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ABSTRACT

A general theory is presented for the prediction of the stresses,
displacements and interface pressure of cylindrical vessels partially filled
with liquid, pressurized and having surfaces of contact with rigid supports.
The supports are subdivided into a number of line and surface elements in the
axial and circumferential directions. FEach element is subjected to a load a4
i=1, 2, ..., N. The applied loads, expressed in double Fourier series and
inserted into shells equations of motion, allow the determination of the
corresponding displacements and stresses in terms of the qi's. Prediction of
the/saddle—vessel interface pressure distribution is obtained by minimizing
the potential energy of the system. Some calculations are conducted to illus-
trate the theory. The theory is compared with experiment, and agreement

is found to be quite good.



INTRODUCTION

Knowledge of the pressure distribution of the surface of contact
between fluid-filled cylindrical vessels and its supports is of considerable
practical interest, considering that most cylindrical vessels are utilized in
containing or conveying fluids. Although the problem of determining the
stresses and displacements of saddle supported cylindrical vessels using beam's
theory or semi-empirical approach has produced many papers (e.g. [l - 4]1),
the litterature reveals a limited number of rigorous analysis which have been

generally developed using cylindrical shells' theory.

For instance, Forbes and Tooth [5], and Wilson and Tooth [6] formulate
an analysis capable of predicting the saddle/cylinder interface pressure and
the stress resultant throughout the vessel. The most severe limitation of
their theory is the assumption, in their investigation, a constant interface
pressure distribution in the axial direction. The authors of this paper believe
that the interface pressure is non-uniform in the axial as well as in the circum-
ferential directiomns. The need is evident for a theory which can be used for
the static or dynamic analysis of any kind of circular cylindrical shells
partially filled with liquid, pressurized and having surfaces of contact
with rigid supports. This theory may be used advantagecusly in the stress

analysis of heat exchanger for nuclear power plants,

The work presented here based on a recently developed theory [7]
by the authors, is an attempt to produce a general theory for the prediction
of the saddle-vessel interface pressure distribution in the axial and circum-

ferential directions as well as the stresses and displacements at any point

1  Number in brackets designates references at end of paper.



within the structure with wide range of applicability.

To this end, the support is subdivided into a sufficient number of
line and surface elements each of which subjected to a load 9 i=1, 2, ..., N.
rediction of the ive distribution is obtained
by minimizing the total Potential energy of the system which is derived in
terms of the qi's. A number of assumptions are made during the course of the

investigation; a compendium of these assumptions and the limitations of the

theory will be given in the text.

The theory of reference [7], and hence the theory of this paper,
is capable of analysing geometrically axially non-symmetric, long or short, thin
cylindrical shells subject to any set of boundary conditions (including

supports other than at the two axial extremities of the shell).

The organization of the paper is as follows. Tirst, the matrix
formulation of the problem is presented and the field pressure distribution of
the saddle/cylinder is transformed to a discrete set of forces. Secondly,
the stresses and displacements of the shell are expressed in terms of these
forces 9 i=1, 2, ..., N. Then, the potential energy of the system is
presented, and its minimization is obtained. Finally, the method of calculation
is developed and some results, conducted to illustrate the theovy, avre

discussed.



2. EDGE LOADING AND SUPPORTS.

The basic equations which describe the static behaviour of cylin-
drical shells with bending resistance under arbitrary loads are determined
from Sanders' equations of equilibrium of thin shells [8], [9]° This shell
theory was preferred because all strains vanish for small rigid body motions.
This matter is further elaborated is Appendix 1, where the equilibrium
equations are given in terms of the axial, circumferential and radial
displacements of the middle surface, U, V and W, respectively. The stress~

strain and the strain-displacements relations are also listed in Appendix 1.

2.1  Shells under arbitrary edge loading.

In this development we take into account the effects of the boundary
conditions. The solution of equation (50) for arbitrary edge loading is
r A
given in reference l9J, and only an outline will be given here for the

benefit of the reader.

We consider motions in the nth circumferential wavenumber and write

’U(X,@) "u (x¥)
n
(W (x$)4 _ e [T]é w () 9 1
V (x,9) . n=0 [ ™ vn(x) |
“~ P \ /

where[‘TnJ is given in Appendix 2. Substituting this into Sanders' equations

of equilibrium (50) by assuming P~ P =0, and letting

o Pr

un(x) = A exx/r , vn(x) = B eAx/r . wn(x) = ekx/r (2)

leads to three simultaneous equations in A, B, C and to a vanishing deter-

minant, for non-trivial solution; this yields a chavacteristic eguation



which is an octic in A. The complete solution is a summation of the eight

independent solutions and involves the constants Ap’ B,C p=1, 2, ..., 8.

% P

As these constants are not independent, we express Ap and Bp in terms of C_,

we write Ap ==ap Cp and Bp ==Bp Cp; in this way we can then express u s

v, in terms of only eight constants Ep which are linear combination of

Cp' This leads to the equation

4 N

U(x, )

$ W(x,d) Fz:nzo [Tn} [R.} C_o s (3)

V(x, $)
\ /

where [R] is a 3x8 matrix given in [9], and Cn is the eight-order vector of

the constants Cp

The strains are related to the displacements through equations

(48) and (3): accordingly. we express [E‘L in terms of ICn‘Lby

T 0 ’
{8% Ll o 7 [Q] {Cn} ; (4)
n
r r ~ =
where the matrices [Tn] and [Q] are given in reference [9J.

The corresponding stress-resultant vector may now be found from

equations (49) and (48), i.e.,

(= IRt wf Pl Jed

where [P] , the elasticity matrix, is given by equation (49) for isotropic

shells.



2.2 Modeling of the support

A given cylindrical shell partially-filled with liquid, pressurized
and having a surface of contact with a rectangular rigid support of dimensions
(a, 2b) 1is shown in Figure 2. The locations of the support on the vessel
is arbitrary, with coordinates 60 and (xo, xf) in the circumferential and
axial directions, respectively. The theory developed here for one support
may be applied to shells having two or more supports. Also the assumption
of a vertical plane of symmetry of the loads through the axis of the shell,

permits the investigation of only half the support (a, b).

These dimensions "a'" and '"b'" are first subdivided into Nl and N,
line elements, respectively; and then by assuming two point loads on the
boundaries A and B of the support, Fig. 2, N finite elements are distributed
over the area (a‘*b), as follows: 1) two concentrated loads of densities
q; (1b or kg), i =1, 2, applied on the points A and B; 2) (N1-+ 2N2) line
loads applied on the line elements of densities 4y (1b/in or kg/m),
£=3, 4yeery 2, + N

+ 2; and 3) NlN surface loads of densities q;

1 2
(lb/in2 or kg/mz), i= 2N2-+N1-+3,..., N; where N is given by

N = N1N2+ 2N2+ Nl+ 2 . » (6)

The pressure distribution on the possible surface of contact
between the rigid support and the shell is represented by the densities qi's

where 1i=1, 2, ..., N.



3. STRESSES AND DISPLACEMENTS DUE TO ARBITRARY LOADING

In this section we shall develop a general procedure in order to
obtain the displacements and the stresses induced by the qi's, fluid surcharge
pressure, weight of the vessel and its heads. To do so, the loads and the
displacements are first represented by double Fourier series and then
inserting these series into the equations of motion, the coefficients of the
Fourier series are obtained for the displacement components in terms of the
load factors p s P and p for the axial, circumferential and radial

xmn’ ¢mn rmn
directions, respectively. The second step is to determine these loads
factors p s P and p in terms of the unknowns q,'s for each particular
Xmn ¢mn rmn i

case.

3.1 Arbitrary loadings.

Using the method of Fourier expansions and assuming that, for a

cylinder of length 2,

4 3 d Y
pX pxmn
< Pr Vo b b T ] rT {Prmn 5 s (N
m=1 =0 nJ L mx :
p¢ . p¢mn
\ Vs N &
and
' Y 7 N
U u
P mn
W = ¥ b , (8)
9 P ’ mii nEO {Tn ] [me]<wmn ’ 7
v v
p mn
\ / \ /




it is possible to obtaine, by introducing (7) and (8) into (50), the coefficients

of the Fourier series for the displacement components as follows

, N ’ w
Ynn pxmn
2 -1
< Ymn 0 = _r.ﬁ. [AJ < Prmn ¢ . (9)
L] |
Vin p¢mn
\ / \ /

where m and n are the axial and circumferential wave number, respectively, and

the matrices [Tf ], [T ] and [A, ]are shown in Appendix 2.
n mn F

When the loading can be represented by Fourier series of the form

¢ N
PX PXon
{ P, > = b p >
r ) ? _ [T ] ﬁ ron , (10)
n~0,2,3,4,..., L ]
p¢ pd>on
\ / \ /

The displacements can, in general, be assumed to have the form

, W , N
U u
P ‘ on
< Wp ;= T [Tn]< Yon o R (11)
n-0,2,3,4,...,
\ v
P on
\ # N

where the coefficients u_, w__ aud v for n ¥ 1, may be obtained from

on’ “on on
equation (9) by imposing m = O. However, equation (9) and (11) canmot be
applied to cases where the loadings are expressed in terms of the form (a cos §.)
and (b sin ¢); this is due to the fact that expressions in (d cos $) and

(g sin ¢), for the radial displacement W, correspond to rigid body motion of



the shell and therefore do not represent the true displacement caused by loadings
expressed in terms of the same form. In order to avoid this difficulty, it

was necessary to either expand the constants "a" and '"b" in a Fourier sine

series of the form I Dn sin (mwx/2) and thus to lengthen the numerical compu-
tations, or to obtain a particular solution using shells' membrane theory. It
was decided to use the latter alternative, for these particular cases since

such solution which is easily obtainable describes adequately the behavior of

a cylindrical shell closed by stiff heads.

Such special cases occur when m =0 and n =1, e.g., for the weight
of the shell and for the terms, m =0 and n =1, of the fluid pressure.
In all other cases, where (m =0 , n ¥ 1) and m # 0, the exact solution,
developed in previous sections, was used to determine the corresponding displa-

cements and stresses.

3.2 Load factors

Equations (7), (8) and (9) allow the loads and displacements to be

n * Prmn and Py The object

now is to determine the load factors corresponding to each particular case of

loading.

a) Concentrated radial loads.

We assume two concentrated radial forces of intensity q (1b or kg)

applied at the coordinate (x,¢) = (bi , * 61), Figure 3.

The load factors corresponding to such forces are as follows



Prmoi - Tl sin ) ’ m=1, 2, 3, ..., (12a)
and
4q; mw b,
Pomi | wrg oS M8y sin—y » mm=1,2,3,..., (12b)

where i =1 and 2. By referring to figure 2 we obtain 61 ==62 —-60 s

b, = x and b, = x

1 0 2 £

b) Line loads on two segments along the generator.

Let the segments, on which a constant inward line load 9
(1b/in or kg/m) is applied, be centered at (x,$) =:(bi,i Gi) and of

dimension 2 c, along the axial direction, Figure 4.

2

The coefficients of the series expansion for this loading is

given by
4 qi m T C2 m T b
Proi ~ 2 sin-——E~—— sin -mwzww* . m=1,2,3,..., (13a)
™ rm :
and
b = 8 qy omw Cs oo bi
rmni —5——— sin - cos n 61 sin —p—= n,m=1,2,3,..., (13b)
T T m

where i = 3,4,..., N1 + 2.

c) Line loads on two segements perpendicular to the generator.

For the cases where the shell is subjected to a line load q,
i
(1b/in or kg/m) perpendicular to the generator, figure 5, and of dimension

2r ¢1, the load factor Pouni 16 8lven by
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4 ¢, q mTb
1 7% . i =
Prmoi = 5 3 sin T m=1,2,3,..., (14a)
and
8 a9 m T bi
Prnni sin n ¢, cosn Gi sin > wmm=1,2,3,..., (14b)
T™Tn %
where b, is equal to X and X for i = Nl-i' 3 to Ny + N, + 2, and for
i ==Nl +~N2 + 3 to Nl + 2N2 + 2, respectively; figure 2.

d) Constant pressure uniformly distributed over two rectangular areas.

Consider two rectangular areas subjected to a constant
loading 4 centered at the coordinates (x,$) = (bi , £ 6 i)’ and having the
dimensions 202 and 2r ¢1 along the axial and circumferential directions,

respectively (Figure 6).

The Fourier series expansion of the pressure, Ps» due to the
radial loading, 4 being given by equation (7), one obtains the following

expression for the load factor p .
‘ rmni

8 ¢1 qa; mw C2 m W bi
Pmoi 5 sin T sin 7 s for m=1,2,3,..., (15a)
T m
and
16 ¢ mwC mw b,
Promi sin n ¢1 sin — cos n Gi sin — s

for myn = 1,2,3,...,

where i ==N1 + 2N2 + 3,..., N; and N is given by equation (6).
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e) Pressure corresponding to a partially-filled vessel.

The pressure distribution on a shell partially or completely filled
with stationary liquid is shown in figure 7. The series expansion for such
loading is given by equation (10) and its corresponding load factor may be

. .
written in the form

P, = — (r/m [ sin¢ ~-¢ ~cos¢ ] ,

Py~ - (yr/m) [¢O - (sin 2¢O/2)] ,

= - [Zyr/('nn(nz—l))] [cos¢o sinn¢ - n sin¢ _ cos n¢0] :
n=2,3,...,

(16)

where vy (lb/in3 or kg/m3) is the specific weight of the fluid andd)o (radians)

indicates the level of the liquid in the shell.

f) Surcharge pressure, weight of vessel and heads.
The loading corresponding to a surcharge pressure P, is given by
pr (Xsd)) = -pO 5 (17)
and the loading due to the weight of the vessel may be written as

A G, ) = -yt sin¢ (18)

P, 9 = - Y t cos ¢, (19)

where Ys is the specific weight of the shell's material and t the thickness

of the vessel.
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The heads of the vessel are assumed to be rigid and, consequently,
their effects will be taken into account be prescribing the appropriate

boundary conditions on the shell's edges.

3.3 Stresses and displacements.

The displacements due to arbitrary loadings may be obtained by intro-
ducing the coefficients given by equations (12) - (19) into relations (9) and
thence into equations (8) or (11) depending on the applied loadings. The stress-

- - T
resultant vector, {o} = {NX , N¢ s Nx¢ > M, %b R M&¢} , for different

loadings is obtained by substituting the corresponding displacement relations

into equations (48) and (49).
a) Surcharge pressure

The surcharge pressure P, induces displacements and stresses for

the case n=0; accordingly, we may write

’ N 4 N

U P, T X (1 - 2v)/2Et |
2
W P, T (1 - 0.5v)/Et
9 > T o > (20)
IW/ox 0

\Y 0

\ 7/ Po \ &

and

T
{0'}p = {p 1/2, P, T 0, 0, 0, 0O} . 1)



b) Weight of the shell

By considering that the weight

the first circumferential wavenumber,

4 \

oW/ o9x

and

’

of the shell induces motions in

=1’

n
- Zﬁ'rRB (QX3 - 6X2 +1) +
E L12r .3 )2
Zi [ 24 (gi _ 2x3-+ X
E lzr2 24 23 2
2

+ Ei— (4—v)] cos ¢

_S ( -

E L2 3 g

_415.[ 24 (Ei 2x"
2 12r2 24 '3

t T CcOos
Vg ¢

- 2 yst (0.5 £~ x)

¥ [ 23 4x3 6x2
2

rf
A

we obtain

£t J AN l]-
{i-4v

2

X, ] .
g) jcosd

X4 (xh-x%)  (2.125 2+

+1) +(2 - 2x) (2.125 4 %)] cos ¢

3
3

sin ¢

®

+-%)'+ (x2 - xz) (2.125 + l.Sv)] sin¢

(23)

12A

> ,
» (22)
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where %, r, t and Ys are, respectively, the length, mean radius, thickness

and specific weight of the shell; v is Poisson's ratio and E is Young's

modulus.

c)

Fluid pressure

Upon substituting relations (16) into equations ((9), (11)) and

thence into equations (49) we obtain the following expressions for the

displacements and the stress~resultants of the shell:

’ N
U
W
< r =
oW/ 3x
v
\ pr
and
{o}
Pg
where
r N
U
W
< >
oW/ ox
\)

’

N 4 N
U U
W W
> < >
oW/ 9% + | aw/ox + 3 .
n=2 n
v \
/. (0=0) \ (=)
. T 0
{o} + {o} _ + I
Pf(n=0) pf(n 1) i 0 T

N ‘Pf (n‘—’-o)

’

- (ao r x/2Et) (1 - 2v) T

- (ao'rz/Et) (1 - 0.5v)

u
on
w
on
< 4
0 , o (24)
v
on
N e pf
4 N
u
] on
J [Eon]< won P (25)
v
on
\ p.
, (26)



14

4 N 4 N
3 3 2
L 4x 6x e 1 X
U (al/Et) T [( 23 - Qz + 1) + 4 (1-4v) (2 - 2) ]cos¢
24 x4 2x3 X 2 r2
W ~(a /Et)[———— -+t 1,125 x-x7) = (4—v)] cos ¢
1 2 4 3 L 4
241 3 2
< > $ >
AW/ 9x -(a, /Et) 23 4x 6x2
= 1 [ 5 ( 7~ s +1) + 1.125 (2—2x)]cos¢
24y L 2 (27)
4 4
\Y (al/Et)[ —&~§ EZ - 253- + %3 +1.125 (x2 ~ x2) ] sin ¢
pg (0=1) 24y 2 2
\ / \ /
and
T
{G}Pf(n=0) {_aor/?" _aOr’ 0, 0, O, 0} ’ (28)
{o} (n=1) = { “L—% (3SE -3 5—]0 sb, -ra_cos ¢, a & %) sin ¢ 0.0 O}T (29)
pf 4 .al Lzr 22 9‘, 4 J-Q'--i —--'l-' = ¥3 1\2 SEs T Lkl TV s <7
a and a, are, respectively, equal to p__ and P 1 of equations (16); the

matrices [Tn], [Tn] and [Eon] are shown in Appendix 2; and the vector

, v T
on

u W
{ on’ “on

pge(n32)

equations (9).

d)

Point, line and surface loads

is determined by substituting relations (16) into

Similarly, the stresses and displacements due to the applied

contentrated loads, line loads and surface loads

(qi, i=1, N), Figure 2,

may be written as follows
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( N\ / N
N
U r u
i=1 mnli
W L w .,
{ mni
s (30)
< b < >
oW/ ox - 2 % T v g (mw/%) WO
n=0 n.l '
\Y L v o,
{ ‘mni
\ dqi \ ‘qi
and . N
N
z u |,
43 mni
’ T 0 X 0 <
{c} = % 3 [n ] m [P][cmn] 2i Viomi ( (31)
G =0 = 0 T o x {L JL »
L nJ m
L, v
i Tmni
/
N
44

where P , the elasticity matrix, is determined by equation (49); the matrices

[T ], [T '], [T ], [X ] and [C ] are given in Appendix 2; and the
n mx n m mn

vector b {u ., w ., v .} is evaluated by substituting the relations
I mni’ “moi’ ‘mnit g,

(12), (13), (14) and (15) corresponding, respectively, to

i = 1 to 2, 3 to Nl + 2, Nl + 3 to Nl +2N2 + 2, gnd N1 + 2N2 + 3 to N,

into equations (9); Figure 2.
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The displacements caused in the shells by an arbitrary edge loading

are given by equation (3). Their final expressions may be written as

( h
U
w oo
) 3 _ n=z=0 [Tn][AX]{Cn} , (32)
W/ ox
Y
\ C

where the matrices T ] and [AX]are shown in Appendix 2, and

{Cn} = {El se s C8} is a set of eight constants. The corresponding stress-

resultant vector {O}C is given by equation (5) in terms of n, x, ¢ and {Cn} .

The Ej where j = 1,...,8, are the only free constants in our problem and must

be determined from eight boundary conditions, four at each edge of constant x.

It was shown by Basset and Lamb that, for an edge of constant x,

the boundary forces, {Fu s Fw s FB s Fv}, are approximated by specified values

of the following quantities

- 1 xe TR
{Fu i Fw i FB ’ Fv} {Nx > Qx+-r v Mk ? Nx¢.+2r Mx¢} > (33)
M aﬁx¢ ,
where QX is equal to ~3§ +~;-—§5m ; and the appropriate boundary displacements

are U, W, 3W/3x and V, respectively,figure 8.

For prescribed boundary conditions, the vector {Cn} will be determined
for a specific circumferential wavenumber, n. To do so, we express the
appropriate forces and displacements at the edges i(x=0) and j(x=%) by their

: th . .
amplitudes associated with the n circumferential wavenumber. At both edges

g T BOUNDARY “CONDTTTONS e e e o e et oo s e ot
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in Fig. 8, the axial, circumferential and radial displacements, as well as a

rotation may be defined by the vector

¢ N
§ .
ni
T
< e
. ? {uni s Wni9 (dwni/dx)a Vl'li’ unj’ an’ (dwnj/dx), an} . (34)
Unj
» /
Similarly, the boundary forces may also be defined by
4 3\
F6ni
] ( =(F F F F F F F F .} T
F “"uni’ “wni’® "Bni’ “vni’ “unj’ “wnj®’® “Bnj’ vnj ) (35)
énj
. /

where all these components u s Wn, de/dx, vn, Fun’ Fwn s FBn and FVn are,

respectively, the amplitudes of U, W, 8W/ox , V , F , Fw . FB and F
u v

. . th | . o s . .
associated with the n circumferential wavenumber; the indices i and j are

associated with the edges x =0 and x = {, respectively.

Using the principle of superposition, it is now possible to determine

the total boundary forces and displacements for each specific n.

a) for axisymmetric loads where n = 0 , we have

4 N
Goi
-~ a ]
. ]
OJ Al
1. LAFi] © )+ )+ )+0E) (36)
Soi -
AF,
L J
Fsoj L J
\ /
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b) for the case of the beam-like mode (n=l1), we obtain

’ N\
6li _ B
GlJ \-A]
e R R
814 -
a, |
J
e | L)
\ /

and finally the prescribed boundary forces and displacements for non-axisymmetric

loads (n3 2) are defined by

¢ N\
s .,
ni r .
S . .A ]
nj -
¢ 5—_—AL-] ¢y + {p_ ) + {a} -
L i n fn n s (38)
F. .
Sni _
AFj]
'FSnj L N
\ J .

where the matrices [AFiJ ,[AFj] > {po} R {pfo} R {qo} R {pl}, {®..1,

[

{ﬁl} R {ﬁf 1 and {qn} are given in Appendix 2.

In equations (36) to (38), [1\] is a 8x8 matrix obtained from [AX.]
which is a 4x8 matrix of equaticn (32): the upper part of [ A ] corresponds
to x =0 _and the lower one refers to x = %. The (4x8) matrices

AFi and | AF, are calculated by introducing equations (5) into
x=0 x=L

relations (33) and (35). The vectors {ﬁo} , {ﬁl} ,{ﬁfn} and {ﬁn} where

n=0,1, 2, ..., are the boundary displacements and forces corresponding,



respectively, to the surcharge pressure, shell's weight, fluid loads, and
point, line and surface loads. All these vectors are obtained by substituting
equations ((20) - (31)) into relations (33) , (34) and (35). Eight of the

. T et
sixteen components of the vector {Gni s an s FGni s Fan} , I 0,1,2,...,

represent the total number of support conditions that are to be considered

on the edges of the structure.

We now have the stresses and displacements of a shell subjected to
external and arbitrary edge loadings given in terms of the unknowns q s
i=1,2,..., N, by equations ((20) - (32)) with the edge constants {Cn} given
by equations ((36) - (38)) and the other terms involved given by equations

((12) - (19)).

19
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5. FORMULATION OF THE CONTACT PROBLEM

Had the pressure distribution, 4 > i=1, ..., N, been known,
the response as expressed by equations ((20) - (32)) would have been the
solution to the problem. In the case of unknown qi's, however, we must proceed
differently in order to obtain the pressure distribution and contact area when
the applied loads and the supports' configurations are prescribed. In this
section we shall establish the conditions for overall equilibrium of the system
and express the total potential energy in terms of the qi's, vessel self weight,

surcharge pressure, fluid and edge loadings.

These qi's may then be obtained by minimizing the quadratic form
of the potential energy of the system with the necessary constraints to insure
proper contact with the supports. Such minimisation is executed using SUMT

method (Sequential Unconstrained Minimum Technique) [12]

5.1 Contact criteria

We consider rigid supports and a cylindrical shell governed by the
laws of linear elasticity. As previously stated, the area between the supports
and the shell is subdivided into N elements, each of which subjected to an
unknown pressure distribution q where i = 1,2,...,N. The corresponding forces
F acting at the discrete points (i =1,..., N) are as follows, (see

i
Figs. 3,4,5 and 6).

(39)



F = 2¢l rq, , i= N, +3, ..., N, +2N, + 2,

(39)

T = 4¢1C2 rq; o, i =‘Nl + 2N2 + 3, ..., N,

where N is given by equation (6).

The normal displacement w at any point i in the proposed zone

of contact must be smaller or equal to zero (assuming no rigid body motion of

21

the shell). On the other hand, the sum of all vertical components of the forces

acting at the discrete points (i =1, ..., N) must balance the total weight

of the system. This equilibrium condition can therefore be written as

F cos §, = P ’ (40)
q i

X
i=l .
i

where P is the total weight of the system and the 6,'3 are shown in Figs 3-6.
‘ i

The criterion for contact may be given by the following constraints

If W < 0, then F = 0 |, (41)
94 44
and
If W = 0, then F > 0, (42)
95 i

where Wq is radial elastic displacement at point i; and the equations (41)
i
and (42) represent the "no contact" and "contact" regions, respectively.



5.2

The total potential energy, = (qi), of the system may be expressed

in terms of the strain energy, US » and the work of the external and edge

forces WEX

The determination of U

S

and WBC » respectively.

]

W and WB

EX C

Potential Energy and its minimization.

22

is carried out in Appendix 3.

The general expression of the potential energy is given by
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+2ry t& b A/m) = (w.,-v..) +
] n=1,3,5 i mli mli q;
(46)
+ 28 % p b (I/m) @ w__.) + constant;
a=0 % p=1,3,5 iomtt g,

In equations (44) - (46) the words "constant" represent all the
terms of the potential energy which are not function of the interface pressure

T

distribution q,, 1 =1,...,N; the vectors u ., LZw ., Lv |, and
i i mni ; mni i mni

a4

T
. Iy 22 ] .
[u01 > Wy s VOlJ are given by equations (30) and (22), respectively; the
. 1

displacement factors [u s W s V }T due to the fluid pressure are
on on on .
f

determined by substituting relations (16) into equation (9); the matrices

[CmnA] [Don] and [P ] are given in tables 1, 7 and equation (49), respectively;

[ P'] is equivalent to matrix[ P ]with p' (3,3) = p' (6,3) = 0, j=1,...,6;
and finally the general terms of the matrices [Si J and LSjJ are given by

1, ey 4, g=1,...,3

and [S ] is listed in table 7.
mn ‘

The original contact problem may then be stated as follows:

Minimize (qi) s
47)

N
such that I F cos §, = P,
q i
i=1 i



and subject to the condition that either qu

F 3 0, W 3 0; where m, Fq and P

94 i

(39) and (40) , respectively.

]
o
o]
=
o

1]
o
we

are given by equations (43),

27
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6. CALCULATIONS AND DISCUSSION

To determine the interface pressure distribution qi's, the
displacements and the stresses of a given cylihdrical vessel completely or
partially filled with liquid, pressurized and having a surface of contact with
rigid supports, we first specify the imposed boundary conditions, their number J,
the location and dimensions of the supports. The surfaces of these supports
are then subdivided into a sufficient number, N, of line and surface elements
each of which subjected to a load q where i = 1, 2, ..., N (sufficiency in
this context is related to the required degree of precision). A computer
programme, written in Fortran V language for the CDC CYBER 74 computer,
determines all the qi's by minimizing, for given input data, the potential
energy of the system, calculates the displacements and stresses for each par-
ticular loading, obtains the values of the constants {Cn} corresponding to
the appropriate boundary nd finally determines the total response

at any point of the structure.

The additional necessary input data are the mean radius r, wall
thickness t, length of the vessel %, specific weights of material of tﬁé shell
and of the fluid YS and <Yy, respectively; Poisson's ratio v, modulus of
elasticity E, internal pressure P, and the angle ¢O (rad.) which represents

the level of the liquid in the shell.

The computer programme proceeds as follows for each circumferential

wavenumber (n 20).

(1) The eight complex roots, Aj, of the characteristic equation given

in Appendix 2, are calculated by the Newton-Raphson iterative technique, and

1]

hence, we obtain the parameters Kl s K2 s ul s u2 . ap s Bp and &p . B
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p = 1, 2,...,8) shown in the matrices [Q }, [Ax:l, [AFi] and [AFj]

(2) The displacements and stress-resultant matrices corresponding to
the surcharge pressure, shell's weight and fluid pressure are computed,
respectively, by the relations given by equations (20) - (21), (22) - (23),

and (24) - (29).

(3) The total potential energy of the system, T (qi) s given by
equations (43) - (46) in terms of the unknown qi's , i=1, ..., N, and subjected
to the conditions given by relation (47) is minimized by using SUMT method (Sequen-
tial Unconstrained Minimum Technique) I}Z} in order to determine the pressure
distribution. Then, the stresses and displacements due to the qi's are computed

by the relationships given by equations (30) - (31).

(4) 1If the boundary conditions of the shell are under consideration,
then appropriate rows of relations (36) - (38) are deleted to satisfy these
conditions, reducing the matrix equations to one of order J where J is the
number of boundary conditions imposed. Thus for non-axisymmetrical loads,
four boundary conditions will have to be prescribed at each edge and J = 8; and
for axisymmetric loads ( n = 0) only two boundary conditions will be required
at each edge and J = 4. With the reduced equations ((36) - (37)) and its
intermediate matrices determined, the computer program proceeds to find the
eight constants of the vector {Cn}; and consequently, the stress-resultants
and displacements caused by the imposed boundary conditioﬁs and given, respecti-

vely, by equations (5) and (32) may be determined at any point of the shell.
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This analysis proceeds separately for each circumferential wavenumber
n, and the total response may then be found by summing over n. The total number
of n required for the computation is reached when the relative error of each

displacement components approaches 10_9.

The necessary time for the minimization of the potential energy
in order to obtain the qi's seems to be high. However if only a few elements
are used in the calculation, the response may be computed to an acceptable

degree of accuracy, but with saving in computational cost.

Of course, as the answer to any particular problem has to be
obtained numerically, the proof of usefulness of this theory, as compared to
other theories, will also depend on its efficiency (in terms of cost and
effort), as well as its precision. A paper currently under preparation will
deal with the numerical minimization of the potential energy, its limitations
and usefulness as well as the necessary simplifications to avoid high computational
cost. Two categories of contact problem will be dealt with: (a) the evaluation
of the contact area and the pressure distribution when the applied loads are
known and (b) the design of systems capable of giving the best possible distri-

bution of pressure over the contacting regions.

Here only one typical case has been calculated in order to check
the correctness of the theory. This calculation was undertaken to determine
the displaéements and stresses of a particular twin saddle supported vessel
partially filled with liquid. The shell analysed is one already studied by
Forbes and Tooth [5] , with whose results those of this theory will be compared.
The vessel, manufactured from an aluminium alloy sheet, is subjected at various
water levels to self weight and interface pressure. The resulting interface

pressure distribution between the saddle and the vessel is shown in Figure 9
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as given by reference [5] . The data of the simply supported vessel are

as follows: r = 5.625 in (14.287 cm), t = 0.028 in (0.07112 cm),

7 0

2 53 in (1.3462 m), E = 10 1bf/in2 (0.703103 x lO1 kg/mz),,

v =0.3, y= 0.03611 1bf/in3 (999.52 kg/mB), Yg = 0.09754 lbf/in3
3

3 -,
(2.7 x 107 kg/m”). The saddles are maintained at a constant distance (11 2/60)

from the vessel's ends.

In the experiments of [5] the liquid depth was varied such that
the angle which represent the level of the liquid in the shell took the values
¢0 = 0.4644 m, 0.60833 m, 0.78333 1 and m radians. The effects of the
closed ends were taken into account. TFor each ¢0, the radial and circumferential
displacemgnts were measured by Forbes and Tooth at the saddle outer rim profile
and at the vessel center profile for a number Qf values of the circumferential
coordinate, ¢. Forbes and Téoth also developed a method based on Flﬂgge's
theory which, however, only applies when the shell is empty (¢O = 0) or completely
full (¢0 = 7). In their investigation, the distribution and magnitude of the
interface pressure is assumed to be (1) the same for both saddles, (2) symmetric
with respect to the generator passing through the center of the saddle arc
and (3) constant accross the saddle width. Finally the saddle arc length is

subdivided into a series of equal angular parts each of axial length equal to

the width of the saddle and loaded by a uniform pressure.

The stresses and displacements were calculated by our theory
using 20 and 12 elements in the axial and circumferential directions, respec~-
tively, for a total number of 286 elements (see equation 6) in the case of
¢ = 0.4644 m, 0.60833 m, 0.78333 m and T radians. 1In all cases the finite

o}

elements were of equal length. Figures 10-15 show our computed results compared
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with the experimental data of [5] . Agreement between theory and experiment

is quite good in most cases.

One noteworthy observation is that, generally, the theory somewhat
overestimates the radial displacements,w, at all fractional fillings, while
it estimates them almost accurately when the shell is completely filled. A
possible, reasonable explanation is that the shell is not ideally simply-

supported assuming of course that the experimental values are correct.
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CONCLUSION

As developed previously, the present theory and the computer program
based upon it, is capable of determining the stresses, displacements and the
interface pressure distribution of the general case of a thin cylindrical
shell with arbitrary boundary conditions, pressurized, partially or completely
filled with liquid and héving two or more supports. To this end the supports
are subdivided, in the circumferential and axial directions, into a sufficient
number, N, of line and surface elements each of which subjected to a load 9
i=1l,..., N. SUMT method (Sequential Unconstrained Minimum Technique) is used

to minimize the potential energy in order to determine those qi's.

This theory was computarized so that if the dimensions and material

properties of the vessel, and the properties of the saddle, are given as

point of the structure. The analysis proceeds separately for each circumfe-
rential wavenumber, n, and the total stresses and displacements may than be

found by summing over n.

As stated previously, further computations are under way to test
the limitations and the usefulness of the minimization of the potential energy
and to design a system capable of giving the best possible distribution of
pressure over the contacting regions. Such development is the subject of

another paper currently under preparation.

A number of cases, the authors believe, could have been takled to
illustrate the capabilities of the theory but were not because of the computational
cost. Thus, shells with several discontinuities in loading could be analysed

with the same ease as those presented here. Similarly, cases of anisotropic

shells may be analysed equally easily [13] .
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APPENDIX 1 !
Shells' equations of motion.

In this development we use a shell's theory based on Love's first
approximation which is quite adequate for thin shells. Most forms of the equations
of motion based on this approximation contain an inconsistency, namely that, except
for the special case of axisymmetric loading, the strains do not all vanish for
small rigid body rotations (e.g., the theories of Love, Reissner [10] and
Timoshenko [ll] ). Here we shall use a theory developed by Sanders [8] » which
removes this inconsistency, remarkably, without complicating the equations.
Consequently, as is shown in [8] » all strains obtained by Sanders vanish for

small rigid-body motions. These modified strain-displacmeent relations are given

by
( ) 1 3
1> U/ dx
x.
A (/) (3V/3¢) + (W/x)
2€x¢ aV/3x + (1/r) (8U/3¢)
fe} =9 <, f=<- 520/ 5% ( (48)
“ - (1/r%) [ @72y - av/ras) ]
27<x¢ - (2/7v) (82w/8x8¢) +(3/2r)  (3V/ox) - (1/2r%) (3U/3¢) .

N J \ J

where U, V and W are, respectively, the axial, circumferential and radial dis-

placements of the middle surface of the shell and r its mean radius.
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The appropriate set of stress-strain relations (see Fig. 1) is given by

_ - =~ T
{U} - {NX s N¢ s qu) s MX ’ Md’ ’ MX¢} - [PJ{E} 1 (49)
where[ P |, the elasticity matrix for an isotropic elastic material, is given by
~ - -P ;1
l P.J = D vD 0 0 0 0
vD D 0 0 0 0 and the stiffness parameters
0 0 Dél—v) 0 0 0 K and D are given by i
K= Et>/12(1-v°) ,
0 0 0 K vK 0
_ 2
0 0o o0 VK K 0 D= Bt/(A-v%)
0 o 0 0 o 20w
L J

where t is the thickness of the shell and v is Poisson's ratio.

Upon substituting equations (48) and (49) into Sanders' equations of
motion, one obtains the equations of equilibrium of a circular cylindrical shells
in terms of U, V and W, namely

2 2 2 2

25U (L -v) 3° U r(l +v) 3°v oW [(1-\)) 3° U
r + + —+ v — + k -
) 2 392 2 3% 99 9x 8 Mz
_3Q -V . 82 \ N (1 -v) r 83 W ] - - .EE
8 9X d¢ 2 5x 3¢2 x D
(50)
2
(1L +v)r 32 U + 82 \' + 1 - \))r2 82 \'/ +u§ﬂ +'k[_ 3( - W 3 U
2 9x 3¢ 8¢2 2 3XZ 9¢ 8 9x 3¢
9 2 32y a2y (3 - v)r® P w 33wy r?
+5 @-vr 7 T - T3 2 307 "R Do
ax 3¢ 3x° 94 3¢
50 ov G-Dr 3y 3 -wrt 33y
VI - o =Wtk [ 5 - 5 +
¢ ox 9¢ 9x~ 98¢



"V 4 3 W 2 3 W
r r

3¢ 9x ax~ o 2

where k = (1/12) (t/r)2.
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APPENDIX 2

In this Appendix are given the matrices referred to in the text which

were too large to be included therein.

The matrices are listed as follows.

T J , [T ] , [T ] s [X } s [T J (see table 1)
n mx n m mx
Eon ] , [Cmn ] . [‘AF ] (see table 2)
L

:AX ] : | (see table 3)
:AFi : (see table 4)
[AFj j (see table 5)
{ﬁo} R {ﬁfo }, {51 }, {ﬁfl } (see table 6)
{ﬁfn}n . s {ﬁn}n o (see table 7)

The quantltles w wz s nl , n2 s wl , wz s Cl and CZ which appear in

1 3
the matrices [AX ] s [ ] and { ] are given by wj ==Kj2/r s nj==uj2/r s

v, =k.x/r , . = u.x/r ; 3 s 2 , where k are the real and

imaginary components of the eight characteristic values Ap » which may be written

as [9] ,
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The quantities &p , B sP=1,2, ..., 8 s are real or imaginary

s of the ab and Bp defined in the paragraph following equation (2), such that

__— +_¢ =— +—- - —- - +—t. >
u1,2 al + azl , a3,4 a3 + a41 s see a7’8 a7 + a81 ; and similarly for

the B | rTpe method for determining ap N Bp is given in ref. [9]



Table 1. Matrices [T ] , [T ], [T ], [
n mx n

-

cos n ¢ 0 0
0 cos n ¢ 0
0 0 sin n
cos (mmx/%) 0

0 sin (mmx/2)
0 0
cos n ¢ 0 0
0 cos n ¢ 0
0 0 cos n ¢
0 0 0
sin (mmwx/%) 0

0

0

cos (mwx/L)
0

0

sin (mmx/R)

0

0
sin (mmwx/2)
0

0

¢

0
0

sin (mmx/%)

sin n ¢

0
0

cos (mmwx/%)

0
0
cos (mmx/%)

0

ot ]

0
0
0

sin (mwx/%)




40

Table 2. Matrices [Eon.] s rCmn J and [AFJ .
E = F 0 vD/r vnD/r ]
on n
0 D/r nD/r
-nD(1-v)/2r 0 0
0 vnzK/r2 vnK/r2
0 n2K/r2 nK/r2
nK(l—\))/4r2 0 0 J
F =
{C } == -mn/2 0 0
mn
0 1/r n/r
-n/r 0 mw/e
0 (mn/l?,)2 0
0 nz/r2 n/r2
n/2r2 (2n/r)* (mm/2) (3/2r)* (mm/2)
A LD = an/n? | 2o @+ Ap (2,3) = 0140’0+ (Gov) keln (am/a)2
2 4 2 '
Ay (1,2) = - () [\)-—(_l_;__\g) k nz] Ap B1) = A (1,3)
(1,3) = -rn (mm) [ (1-3K) 4 v(1 4 3K) " A (3,2) = AL (2,3)
r 5O [ evaan) F F
Ap2,1) = A, (1,2) Ap 3.3) = A=wr” /02 (1490 + 014 1)
2 4
4 2 2 2
A, (2,2) =1 4kr (mm/2)
v [ 25 +@mn7 ]

[at



AX

AX

AX

AX

AX

AX

AX

AX

AX

AX

(1,1)

(1,2)

(1,3)

(1,4)

(1,5)

(1,6)

(1,7

(1,8)

(3’1) B

(3,2)

i

Table 3. Matrix [AX]

4x8

o, cos T + a. sin Ql ]

[ 0. cos ., — o, sin §2 ]

, Ccos sin

[as cos gy - a sin g,
[&6 cos £, t a. sin
sin

[a7 cos C2 - a8

[aa cos C2-+ a7 sin Cz ]

AX

AX

AX

AX

AX

AX

AX

AX

(2,1)

(2,2)

(2,3)

(2,4)

(2,5)

(2,6)

(2,7)

(2,8)

(3,5)

(3,6)

i
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cos

cos I

sin
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2

(3,3) = ¢ _ . s AX (3,7) = e

- [—K‘2 cos CZ u2 sin CZ ] = [KZ cos C2 - u2 sin 2;2]

(3,4) = ;wz — e si 3 AX (3,8) = ew2 . i
-5 [uz cos 2;2 , sin g, ] - [u2 cos 2;2 K, sin CZ]
—\y‘] - — - \Pl - -

(4,1) = e _Bl cos z;l - 82 sin C‘l J y AX (4,5) = e : [85 cos Cl - 86 sin Cl]
- = 10 =

(4,2) = e -82 cos ‘2;1 + Bl sin Cl ] ; AX (4,6) = ¢ i 86 cos ?;l + 65 sin Cl]
Y. - Yy 0o -

(4,3) = e _83 cos CZ - 84 sin CZ ] 5 AX (4,7) = e i 87 cos 2;2 - 68 sin cz]
~, _ ¥, _

(4,4) = e -84 cos CZ + 83 sin €2 ] 3 AX (4,8) = e [88 cos CZ + 87 sin CZ]




AF,

AF,
i

AF,

AF,

AF,
i

AF,

AF

AF

(1,1)

(1,2)

(1,3)

(1,4)

(1,5)

(1,6)

(1,7

(1,8) =

n o ElLe) o = o R L= o o

=g
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Table 4. Matrix [AFi ]
4x8
4 N

N
X

1 8MX¢
Qx + r 3% [ _ ]
= ( Tl [A]

4x4 4x8 C8

- 3 M
NX¢ too % . 8x1

[—Kl al - ul a2-+ v(n81+ l)]

["Kl Gyt Wy Oyt Vnsz]

- o - -+ R
[ Ky Oy = U, 0 v(n83+ l)]

= L=
a3 vnBA]

ag *v(nB, +1) ]

[KZ ag+ Hy ay +-vn88 ]
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_ K 3 - 3 - ™ 2 2 2 -
AFi (2,1) -;§ [n(l—v)(—ZnKl- > K181 -3 u162-+ 7 ) +K1(Kl - ul)— vKl(n -+n81) -
L] “““152]
no
-_K - _3 .3 3., 3 2y _ 5.2 _ -
AFi (2,2) -—n3 [n(l v)(Znul > KlBZ + 5 ulBl + 5 ) 2Klul vnKlBZ
2 2 2 . =
- ¥y (Kl - ul) + vy (n +n81)]
X 3 - 3 - Ny 2 2 2 -
AFi (2,3) = ;5 [n(l—v)(-ZnK2 -3 K283 -3 u264 + fE—O +K2(K2 - uz) - VK, (n -+n63)
2 _]
- 2K2u2 - vnu28
K 3 - 3 -, ey 2 - 2 2
= 2N — - S T, — — - +
AF, (2,4) r3 [ n(1l-v) (Znu2 5 KBy 5 WBst - ) 2, 1, vak,B8, - u, (Kz uz)
+vi, (n® + nf )]
2 3
K 3 = 3 . D% 2 2 2, -
=2 - 2 -2 —2) - - ‘ + +
AFi (2,5) r3 [n(l v)(2nK1+ 5 KlBS 2 u186+ 5 ) Ky (Kl ul)+ vKy (n nBS)
+ 2KpHy T ”““186]
K 3 -,3 - D% 2 - 2 2
e — = - 4+ = - - —
AF, (2,6) = [n(l W) (@augt 5B 5w Bk =) = 2e) upbvn g Bomwp (6] - )+
vy % nB) |
1 ; 5
AF, (2,7) =X [n@-v) Qnc.+ 3 € B - 2 W, B+ il-sz) - K 2 2 2 -
i > 3 272 7277 2 72"8° 2 2 (k. - “2) +vK2 (n +nB7) +

r 2

2 -
+ 2KoHy - “““288]



AF

AF

AF,
i

AF

AF

AF

AF

AF

AF

AF

AF

[

(2,8)

(391) -

(332) -

(3,3)

(3,4)

(4,1)

(4,2)

(4,3)

(4,4)

(4,5)

(4,6)

f
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3 - 3 8 2 - 2 2
r3 [n(l—v>(2nu2+ > »<288 +3 u287+ 5 ) - 21<2u2 +vn|<288 - u?_(Kz - “2) +
rvi, (a? + nB )]
) ey
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APPENDIX 3

Total potential energy.

The potential energy of the system is given by equation (48) as follows.

- 1
T 7 Ug m Wy~ Wpe
where the strain energy, Us’ may be expressed by
IZ I21T T
U= o & {e}” {0} rdx d¢ , (51)

{e} and {0} are the strain and stress-resultant vectors, respectively;
r is the mean radius of the shell and & its length.
Substituting equation (49) into (51), we obtain
S o

2 .2
u = I ")t [P]{e} r dx d¢ (52)

where [P}, the elasticity matrix, is listed in appendix 1 and {e} is given

by relation (48).

Introducing equations (20), (22), (24), (30) and (32) into relation
(48) and thence into equation (52) we obtain expression for the strain energy

in terms of the edge and applied loads.

T
u
T o1 T, 0
T T I, 0 Yo1 T
Ug = r {c.} | q o T |* Coy 0 T, |+
" ° 0 n 1x8  |8x6 nf Vo1
6x6 P1 3x6 6x6
1x3 .
4 u T
u T i mni
on T 0 IR T 0
Yon T n { mni T m n
+ 3 0 T [+ £ 3 C 0 +
n vOn on n n m mniJ mn 0 X T
i
pf  3x6 6x6 N q, 3xb 6x6 6x6
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6x6 " 8x1
Yo1 u__
T, 0 Vo1 T 0 on T 0 (53)
+
0 T Corl|Yo1] *LZl|o T on| |v + Lk 0 T
6x3 J S ex3 on n
6x6 x Py 6x6 S S
Pg 6x6
’ N\
¢ 3 0
1umni p r/D
Xm 0 c <1.mni 4 +ﬁ g i do
0 X mn vani roax ’
6x3°~ (1 ) 0
95
0
\ J

where the matrix {Q ]is given by equation (4) and all other matrices are listed in

appendix 2.

WBC represents the work of the edge forces and may be defined as follows.

( ] ( )
) U U
T T 27 T
= I S |
Weo o {F(Snj} Jw f rd ¢ o {F6ni} JW ’ rd¢ (54)
-3W/3x ~3W/3x
‘V Jx:& “V Jx=0

where {Fﬁnj} and {Fdni} are given by equation (35).

And finally the work of external forces, W__, is given by

EX

L .27
= 7 _
wEX o o [qu P+ qu Y t cos ¢ + qu E Pg, COS n$ ti Yt sin¢ ]

(55)

r dx d¢ +cte.
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Now, integrating equations (53) - (55) over x and ¢, we obtain relations
(44), (45) and (46), given in the main text, where the terms which are not function

of the qi's, have been omitted and replaced by a constant, for simplicity.
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(c)

Figure 1  (a) Definition of the displacements U, Vand W,
(b) Stress-resultants and displacements acting upon a
differential elements,
(c) Stress couples and surface loads acting upon a
differential elements,

: Plane of symmetry

Y

Figure 2 Location of the support on the shell,
(N1 and N2 are the number of line elements at the. boundaries

of the support in x and ¢ directions, respectively; and

N = N1N2 + 2N, + Ny + 2, is the total number of elementsj.
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Figure 3 Concentrated radial loads,

q

(1b or kg).
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Line load along a generator, Q- (1b/in or kg/m).
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Figure 5 Line load perpendicular to the generator, q (1b/in or kg/m).
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Figure 6 Distributed loads, q (1b/ in® or kg/ m2) .
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Figure 7 Pressure distribution for a partially-filled shell.
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Figure 8. Displacements
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