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ABSTRACT

A général theory is presented for the prediction of the stresses,

displacements and interface pressure of cylindrical vessels partially filled

with liquid, pressurized and having surfaces of contact with rigid supports.

The supports are subdivided into a number of Une and surface éléments in the

axial and circumferential directions. Each élément is subjected to a load q^. ,

i = l, 2, ..., N. The applied loads, expressed in double Fourier séries and

inserted into shells équations of motion, allow the détermination of the

corresponding displacements and stresses in terms of the q. s. Prediction of

the saddle-vessel interface pressure distribution is obtained by minimizing

the potential energy of the System. Some calculatiôns are conducted to illus-

trate the theory. The theory is compared with experiment, and agreement

is found to be qui te good.



INTRODUCTION

Knowledge of the pressure distribution of the surface of contact

between fluid-filled cylindrical vessels and its supports is of considérable

practical interest, considering that most cylindrical vessels are utilized in

containing or conveying fluids. Although the problem of determining the

stresses and displacements of saddle supported cylindrical vessels using beam s

theory or semi-empirical approach has produced many papers (e.g. |1 - 4| ),

the littérature reveals a limited number of rigorous analysis which have been

generally developed using cylindrical shells theory.

For instance, Forbes and Tooth |5 |, and Wilson and Tooth |6 j formulate

an analysis capable of predicting the saddle/cylinder interface pressure and

the stress résultant throughout the vessel. The most sévère limitation of

their theory is the assumption, in their investigation, a constant interface

pressure distribution in the axial direction. The authors of this paper believe

that the interface pressure is non-uniform in the axial as well as in the circum-

ferential directions. The need is évident for a theory which can be used for

the static or dynamic analysis of any kind of circular cylindrical shells

partially filled with liquid, pressurized and having surfaces of contact

with rigid supports. This theory may be used advantageously in the stress

analysis of heat exchanger for nuclear power plants.

The work presented here based on a recently developed theory | 7

by the authors, is an attempt to produce a général theory for the prediction

of the saddle-vessel interface pressure distribution in the axial and circum-

ferential directions as well as the stresses and displacements at any point

l Number in brackets désignâtes références at end of paper.



within the structure with wide range of applicability.

To this end, the support is subdivided into a sufficient number of

Une and surface éléments each of which subjected to a load q , i == l, 2, ..., N.

Prediction of the saddle-vessel interface pressurti ulytribution is obtained

by minimizing the total Potential energy of the system which is derived in

terms of the q. s. A number of assumptions are made during the course of the

investigation; a compendium of thèse assumptions and the limitations of the

theory will be given in the text.

The theory of référence | 7 |, and hence the theory of this paper,

is capable of analysing geometrically axially non-symmetric, long or short, thin

cylindrical shells subject to any set of boundary conditions (including

supports other than at the two axial extremities of the shell).

The organization of the paper is as follows. Flrst, the matrix

formulation of the problem is presented and the field pressure distribution of

the saddle/cylinder is transformed to a discrète set of forces. Secondly,

the stresses and displacements nf the shell are expresse-d in terms of thèse

forces q_., i == l, 2, ..., N. Then, the potential energy of the System is

présentée!, and its minimization is obtained. Finally, the method of calculation

1s developed and some results, conducted to illustrate the theory, are

discussed.



2. EDGE LOADING AND SUPPORTS.

The basic équations which describe the static behaviour of cylin-

drical shells with bending résistance under arbitrary loads are determined

from Sanders' équations of equilibrium of thin shells | 8 |, j 9 |. This shell

theory was preferred because all strains vanish for small rigid body motions.

This matter is further elaborated is Appendix l, where the equilibrium

équations are given in terms of the axial, circumferential and radiai

displacements of the middle surface, U, V and W, respectively. The stress-

strain and the strain-displacements relations are also listed in Appendix l.

2.1 Shells under arbitrary edge loading.

In this development we take into account the effects of the boundary

conditions. The solution of équation (50) for arbitrary edge loading is

given in référence | 9|, and only an outline will be given here for the

benefit of the reader.

We consider motions in the n1"1 circumferential wavenumber and write

U(x,!f(>)

W (x^ )

V (x,<j>)
E

n==0 Ni
u (x)
n ' '

wn(x)

"n"

(l)

where [••] is given in Appendix 2. Substitutlng this into Sanders' équations

of equilibrium (50) by assuming p_== p^ = p_ =0, and letting

Àx/r
u_(x) '= A e""' " ,

\y./T
v. (x) == B e'

n
w._ (x) ==C e

n

Àx/r (2)

leads to three simultaneous équations in A, B, C and to a vanishing deter-

minant, for non-trivial solution; this yields a characteristic équation



which is an octic in À. The complète solution is a summation of the eight

indépendant solutions and involves the constants A , B , C p = l, 2, ..., 8.

As thèse constants are not independent, we express A and B_ in terms of C ,

we write A = a_ C and B == g C ; in this way we can then express u~p p ~p -"- -p "p -p' -" -"-~ "-"' "~ """ ~"~" ~-t--— -n'

v w in terms of only eight constants C which are linear combinan'on of
n n - - " p - - ~ "

C_. This leads to the équation

U(x,

{ W(x,

V(x,

<!')

<(>)

<f>)

S>= ï
n=0 M R U

n

[•]where | R| is a 3x8 matrix given in

the constants C .
p

in [9], and<jcj

(3)

is the eight-order vector of

The strains are related to the displacements through équations

(48) and (3); accordingly, we express / e ) in term.s of ( C. Shy

{Eh l I-°J H M • (4)

where the matrices T_ | and | Q | are given in référence
n ['].

The corresponding stress-resultant vector may now be found from

équations (49) and (48), i.e.,

T 0

where

shells.

{.}.-[.]{.}->

• [•] . ••

0 T
n [W • (5)

the elasticity matrix, is given by équation (49) for isotropic



2.2 Modeling of the support

A given cylindrical shell partially-filled with liquid, pressurized

and having a surface of contact with a rectangular rlgid support of dimensions

(a, 2b) is shown in Figure 2. The locations of the support on the vessel

is arbitrary, with coordinates ô^ and (x_, x^) in the circumferential and

axial directions, respectively. The theory developed here for one support

may be applied to shells having two or more supports. Also the assumption

of a vertical plane of symmetry of the loads thraugh the axis of the shell,

permits the investigation of only half the support (a, b).

Thèse dimensions "a" and "b" are first subdivided into N, and N,

line éléments, respectively; and then by assuming two point loads on the

boundaries A and B of the support, Fig. 2, N finite éléments are distributed

over the area (a'b), as follows: l) two concentrated loads of densities

q_. (Ib or kg), 1=1, 2, applied on the points A and B; 2) (N-, + 2N^) Une

loads applied on the Une éléments of densities q. (Ib/in or kg/m),

i = 3, 4,..., 2N,-, + N, + 2; and 3) N,N^ surface loads of densities q

2
(Ib/in or kg/mz), i = 2N^ +N^ +3,..., N; where N is given by

N = N N^ + 2N^+N^+ 2 . (6)

The pressure distribution on the possible surface of contact

between the rigid support and the shell is represented by the densities q,. s

where i=°l, 2, ..., N.



3. STRESSES AND DISPLACEMENTS DUE TO ARBITRARY LOADING

In this section we shall develop a général procédure in order to

obtain the displacements and the stresses induced by the q s, fluid surcharge

pressure, weight of the vessel and its heads. To do so, the loads and the

displacements are first représentée! by double Fourier séries and then

inserting thèse séries into the équations of motion, the coefficients of the

Fourier séries are obtained for the displacement components in terms of the

load factors p , pj._, and p _ _ for the axial, circumferential and radiai
xmn ' " çmn ' rmn

directions, respectively. The second step is to détermine thèse loads

factors p , p, and p in terms of the unknowns q. s for each particular'xmn' r<î>mn -"~ rrmn ~" ----— -- -"- ———--— -i^

case.

3.1 Arbitrary loadings.

Using the method of Fourier expansions and assuming that, for a

cylinder of length A,

and

x

\ /

u

w

v

p

p

p

ï ï
m=L n=0

00 00

S. ï.
m=l

mx

p

Ip

p

xmn

rmn

(j>mn

n)

r_ ! l T-.. K
n l l mx

mn

w
mn

v
mn

(8)



it is possible to obtaine, by introducing (7) and (8) into (50), the coefficients

of the Fourier séries for the displacement components as follows

u
mn

w
mn

mn

1-w
xmn

-p
rmn

()>mn

(9)

where m and n are the axial and circumferential wave number, respectively, and

the matrices t T
n mn ] and [AF are shown in Appendix 2.

When the loading can be represented by Fourier séries of the form

x

'<)>

.L. k1 1
n-0,2,3,4,..., L nj

p

p

p

xon

ron

<f>on

(10)

The displacements can, in général, be assumed to have the form

u

w

v

> == E

n=d0,

S t T-
,2,3,4,..., L n

on

w
on

v
on

(11)

where the coefficients u , w _ aiiJ v__ for n ^ l, may be obtained from
on ' on on

équation (9) by imposing m = 0. However, équation (9) and (11) cannot be

applied to cases where the loadings are expressed in terms of the form (a cos <j> )

and (b sin (j>); this is due to the fact that expressions in (d cas <)>) and

(g sin <))), for the radiai displacement W, correspond to rigid body motion of



the shell and therefore do not represent the true displacement caused by loadings

expressed in terms of the same form. In order to avoid this difficulty, it

was necessary to either expand the constants "a" and "b" in a Fourier sine

séries of the form E D_ sin (mirx/Jl) and thus to lengthen the numerical compu-

tations, or to obtain a particular solution using shells' membrane theory. It

was decided to use the latter alternative, for thèse particular cases since

such solution which is easily obtainable describes adequately the behavior of

a cylindrical shell closed by stiff heads.

Such spécial cases occur when m == 0 and n = l, e. g., for the weight

of the shell and for the terms, m °= 0 and n = l, of the fluid pressure.

In all other cases, where (m = 0 , n i= l) and m ^ 0, the exact solution,

developed in previous sections, was used to detennine the corresponding displa-

cements and stresses.

3.2 Load factors

Equations (7), (8) and (9) allow the loads and displacements to be

in terms of the load factors p _ , P._. and p^ . • The object
xmn ' ' rmn

now is ta détermine the load factors corresponding to each particular case of

loading.

a) Concentrated radiai loads.

We assume two concentrated radiai forces of intensity q (Ib or kg)

applied at the coordinate (x,<|>) s= (b , ± à.), Figure 3.

The load factors corresponding to such forces are as follows



and

2q_. m w b^.

Prmoi = ïrt sin -T— ' m= l, 2, 3, ..., (12a)

4q. m ir b_.

cos n 6 . sin —„—- , n,m== 1,2,3»..., (12b)
rnnni irr&

where i = l and 2. By referring to figure 2 we obtain ô, == S^ = S^ ,

b-, = x^. and b<, = x^ .

b) Line loads on two segments along the generator.

Let the segments, on which a constant inward Une load q

(Ib/in or kg/m) is applied, be centered at (x,<f>) = (b^.,± 6^.) and of

dimension 2 c^ along the axial direction. Figure 4.

The coefficients of the séries expansion for this loading is

given by

4 q_. m v C^ m ir b

pmoi== ~2— sin—^— sln -^— , m =1,2,3,..., (13a)
TT rm

and

8 q. m ir €„ m v b.
i • z h a x

rmni ^ — sin —„—::- cas n S^ sin —-„—^ , n,m =° 1,2,3,..., (13b)
3- ^

ir rm

where 1=3,4,..., N, + 2.

e) Line loads on two segements perpendicular to the gexierator.

For the cases where the shell is subjected to a Une load q

(Ib/in or kg/m) perpendicular to the generator, figure 5, and of dimension

2r <)).,, the load factor p_„., is glven by
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4 ^1 qi . m v bi
prmoi » —T^ sin -T- ' »= 1,2,3,..., (Ua)

and

8 q. m ir b

pnnni = —~. s in n (j> cos n 6 sin —- — ^ , n,m = 1,2,3,..., (14b)

v n 9.

where b., is equal to x and x^. for i==N,+ 3 to N, + N^ + 2, and for
0

i = N, + N^ +3 to N., + 2N^ + 2, respectively; figure 2.

d) Constant pressure uniformly distributed over two rectangular areas.

Consider two rectangular areas subjected to a constant

loading q., centered at the coordinates (x,<!>) = (b. ,+ 5 ), and having the

dimensions 2C>-, and 2r <(> along the axial and circumferential directions,

respectively (Figure 6).

The Fourier séries expansion of the pressure, p ., due to the

radiai loading, q., being given by équation (7), one obtains the following

expression for the load factor p

8 <)> q m ir G m v b.

prmoi = —T —î~ sin—A—=- sin—A—î~ ' for m == 1?2,3,..., (15a)

ff m

16 q. in ff C^ m TT b.
.3.

and

sin n <!>, sin —n— cos n ô, sin'nnni _2 "^" " 'l '"" & """ " ~i ""* 9,
ir m n

(15b)
for m,n == 1,2,3,. ..,

where i = N, + 2N^ + 3,..., N; and N is given by équation (6).
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e) Pressure corresponding to a partially-filled vessel.

The pressure distribution on a shell partially or completely filled

with stationary liquid is shown in figure 7. The séries expansion for such

loading is given by équation (10) and its corresponding load factor may be

written in the form

pro
•r/ir) | sin ij) - <j> cos <!> , | ,

00 0

p^ = - (yr/ir) [ <(> ^ - (sin 2^/2) ] ,

'r/(irn(n -l)) | | cos <j> sin n ^ - n sin <(> cos n 1(1 | ,
rn ^,.. ''JL 'o 'o o o

n = 2,3,..., ^

3 - . 3,
where y (Ib/in or kg/m ) is the spécifie weight of the fluid and <(> (radians)

indicates the level of the liquid in the shell.

f) Surcharge pressure, weight of vessel and heads.

The loading corresponding to a surcharge pressure p is given by

p (x,<|>) = -PO, (17)

and the loading due to the weight of the vessel may be written as

p, (x, <)>)-- y^t sin <(> , (18)
s

p^ (x,<|>) = - y^t cos <j> , (19)
X.

where y_ ^-s t^le spécifie weight of the shell s material and t the thickness

of the vessel.
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The heads of the vessel are assumed to be rigid and, consequently,

their effects will be taken into account be prescribing the appropriate

boundary conditions on the shell's edges.

3.3 Stresses and displacements.

The displacements due to arbitrary loadings may be obtained by intro-

ducing the coefficients given by équations (12) - (19) into relations (9) and

thence into équations (8) or (11) depending on the applied loadings. The stress-

T
résultant vector, {a} = {N , N^ , N ^ , M , M^ , M , } , for différent'x ' "4> ' "x(j> ' "X ' "(j) ' "»() '' '

loadings is obtained by substituting the corresponding displacement relations

into équations (48) and (49) .

a) Surcharge pressure

The surcharge pressure p_ induces displacements and stresses for

the case n==0; accordingly, we may write

u

w

3W/9x

v

and

p_ rx (l - 2v)/2Et

p r" (l - 0.5v)/Et

(20)

{o}__ - {p_ r/2, p_ r, 0, 0, 0, 0}
po 'o ' ~ o

(21)



b) Weight of the shell

12A

By considering that the weight of the shell induces motions in

the first circumferential wavenumber, n = l, we obtain

u

w

9W/3x

v

> = <

3 ,...3,4x~--^r^-c
E LÏ2r

6x'
+ l) + ^ (l-4v) (^ - f) ] cos <p

4 4 „ 3
s r a' /x ' 2x~ + x^ , / „ 2^ /„ ,^^ , V,

-iL-TZ2 (Ï4 -^3'f)+^-x') (2.125+^)+

+ ^ «-<•)] cos <(>

,(22)

ys r A3 /4x3 6x2
_^[_ (^ -6^+1) +(&-2x) (2.125+f)]cos<0

•i2r'~ A" a

3
s r &-T /x'T 2x" j. x.^f
E 12r2 \"

+ ^) + (x& - x2) (2.125 + 1.5v) ] sini

and

{o}_ = <!
Pl

^
2 , ^ /x" x^ r

- v Laz/r) (Ï2 -1) - f J cos ^

t r cos'
s

- 2 Y_t (0.5 A- x) sin 4 (23)
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where A, r, t and y_ are, respectively, the length, mean radias, thickness

and spécifie weight of the shell; v is Poisson s ratio and E is Young's

modulus.

e) Fluid pressure

Upon substituting relations (16) into équations ((9), (11)) and

thence into équations (49) we obtain the following expressions for the

displacements and the stress-resultants of the shell:

u

w

3W/8x

v

> = <

p.

u

w

3W/9x

v

t * P^(TWO)

u

w

8W/9x + E
n=2 [••]

P^(n^l)

on

w
on

v
OR

, (24)

and

{CT}_

where

u

w

3W/8x

{0}
P^(n°0)

+ <oL /_.

'pf(l^)

-f(n-l> + n^

T 0
n

0 T
n

E__U
on

on

w
on

v
on

^ (25)

- (a r x/2Et) (l - 2v)
0

- (a_ r"/Et) (l - 0.5\»)

(26)



u

w

3W/9x

v

14

Pf(n-l)

<-l/Et'2!;[<^ 6x" . -, ^ , r& /, , ^ /1
_ + i) + ^ (l-4v) (-j- - -jj-) j COS <(>

-(a^/Et)[-^ (^-2^ + t> + 1-125 <xa-x2) T <4-v> ] cos(l>

-(a,/Et) f a3 /4x3 6x2
~T'

24r^ ^ ^
+1) + 1.125 (A - 2x) | cas t

4 4 „ 3
(a^/Et) [ -^ (2E4- - ^ + f) + 1-125 (x& - x ) ] sin(!)

24r" fc

1(27)

and

{0}
P^(n=0)

{-a r/2, -a r, 0, 0, 0, 0} (28)

{(S("=D
,2 2

{a^ \^ (^- - f) - -^Jcos<!>, -ra^cos <!>, a^(-j- -x) sin *,0,0,0}~, (29)

a_ and a, are, respectively, equal to p__ and p_-, of équations (16); the

matrices T_ l, | T_ | and |\ITnJ
E | are shown in Appendix 2; and the vector

on

{"__> w__, v__}on' on' on

équations (9).

Pf (n»2)
is determined by substituting relations (16) into

d) Point, Une and surface loads

Similarly, the stresses and displacements due to the applied

contentrated loads, line loads and surface loads (q., i == l, N), Figure 2,

may be written as follows
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u

w

9W/8x 00 00

Z E
n=0 n^L [••][1 mx

N
S u_

i==l

E w
mni

Z (mir/A) w
^

Z v .
i mnl

(30)

and

{o}_ = s z
qi n==0 iff=l

n
0

n

x
m

0

0"

x
m

[•Ni

N
Ï u

i=JL
mni

Z. w .
l mnl

S. v ,
l mnl

'qi

(31)

where P , the elasticity matrix, is determined by équation (49); the matrices

TT_ 1> |i-_..|, | T_ l, l X_ l and j C_--JTnxJ' rnJ'L'"J°"TnnJ
N . ,T

vector E {u ., w ., v
mni' mni' mni" q,.

are given in Appendix 2; and the

is evaluated by substituting the relations
i=L

(12), (13), (14) and (15) corresponding, respectively, to

l to 2, 3 to N^ + 2, N^ + 3 to N^ + 2N^ + 2, and N + 2N + 3 to N,i =

into équations (9); Figure 2.
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-4:"'- -ÏOUNDARY'CUNUrrrOTIS"""

The displacements caused in the shells by an arbitrary edge loading

are given by équation (3). Their final expressions may be written as

u

w

8W/9x

v

z
ns=0 N AX | {C^} , (32)

where the matrices
-n

and AX |are shown in Appendix 2, and

{C } = {C, ,..., Co) is a set of eight constants. The corresponding stress-
n

résultant vector {o}^, is given by équation (5) in terms of n, x, (j) and {C_} .
n

The C. where j °= l,...,8, are the only free constants in our problem and must

be determined from eight boundary conditions, four at each edge of constant x.

It was shown by Basset and Lamb that, for an edge of constant x,

the boundary forces, {F , F , F , F}, are approximated by specified values

of the following quantities

9M
(F.. , F- , F. , F.Ju ' "w ' "g ' "V {Nx ' (v^ :?^' -Mx ' Nx^ +2J y ' <33)x ' *x r

3M , 9M

where Q is equal to " + — —^f-T ; and the appropriate boundary displacements
'x * yx r

are U, W, 3W/9x and V, respectively,figure 8.

For prescribed boundary conditions, the vector {C } will be determined

for a spécifie circumferential wavenumber, n. To do so, we express the

appropriate forces and displacements at the edges i(x==0) and j (x=(0 by their

amplitudes associated with the n^" circumferential wavenumber. At both edges
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in Fig. 8, the axial, circumferential and radiai displacements, as well as a

rotation may be defined by the vector

'ni

'nj

1=-tu^, > w_, (dw^,/dx), v_,, u^,, w_,, (dw_/dx), v_,} ' .-ni ' "ni' '""ni n j
» u » a " • î \v*w ,"ni' "nj' "nj' v""nj'

Similarly, the boundary forces may also be defined by

(34)

^

F

F

^

5ni

<Snj

-'uni* rwni' rpni' rvni' run j' rwnj' rpnj' rvnj (35)

where all thèse components u , W , dW /dx, v , F , ?„ , ?„ and F are*n' "n' ""n'""' "n' "un> "Wn ' " gn """ "vn "''"'

respectively, the amplitudes of U, W, 9W/9x ,V, F ,F ,F and F

associated with the n""' circumferential wavenumber; the indices i and j are

associated with the edges x == 0 and x = A, respectively.

Using the princlple of superposition, it is now possible to détermine

the total boundary forces and displacements for each spécifie n.

a) for axisymmetric loads where n == 0 , we have

6,,
01

60J

p
(Soi

ôoj

M
H
H

{co} + {PO} +{Pfo}+{^o} (36)
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b) for the case of the beam-like mode (n=l), we obtain

'li

^1J

FF-,-.<51i

"61j

H
h]
h l

{C } + {n^} + {r>^} + {a^} (37)

and finally the prescribed boundary forces and displacements for non-axisymmetric

loads (n ^.2) are defined by

'ni

<s_.
n j

F^-.

F^

:-]
AFd

h]
{V + {?fn} + {î'n} (38)

where the matrices H. AFt| ' {po} - {pfo} ' {qo} ' {P1L {pflL

'C(U » tp.c_} and {q^î are given in Appendix 2.

.[.] HIn équations (36) to (38), | A |is a 8x8 matrix obtained from

which is a 4x8 matrix of equatici (32): the upper part of | A | corresponds

to x = 0 and the lower one refera to x = &. The (4x8) matrices

hLand [AF4 are calculated by introducing équations (5) into
|x?=0 | J|^=A

relations (33) and (35). The vectors {p} , {p^} >{p^} and {^1 where

n °= 0 , l, 2, ..., are the boundary displacements and forces corresponding,
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respectively, to the surcharge pressure, shell's weight, fluid loads, and

point, line and surface loads. AU thèse vectors are obtained by substituting

équations ((20) - (31)) into relations (33) , (34) and (35). Eight of the

T
sixteen components of the vector {5__. , ô_^ , F^._^. , F^._^} , n == 0,1,2,...,

represent the total number of support conditions that are to be considêred

on the edges of the structure.

We now have the stresses and displacements of a shell subjected to

external and arbitrary edge loadings given in terms of the unknowns q^.,

i =° 1,2,..., N, by équations ((20) - (32)) with the edge constants {C_} given

by équations ((36) - (38)) and the other terms involved given by équations

((12) - (19)).
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5. FORMULATION 0F THE CONTACT PROBLEM

Had the pressure distribution, q^ , 1=1, ..., N, been known,

the response as expressed by équations ((20) - (32)) would have been the

solution to the problem. In the case of unknown q..'s, however, we must proceed

differently in order to obtain the pressure distribution and contact area when

the applied loads and the supports' configurations are prescribed. In this

section we shall establish the conditions for overall equilibrium of the system

and express the total potential energy in terms of the q s, vessel self weight,

surcharge pressure, fluid and edge loadings.

Thèse q_. s may then be obtained by minimizing the quadratic form

of the potential energy of the System with the necessary constraints to insure

proper contact with the supports. Such minimisation is executed using SUMT

method (Sequential Unconstrained Minimum Technique) 12

5.1 Contact criteria

We consider rigid supports and a cylindrical shell governed by the

laws of linear elasticity. As previously stated, the area between the supports

and the shell is subdivided into N éléments, each of which subjected to an

unknown pressure distribution q_. where i = l,2,...,N. The corresponding forces

F acting at the discrète points (1=1,..., N) are as follows, (see

Figs. 3,4,5 and 6).

q,
^ - q,. > i = l, 2

(39)
F = 2C2 qi > i= 3, 4, ...,N^+2 ,
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F = 2(^ r q^ , i= N^ +3, ..., N^+2N^ + 2,

(39)

and

F = 4<)> C r q , i - N + 2N + 3, . . ., N ,
Ll

where N is given by équation (6).

The normal displacement w at any point l in the proposed zone

of contact must be smaller or equal to zéro (assuming no rigid body motion of

the shell). On the other hand, the sum of all vertical components of the forces

acting at the discrète points (i == l, ..., N) must balance the total weight

of the system. This equilibrium condition can therefore be written as

N ^ „_ ^ - P , (^0)
,Z, F cos ô. == " '
i=J- ~q^ -~'' "i

where P is the total weight of the System and the 6. s are shown in Figs 3-6.
l

The criterion for contact may be given by the following constraints

If W_ < 0 , then F_ =s 0 , (4l)
li -li

and

If W_ - 0, then F_ ^ 0, (42)
qi ' qi

where W is radiai elastic displacement at point l; and the équations (4l)
^i

and (42) represent the no contact and contact régions, respectively.
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5.2 Potential Energy and its minimization.

The total potential energy, n (q.), of the System may be expressed

in terms of the strain energy, U^ , and the work of the external and edge

forces W^ and W^ , respectively.

The détermination of U^, , W^,,, and W^,^, is carried out in Appendix 3.

The général expression of the potential energy is given by

TT (q^) t US - WEX - WBC (43)

where
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+
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w.EXT
4rp S,

0

.N

E (1/m) ( E w_,) „ +'moi'
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+2ry U S
s m=l,3,5

(1/m) E (w_,, - v_,,) +
j^ ' mil mil' q

(46)

+ 2rA Z p^_ E
n=0 x" m=l,3,5

(1/m) (E w__^) + constant;
1 mnl q^

In équations (44) - (46) the words constant represent all the

terms of the potential energy which are not function of the interface pressure

T
distribution q., i =° l,...,N; the vectors | X u , , E w . , Z v . | and^, - ^,...,.., -„» .-^^^-^ j ^ _^^ , ^. ..^^^ , ^ -mnij

"01 ' W01 ' V01 are given by équations (30) and (22), respectively; the

PI

factors |u , w , v
on ' on ' on

due to the fluid pressure are

déterminée! by substituting relations (16) into équation (9); the matrices

mn l l on
D | and P l are given in tables l, 7 and équation (49), respectively;

P j is équivalent to matrix

and finally the général terms of the matrices

S^ (P,q) = S^ (p,q), S (p,q) - S^ (p + 4,q), p - 1> •

with p' (3,j) = p' (6,j) - 0, j = l,...,6;

S. j and j S^ j are given by

., 4, q = l,...,3

and | S
mn

is listed in table 7.

The original contact problem may then be stated as follows:

Minimize v (q^) ,

N
such that T, F cas S^ == P,

i=l 'qi "" ~i

(47)
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and subiect to the condition that either W . = 0 or F = 0;
•qi " " 'q^

F ï 0 , W ^ 0; where ir, F and P are given by équations (43),lqi" ~ ' "qi^ "' """^ "' ^qi """ ^ "^ &"^"" "' "1"—"" —'

(39) and (40) , respectively.
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6. CALCULATIONS AND DISCUSSION

To détermine the interface pressure distribution q_. s, the

displacements and the stresses of a given cylindrical vessel completely or

partially filled with liquid, pressurized and having a surface of contact with

rigid supports, we first specify the imposed boundary conditions, their number J,

the location and dimensions of the supports. The surfaces of thèse supports

are then subdivided into a sufficient number N, of line and surface éléments

each of which subjected to a load q. where i = l, 2, ..., N (sufficiency in

this context is related to the required degree of précision) . A computer

programme, written in Fortran V language for the CDC CYBER 74 computer,

détermines all the q. s by minimizing, for given input data, the potential

energy of the System, calculâtes the displacements and stresses for each par-

ticular loading, obtains the values of the constants {C_} corresponding to

the appropriate boundary conditions and finally ueLeriïiines the total response

at any point of the structure.

The additional necessary input data are the mean radius r, wall

thickness t, length of the vessel H, spécifie weights of material of the shell

and of the fluid y^ and y, respectively; Poisson s ratio v, modulus of

elasticity E, internai pressure p_ and the angle <j) (rad.) which represents

the level of the liquid in the shell.

The computer programme proceeds as follows for each circumferential

wavenumber (n ^0).

(l) The eight complex roots, À j, of the characteristic équation given

in Appendix 2, are calculated by the Newton-Raphson iterative technique, and

hence, we obtain the parameters K., , K^ , y^ , y,, , a^ , g_ and a^ . ^
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(p = l, 2,...,8) shown in the matrices Q l, AX [AFl] and [AFj]

(2) The displacements and stress-resultant matrices corresponding to

the surcharge pressure, shell's weight and fluid pressure are computed,

respectively, by the relations given by équations (20) - (21), (22) - (23),

and (24) - (29).

(3) The total potential energy of the system, ÎT (q^) , given by

équations (43) - (46) in tenus of the unknown q^ s , i = l, ..., N, and subjected

to the conditions given by relation (47) is minimized by using SUMT method (Sequen-

tial Unconstrained Minimum Technique) J12J in order to détermine the pressure

distribution. Then, the stresses and displacements due to the q^'s are computed

by the relationships given by équations (30) - (31).

(4) If the boundary conditions of the shell are under considération,

then appropriate rows of relations (36) - (38) are deleted to satisfy thèse

conditions, reducing the matrix équations to one of order J where J is the

number of boundary conditions imposed. Thus for non-axisymmetrical loads,

four boundary conditions will have to be prescribed at each edge and J = 8; and

for axisymmetric loads ( n = 0) only two boundary conditions will be required

at each edge and J = 4. With the reduced équations ((36) - (37)) and its

intermediate matrices determined, the computer program proceeds to find the

eight constants of the vector {C}; and consequently, the stress-resultants

and displacements caused by the imposed boundary conditions and given, respecti-

vely, by équations (5) and (32) may be determined at any point of the shell.



30

This analysis proceeds separately for each circumferential wavenumber

n, and the total response may then be found by summing over n. The total number

of n required for the computation is reached when the relative error of each

.-9
displacement components approaches 10 ' .

The necessary time for the minimization of the potential energy

in order to obtain the q_.'s seems to be high. However if only a few éléments

are used in the calculation, the response may be computed to an acceptable

degree of aceuracy, but with saving in computational cost.

Of course, as the answer to any particular problem has to be

obtained numerically, the proof of usefulness of this theory, as compared to

other théories, will also dépend on its efficiency (in terms of cost and

effort), as well as its précision. A paper currently under préparation will

deal with the numerical minimization of the potential energy, its limitations

and usefulness as well as the necessary simplifications to avoid high computational

cost. Two catégories of contact problem will be dealt with: (a) the évaluation

of the contact area and the pressure distribution when the applied loads are

known and (b) the design of Systems capable of giving the best possible distri-

bution of pressure over the contacting régions.

Here only one typical case has been calculated in order to check

the correctness of the theory. This calculation was undertaken to détermine

the displacements and stresses of a particular twin saddle supported vessel

partially filled with liquid. The shell analysed is one already studied by

Forbes and Tooth | 5 | , with whose results those of this theory will be compared.

The vessel, manufactured from an aluminium alloy sheet, is subjected at various

water levels to self weight and interface pressure. The resulting interface

pressure distribution between the saddle and the vessel is shown in Figure 9
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as given by référence |5 | . The data of the simply supported vessel

as follows: r = 5.625 in (14.287 cm), t = 0.028 in (0.07112 cm),

A = 53 in (1.3462 m), E = 107 Ibf/in2 (0.703103 x 1010 kg/m2),

v = 0.3, y = 0.03611 Ibf/in3 (999.52 kg/m3), y, = 0.09754 Ibf/in3

3 3,
(2.7 x 10 kg/m ). The saddles are maintained at a constant distance (11 A/60)

from the vessel's ends.

In the experiments of |5 | the liquid depth was varied such that

the angle which represent the level of the liquid in the shell took the values

<j) = 0.4644 TT, 0.60833 TT, 0.78333 TT and TT radians. The effects of the

closed ends were taken into account. For each (j)^,, the radiai and circumferential

displacements were measured by Forbes and Tooth at the saddle outer rim profile

and at the vessel center profile for a number of values of the circumferential

coordinate, <j>. Forbes and Tooth also developed a method based on Fliigge's

theory which, however; only applies x<rhen the shell is empty (!J>_ = 0) or completely

full (<j> = ir). In their investigation, the distribution and magnitude of the

interface pressure is assumed to be (l) the same for both saddles, (2) symmetric

with respect to the generator passing through the center of the saddle arc

and (3) constant accross the saddle width. Finally the saddle arc length is

subdivided into a séries of equal angular parts each of axial length equal to

the width of the saddle and loaded by a uniform pressure.

The stresses and displacements were calculated by our theory

using 20 and 12 éléments in the axial and circumferential directions, respec-

tively, for a total number of 286 éléments (see équation 6) in the case of

<(>^ = 0.4644 v, 0.60833 TT, 0.78333 v and TT radians. In all cases the finite

éléments were of equal length. Figures 10-15 show our computed résulta compared
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with the expérimental data of |5 | . Agreement between theory and experiment

is quite good in most cases.

One noteworthy observation is that, generally, the theory somewhat

overestimates the radiai displacements,w, at all fractional fillings, while

it estimâtes them almost accurately when the shell is completely filled. A

possible, reasonable explanation is that the shell is not ideally simply-

supported assuming of course that the expérimental values are correct.
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CONCLUSION

As developed previously, the présent theory and the computer program

based upon it, is capable of determining the stresses, displacements and the

interface pressure distribution of the général case of a thin cylindrical

shell with arbitrary boundary conditions, pressurized, partially or completely

filled with liquid and having two or more supports. To this end the supports

are subdivided, in the circumferential and axial directions, into a sufficient

number. N, of line and surface éléments each of which subjected to a load q^.,

i = l,..., N. SUMT method (Sequential Unconstrained Minimum Technique) is used

to minimize the potential energy in order to détermine those q,.'s.

This theory was computarized so that if the dimensions and material

properties of the vessel, and the properties of the saddle, are given as

Inputs, t-he program gives as output the dlsplacements and stresses at any

point of the structure. The analysis proceeds separately for each circumfe-

rential wavenumber, n, and the total stresses and displacements may than be

found by summing over n.

As stated previously, further computations are under way to test

the limitations and the usefulness of the minimization of the potential energy

and to design a System capable of giving the best possible distribution of

pressure over the contacting régions. Such development is the sub ject of

another paper currently under préparation.

A number of cases, the authors believe, could have been takled to

illustrate the capabilities of the theory but were not because of the computational

cost. Thus, shells with several discontinuities in loading could be analysed

with the same ease as those presented here. Similarly, cases of anisotropic

shells may be analysed equally easily 13 .
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APPENDIX l '

Shells équations of motion.

In this development we use a shell's theory based on Love's first

approximation which is quite adéquate for thin shells. Most forms o£ the équations

of motion based on this approximation contain an inconsistency, namely that, except

for the spécial case of axisymmetric loading, the strains do not all vanish for

small rigid body rotations (e.g., the théories of Love, Reissner | 10| and

Timoshenko 11 ). Here we shall use a theory developed by Sanders 8 , which

removes this inconsistency, remarkably, without complicating the équations.

Consequently, as is shown in | 8 | , all strains obtained by Sanders vanish for

small rigid-body motions. Thèse modified strain-displacmeent relations are given

by

\ f

9U/3x

(1/r) (9V/8<j)) + (W/r)

{e} =

e
x

e^

2e

K
x

K.
"<!>

2~K

X(|)

X(}>

• <

8V/9x + (1/r) (8U/3<j))

- 9"W/9x'

- (1/r2) [(92W/8<f>2) - OV/8<())

(48)

- (2/r) (9'-W/8x9(j)) + (3/2r) (8V/8x) - (l/2r") (9U/9(j)).

where U, V and W are, respectively, the axial, circumferential and radiai dis-

placements of the middle surface of the shell and r its mean radias.
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The appropriate set of stress-strain relations (see Fig. l) is given by

{a} = {N__ , N. , N__. , M.. , M, , M..,}' _ |P|{e}'X ' "({> ' "X(|> ' "X ' "()) ' "X([)J = (49)

where [']. the elasticity matrix for an isotropic elastic material, is given by

p l = D vD

VD

0

0

0

0

D

0

0

0

0

0

D(l-v)
2

0

0

0

0

0

K

VK

0

0

0

vK

K

0

0

D(l-\>)

2

and the stiffness parameters

K and D are given by

K = Et3/12(l-v2) ,

D = Et/(l-V")

where t is the thickness of the shell and v is Poisson's ratio.

Upon substituting équations (48) and (49) into Sanders équations of

motion, one obtains the équations of equilibrium of a circular cylindrical shells

in terms of U, V and W, namely

2 8 U ^. (l - v) 82 U r(l + v) 82 V , .... 8W , ,. f (l - v) 82 U
~2 " ~T~ ~^2 + ~~2 ' ^TiT + rv ^x + K L ~8-" ~T2
8x- ~ 3<f>- ~ "" " ' "" ~ 94>'

3(1 - v) „ 8V (l - v) „ 8 W
-s- r^-n+ -y- r ,7^2

2 .2

- px-D-

(l+v)r 9" U 9" V (l - v)r" J^_V ^W j- 10__^_ç: HJL +
2 '3x-3Î + ^2 + 2~^2 '8^" 1< L ^~8 8x 9<|)

(50)

9 /, _.^.2 9 V ^9 V
+ 7 (l - v)r" -r—^- +

(3 - v)r2 93 W
8

3x' 8x2 3((> 84»
^1=
^3. - R'((» D

3U 9V
vrii -^ -w +k

(v - l)r 93 U + (3 - v)r 93 V +

9x 9<i>' 3x2 8<1>
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3J V _4 8'+ W ^_2 9" W 8'TW 1 _ _ r'
+ —~î ~ r —A ~ zr —9—~9' ~ —T l = PT- ~n~ >

3<f>3 8x4 3x'" 3<{>z 8<(>4 •' 'r

where k - (1/12) (t/r)2.
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APPENDIX 2

In this Appendix are given the matrices referred to in the text which

were too large to be included therein.

T_ l , l T_
n l ' | mx

The matrices are listed as follows

x]•[•• m mx
(see table l)

E._ l , l C__ | , | A,Jon l ' | "mn | ' | "F (see table 2)

AX (see table 3)

AF. (see table 4)

AF.
3

(see table 5)

{PO} ' {pfo } ' {PI } ' {Pfl } (see table 6)

{pfn} „ ' {qn}
n S. 2 ' '" n > 0

(see table 7)

The

the matrices | AX

quantifies u^ ,01^ , n , n^ , 1}'^ , >j^ , ç^ and ç^ which appear in

, l AF_. | and | AF, j are given by u)^ = K^&/r , r^= p^&/r ,

>h = K^x/r , ç^ == p^x/r ; j = l , 2 , where K, , K^ , y, , v^, are the real and

imaginary components of the eight characteristic values À , which may be written

as M
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xl,2°-Kl + vl± ' À3,4 =-K2 + V2i '

À5,6=K1 + yli ' À7,8S= K2 + V2i •

The quantifies a^ , g^ , p ==1 , 2 , ... ,8 , are real or imaginary

parts of the a and g defined in the paragraph following équation (2), such that

a^ ^ = ot^ ± a^i , a ^ = a^ ± a^i , ... , a = oi^ ± a^i ; and similarly for

the g^ ^ The method for determining a_ , B_ is given in réf. |9 | .
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Table l. Matrices l T'„ t ' IT».. l, l-r_ 1,|X_ |and l T_n l ' l "mx | ' | ln | ' l "m l """ l lmx

['.] cos n (j) 0 0

0 cos n <j) 0

0 0 sin n <(>

mx
cos (mîrx/fc) 0 0

0 sin (nnrx/Jl) 0

0 0 sin (nnrx/î,)

n
cos n (j) 0 0 0

0 cos n (j) 0 0

0 0 cos n (j> O

0 0 0 sln n ((>

x
m

sin (mïïx/fc) 0 0

0 sin (mirx/A) 0

0 0 cas (mvx/a)

mx
cos (mirx/A)

0

0

0

0

sin (imrx/A)

0

0

0

0

cos (mwx/fc)

0

0

0

0

sin (mTTx/A)
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Table 2. Matrices l E

on
0

0

-nD(l-v)/2r

0

0

vD/r

D/r

0

viTK/r*

.2,,i.2n-K/r

nK(l-v)/4r^ 0

on

vnD/r

nD/r

0

vnK/r^

nK/r2

0

C__ l and | A,mn | "" j "F

mn
-TOTT/A

0

-n/r

0

0

n/2r-

0

1/r

0

(mw/fc)2

.2,__2
n /r

(2n/r)- (imr/A)

0

n/r

imr/a

0

n/r2

(3/2r)"(m7r/JO

A (1,1) - r2(mTT/&)2 +n2(l^) (1+k) Ap (2,3) = n(l+n"k)+(3^) kr'-n (mTT/A)'
2

Ap (1,2) = -r(nnr) fv-(l-^) k n2 Ap (3,1) - Ap (1,3)

(1,3) = -rn (nnr) f (l-3k) + v(l+ 3k)
2 H L 4 T

Ap (3,2) = Ap (2,3)

Ap2,l) =A (1,2) (3,3) = (l^v)r2 (mTT/Jl)2 (1+ 9k) + n2 (l + k)
~2~ T

Y (2,2) =l+kr4 f n +(mîr/A)2
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Table 3. Matrix [&XJ
^4x8'

u

w

3W/8x

v

—'y

AX (1,1) == e

== ? MfAX1 {c}
n L n,

4x4

1 l a cas ç^ - o^ sin ç^ J ;; AX (2,1)
-f,
e J- cos ç.

AX (l
,„ - -e"! [5, cos ^ \ -in 4 ] ; " <2-2) ~ e'1 8in îl

AX (1,3) - e^ [S, co, ç, - a, ,ln ç, ] ; AX (2.3) - e 2 .0. ;,

AX (1,4) - ~^ \\ - V a3 •iin C2 ] ' Ax (2-4) - e '2 sin ^

AX (1,5) - etl [S, cos ^ - 5, sln îj ; AX <2>» n ^ CM <!

AX (1,6) - e"1 [a, co. ^ S, .in ^ ] : » ^ - e - ,ln t,

AX (1,7) - e'2 [5, cos î, - «s si, ^ ] ; » (2,7) - » - -° '.2

-a cos ^+ ^ sin ^] ; Ax (2'8) ° e " sin Ç2
AX (1,8) " e - j otg

-4'!

AX (3,1) s l̂yl r ..„„ . _ „ ^n r 1 : Ax (3>5) a= e^: f^ cos ^ - ^ sin ^
-K^ COS Ç^ - V^ sin Ç^.J ; -Y ["1 '-"" 'l

AX (3,2) - Ç j-^ cos ^ - ^ sin ç^] ; AX (3,6) - e^. [ ^ c°s ^2 +K2 sin Ç2 ]
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-f- v,

M (3-3> ~ eT [-K2 cos '2 - "2 sln =2 ] ; Ax <3'7> = 'T [ K2 COB 4 - "2 SIn ^Z ]

-ï- Y.

AX (3,4) - e_2 f,, _, , _ , _ , l ; AX (3,8) - e_2_
T~ | y2 cos Ç2 ~ K2 sin Ç2 | ' "" v"'"/ ^ [ V2 cos Ç2 + K2 sin Ç2

-*r. v.

AX (4,1) == e [j cos ç^ - J^ sin ç ] ; AX (4,5) = e [' g^ cas ç - g sin ç

-f. _ - y

AX (4,2) - e f?2 cos çl + el sin çl 1 ; Ax (4'6) = e f e6 cos çl + e5 sin çl

_<y _ >i'

AX (4,3) = e [g cos ç^ - J3 sin ç^ ^ ; AX (4,7) = e ^ g^ cos ç^ - Pg sin Çg

~ly» _ <y.

AX (4,4) == e [^ cos ç^ + ^ sin ç^ 1 ; AX (4,8) = e [ Pg cas ç^ 4- 3^ sin ç^
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Table 4. Matrix | AF
i

4x8

•ui

W.î

V,.

> <

x

3M..

+1 —^'x ~r r 3<

-M

N., +1: Mx<|>
'xcj) 2r

T | | AF
n

4x4

•i

4x8 '8

8x1
x = 0

AF^ (1,1) = ^ [-Ki ai - ^i a2+ v(nji+l) ]

AF^ (1,2) = ^- [-K^ Ol^+ v a + vng

AF, (1,3) = R [-K2 a3 - V2 a4+ v(ne3+ 1) ]

AF^ (1,4) = ^ [-K2 a4+ ^2 a3 +vne4 ]

ÂF^ (1,5) = ^ fKl a5 ~ vl a6+ v(ne5 +1)

AFl (1?6) = f [Kl a6+ yl a5 +vnh]

AF^ (1,7) ° ^ [K2 °7 ~ P2 a8 +v(np7 + 1)

AF^ (1,8) = ^ [ K^ ctg+ y^ a^ + vngg
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na.

AF^ (2,1) --j [n(l-v)(-2n^- -| K^ - -| y^+-?-) +^(^ - ^)- v^(n2+np ) -

- 2^ - vnv^ ]

AF^ (2,2) ==-^ [n(l-v)(2nv^- J K^ + -| p^ + -^2) - 2^^ - vnK^g^ -
L

2 2^ , 2 . T
- V^ (K^ - y^) + vy^ (n" +ne )

na.

AFi (2,3) = ^ [n(l-v)(-2nK^ - | K^^ - -| p^ +—^3) +K^ - y J) - VK^ (n2 +n^) -

- 2K^ - vny^

AF, (2,4) =^| [ n(l-.) (2np, - ^ .^ +J ^ ^ - 2^ ^ - ^^ - ^ (^ - ^ +

2 -
+v^(n" + ng )

AF^ (2,5) =-| [n(l-v)(2n^+ -J K^g^ - ^ y^^+ -^5) - ^ (^ - i^)+ VK^ (n2 +ne )+

+ 2Kiv2i - vnyA l

AF^ (2,6) =î-| [n(l-v)(2n^+l K^^+ -| v^^+ -^6 ) - 2^ y^+vn K^ 3^ - y^ (^ - p^) +

2 -
+ v^ (n"+ ng )

AF^ (2,7) =-j [n(l-v)(2ny f ^ - J y^ ^7) - K, ^ _ ^ ^ ^2 ^ ^

+2K2y2 - vnv2es]
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AF^ (2,8) =-| [n(l-VX2n^+iK2e8 +iv2e7+^8) - 2K22V2 +vnK2e8 - v2(Ki - }2Î) +

2 _
+ v^ (iT + n3^)

AF^ (3,1) ° -=| f- (K^ - ^)+ v(n2+n^)] ; AF^ (3,5) = ^| [ -(K? - u?)+ \)(n2 +n6 ) ]

AF^ (3,2) = ^| [2K^+vn^] ; AF^ (3,6) = ^| [-2K1^1 +^5]

AF^ (3,3) = =j [-(KJ - yj)+v(n2 + n^) ] ; AF^(3,7)= ^ [-(KJ - ^)+v(n2+n^)]

AF^ (3,4) = ^| [2K^^+vnpj ; AF^ (3,8) = ^| [ - 2K^+vngg j

AP, (4,1) ° °<p) [ ^ (-.,ï, - ^, - n^ + ^ (-2n^ - j ^5, - J ^ ^)]

AFi <4'2> - BÎÎF1 [ i <-K1»2 +"A - M2> + ^3 <2n"i - i CA + i »^i+ n;2) ]

AF1 <'-3) - ITi) [ ^ <-K2S3 - ^ - na3> + S <-2nK2 - ! C2e3 - ! -264 + ^3)]

AF1 <4'4) = D<^ [ ^ <-K2^ + ^e3 - R54>+ S <2np2 - t C2B4 + ! U2e3 + ^4 > ]

AF, (4,5) - D<p> [ ^ (K^ - PA - na,) + ^3 (2»K^ l K^ - J p^, + ^)]

A», (4,6) - °Û=") [ l (^ ^ ,^ - n5,) + ^3 (2,p, + J K^ + J >,,S, +^6)]
24r~
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AF1 <4." - D^v) [ ^ ^7 - "^ - na^) + -^—, (2nK^+^- K^g.
24r-

na.

îp2Vn^)]

AT^ (4,8) - D<^> [ ^ (K ,^+V^ - na^)+ ^-^g .^ ...g, ^^

notç

(2nv2 +!K2e8+ !v2e7 +::Ï8),



Table 5. Matrix AF1
4x8
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s
F"l

îe:

Fïj

<

N
x

l 8Ifc(j>
Qx +î -^~

- M
x

N.., +^- M_'X((> ' 2r "xifi

.T".J IAF^
"4x4-' *-4x8-

Cl

-C8

x ^ a

-u^

AF^ (1,1) = -"^—^ [-l<lal - yia2 + v<nPi+1)] cosni+[Kia2 ~ yl°l ~ vne2J sinnl

AF.; (1,2) = Dê—^ I-KIÛ^ + v,a^ +vn0, | cosn, + l-K.a, - u,a^ + v(nfi, + l)] sinn,
J^i-i.^ ±1 Z-i J. 1.11

-0)^

AF (1,3) = ^-^ [~K2 3 ~ P2 4 + v(ne3 +1) cosr12 + K2°'4 ~ y2 3 ~ vne4 sinn2

cosr^ + [-K^ - y^ + v(ng^+ l)J sinn^

-0),

AF (1,4) = ^ [-K2a4+ U2a3+ vne4

AF
u-

De~-L IF- -

^ (1,5) == ^—^ [^ K^a^ - y^ + v(n^ + l) J cosn^ + ^ -l<:ia6 - ^ia5 - vne6j sinnl

^1
AF (1,6) = [ Kla6 + yla5 + vne6 ] COST11 + [Kla5 - vla^+ v(n^+ l)

(t),

AF^ (1,7) -
Dew2

,td2
AF, (1,8) =
J ' ' ' r

] sinn^

[K2a7 - y2a8 + v(ne7 + 1) ] cosn2 + [-K2a8 - P2a7 - vnis8 ] sinn2

[K2a8 + P2a7 + vnj8 ] cosn2 + [K2a7 - P2a8 + v(np7 + 1) ] sinn2
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-" ^ -L r _ .. _ . 3 - -î - na^
AF (2,1) = AF^ (2,1) e 1 cosr^ + !^- [n(l-v) (-2np^ +^ K^ - ^ p^ - -y^)+

2 -^ . ^2 2^ , 2 . T

+ 2K^ + WK^ + V^CK^ - y? - vv^(n" + ng^) j sinn

Keul F .- .. „ 3 T 3 ^ . na1
AF^ (2,2) = AF^ (2,2) itl)l œsn^ + K^ [ n(l-v>) (-2?^ - -J K^ - | n^ + -^1)4

^ ^
+K^(K^ - ]^) - VK^(n" + nP^) - 2K^ - vnv^g^ jsinn

~"Q _-

AF^ (2,3) = AF^ (2,3) e 2 cosn^ + K^- [ n(l-^)(-2np^ + J K^ - -J y^ - -^4 )+

2. •; /22» ^2^
+ 2x^ + WK^ + V^ <K^ - Y? - vy^ (n" + ngg) J sinr^

AF (2,4) = AF^ (2,4) e ^ cosr^ +^3- [ n(l-v) (-2nK^ - -j K^^ - ^ y^^ + -yi ) +

22. -2 T. - 2 T
+ K (K;, - H? - VK (iT + np^) - 2K p^ - vnp^g^ j sinr^

0) T/^UI r il nol<

AF (2,5) == AF^ (2,5)e 1 cosn^+ c^j1 [ n(l-v)(-2np^ - ^ K^P^ - ^ p^ - -^ ) +

2 T .22, / 2 -;
+ 2K^v^ - vnK^P^ + p, (.K^ - v^) - vui(n" + ngc) l sinn.

-)

net;

AF (2,6) - AF (2,6) e"l cosn + ^- \ n(l-v)(2nK^ + ^ K^^ - ^ v^ + -^)-
r'

2 2^ . 2 T v „ 2 T
K1^1<1 ~ yp + vl<l(n" + ne5) + 2Klpl ~ vnljle6 J sinni

a)2 r t _ 1 _ nal

AF (2,7) = AT^ (2,7) eu2 cosn^ + Ke31 [ n(l-v)(-2np^ - y K^g - y p^ - -^° ) +
J 1 z J.-

2 ^ / 2 2s , 2 •;
+ 2K^ - vnK^Pg + U^(K^ - y? - v^(iT + ngy) J sinn^
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.U9 >• n ', na.

AF^ (2,8) = AF^ (2,8) eu2 cosn^+ ^ [n(l-v)(2n^ + J K^ - | y^g + ^7) -

2 2^. ^2-^s»2 T
- K^ (K^ - V? + VK^ (n" + np^) + 2K^v^ - vnp^g J sinn

^1) = _ Ke^±^ [- (K^ - y^) + v(n + ngj 1 cosn, - f2i<,u, + vn6,. "| slnn,
^ [ i. •L J- -'-J l L l l

AF (3,1) =

--(A)^

AF^ (3,2) = - K^ ^ [2^v^ + vn^ ] cosn^ - [i<^ - ^ - v(n2 + ng^) ] sinn^

AFj (3,3) = - K£^- <^ [- (KJ - p^) + v(n2 + ng^) ] cosn^ - [2ic^ + vng^ J sinn^

>

AF^ (3,4) = - KÇ <^ [2K2V2 + vne4 ] cosn2 ~[K22 ~ A~ v(n2 + ne3) ] sinn2

>ul f r .2 ?. . ? _. i r _ i

AF (3,5) = - ^- ^ ^- (K^ - y? + v(n" +n^) J cosn^ - [- 2K^p^ + vng^ | sinn^

AF^ (3,6) = - -^- ^ [- 2K^+ vn^ ] cosn^ - [^ - P^ - v(n2 + n^) ] sinn^

u)2

AF^ (3,7) - - K^- ^ [- (KJ - vJ) + v(n2 + n^) ] cosr^ - [ - 2K^v^ + vngg ] sinn^

AF (3,8) = - Ke^- ^ [- 2K^v^ + vngg ] cosn^ - [KJ - y J - \>(n2 +n^) ] sinn^

AF (4,1) = AF^ (4,1) 7l cosn^ + D(J^) ~eul [ Kle2 - ylel + na2

'2

2

3 - 3 - na2.

•(-2nyi + i Kie2 - t yiei - -rl) J sinT1i



-ui r T - - 3t'

AF^ (4,2) = AF^ (4,2) -ell)l cosn, + D<^) e~l L -K161 - ple2 - nal + ^2 •

3 - 3 - notl.

. (-2nK^ - -j K^^ - -j v^ + -Y-) | sinn^

-u,
—u_ n/'t-M't a ^ r _ _ _

AF (4,3) = AF^ (4,3) ew2 cosn^ + ^lgx; e " [ K^ - v^ + na^ +

3 ^ 3 ^ na4.
•(~2W2 + t K2e4 - t V2e3 - "^ J sinn2

2 50

•

24r'

AF^ (4,4) = AF, (4,4) -eu2 ^^ ^ Mj^) 'eu2 [ ^ - p^ - ^ ^
3tL
24?'

3 - 3 - ""'3s

. (-2llK^ - y K^ - -^ V^ + -^•) J sinn

"i r -

AF (4,5) = AF^ (4,5) eul cosn, + Mj^) e-1 [ -^ - ^ + na, +
3t2

24?

noi,

3tL
24?

<-2nyl - ! KA - !ple5 --26) ]sinnl

AF^ (4,6) - AF^ (4,6) el cosn^ + D(|^) e 1 [K^g^ - p^^ - na^ +

3^3^ na5s
>(2nKi + i Kie5 ~ t vle6 + ~2^) l sinnl

A^ (4,7) - AP, (4,7) e"2 ,o.n, + Dî^> e°'2 [ -K^ - "2e7 + S + ^2

na,

.(-2np,--|K2e8-iv2f37- -?) ]sislnn2

."2 _„ , D(l-v) ,U2 F . S _ „ -a _ ^ , iti.AF^ (4,8) = AF^ (4,8) e 2 cosn^ + Di|^ e 2 ^ ^^^ - v^Jg - na^ +

3 - 3 ^ . na7,

•(2nK2 +t K2e7 - t V2e8 +~T) J sinr1;

24r2
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Table 6. Vectors {p^},{p^},{p^}and {p^}

<{y

p_r*" (l-0.5v)/Et

0

0

p^rA (l-2v)/Et

p_r" (1-0.5v)/Et

0

0

vp^r

0

0

0

vpor

0

0

0

• ("fo1 - 1

-a,r" (1-0.5-v)/Et
0

-a r^ (1-0.5v)/Et
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- (y^/E) [(&3/12r) +(rA/8) (l-4v) ]

(y^/4E)r'- (4-v)

(Y_/E) Fa3/12r2)+ 11(2.125 +0.5v}\

(y^/E) [â3/12r) +(rA/8)(l-4v)]

(y^/4E)r' (4-v)

- (ïg/E) [a3/12r2)+A(2.125+0.5v)]

i
Ys

0

0

-Ys

Ys

0

0

+YS

tr/4

a -

tr/4

tH +

WB

WB

{pfl}==s

(a^/Et) [a3/24r) +(rA/8) (l-4v)]

(a /4Et)r" (4-v)

- (a^/Et) [(Jl3/24r2)+ 1.125&]

- (a^/Et) [a3/24r)+(r&/8)(l-4v)]

(a^/4Et)r' (4-v)

(a^/Et) [(A3/24r2) +1.125)1 ]

a r/4

0

0

a^A/2

- a r/4

0

0

- a A/2

where a =" -yr (sln^ - <j>_ cosij))/Tr, a,= -yr (<j)_ - 0.5 sin2<j)_)/TT, w^ is the
0 00 0 1 0 0

wciglit of bulkheads and ((> indicates the level of the liquid.
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Table 7. Vector {p^} and {^}

n$2 n^O

on

w
on

v
on

on

w
on

{pfn}:

n ï 2 v
on

on

on

8x3

on

on
w

on

v
on

3x1

V - .1 0
n^O

N
S umni

i=l

E(mw/A) w
mni

mZ (-l)ul u.
mni

mEZ (-1)'" (imr/A) w
i

0

mni

s
mn

'8x3

i "mni

wi "mni

z
v

l mni

3x1
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on
>2"

0

n2K(l-v)/2r3

n\Jt

(nD(l-v)/2r)-

[(3t2/48r )-l]

vD/r

0

-vm^K/r'

vnD/r

0

.-.-2-vnK/r'

mn l =

"m>0

n>0

0

K(l-v)n
"27"

0

nD (1-\>)

2r

• <^? - "
48r'

0

(-l)m n2 (l-v)K
~2?~

0

(-l)m nD(l-v)
2r

• ^ - »
48r'

0

K[(f)3 ^(2-.) .

.2
n ,miT.
J ' ^T
r'

0

3
• K(l-v) • n ,mir

2r^ " T

0

(-l)mK.[(^)' +

^
+(2--v) n /m.

7 VT

0

(-l)m 3K (l-v)n TOTT

2r/

0

nK mir

2 a
r

•(3^)Y

0

rlzv.i. ml .D(^)- T '

•n,A l!
Ï8 ~2

r

0

(-l)m nK TOTT (3-v)

_î A 2

0

D(J^). <-l)m.
2

? <1+% ?)
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APPENDIX 3

Total potential energy.

The potential energy of the System is given by équation (48) as follows.

ff = f US - WEX - WBC '

where the strain energy, U^,
s

may be expressed by

u,
.A ,2v ^ ^
J 1- {e}i {0} r dx de))
0 0

(51)

{e} and {a} are the strain and stress-resultant vectors, respectively;

r is the mean radias of the shell and A its length.

Substituting équation (49) into (51) , we obtain

.a ,2v . .T
U - r [~" {e}'|p]{e} r dx d<(> ,

0 0
(52)

[•].where P , the elasticity matrix, is listed in appendix l and {e} is given

by relation (48).

Introducing équations (20), (22), (24), (30) and (32) into relation

(48) and thence into équation (52) we obtain expression for the strain energy

in terms of the edge and applied loads.

IL
j& ^2lT
0 0

s {c^y
n 1x8 ,8x6

Tn

0

0

Tn
6x6

<

+

u

w

v

01

01

01

1x3
Pl

'01
'3x6"

Tl

0

0

Tl
6x6 ~

+

+ z

on

w
on

v
on

pf
y•3x6"

T 0
n
0 T

n
6x6

+ Z E
n m

Zu_j"'mni

Zw_

Ev
mni

1x3

mn

x
m

0

0

x
m

T
n

0

0

T
n ..

-'q^ 3x6 6x6 6x6
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+ |0, p_r/D, 0, 0, 0, 0 L]- 6x6 •

E
n

T
n
0
6x6

0

T.
n

Q
6x8 n

>8xl/

'+

+
T.l
0

"6x6

0

T-, [:"]'
6x3"

U01

W01

V01
à pl

+2
n

T
n
0

0

T
n

6x6

,l e J '
on

6x3

'• >

u
on

w
on

v
on

•"

+ z z
n m

T 0
n
0 T

n

6x6

(53)

X 0
m
0 X_

m

r
c_

mn
6x3

f \,

^u___.^ mni

Xw_
^

Sv__-.
i mnl

f

+'

^i

0

p^r/D

0
0

0

0

r dx d<|>

where the matrix

appendix 2.

ix l Q |is gigiven by équation (4) and all other matrices are listed in

W^ represents the work of the edge forces and may be defined as follows

WBC=
r2îr
!
0

{FXônj
.T}'

u

w

-9W/9x

v

rd (j) -
•2vJ

0

T
{T^}±.

u

w

-9W/8x

v
x=A

rd<|) (54)

x=0

where {F^,_^} and {F^,_^.} are given by équation (35).

And finally the work of external forces, W,.,,,, is given by

'EX

.&

w_-. P- + w--. Y_t cos <j) + W_^ Z p^_ cos n<}> - V_^ y_to o L "qi ro ' "qi 's" ~~~ T ' "qi n rfn '"'" "' 'qi 's

(55)

r dx diji + etc.
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Now, integrating équations (53) - (55) over x and <(> , we obtain relations

(44), (45) and (46), given in the main text, where the terms which are not function

of the q> s, have been omitted and replaced by a constant, for simplicity.
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Mx<p

(e)

Figure l (a) Définition of the displacements U, V and W.
(b) Stress-resultants and displacements acting upon a

diffçrential éléments.
(e) Stress couples and surface loads acting upon a

differential éléments.

l Plane of symmetry

B^q,

"r

\ f"/ III l l "l b

x

Figure 2 Location of the support on the shell.

(N^ and N^ are the number of line éléments at the boundaries

. .th-e support in x and cp directions, respectively; and
N = N^N^ + 2N^ + N^ + 2, is the total number of éléments).
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x=0

Figure 3 Concentrated radiai loads, q^ (lb or kg),
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x^O

Figure 4 Line load along a generator, q^ (ib/in or kg/m),
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x=0

Figure 5 Line load perpendicular to the generator, q (ib/in or Kg/m),
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.2Figure 6 Distributed loads, q^ (lb/inz or Kg/mz).
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Figure 7
Pressure distribution for a partially-fiHed

shell.
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Figure 8. Displacements

at the edges i and j.
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Figure 9. Analytical and expérimental saddle/cylinder

interface pressure of ^5].
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