
Titre:
Title:

Influence of geometric non-linearities on the free vibrations of 
anisotropic open cylindrical shells

Auteurs:
Authors:

Abbas Selmane, & Aouni A. Lakis 

Date: 1995

Type: Rapport / Report

Référence:
Citation:

Selmane, A., & Lakis, A. A. (1995). Influence of geometric non-linearities on the 
free vibrations of anisotropic open cylindrical shells. (Rapport technique n° EPM-
RT-95-11). Montréal : Department of mechanical engineering, Ecole polytechnique
de Montréal.

Document en libre accès dans PolyPublie
Open Access document in PolyPublie

URL de PolyPublie:
PolyPublie URL:

https://publications.polymtl.ca/10201/

Version: Version officielle de l'éditeur / Published version 

Conditions d’utilisation:
Terms of Use:

Tous droits réservés / All rights reserved 

Document publié chez l’éditeur officiel
Document issued by the official publisher

Institution: École Polytechnique de Montréal

Numéro de rapport:
Report number:

EPM-RT-95-11

URL officiel:
Official URL:

Mention légale:
Legal notice:

Ce fichier a été téléchargé à partir de PolyPublie, le dépôt institutionnel de Polytechnique Montréal
This file has been downloaded from PolyPublie, the institutional repository of Polytechnique Montréal

https://publications.polymtl.ca

https://publications.polymtl.ca/
https://publications.polymtl.ca/10201/


Z b 0 CL 1995
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ABSTRACT

This report présents a général approach to predict the influence of géométrie

non-linearities on the free vibration of elastic, thin, anisotropic and non-uniform open

cylindrical shells. The open shells are assumed to be freely simply-supported along their

curved edges and to have arbitrary straight edges boundary conditions. The method is

a hybrid of finite élément and classical thin shell théories. The solution is divided into

two parts. In part one, the displacement functions are obtained from Sanders' linear

shell theory and the mass and linear stiffness matrices are obtained by the finite élément

procédure. In part two, the modal coefficients derived from the Sanders-Koiter non-

linear theory of thin shells are obtained for thèse displacement functions. Expressions

for the second order and third order non-linear stiffness matrices are then determined

through the finite élément method. The non-linear équation of motion is solved by the

fourth-order Runge-Kutta numerical method. The linear and non-linear natural frequency

variations are déterminée as a function of shell amplitudes for différent cases. The

results obtained reveal that the frequencies calculated by this method are in good

agreement with those obtained by other authors.



l. INTRODUCTION

The analysis of thin shells under static or dynamic load has been the focus of

many investigations. Most of the research in this field has involved analysis of linear

thin shells. The results have proven to be satisfactory in cases where deflections of the

shell werc very small compared to the thickness of the shell itself. In several practical

experiments, however, the linear analysis was not sufficiently accurate for satisfactory

design. In those cases, a non-linear analysis was required.

The first paper to deal vvith non-linear vibrations of shells was the pioneering

work ofReissner [l]. There are now several théories available dealing with géométrie

non-linearities in shells ([2] to [5]) and many others.

More specifically, several methods have been developed for the analysis of

dynamic non-linear thin cylindrical shells. Among thèse were Galerkin's method ([6]

to [12]), the small perturbation method ([13] to [15]), the modal expansion method [16]

and the finite élément method ([17] to [20])

Most ofthe research done in [6] to [20] was limited to studies of isotropic shells.

Only Nowinski [6], Raouf & Palazotto [11] and Jiang & Olsen [20] made a

generalization concerning orthotropic shell theory. Ambartsumyan [21] produced an



important work involving a number of cases for anisotropic shells.

AU of thèse methods have their advantages and disadvantages. The best test of

any method is probably its général content and the capacity to predict, with précision,

both the high and the low frequencies of vibration. Thèse criteria were not met in

Galerkin's small perturbation method, and studies [6] to [15] applied only to the

particular case wherc the shell was simply-supported on both edges. Further more the

analytical forms for the displacement components in the modal expansion [16] apply

only to those cases where a uniform cylinder is supported at both ends.

The finite élément method appears to be ideally suited to the analysis ofcomplex

shell structures. Numerous général computer programmes are available for industrial

use in the linear and non-linear analysis, where the displacement functions ofthe finite

éléments used are assumed to be polynomial. To be able to predict with précision, both

the high and the low frequencies, requires the use of a great many éléments in the

classical finite élément method. In order to acheive this, the présent paper présents a

new finite élément for the static or dynamic analysis of non-linear, elastic, thin,

anisotropic and circumferentially non-uniform open cylindrical shells (Figure l). The

shells are assumed to be freely simply-supported along their curved edges and to have

arbitrary straight edge boundary conditions. The finite élément method is employed, but

it is a hybrid, a combination of the finite élément method and shell theory. This choice
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allowes us to use the complète equilibrium équations to détermine the displacement

functions and, further, the mass and stiffnesses matrices. This method proves to be

more accurate than the usual finite élément methods.

The dynamic behaviour of an empty open or closed cylindrical shell, in the

absence of external loads, can be represented by the following équation:

[M] {0} -»- [KJ {0} 4- [K,J {ô2} + [K^] {ô3} = {0} (D

where {5} is the displacement vector; [M] the mass matrix, [KJ the linear stiffness

rnaîrix, [KN^] thc second order non linear stiffess matrix and [K-^] the third ofder

non-linear stiffness matrix of the System.

The analytical solution involves two steps:

a) Using the linear strain-displacement and stress-strain relationships which are

inserted into Sanders' équations of equilibrium [22], we détermine the

displacement functions by solving the linear équation System. We then détermine

the mass and linear stiffness matrices for a finite élément and assemble the

matrices for the complète shell [23].

b) Using strain-displacement relationships from the Sanders-Koiter non linear
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theory [3-4], the modal coefficients are obtained from the displacements

functions. The second and third order non-linear stiffness matrices for a finite

élément are then calculated by précise analytical intégration with respect to

modal coefficients [16].

The linear and non-linear natural vibration frequency ratio is then obtained by

solving équation (l).

2. EQUATIONS 0F MOTION

2.1 Hypothèses

Non-linear elastic thin shell theory is derived by approximation from the

tridimensional elasticity équation. As in the case of linear theory, it is based on Love's

"First Approximation" but the assumption concerning the order of magnitude of the

bending has been modified.

The non-linear theory is based on the following hypothèses:

a) Thickness (t) is infinitesimal in comparison with the minimum radius ofcurvature

(R,,,,,,). (R/t > 10);

b) the displacement gradients are small and the squares of the rotation do not exceed

référence surface déformation in order of magnitude;
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e) the normal constraints, normal to the surface of référence, are negligible;

d) the normals to the surface of référence remain normal after déformation and are

not subject to any elongation.

The theory based on thèse four hypothèses is known as the "Sanders-Koiter non-

linear theory" [3,4]; it has been used throughout this paper.

2.2 Strain-displacemcnt and stress-strain relations

The non-linear Sanders-Koiter theory for thin shells postulâtes différences in the

first and second fundamental tbrms between the référence surfaces, deformed and non

deformed, as déformation measures in elongation and bending respectively.

Generally, the déformation vector {e} is written as:

M - {^} + {^} -

-00

2e.xff

v 00

2«
xO

(2)

where subscripts "L" and "NL" mean "linear" and "non-linear", respectively.



For a cylindrical shell, the expressions for {ei} and {è^} are given by

K} -

l
R

au
âx

9V
9Q

+ w

l
R

9U9V
9x R 96

ô2W

l
R2

2 ô2W

R ôxô0

ôx2

52W

902

3 ôV
2R 5x

ôV
90

l OU
2R2 ~00

(3)

and

{^} -

l
2

2R2

ÔW
9x

v -

l
2R

9W
96

av
ôx

l OU
R 96

l
+ _

8
ôV
ôx

l OU
R 96

ô\V 3W
ôx 90

0
0
0

- v
ÔW
ôx

(4)
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Where U, V and W are, respectively, the axial, tangential and radiai displacements

of the shell's surface of référence.

It is évident that in équations (3) and (4) the expressions for components K^, Kyg,

2/^g are linear. This fits in with hypothesis (b) from paragraph 2.1.

The constituent relations between the stress and déformation vectors of the

surface of référence for anisotropic shells are given as follows:

{a} =

N.

N,,

N.

M.
,\

Mfl

M.

00

X»

90

xff

- [P] {e}
(5)

where [P] is the matrix of elasticity. The éléments pij in [P] détermine the anisotropy

ofthe shell, which dépends on the mechanical characteristics ofthe structure's material.

In général, this implies that:



11

[p] =

Pu

P21

0

P41

P51

0

Pl2

P22

0

P42

P52

0

0

0

P33

0

0

Pô3

Pl4

"24

0

P44

P54

0

Pl5

D25

0

P45

P55

0

0

0

P36

0

0

Pô6

(6)

2.3 Equations of equilibrium

applying the virtual work principle to the infinitesimal elen-ient of the

cicformed surface of référence, the three équations of equilibrium, desc.ribing the nnn-

linear behaviour of an arbitrarily formed shell, are obtained [3] (see Figure 2).

ON,

ôx
+ __

l 9N
f.9 l 5M^ i gÏ -^^f^(N^N,)1=0 (7)î —^7T '9R ^fl l. ~v ^'^ "00R - 9 6 2R2 96 2R 90

l ON06 ON
s.a l 9M,, ^ 3 ÔM^

R 96 ôx R2 90 2R ôx R
(<^.N, + ^N,,)

(8)

+^[0(N"+Nflfl) = 0
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92MX

-9xT

where

^ai

2 92M^ ^ l Ô2M^ _ l

R ôx90 R2 Qô2

ÔV
9x

l 9U
R 90

R ee~ 9x 'xl'.w ' y81''x9^ [ ^N, -. ^N,

l ô
^ ^ [ 0.N., . *.N.

9W ,,^ _ l
• *- ° -^et*'° -R

ôW
90

(9)

= 0

- v
(10)

Substituting équations (2) to (6) for the equilibrium équations (7) to (10), \ve

obtain équation (11) as a function of éléments pij in [P] and the axial, tangential and

radiai ciispiacements U, V and W from a point of the shell surface of référence:

L, (U, V, W, p,p + N, (U, V, W, p,j)

L,(U, V, W, p,j) + N,(U, V, W, py)

L, (U, V, W, p,j) + N3 (U, V, W, py)

0
0
0

(11)

Functions L; and N; (i = l to 3) reprcsent, respect! vely, the linear and non-linear

équations of equilibrium. Thèse équations are given in Appendix A-l.
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MQX

Figure 2 : Differential élément for an open cylindrical shell.
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3. DISPLACEMENT FUNCTIONS

The shell is subdivided into several finite éléments defined by two nodes i and

j and by components U, V, W and dW/d0, rcpresenting axial, tangential, radiai

displacements and the rotation, respectively, from a point located on the shell's surface

of référence (Figure 3).

The linear équations of motion are given by (see Appendix. A-1):

L, (U,V,W,p,p = 0

L, (U,V,W,p,R = 0 (12)

L, (U,V,W,p;j) =0

The displacen-ient functions are then assumed to be:

U(x,0) | |U(0)
W(x,0) ;> = fT 1 ^W(0)
V(x,0) | LX"'J |V(0)

(13)

[TJ is a (3 x 3) matrix in x given in Appendix A-2 and U(0), W(0) and V(0) arc

functions of the 0 coordinate and the shell's characteristics.
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(a)

N+1

v^. AW,

Y
(dW^/dQ),f̂ 'm,

u m

(b)

Figure 3 :

(a) Finitc élément idealization.

(b) Nodal displncements at node i.
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Assuming:

U(@) = Ae"" , V(@) - Be'"' , W(8) - Ce"8 a4)

Substituting (13) and (14) into the équations of motion (12), three homogeneous

linear functions of constants A, B and C are obtained:

[H]
01 . . (15)B
e

={0}

where the matrix [H] is given in référence [23]. For the solution to be non-

trivial, the déterminant of matrix [H] must be equal to zéro. This brings us to the

following characteristic équation [23]:

Det ([H]) = h,î?8 + h,î?6 + h,i/ + h,^- + \ = 0 (16)

Each root of this équation yields a solution to the équations of motion (12). The

complète solution is obtained by adding the eight solutions independently with the

constants Ap, Bp and Cp(p = l, ..., 8), so that:

U(0) = A^e^

V(0) = B^'", p = l,.-.8 (l7)

W(0) = C,, e"'0
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The constants A , Bp and Cp are not independent. We can therefore express Ap

and En as a fonction of Cg, for example:

\=a^ and ^=(3^ , p = l,..,8 (18)

The values of ap and j3p can be obtained from system (15) by introducing

relations (18).

Substituting expressions (17) and (18) into équations (13), the displacements

U(x,0), V(x,0) and W(x,0) can then be expressed in conjunction with the eight Cp

constants only. We then have:

U(x0) | d9)
W(x,0)
V(x,0)

= [T] [R] {C}

where [R] is a (3 x 8) matrix given in Appendix A-2 and {C} is an 8111 order vector of

the Cp constants:

{C} ={C,C,...CJT (20)
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To detemiine the eight C constants, it is necessary to formulate eight boundary

conditions for the finite éléments. The axial, tangential and radiai displacements, as

well as rotation, will be specified for each node. The degrees of freedom at node i can

be defined be the vector:

{Ô,} - u.w.
dW
d6

V,
(21)

The éléments which have two nodes and eight degrees of freedom will have

i (0 = 0) and j (0 = <^)as nodal displacements at the boundaries:

5,

ô:
u,w, ^ 1 v,",w,~dô \.."^ï "j

dW
d6

V, [A]{C}
(22)

where the terms of matrix [A], given in Appendix A-2, are obtained from matrix [R]

by successively setting 0=0 anci Q = (f).

Multiplying équation (22) by [A'!] we obtain:

{C} - [A-] j ^ [ (23)
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Substituting équations (19) we get:

U(x,0)
W(x,0)
V(x,0)

- [TJ [R] [A-1] { ^\ = [N]
(24)

ô:

Thèse équations détermine the displacement functions.

4. MÂSS AND LINEAR STIFFNESS MATRICES FOR AN ELEMENT

The déformation vector can be obtained from équations (3) ancl (24), therefore:

w -
[T] [0]
[0] [T] [Ql [A-] { ^ \- [Bi { ^ (25)

where [Q] is a (6x8) matrix given in référence [23].

Combining équations (5) and (25), the stress-strain relations can be written as:

K} = [PI [B] ^ ô' (26)
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The mass and linear stiffness matrices can then be expressed as:

[m] = pt j j [NT] [N] dA
(27)

[kj = J J [BT] [P] [B] dA

where dA = Rdxd0, is the density of the shell, t its thickness, [P] the elasticity matrix

and the matrices [N] and [B] are derived from équations (24) and (25) respectively. The

matrices [m] and [kj were obtained analytically by carring out the necessary matrix

opérations and intégration over x and 0 in équation (27). For more détails on the linear

analysis, see référence [23].

5. NON-LINEAR MATRIX CONSTRUCTION

The following approach, developed in référence [16], was used vvith particular

attention to géométrie non-linearities. The coefficients of the modal équations were

obtained through the Lagrange method. Thus, the non-linear stiffness matrices, once

calculated, was overlaid onto the linear System. Before we embark on matrix

formulation, however, a brief summary of the method is in order.
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5.1 Method

This section will cover the principal points of the method used to find the non-

linear stiffness matrices.

The main steps of this method are as follows:

(a) Shell displacements are exprcssed as generalized product coordinate sums and

spatial functions;

(b) the déformation vector is written as a function of the generalized coordinates by

separating the linear portion from the non-linear;

(e) thèse expressions are then introduced into the Lagrange équations up to and

including the degree corresponding to the déformation energy;

(d) by substituting the expressions in a) into the strain-displacement relations in the

Sanders-Koiter [3-4] non-linear theory, the generalized coordinate coefficients

appearing in the équation derived under e) are déterminée} in terms of spatial

functions.
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5.2 Coefficients of modal équations

ap> ^p> cp> Apq, Bpq, Cpq 300 âAprs, bBp,.s, CCp,.s, âBpr,, bAprs, AAprgq, BBp,.sq, CCprsq,

AB sq, BAprsq are designed as coefficients of the modal équations mentioned in step d)

above for an open cylindrical shell, the following expressions [16] are thus obtained:

91
a„ =
"p 9x

(28)

b'°i
9g

? + h^
90 "p

(29)

l
S= 2

^,9gp
R9Q ôx

(30)

A_.=-L
-P<1 g^2

Ragî-5
âx 96

Ôgn 9^
!q - __q

-ô7 T0 + _
l 9\ 9\ (31)
2 9\ ôx
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B.=
l

8R2
Rag£

ôx

l
2R2

-afî

90

9hp-

96
ï
3P

R 9g,_^
9x 96

5-g.~QQ oq

(32)

c_.. = —-P'I 4R

5 h,, 9\
ôx 90

9\ 9\
ôx 90

l
4R

ah. 3 h.
^ + e.. —^

3P ~9x ^~9x

(33)

where f, g, h are spatia! functions déterminée} by matrix [N] in équations (21) and:

aA
prs apArs+aAp+asApr

bBp., = b^b^.b^

^ = ^C^C^c^ (34)

aB.
prs ^+\^^A.

bA
prs bA^A^B^
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AA,, -2A,A,

BB.. - 2B,B,

CCp,, = 2C^C, (35)

ABP.,= 2AP,B.

Bv,= 2B.A.

In équations (34) and (35), the subscripts 'p,q', 'p,q,r' and 'p,q,r,s' represent the

coupling between two, three cind four modes rcspectively.

For consistency, équations (28) to (35) arc written in matrix format. The following

notation is adopted : the matrices vvith the " + " superscript represent équations (28) to

(33) and the ones with the "++" superscript represent the équations (34) and (35).

With équation (28), we obtain :

{a+} = {a'}[A-1] (36)

Where :

a?* = ap/e"ro. a? = a;0 sin mx, a,°) = -mo'p, p = l,...,8. (37)

anci m = ITITT/L
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and with équation (31), we have :

[A+] = [A-l]T[At][A-1] f38)

Where :

Ap; = a;,e(v^, a;, = a;;) cos2 mx, p,q = l,...8

(39)
ap(;) = w [Rm^-ap^[Rm^-a«^ + \ m2

Similarly, we obtain the expressions for {b+}, {c+}, [B+] and [C+]. Thèse matrices

arc given in Appendix A-2.

Also, we can write équation (34.1) in matrix format as :

[aA++] = [A-l]T[aA**][A-1] (40)

Where :

[^ A J a;, +a,/ A;,1 a^ +a,/ Aj a;., je ^ ' ^ "-)0 (41)
k't

aA • ' (p,q) = ^ [a; A;; a;, +a, A^* a^ +a,/ A,,,' a;., je("- ' ^ '



and équation (35.1) is written as :

[AA+'j = 2[Â-l]T[AA"j[A-'j

26

(42)

Where :

AA • •(p,q) = ^ a,,',kq
k.l

E
l»l

/F p(lr * l, +1k + 11)0
lpll-'lk'

(43)

Eik is the term (l,k) of matrix [E], where [E] represents a matrix of constants defined

by:

[E] = [A-1]T[A-1] (44)

Similariy, équations (34.2) to (34,5) and équations (35.2) to (35.5) can be

written in matrix format, and give the above matrices respectively: [bB++], [cC++],

[aB++], [bA++] and [BB++], [CC++], [AB++], [BA++]. The terms (p,q) of thèse

matrices are described in Appendix A-2.
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5.3 Second order non-linear stiffness matrix for an élément

The second order non-linear stiffness matrix for an anisotropic open cylindrical

shell is as follows:

eu ={ j j [ PjaA"] + p,,[bB-] . p,,([aB-] ^

+ [bA-]) + p^tcC-] ]dA

where dA = RdxdO, [aA++] is given by relation (40) and matrices [bB++],...,[cC++

are given in appenciix A-2.

After integrating over x and 6, we obtain:

[U = [A-']T[k^][A-1] (46)

The (p,q) term in matrix [k^-,] is written:
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kNL2(P,q) =

E R G(p,q)
^ (î?p + ^ + T?k)

k=l

.(l, "l, * l») _ 1 1
J

ifî?p + 7?q +î?k ^ °

^ R G(p,q) ^ if^p +^q +^ =0

(47)

G(p,q) is a coefficient in conjunction with a, /3, T? and élément py in matrix [P]. The

général expression of G(p,q) is:

G(p,q) = p,,I,[ a;l) A;; ^} + a,;0 A; a;0 + a,(n A; a;;) ] +

p^[ b?) A^ bS) . b;') A; b^ . b^ A; b;;) ] .
p^[ b;° A, bS) . bjl) A; b£) . bœ A; b;? ] .

(l) -l „(!) (l) -l „(!) .(l) -l „(')p^[ <) A^ c^' . c,u A^ c^' . cF A^ c^ ] .

p,J,[ a^) A; bî . .w A; b;;) . b;l) A, aX) .
(l) A -l „(!)

'q ^qk clkp
-l ud). b^) A^ a^) . a;" A,; b^ ]

p,,y a;0 A; b£) . a^l) A; b;? . a;" A^ b^) ]
(48)

where:

ï, = ^[l-(-l)m], I, =21^
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The terms âp( ) and apq(l) are given by équations (37) and (39). Terms b ( ), e (1) and

b (2) are coefficients appearing in expressions for the éléments of matrices {b*}, {e*},

[B*] and [C'] defined in équations (29) to (33). Thèse coefficients are given in

Appendix A-2 and Apq'1 is the term (p,q) of matrix [A ], where [A] is the matrix

defined by relation (22).

5.4 Third ordcr non-Iincnr stiffncss matrix for an clément

The third order non-linear stiffness matrix for an anisotropic open cylindrical

shell is as follows:

[U 4 J J l Pn[AA<t] + P22tBBt+] + Pi2([AB"] (49),([AB"]

+ [BA"]) + p33[CC"] |dA

where dA = Rdxd0, [AA++] is given by relation (42) ancl matrices [BB++],...[CC++]

are given in appendix A-2.



After intégration, we obtain:

EU = [A-i]T[k;uJ[A-!j

30

(50)

The (p,q) term in matrix [RN^] ls written:

WP.q) =

v. y- R L E(l,k) S(p,q)

^ 1^ 8(^., + r,^ r?^ T,,)
g (ir ' 1, * 1> * Il) - l

if l?p + ^, + î?k + T?l ^ °

8 8

^ ^ R L E(l,k) S(p,q) <^ if ^ ^., ^, - r?, = 0
k=l 1=1 (51)

S(p,q) is a coefficient in conjunction with Q', j8, T] and élément p,j in matrix [P]. The

général expression of S(p,q) is:

S(p,q) = 3p,, a;:) aï . p, (3b;n ^ - 3b;?) b£) . b;:) b£) . b? b^) (52)
. p, c;:) cï . p, (3a;n bff . a;0 b? . 3b;n a^ . b;?) a^)

where the term a (1) is given by équation (39). Terms bp,,01, Cpq(l) and bpq(2) arc

coefficients appearing in expressions for the éléments of matrices [B*] and [C ] defined

in équations (32) and (33). Thèse coefficients are given in Appendix A-2.
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6. THE INFLUENCE 0F GEOMETRIC NON-LINEARITEES 0F THE WALLS

ON THE NATURAL FREQUENCIES 0F AN OPEN CYLINDRICAL SHELL

The mass and stiffness matrices obtained apply to only one élément. After the shell

is subdivided into several open cylindrical éléments (Figure 3), the global mass and

stiffness matrices are determined by assembling the matrices for each élément.

Assembling is done in such a way that all the équations of motion and the continuity of

displacements at each node are satisfied. Thèse matrices are designated as [M], [KJ,

[KNL;] and [KNL3] œspectively. They are square matrices of order NDF * (N + l),

where N represents the number of finite éléments ancl NDF represents the number of

degrees of freedom at each node. In practice, very spécifie conditions are applied to the

shell boundaries. Thus, matrices [M], [KJ, [K^] and [K^l are reduced to square

matrices of order NREDUC = NDF * (N + l) - J, where J represents the number of

constraints applied. Thèse reduced matrices are written as [M(r)],

[K^r)], [K^] and [K^L] • The superscript "r" means "reduced".

The (l) System of équations then becomes:

[M<r>] {Ô(r)} . [K^)] {ô"} . [K^] {^-h [K^] {ô(r)'} - {0} (53)
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Setting:

{ô(r)} = [$] (q) (54)

where [$] represents the square matrix for the eigenvectors of the linear

System and {q} is a time-related vector.

Substituting équation (54) into System (53) and multiplying by [cpT] ,we obtain:

[<I.T][M<r'][<I>]{q} . [<I>T][KM][<I>]{q} + (55)

[cï)T][K^][<I>2]{q2} . [$T][K^][<ï'3]{q3} = {0}

Theproductsofmatrix [$T] [M(D] [$] and [<ï>T] [K^] [$] repœsent diagonal

matrices, written as [M(D)] and [Kw] . respectively.

The (55) System of équations is written:

[M<D'] {q} . [Kw] {q} . (56)
[(I1T] [K^] [^-] {q2} ^ [$T] [K^] [<î3] {q3} = {0}
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We saw how matrices contained in the linear part of the System (53) could be

reduced to diagonal matrices. On the other hand, the matrix products

[$T] [KiÏu] [$2] and [<i)T] [KN'U] ['ï'3] are not generally described as diagonal

matrices.

A typical équation of the (56) system would yield:

NREDUC NREDUC

, % - ^\. "'•S' km'\î . "£" k;Kulq.' - 0 (57)
-pp -ip "rr ->p

s=l s'I

where coefficients nipp and \^{L) , represent the p11' diagonal terms of matrices [M(D)]

and [k^D)] > respectively. 1<:(NL2) and }<(NL3) are the (p,s) terms of the products

[cï)T] [K^J [<ï>2] and [<îT] [K^] [<I'3] thereby becoming diagonal.
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Equation (57) would then be written:

">.. il. <• k£'l . CL2'q,2 - C%3 = 0 <58>lpp vlp • Ivpp 1p • Ivpp 4p • -pp -Ip

Setting:

q?M = A^f^r) (59)

which satisfies the conditions:

f,(0) = l and t(0) = 0 (60)
'pv-/ ~ "~-- 'p

Equation (58) becomes, after the Ap simplification:

^ fp + k;;-) f, - CL2) t (A/t) f; . k;,NL3) ^ (A^/t)-- f; - 0 (61)

where t represents shell thickness.

Dividing this last équation by rripp, it becomes:

ï^^.Ar)(Vt)f;.Ar3>(vt)^=o (62)
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where

.(L.)

^ = ^L (63)
~p mpp

The coefficient [k^)/m^] reprcsents the ptl* linear vibration frequency of the

shell. and

I,(NL2)
-pp

m.

^(NL2) ^ -^pp ^ (64)

'l'p

.(NL3)
^(NL3) ^ ^PP ^2 (65)

mpp

The solution fp(r) of thc non-linear differential équation (62) which satisfies the

conditions in (60) is calculated by a fourth order Runge-Kutta numerical method. The

linear and non linear natural frequencies are evaluated by a systematic search for the

fp(r) roots as a function of time. The UNL/UL rati° of line^r and non-linear frequency is

expressed as a function of non-dimensional ratio (A /t) wherc Ap is the vibration

amplitude.
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7. CALCULATIONS AND DISCUSSION

The influence of the wall's géométrie non-linearity on the open or closed

cylindrical shell's free vibrations is expressed by équation (62). For a shell having the

particular physical characteristics given, the ratio ^NiA'L 0^ linear and non-linear

frequency have been graphically represented in Figures 4 to 9 with respect to the non-

dimensional ratio, Ap/t. The straight horizontal line represents the linear vibration

cases, where the frcquency is independent of the motion's amplitude.

7.1 Non-Iincar free vibration of closed cylindrical shell

The first example of calculations to détermine the influence of non-linearities in

strain-displacement relations on the free vibrations of a simply-supported cylindrical

shell is shown in the analyses in références [6] and [17]. The shell has the tbllowing

properties:

E=200GPa, v =0.3, p =7800 Kg/m3,

R =2.54 cm, L =40 cm, t =0.0254 cm, ^=360°.

The variation in natural frequencies of this shell was calculated using the method

we propose, and compared to the rcsults Nowinski [6] and Raju and Rao [17] obtained

for the case of n = 4 and m = l (Figure 4).
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upon frequency for a simply—supported cylindrical

shell, n=4, m==l.
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Nowinski [6] based his analytical development on Donnell's simplified non-linear

method. Only latéral displacement was considered. For their part, Raju and Rao [17],

beginning with an energy formulation, used the finite élément method.

In Figure 4, we observe that the variation ratio between the linear and non-linear

frcquency increases as ratio A/t increases. Non-linearity has a hardening effect. Thèse

variations are small for values A/t below 1.0. For values above 1.0, the variation is

more pronounœd than that which Nowinski [6] and Raju and Rao [17] obtained.

Its appears that thèse différences might be duc to the fact that Nowinski [6]

neglected plane inertia ancl took into account only latéral displacement. As for Raju and

Rao [17], who used the Sanders-Koiter [3,4] non-linear theory, they expressed the

displacements of components along the shell generator in polynomial form.

The second example of comparison is shown in Figure 5. The shell is simply-

supportée! at both ends anci the pertinent data are as follows:

? = TrRm/nL = 2, e = (n2t/R)2 = l and ;/=0.3



39

2.00

1.75 |-

-l 1.50 I-

^
^

1.25 1-

1.00

l l

Présent method
- - - Evensen [7]

Atluri [13]

^

l

/

/
/

/
/
/ ~

/
/

//

,/.--":
'^

^
^

^
^-

./-

-/"
.--

j_l_L0.0 0.5 1.0

A.A'p/

1.5 2.0

Figure 5 : Comparison of the effect of amplitude
upon frequency for a simply-supported cylindrical

shell,

Ç = TTRm/nL == 2, e = (n2t/R)2 = l, v = 0.3



40

The variations in frequency ratio as a fonction of A/t for this shell were

calculated using the présent method, and compared to the results of Evensen [7] and

Atluri [13].

Evensen's [7] analysis involved a two modes approximation and his équation vvas

obtained from Galerkin procédure. The work of Atluri [13] is based on Donnell's

équations, a modal expansion was used for displacements and Galerkin technique was

used to reduce the problem to a non-linear ordinary differential équation for the modal

amplitudes.

As may be seen, the results obtained by the présent method are in satisfactory

agreement with those of other authors.

7.2 Non-linear free vibration of open cylindrical shell

One of the great advantages of the finite élément method is the ease with which

it can be applied to any geometry and boundary condition. Thus, the second step of

calculation is to study the non-linear dynamic characteristics of open cylindrical shells

as a function of circumferential and axial modes for various boundary conditions.
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In Figure 6, we présent the effect of large amplitude on the frequency of

vibration for axial mode m = l and various circumfercntial mode n ( l to 12 ). The

open shell is simply-supported at the four edges and the data are as follows :

E=200GPa, v =0.3, p=7800Kg/m3,

R=2.54cm, L=40cm, t=0.0254cm, ^=135°.

The Figure shows that the non-linearity is of the hardening type for

circumferential mode n = l and n > 9 and is of softening type for n between 2 and 9.

We see also that the non-linear effect is more pronounced for the mode n = 5 and the

variation is small for the case of n = l.

Figure 7 shows the variation in frcquency ratio as a function of A/t for axial

mode m = 2 and circumferential mode n = l to 12. As in Figure 6, the same

phenomena can be observed for this axial mode, the non-linearity is of the hardening

type for circumferential mode n = l, 2, 3 and n > 9 and is of softening type for n

between 4 and 9. We see also that the non-linear effect is more pronounced for the

mode n = 7 and the variation is small for the case of n = l.
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In order to establish the effect of boundary condition on non-linear free

vibration, we turn to Figure 8. We observe for the mode ( n = l, m = 2) and the

same open shell with différent boundary conditions, that the shell with the clamped -

simply supported boundary conditions in its straight edges is the one on which the effect

of non-linearity is the more pronounced, The effect is small for a panel with clamped -

free boundary conditions. The steel panel analysis in Figure 8 has the following data:

R = 37.7 mm, L = 234 mm, t = 0.229 and ^ = 180 deg.

With the Scime data. Figure 9 shows the effect of the opening angle 0.,. on the

non-linear free vibration oF open cylindrical shell. It shows that the panel with opening

angle ^ = 135 deg. is the one vvhich has the smaller effect on the non-linearity and the

more pronounced effect is for ^ = 10 deg.
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8. CONCLUSION

The method discussed in this report demonstrates the influence of géométrie non-

linearities of the walls on the free vibrations of empty open or closed cylindrical shells.

It is a hybrid method, based on a combination of thin shell theory and the finite élément

method.

An open cylindrical finite élément was developed, so that the displacement

functions could be dérivée! directly from classical thin shell theory.

The solution was divided into two parts. In part one, the displacement functions

were obtained from linear shell theory and the mass and linear stiffness matrices were

determined by the finite élément procédure. In part two, the modal coefficients

corresponding to non-linearities in strain-displacement relations were obtained for the

displacement functions. The second and third order non-linear stiffness matrices were

then calculated using the finite élément method.

With the help ofa computer program, variations in the free vibration frequencies

were déterminée in conjunction with motion amplitude for a closed or open cylindrical

shell. Deviations in terms of linear vibrations were observed. The results obtained

with this method were in agreement with other analytical and numerical methods.
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A paper currently under préparation will deal with non-linear free vibration

analysis of liquid-filled open or closed cylindrical shells. The non-linear dynamic

stability of shells containing flowing fluid will also be investigated.
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APPENDK A-l

EQUATIONS 0F MOTION

This appendix contains the équations of motion for a thin cylindrical anisotropic shell

which were referred to in this paper. The appendix is divided into two parts : part one

deals with the linear System operators and part two, with the non-linear.

a) Equations of motion for a cvlindrical shell : linear svstem

L,(u,v.^)=p,,§^(à^)-P,^^(-^.Ée).

rp33-p63^ (Ù- 4. 112U^ 4. fp36 _ P66^ ^_ ^ ^ ^ A^_ . J^ A)<^ - ^t> <ixle+^> + ^ - ^?) '- ^2+ t^e - ZR^t'

4'".<.^'='PJ1^'^ + . <P12+Ï"$ + ^) - (pi4+Ï)

,33M ^ ^ _L /P25 ^ ^ (_ 83W ^ 3^^ ^_ ^ 3P63^ ^A + l ^ +(^)+,?(^+^>(-^+^'+^3+^r><^+^y?)+

i /. . 3P66^ ^_^ 93U ^ 3 92V _ 1 82U
i^36+-vT) ^-2^+i^2-2R^e;



L3(U,V,W,P^.) = p
Ô3U

'41 »7
.P42-(^X

R
+ &2W ^ . „ _ AL

~2— T ~2~; ~ P44 —T
ÔX"Ô9 ÔX" -r" ÔX~

P45
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(-A
TT-2ôx"ô6l-

»3V_

&X2&9
) +

2P 63 A 1 ô^U 2p

ôx ô9 R ôx ô9' R
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2~ (-

2ô4W
9 r>

ôx^&e'-

a3v 1 ô3U , ^ PSI ô3U , P52 /ô3V , ô2W

2 ôx"ô9 2R &xô6^

P54 ô4W

r) +
R" ôxô9L

+T? ^
R" 89"

R' ÔX"ô9L

09'

P55_ ,_A^
R- &9' ^)

b) Equations of motion for a cylindrical shell : non-linear System

^(U,V,W,P^.) = p^
9W 8 "M

3X^2
2U , P12 /8W 92W

+
99 8x39

A_ _ ^ 3V + v ^-) +
8x86 - 39 8x ' " 3x;

1/P33
R <-T

^63,
2R'

/3W 82W
V3X382

9W 92W
39 3x96

- v A_
3x36

3W9I)+ fo_ +ÏXÏQ) + tpn + pi2;

1 9V 82V , 1 9U 92U
4 3x ' ^2 ' ^2 36 ' 3x89

1 8U
4R 86
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3X2

1 3V
4R 3x

92U
8x86
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-4R-

3V
9x

l au
R 99
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9x96 ' 3X 3x36
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4R /

3V
3x

1 8U
R 36
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V 92W

Rc 99' R

1 8W
,2 30
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96
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3V
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^51\ 9W 3 W 1 ,^22 ^52\ /8W 3 W,v.w,p..) = r^l + % ^ 3X + -l f42 + ^2) (lw rï - vM^U,V,W,K^; = (-^ + ^-; ^ ^. + ^- ^-^ + -^ 199-^2
A
362
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(.1^^^
R 39 ~r R'

i(âv)2+4 .81^2^
8 V3x/ T nn2 V36/ ~ 4R 9x

1 3V
4R 9x

3U
36

.Pn + P'
+(rn—2i)

3V
3x

1 3U
R 39

3 D , 8W . 32W
~2+^ ' ^

3x 3x"

,(P14^) 3V
9x

1 9U
R 96

1 92V , 19W, 1 8W
R 9x36 ' R8x ' ^238

92W V 82W
3x36 ^2 9x36

3W. 3V . V 8V
36 8x ' ^2 ' 3x

/P24 + PU,
-4T

3V
9x

1 3U
R 36

33W

3x'

.Pic + p'
+p5—25) 8V
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R 86

1 â3W , 1 82V

R2ax992'R2^
+ (
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3X

1 9U
R d9

1 8V
4 3x

82V . 1
~î.

8x' 4R

32U
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8U 1 8U
4R 96
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1 9V
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APPENDDC A-2

The matrices referred to in the course of our analytical developments are given in this

appendix.

The matrices are classified as follows:

[T J, [R], [A] (Table l)

[b+], [c+] (Table 2)

[B+], [C+] (Table 3)

[BB++J, [CC++], [AB++], [BA4+] (Table 4)

[bB++], [cC++], [aB++], [bA++] (Table 5)
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TABLE l

MATRICES [T J, [R] and [A]

MATRIX [TJo^

[T J = Diag[ cosmx, sinmx, sinmx ]
m = nnr/L

MATRIX [R](3,g)

R(1J) = ^e^
R(2,j) = e"-", j = l,...8

R(3,j) = fS.e"'8

MATRIX [A](^

A(1J) = âj
A(2,j) = l
A(3,j) = ^
A(4,j) = ^
A(5,j) = a.^ j = l,...,8

A(6,j) = e"-"

A(7,j) = ^
A(8,j) = ^e"'0



Where:

TABLE 2

MATRICES [b+](i,g) and [G+](^

[b+] 1 f[b*]
M \s \Ïc-Ï ^tA-'J

u.d) ,;„ „, h(D = }?PBP + 1
)p = DpC'"", Dp - Dp' sm mx, Dp" =
* _ l-/.-l.» 1-/ - i-(D -:„ ;^.. u<

= Do e "f~, Dp - Dp ' sm mx,

e: = c'.e"'6. d = cœ cos mx. ca) = 17PO:P + "S
'p - *-p ^ ' *-p - <-p *-"•' 111A ' v'p
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Where:

TABLE 3

MATRICES [B+]^) and [C+]^

[B+] 1 . _ f [B*]
[C+] ^=[A-1]T^[C*] }[A-]

B; = b^^6, b;, = b;;) cos2 mx + b^2) sin2 mx ,

1

8R2
bP^ =-0^2 [Rn^p-^pMRm^-c^]

)0) = -1
2R2

bp(?=^p-?,-^

Cp*, = Cp,e(v''<)fl, e;, = Cp(;) cos mx sin mx,

cs=^^+^-^-^

64



where

TABLE 4

MATRICES [bB++], [cC++], [aB++] and [bA++]

65

[bB
[cC
[aB
[bA

++]

++]

++]

++]

= [A-l]T 1

[bB*-]
[cC-]
[aB**]

[bA-]
[A-']

bB*'(p,q) =^ [b;Ap-;b;^b;A;b^b,/A;;b;,]e();'+''<+''-)('
k=l

cC-(p,q) =E ^^^+<^^^^'r'^1")e
k=l

aB * • (p,q) = ^ [a, A^ b,/p +a, A;; bp, +bp A;; a,Je(^ + "<+ >'k )8
k=l

bA-(p,q) = ^ [b;A;a^b,/A;a;^a;Ap-;b<;Je('''+''<+l't)<'
k=l



Where:

TABLES

MATMCES [BB++], [CC++], [AB++] and [BA++]

66

[BB
[ CC
[AB
[BA

++]

++]

++]

++]

=2[A-1]T 1

[BB**]
[CC**]
[AB**]
[BA * * ]

f [A-1]

BB * • (p,q) = ^ b,,kq
k=i

/P p(l,, +1< t1> +'),)8
'Pli-'lk'

1-i

CC * • (p,q) = ^ ^
k=l

kq E
l'I

/.p p(')p +>>, + in + ''i)9
'Pl •'-'Ik'

AB • • (p,q) = Y, b,,
k=l 1=1

/.p p("p+1, +I)l, * 11)6
Ipl^lk'

BA * • (p,q) = ^ a,/,
k=l

E
1=1

/p p(1, +1,+1» t>ll)9
/pli-'lk'
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APPENDK A-3

LIST 0F SYMBOLS

^
e b^)

(l)

a?, b,,

aAp,,,

bAp,

Apq,

p> cp

,bB,

Bpq,

prs> "'•-'prs' u"prs'

Cp,

lprsq' •"prsq> ^prsq' •' ^-"prsq>

BA^
E

f, g,

fp

G(p,

L

m

M,,,

n

N...

N

Pij

R

h

,q)

MOT,

NCT,

, M,», Mft,, M,g

N,g, N,,,, N,9

S(p,q)

t

U, V, W

x

coefficient determined by équation (37)

coefficients déterminée! by équation (A-2.3)

coefficient determined by équation (A-2.3)

motion amplitude

modal coefficients determined by équations (28, 29 and 30)

modal coefficients determined by équation (34)

modal coefficients determined by équations (31, 32 and 33)

modal coefficients determined by équation (35)

Young's modulus of elasticity

spatial functions

fùnction determined by équation (59)

coefficient déterminée by équation (48)

total length of shell

axial mode

résultant moments of a cylindrical shell

circumferential mode

résultant constraints for a cylindrical shell

number of finite éléments

éléments of the matrix of elasticity (i, j = l, ..., 6)

radius of the shell

coefficient determined by équation (52)

thickness of the shell

axial, tangential and radiai displacements, respective ly

the coordinate generator of the shell
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0'p, (3p : determined by équation (18)

€xx> ew. ex9 : defonnations of the surface of référence

E||( : élément of matrix E determined by équation (44)

K^, «.es, K.^ : rotations at the surface of référence

,NL2 ; coefficient determined by équation (64)
Lp

,NL3 : coefficient déterminée by équation (65)
kp

ri : complex roots of characteristic équation (16)

^ ^ ^ : determined by équation (10)

(f) : opening angle for one finite élément

<^>T : opening angle for total shell

v : Poisson's ratio

p : density of the shell

UL : linear frequency of free vibrations

a^,, : non-linear frequency of free vibrations

0 : circumferential coordinates

T : time related coordinates
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LIST

[A]

[B]
{a+}

{b+},

0F MATRICES

>

{c+}

[aA++]

[bB++], [cC++],
[aB+], [bA++]

[AA++]

[BB++], [CC++],
[AB++], [BA++]

[A+]

[B+],

{C}
[E]
[kj, [k,.

[1CNL2]

[KJ,

[C+]

•NL2J ? LIVNL3.

L [^N13]

[K.NL2L [K-NL3]

•(r) (r) •(r)
[K^. ], [K^u] > [K^iu]

[K?)]

[m]

[M]
[M(r)]

[M(D)]

[N]
[p]

{q}

determined by équation (22)

determined by équation (33)

determined by équation (36)

given in Appendix A-2, Table 2

déterminée by équation (40)

given in Appendix A-2, Table 5

determined by équation (42)

given in Appendix A-2, Table 4

déterminée! by équation (38)

given in Appendix A-2, Table 3

vector of arbitrary constraints

màtrix function of [A] detennined by équation (44)

linear and non-linear stiffness matrices for a finite élément,

respectively

déterminée! by équation (47) and (51), respective ly

linear and non-linear stiffness matrices, for the entire shell,

respectively

reduced linear and non-linear stiffness matrices, for the

entire shell, respectively

global diagonal linear stiffness matrix

mass matrix of a finite élément

mass matrix for total shell

reduced mass matrix for total shell

diagonal mass matrix for total shell

determined by équation (24)

matrix of elasticity

time-related vector coordinates
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[R]
[T]

w
w
(5(r)}

{.}

{^} {^NLÎ

[$]

w

determined, by équation (19)

determined by équation (13)

vector of degrees of freedom for node i

vector of degrees of freedom for total shell

reduced vector of degrees of freedom for total shell

déformation vector

linear and non-linear components of the déformation vector,

respectively

matrix of eigenvectors

stress vector
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