiece weight. 

Machine tools static compliance and hysteresis measurement procedure are mentioned in ISO 230-

1:2012 [1]. The static load is applied between the tool and workpiece and the resulting displacement 

is measured in the direction of the force. 

A two-axis joint compliance model was used to indirectly estimate equivalent joint compliances in 

[2]. The data is gathered with a loaded double ball bar (LDBB) that applies a radial force and measures 

the radial displacement during a two-axis circular test at different force levels on a five-axis machine 

tool. Global and local compliances were calculated. The on-axis compliances were dominant in 

comparison with lateral and rotary ones. The disturbance from geometric errors in the radial 

displacement readings is removed by subtracting the readings from a low force test.  

A new method for measuring the translational and rotational stiffness coefficients of a machine tool 

was introduced [3]. This method is based on rigid body motion and it allows any positioning of the 

displacements sensor and excitation force. It was able to recognize the reason for the appearance of 

differences in stiffness coefficient values on orthogonal directions of machine tool axes. The 
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measured stiffness between the tool and machine table including 𝑘x, 𝑘y, 𝑘z , 𝑘φx and 𝑘φy were 

approximately 2.02, 2.15, 16.7 N μm⁄ , 0.212 and 0.211 Nm
μrad⁄ . 

A novel measurement procedure was proposed to measure and determine the full Cartesian 

translational (volumetric) stiffness matrix for a 5-axis machine tool. Whilst the machine rotates its C-

axis the X- and Y-axes nominally keep the tool ball at a constant position relative to the worktable 

which results in a circular path. The Loaded Double Ball Bar (LDBB) is used to apply various quasi-

static loads between a workpiece ball attached to the table and a tool ball at the tool holder. The 

displacement of the tool ball relative to the table is measured by three Linearly Variable Differential 

Transformers (LVDT) [4].  

A novel system that determines stationary machine tool quasi-static stiffness named Stiffness 

Workspace System (SWS) was introduced in [5]. This method can employ force with controlled value 

and direction and in the meanwhile measure the displacement using twelve inductive sensors. It was 

shown that the stiffness relies on both direction of employed force and position in the workspace. 

The proposed approach in this paper to compliance measurement is to rely solely on force and position 

data obtained from the machine tool’s encoder and drive current data. 

6.3. Ball-Roller Bearing Device 

The ball-roller bearing device (BRBD) consists of a spherical ball and a roller bearing, one attached 

to the work table and the other mounted in a tool holder a the spindle.  The diameter of the ball is 

50.8 mm, and its material is chrome steel. The type of roller bearing is NTN® (UC 206-103 D1) which 

is installed to an HSK A 63 MAXIN1-1/4X4.448 tool holder. The machine is programmed to follow 

a circular trajectory that moves the roller bearing around the ball. The trajectory radius is nominally 

smaller than the sum of the ball and roller bearing radii resulting in a reaction force due to the system’s 

stiffness.  Because the machine also has geometric errors, the actual trajectory that the machine aims 

to achieve will depart from a perfect circle thus causing a disturbance in the radial engagement. Radial 

volumetric stiffness estimation requires knowledge of the system deflection and the applied force. As 

conceptually shown in Figure 6.1, assuming the ball and roller bearing are rigid, the change in tooltip 

deflection is taken as the change in commanded engagement based on the encoder readings whereas 

the radial force is estimated from the drive currents also provided by the CNC. 
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(a) 

 

(b) 

 

(c) 

Figure 6.1. A schematic of BRBD and machine equivalent deflection. (a) Before commanding 

displacement. (b) After commanding displacement. (c) Free body diagram of BRBD.  𝑘TB, 𝑘WB, 

𝑘RB, 𝑘B and 𝛿Enc represents tool branch workpiece branch stiffness, roller bearing stiffness, ball 

stiffness, and encoder displacement, respectively. 

 

Figure 6.2 shows the device unmounted and mounted on a five-axis machine tool.  
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Figure 6.2. Photos of BRBD (left) mounted on a machine tool ready to test (right). 

Figure 6.3 shows a 3D rendering of the tested 5-axis CNC machine with the topology wCAYfXZt 

and the BRBD system.  

 

Figure 6.3. Huron KX8 five-axis vertical machine tool with BRBD mounted on it. 

 



101 

 

 

 

6.4. Volumetric stiffness model 

As shown in Figure 6.1 The system is modeled as a series of springs. The commanded motion 

attempts to move the outer bearing surface into the ball. Neglecting Hertzian effects, no such 

penetration occurs and it is the entire system that must deflect to accommodate the axis motion as 

measured at the encoder level. As a result, the sum of the deflections within the system is assumed to 

equal the encoder indicated displacement 

𝛿Enc = 𝛿TB + 𝛿RB + 𝛿B + 𝛿WB  (6.1) 

where 𝛿Enc, 𝛿TB, 𝛿RB, 𝛿B and 𝛿WB are the deflections of the tool branch, roller bearing, ball, and 

workpiece branch, respectively. 

Using a Hooke’s law model to the individual displacement yields 

𝛿Enc =
𝐹

𝑘TB
+

𝐹

𝑘RB
+

𝐹

𝑘B
+

𝐹

𝑘WB
 

(6.2) 

where 𝑘TB, 𝑘RB, 𝑘B and 𝑘WB are the tool branch, roller bearing, ball, and workpiece branch stiffness, 

respectively. Eq.(6.2) can be reformatted as follows to separate the machine stiffness and the setup 

stiffness from the BRBD device, 

𝛿Enc

𝐹
= (

1

𝑘TB
+

1

𝑘WB
) + (

1

𝑘RB
+

1

𝑘B
)  

= (
1

𝑘TB
+

1

𝑘WB
) + (

1

𝑘RB
+

1

𝑘B
) 

= (𝐶TB + 𝐶WB) + (𝐶RB + 𝐶B) 

(6.3)  

where the tool branch and workpiece branch stiffnesses and compliances are grouped together and 

similarly for the BRBD. Finally, the stiffness and compliance equations are presented with the 

machine and BRBD amalgamated terms as follows: 

𝛿Enc

𝐹
= (

1

𝑘VM
+

1

𝑘S
) = 𝐶VM + 𝐶S 

(6.4) 

where 𝑘VM, and 𝑘S are the machine volumetric and BRBD (or setup) stiffnesses and 𝐶VM and 𝐶S are 

the corresponding compliances, respectively. 
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This model will be applied to all radial directions during a circular test. Also, because the machine 

and setup stiffness cannot be distinguished from the encoder and force data alone, a separate test will 

be conducted to estimate the setup stiffness. 

6.4.1. Stiffness compensation 

Machine volumetric stiffness is compensating for setup stiffness which affects machine stiffness. 

Eq.(6.5) is employed to compensate for the machine's volumetric stiffness. Hence, the compensation 

equation would be as follow 

1

𝑘VM
=

𝛿Enc

𝐹
−

1

𝑘S
 

and 

𝐶VM =
𝛿Enc

𝐹
− 𝐶S 

(6.5) 

6.5. Machine feed drive torque model 

The torque produced by the feed drive servomotor aims at rotating the ball screw but in doing so must 

overcome other torques such as the inertial acceleration torque, viscous friction torque, Coulomb 

friction torque, and disturbance torque from the useful load such as those due to cutting forces or in 

our case the interference between the roller bearing and the ball. Figure 6.4, demonstrates torque 

balance in the machine feed drive system during the BRBD test. A mathematical model which denotes 

this phenomenon in machine tool feed drive is as follows [6]: 

𝑘t𝑖 = 𝜏m = 𝐽T
𝑑𝜔

𝑑𝑡
+ 𝐵T𝜔 + 𝜏c sgn(𝜔) + 𝜏d 

(6.6) 

where 𝑘t , 𝑖 ,  𝐽T ,𝑑𝜔
𝑑𝑡⁄  , 𝐵T , 𝜔 , 𝜏c and 𝜏d are the servomotor constant (𝑁 𝑚

𝐴⁄ ), current (𝐴), total 

inertia seen by the servomotor including bearings, ball screw, and slide (𝑘𝑔 𝑚2), angular acceleration 

(𝑟𝑎𝑑
𝑠2⁄ ), viscous coefficient (𝑁 𝑚 𝑠

𝑟𝑎𝑑⁄ ), angular velocity (𝑟𝑎𝑑
𝑠⁄ ), coulomb friction torque (𝑁 𝑚) 

and disturbance torque caused by cutting force or BRBD interference (𝑁 𝑚), respectively. 
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Figure 6.4. Schematics of applied torques through the machine tool feed drive during the BRBD 

test. 

A mathematical model is applied to determine the unknown parameters including 𝐽𝑇 , 𝐵𝑇 , 𝜏𝑓 and 𝜏𝑑. 

The known parameters are �̇� , 𝜔 and 𝑖 which are recorded through the machine controller for a 

different number of measurements. For machine X-axis feed drive: 

[
 
 
 
�̇�1𝑋

𝜔1𝑋

�̇�2𝑋
𝜔2𝑋

𝑠𝑔𝑛(𝜔1𝑋
) cos 𝜃1

𝑠𝑔𝑛(𝜔2𝑋
) cos 𝜃2

⋮ ⋮
�̇�𝑛𝑋

𝜔𝑛𝑋

⋮ ⋮
𝑠𝑔𝑛(𝜔𝑛𝑋

) cos 𝜃𝑛]
 
 
 

[

𝐽𝑇𝑋

𝐵𝑇𝑋

𝜏𝑓𝑋

𝜏𝑑𝑋

] =

[
 
 
 
𝜏𝑚1𝑋

𝜏𝑚2𝑋

⋮
𝜏𝑚𝑛𝑋 ]

 
 
 

=

[
 
 
 
𝑘𝑡𝑋𝑖1𝑋

𝑘𝑡𝑋𝑖2𝑋

⋮
𝑘𝑡𝑋𝑖𝑛𝑋]

 
 
 

 

(6.7) 

By employing the same model to the machine Y-axis feed drive: 

[
 
 
 
�̇�1𝑌

𝜔1𝑌

�̇�2𝑌
𝜔2𝑌

𝑠𝑔𝑛(𝜔1𝑌
) sin 𝜃1

𝑠𝑔𝑛(𝜔2𝑌
) sin 𝜃2

⋮ ⋮
�̇�𝑛𝑌

𝜔𝑛𝑌

⋮ ⋮
𝑠𝑔𝑛(𝜔𝑛𝑌

) sin 𝜃𝑛]
 
 
 

[

𝐽𝑇𝑌

𝐵𝑇𝑌

𝜏𝑓𝑌

𝜏𝑑𝑌

] =

[
 
 
 
𝜏𝑚1𝑌

𝜏𝑚2𝑌

⋮
𝜏𝑚𝑛𝑌]

 
 
 

=

[
 
 
 
𝑘𝑡𝑌𝑖1𝑌

𝑘𝑡𝑌𝑖2𝑌

⋮
𝑘𝑡𝑌𝑖𝑛𝑌]

 
 
 

 

(6.8) 

By naming matrices in (6.7 from left to right as S, v, and r: 

𝑆𝑣 = 𝑟 

𝑆𝑇𝑆𝑣 = 𝑆𝑇𝑟 

𝑣 = (𝑆𝑇𝑆)−1𝑆𝑇𝑟 

(6.9) 

By considering (6.9) the unknown parameters (𝑣) can be estimated by using the known parameters 

(𝑆) where the machine controller provides them. 

The motor constant 𝑘𝑡 for machine X and Y-axis are listed in Table 6.1. 



104 

 

 

 

 

Table 6.1. Table 6.2. Motor constant value for X and Y feed drive axis [7]. 

Axis kt[
N m

A⁄ ] 

X 1.65 

Y 1.52 

 

To convert disturbance torque is converted to the disturbance force using feed drive system 

characteristics [6]: 

Fd =
ɳ

rg
 τd (6.10) 

where ɳ  and 𝑟𝑔 are the efficiency and transmission ratio of the ball screw, respectively. The 

relationship between the pitch and transmission ratio of the ball screw is as follows [6]: 

rg =
h

2π
 

(6.11) 

where h is the pitch of the screw. Table 6.3 lists the pitch, transmission ratio and efficiency values of 

the machine axes feed drive. 

Table 6.3. Pitch, transmission ratio and efficiency values of machine axes feed drive [7]. 

Axis 
Pitch, h 

(mm
rev⁄ ) 

Transmission ratio, rg 

(mm
rad⁄ ) 

Efficiency, ɳ 

(%) 

X 10 1.59 90 

Y 10 1.59 90 

 

Table 6.4 represents the estimated parameters for the machine X and Y feed drive axis. 
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Table 6.4. Estimated parameters value (𝑣) for machine X and Y feed drive axis 

Axis 𝐽𝑇[𝑘𝑔𝑚2] 𝐵𝑇 [𝑁 𝑚 𝑠
𝑟𝑎𝑑⁄ ] 𝜏𝑐[𝑁𝑚] 𝜏𝑑 [𝑁𝑚] 

X 0.006 0.09 1.55 2.64 

Y 0.004 0.07 1.60 2.59 

 

Figure 6.5 represents the estimated inertial, viscous, coulomb, and disturbance force for the maximum 

displacement of 200 µm. 

 

  

(a) (b) 

 

Figure 6.5. Estimated inertial, viscous, coulomb, and disturbance force for the maximum 

displacement of 200 µm. (a) X-axis. (b) Y-axis. 

6.5.1. Propagation of force from feed drive (joint) space to the tooltip (cartesian) 

space 

Based on the virtual work theory, the works that have been done in the joint space and tooltip space 

should be equal. From another perspective, the displacement at the tooltip due to the applied force 

would cause displacement at the joint. By the knowledge of joint and tooltip relationship in terms of 

displacement and virtual work [8]: 
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𝑑𝑾 = 𝝉T𝑑𝒋 − 𝑭T𝑑𝒕 (6.12) 

where 𝑑𝑊, 𝜏T, 𝑑𝑗 , 𝐹T, 𝑑𝑡 is the virtual work, transpose of torque at the joint, joint displacement, 

transpose of force at the tool, and displacement at the tool, respectively. 

The association of the joint and tooltip displacement is [8]: 

𝑑𝒕 = 𝑱𝑑𝒋 (6.13) 

By substituting Eq.(6.13) in Eq.(6.12) [8]: 

𝑑𝑾 = (𝝉 − 𝑱T𝑭)T𝑑𝒋 (6.14) 

Considering the static equilibrium, which states that the total virtual work should be zero [8], in 

Eq.(6.14): 

𝝉 = 𝑱T𝑭 (6.15) 

6.6. Experimental validation 

6.6.1. Current based force validation with dynamometer table 

The force prediction from the servomotor current is validated using a dynamometer table as shown 

in Figure 6.6. Five nominal test radii (40, 80, 120, 160, and 200 µm) are commanded for the relative 

circular trajectory of the roller bearing around the ball and the results are shown in Figure 6.7. 

 

Figure 6.6. Installed dynamometer table and BRBD device on the machine tool. 
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Figure 6.7. Comparison of dynamometer measured force (Dyn) and current-based force (Cur) for 

different commanded displacements with 1000 mm/min feed rate. 

 

6.6.2. Setup stiffness measurement 

The volumetric stiffness includes the setup deflection and since it has an important effect on the 

machine volumetric stiffness, it needs to be determined and subtract from the nominal commanded 

displacement. As shown in Figure 6.8 the setup stiffness is determined by a single X-axis test in which 

the roller bearing moves with a feed rate of 1000 mm/min at the X- direction towards the ball. The 

encoder is commanded by the nominal displacements including 40, 80, 120, 160, and 200 µm, and 

the ball, as well as roller bearing resultant deflections, are measured by dial indicators which are 

installed on the spindle and work table, respectively. Figure 6.8 represents dial indicator readings 

including ball, roller bearing, and machine deflection as a function of encoder commanded 

displacement. 
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Figure 6.8. Set up stiffness measurement with the dial indicator at X-direction and 1000 mm/min 

feed rate. 

Table 6.4 represents setup deflection including ball and roller bearing deflection. According to Table 

6.4, it can be seen that at the highest commanded displacement (200 µm), approximately 55% and 

45% of volumetric stiffness comes from machine and setup, respectively. Eq.(6.8) is used for the 

stiffness compensation in which setup stiffness is subtracted from the encoder stiffness and the 

retained one is the stiffness which comes from the machine. 
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Table 6.5. Measured setup (ball and roller-bearing) deflection in a single X_axis test. 

Commanded 

displacement (µm) 

Ball 

deflection 

(µm) 

Roller-bearing 

deflection (µm) 

Total setup 

deflection (µm) 

Machine 

deflection 

(µm) 

40 0 10 10 30 

80 0 26 26 54 

120 2 44 46 74 

160 2 64 66 94 

200 3 86 89 111 
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Figure 6.9. Dial indicator readings as a function of encoder commanded displacement. (a) Ball 

deflection. (b) Roller bearing deflection. (c) Machine deflection. 

  

         (a)                                          (b) 

 

  (c) 
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Table 6.6 illustrates the measured ball, roller-bearing, and machine stiffness in a single X_axis test. 

Table 6.6. Measured ball, roller-bearing, and machine stiffness in a single X_axis test. 

Commanded 

displacement 

(µm) 

Ball stiffness 

(𝒌𝐁) (𝑵 µ𝐦⁄ ) 

Roller-bearing 

stiffness (𝒌𝐑𝐁) 

(𝑵 µ𝐦⁄ ) 

Total setup 

stiffness (𝒌𝐒) 

(𝑵 µ𝐦⁄ ) 

Machine stiffness 

(𝒌𝐕𝐌) (𝑵 µ𝐦⁄ ) 

40 inf 18.9 18.9 6.3 

80 inf 17.3 17.3 8.3 

120 375 17 16.3 10.1 

160 523.5 16.3 15.8 11.1 

200 430.3 15 14.5 11.6 

 

Eq.(6.5) is used to calculate machine volumetric stiffness. The volumetric stiffness of the machine 

(𝑘VM) is illustrated in Figure 6.10. As shown in Figure 6.10, by increasing the commanded 

displacement, the stiffness value is increasing. 
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Figure 6.10. Compensated volumetric stiffness (𝑘VM) for various commanded displacements (40, 

80, 120, 160 and 200 µm). 

6.6.3. Stiffness validation with compliant part (rig) 

Figure 6.8(a) shows a compliant rig mounted on the machine table to induce an apparent change in 

the machine volumetric compliance. This device uses a parallelogram flexure mechanism. It has a 

rigid upper part connected through two thin and flexible plates to a rigid lower part. As shown in 

Figure 6.11, the stiffness of the rig is 2.65  𝑁 𝜇𝑚⁄  which was measured by adding certain weight 

(11.89, 24.97, 31.90, 56.85, 68.75, 79.77, 91.66, 104.74, and 111.68 N) and measuring the 

displacement.  
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Figure 6.11. Measuring the stiffness of the rig by adding certain weights (11.89, 24.97, 31.90, 

56.85, 68.75, 79.77, 91.66, 104.74, and 111.68 N) and measuring the displacement by a dial 

indicator. 

The added rig is like another spring added in series to the existing setup the following equation 

applies: 

1

𝑘VMwr
= 𝐶VMwr =

1

𝑘VM
+

1

𝑘r
= 𝐶VM + 𝐶r 

(6.16) 

where 𝑘VMwr, 𝑘VM and 𝑘r are machine volumetric with the rig, without the rig, and rig stiffness. 𝐶VM 

and 𝐶S are the corresponding compliances, respectively. Based on Eq.(6.16), the summation of the 

inverse of stiffness without the rig and the rig itself are equal to the inverse of stiffness with the rig. 

Figure 6.12 represents stiffness validation setup with BRBD, rig, and dynamometer table. Figure 6.12 

(a) and Figure 6.12 (b) show setup without and with the rig, respectively. 
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(a) (b) 

Figure 6.12. Stiffness validation setup with BRBD, rig, and dynamometer table. (a) setup without 

the rig. (b) setup with the rig. 

 

As shown in Figure 6.13 (a) and Figure 6.13 (b) by adding a rig to the setup, stiffness values are 

changed. As shown in Figure 6.13 (a), for the highest commanded displacement, the stiffness value 

is decreased from 12.5 and 14 𝑁 𝜇𝑚⁄  to 3.34 and 9.65 𝑁 𝜇𝑚⁄  in X- and Y-direction, respectively.  
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                            (a)                               (b) 

Figure 6.13. Stiffness variation for different commanded displacements. (a) setup with the rig. (b) 

setup without the rig. 

 

Figure 6.14 depicts the change in machine volumetric compliance without a rig, with the rig, and 

predicted with the rig, respectively. For a system in series spring, the compliance values simply add 

to each other, therefore the rig compliance value (0.37 µm/N) is added to the machine volumetric 

compliance value without a rig. For example, machine volumetric compliance for 40 µm 

displacement in X-direction is 0.07 µm/N and by using Eq.(6.16), the machine volumetric compliance 

with the rig is predicted to be 0.5325 µm/N whereas the obtained machine volumetric compliance is 

0.5194 µm/N. 
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Figure 6.14. Machine volumetric compliance without a rig, with the rig, and predicted with rig for 

different commanded displacements. CVM, CVM_wr, and CVM_wr_pred represent machine 

volumetric compliance without a rig, with the rig, and predicted with the rig. 

6.7. Conclusion 

To estimate the machine tool volumetric stiffness, a new Ball-Roller Bearing Device is used. The 

joint force and displacement are obtained through the servo motor current and the encoder reading 

without any external loading device, load cell, or displacement sensor. It is observed that, by 

increasing the commanded displacement, the stiffness value is increased. It is shown that at the 

highest displacement, approximately 55% and 45% of volumetric stiffness comes from machine and 

setup, respectively. 
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CHAPTER 7 GENERAL DISCUSSION 

A general discussion of the thesis is presented in this chapter. The principal methods, as well as 

procedures that have been used, are presented within the context of the machine tool compliance 

characterization. 

Machine tool stiffness plays an important role in the machining process outcome. The significant 

elements in designing high precision machines are recognizing error sources, their cause, and their 

contribution to the machined part deviation. Stiffness participates in the alteration of precision in the 

machining process. The stiffness of machine tools changes with position and direction since the 

machine may distort under cutting forces and workpiece weight. Machine stiffness also affects the 

dynamic stability of the machine. Machine maintenance is greatly facilitated if problems can be 

detected early on and diagnosed to avoid making bad parts and production loss due to unexpected 

machine breakdown. Information regarding the machine tool stiffness can be obtained from 

simulation (finite element analysis), and analytical methods but these are based on a nominal 

machine, not the actual one on the shop floor. 

In this thesis, a novel joint compliance model was developed which was indirectly estimated using 

different levels of volumetric radial load and displacement data obtained via the Loaded Double Ball 

Bar (LDBB) test. Simulations and close inspection of the numerical Jacobian matrix suggested the 

presence of significant confounding between compliances of the X- and Y-axis. This was partly due 

to the nature of the test which did not allow, for example, to differentiate between the effect of on-

axis compliance at the X-axis, 𝐶XXX, and lateral compliance at the Y-axis, 𝐶XXY. A similar 

confounding occurred between the on-axis compliance of the Y-axis 𝐶YYY and the lateral compliance 

of the X-axis 𝐶YYX. The loaded telescopic double ball-bar test was conducted at seven force levels of 

36, 112, 238, 364, 490, 616, and 742 N. When using all available data, the dominant estimated global 

compliance terms were 𝐶XXX and 𝐶YYY at 7.61E-05 and 6.05E-05 mm/N. These dominant compliances 

gradually increase with the load by approximately 5% over the tested load range, which was 

unexpected. 𝐶XYX also increased, others decreased such as 𝐶CXY and 𝐶CYY. The compliance term 𝐶CCY  

results in a four-lobed trace, as demonstrated by simulations, which had not been associated with 

unloaded ball bar circular tests. However, its estimated value was always negative which is physically 

unexpected. Its contribution to the deflection was estimated at one-thousandth that of the main 

compliance term and about one-third of the resolution of the LDBB position readout so its value was 

too small to be relied upon for the tested machine. This indirect method, which estimates model 
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parameters from the volumetric effect of many contributors, is attractive by its simplicity and 

automation potential, especially for use as a regular checkup of a machine in an industrial setting. It 

also allows, given sufficiently rich tests to be determined, to separate the contribution compliance to 

guide repairs. The same model could then also be used to predict deflection under different conditions 

such as when machining.  

The LDBB test involves significant motion of the machine axes and so is partly contaminated with 

the volumetric effect of the machine tool geometric errors. In order to make a better use of the data, 

an elasto-geometric model was developed that was contextualized to the data gathered during a loaded 

2D circular test implemented using a loaded double ball bar (LDBB) to simultaneously estimate the 

machine tool X- and Y-axis equivalent compliances and their geometric errors. The compliances were 

said to be “equivalent” because although only two axes are mobile during the test, the machine has 

five axes, and all axes may contribute to the observed volumetric deflections. The tests were executed 

using seven levels of forces of 36, 112, 238, 364, 490, 616, and 742 N. At lower forces the geometric 

errors were dominant whilst at higher forces compliance errors dominated. When using all data to 

build a single geometry and compliance set of parameters (global constant compliance model) the 

radial volumetric variations due to geometric errors and compliance were estimated at 0.019 mm and 

0.046 mm, respectively, making compliance dominant by more than three times. The impact of 

dominant and non-dominant equivalent global compliance 𝐶XXX, 𝐶YYY, 𝐶XYX, 𝐶CXY, 𝐶CYY and 𝐶CCY on 

the loaded circular test readings at the highest force level of 742 N were predicted to be around 0.045, 

0.034, 0.00058, 0.0022, 0.0014, and 0.0045 mm peak-to-peak, respectively. The impact of loaded 

geometric parameter 𝐸XX1, 𝐸YY1, 𝐸YX2, 𝐸XY2, 𝐸C(0Y)X, 𝐸Xt0 and 𝐸Yt0 on the loaded circular test 

readings were predicted to be around 0.019, 0.014, 0.0074, 0.012, 0.00017, 0.0076 and 0.0012 mm 

peak-to-peak, respectively. The dominant global compliances were 𝐶XXX and 𝐶YYY at 0.0619 and 

0.0461 μm/N, respectively. 

By feeding the elasto-geometric model with pairs of adjacent force data the evolution of compliance 

with changes in the applied force was observed. Although theoretically unexpected, the estimated 

geometry changed with force levels. The radial volumetric largest change due to variation in the 

estimated geometry across the range of tested forces (local model) amounted to 0.0085 mm whereas 

the global model radial volumetric effects due to geometric errors were estimated at 0.019 mm. This 

means that the estimated change in geometry was significant. As the geometric errors would not 

change for different force levels, it pointed to the need to enrich the compliance model so that it could 

better explain the change in the machine behavior across the tested force range.  As the force increased 



120 

 

 

 

the majority of compliance terms increased such as 𝐶XXX, 𝐶XYX, 𝐶YYY and 𝐶CCY. Two of the less 

significant compliances, 𝐶CXY and 𝐶CYY, showed no clear trends. Most of the loaded geometric terms 

decreased such as 𝐸XX1, 𝐸YY1, 𝐸C(0Y)X, 𝐸Xt0 and 𝐸Yt0 as the force increased but 𝐸YX2 and 𝐸XY2 

increased. The change in local compliance suggested that the compliance may vary with the applied 

force. As the compliance was assumed to be constant this may be causing the apparent change in the 

geometric error parameters at different force levels. Consequently, the compliance model was 

enriched as a linear function of the applied force to process all force level data at once so that the 

estimated geometry is kept the same at all force levels. The root mean square error (RMSE) value for 

predicting the radial LDBB readings using the constant and linearly variable compliance models were 

0.0011 and 0.0009 mm, respectively, for an improvement of about 18% using the variable compliance 

model. As all models predicted over 91% of the experimental radial deviations, the use of a linear 

compliance model resulted in just over 1% fitting improvement.  

Finally, the novel loading test apparatus, the so-called Ball-Roller Bearing Device (BRBD) was 

introduced. The machine volumetric stiffness was examined by this device. The force and 

engagement were calculated from the servo motor current and the encoder readings, respectively. It 

was observed that while the force level is increased, the stiffness value also increased. It was shown 

that at the highest displacement, approximately 55% and 45% of volumetric stiffness came from the 

machine and BRBD device, respectively. A known compliance part namely the compliant rig was 

used to validate the measured volumetric compliance. It was shown that the combined rig and 

machine compliance could be closely estimated by a BRBD test.
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CHAPTER 8 CONCLUSION AND RECOMMENDATION 

This chapter summarises the findings of the research reported in chapters 4 to 6, as well as the 

recommendations for further work. 

8.1. Conclusion and contributions of the work 

The thesis covers the indirect estimation of machine tool compliance only, followed by the concurrent 

estimation of compliance and geometric error parameters, from volumetric data. A matrix formulation 

of the forward force to deflection compliance model of the serial mechanism is used to generate the 

numerical Jacobian of the change in the loaded double ball bar (LDBB) length as a function of the 

machine joint compliances and the applied forces. The characteristic patterns of loaded telescopic 

double ball bar readings associated with each compliance term are also generated. The compliance 

model contained numerous superfluous and confounded terms that were pruned from the model. The 

model was then used to estimate the compliances from test data gathered at various force levels. By 

using all force data at once global compliance values were estimated whereas using only adjacent 

force level data allows observing the change in compliance with force. The dominant compliances 

were the X-axis on-axis compliance 𝐶XXX (confounded with the lateral compliance of the Y-axis 𝐶XXY) 

and 𝐶YYY (confounded with 𝐶YYX). It was observed that as the load increased the dominant 

compliances also increased. 

In the initial model, the geometric error effects on the LDBB reading were removed by subtracting 

the low force level reading from all the data. As an alternative approach, a so-called elasto-geometric 

model was introduced. An elasto-geometric model used the principle of superposition to separate the 

effects of joint compliance and geometric errors. The model parameters were estimated from tests at 

different force levels, by distinguishing between errors that change with the applied force (compliance 

effect) from those that do not (geometric effects). At lower forces, the geometric errors were dominant 

whilst at higher forces compliance-induced errors dominated. When using all data to build a single 

geometry and compliance set of parameters the maximum effect of compliance was three times as 

much as for the geometric effects. By feeding the elasto-geometric model with pairs of adjacent force 

data the evolution of estimated equivalent compliance parameters and geometric errors with changes 

in the applied force were observed. Although theoretically unexpected, the estimated geometry 

significantly changed across the force range. The change in estimated geometry predicted radial effect 

changes that was nearly half of the global geometric effect. As the force increased the majority of 
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equivalent compliance terms increased such as the dominant equivalent compliances 𝐶XXX and 𝐶YYY 

as well as the less significant compliances 𝐶XYX and 𝐶CCY. As for 𝐶CXY and 𝐶CYY no clear trend was 

observed. Given this observed dependence of the compliance on the force level, the compliance was 

further modeled as a linear function of the applied force thus further improving the model prediction 

while keeping geometric errors constant independently of the load level. 

Lastly, a loading test instrument so-called Ball-Roller Bearing Device (BRBD) was used to determine 

the machine's volumetric stiffness without added force device or sensors. The machine was loaded 

with the BRBD by commanding a displacement, while servo motor current and encoder readings 

were recorded. The force was calculated from the current. It was seen that while the force level was 

increased, the stiffness value also was increased. Because the added BRBD device compliance is 

significant it was separately estimated, and the results were compensated. For validation purposes, a 

known compliance part (rig) was added to the machine table. The BRBD result exposed that the 

summation of the rig compliance and machine volumetric compliance was very close to the machine 

volumetric compliance value when it was tested with the rig. 

Executed compliance and elasto-geometric models together with novel loading apparatus were given 

an overall picture of machine compliance in which both joint and volumetric compliance were 

examined in detail. The machine tool can be loaded with BRBD, and machine volumetric compliance 

can be calculated. Furthermore, the recorded data during the BRBD test can be fed to the elasto-

geometric estimator to estimate the relevant joint compliance and geometric parameters. 

8.2. Recommendations for future works 

The aforementioned models and loading instruments can be further improved. The compliances are 

said to be “equivalent” because although only two axes are mobile during the test, the machine has 

five axes, and all axes may contribute to the observed volumetric deflections. Richer LDBB tests 

involving more axes of the machine are needed to quantify more compliances. 

Machine maintenance is greatly facilitated if problems can be detected early on and diagnosed to 

avoid production loss due to unexpected machine breakdown. Hence, an online stiffness monitoring 

software can be introduced which can be quite beneficial to predict upcoming failures. 

Based on the local compliance analysis in both compliance and elasto-geometric models, the machine 

tool compliance presented non-linear behavior. Both compliance and elasto-geometric models can be 

enriched with non-linear functions. In this case, the models can better explain the non-linearity of 

compliance and its behavior can be examined from lower to higher levels of forces.  
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Machine stiffness can be affected by high-speed machining. Therefore, a new approach will be 

needed to investigate the correlation between machine stiffness and speed. While the machine is 

changing its speed from lower to a higher value, the machine stiffness can change from steady-state 

to transit status from which another factor can emerge. 

The machine tool may distort under workpiece weight which is important for accurate machining. 

Consequently, in the analysis of machine overall stiffness, an innovative testing method will be 

required to stimulate the workpiece weight while the machine is moving. In such circumstances, both 

cutting forces as a loaded criterion and workpiece weight contributions in machine total stiffness can 

be examined.
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