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NOMENCLATURE

A}, A, Lamé’s parameters

B;; : bending-extensional coupling stiffness eqn(20)

D;; :bending stiffness eqn(20)

I; : inertia moment

L; : motion equations eqn(36)

M; (i=1,2): the moment resultants applied in o;’s direction

M; (1,j=1,2 ; i #j) :the moment resultants applied on the middle surface in a;’s direction (o; =cte)

N; (i=1,2): the in-plane force resultants applied in o;’s direction

N;j(1,j=1,2; i #j) :the in-plane force resultants applied on the middle surface in ;s direction (o;=cte)
P;; : terms of elasticity matrix(i=1,...

,10;5=1,..., 10)

Q; (1,j=1,2,3) : the elastic stiffness in the material coordinates eqn(12)

Q0 (1,j=1,2,3) : the elastic stiffness in the global coordinates eqn(16)
Q;(i=1,2) : the transvemé force resultants

41, 92, 9s : the external force vector

R; (i=1,2) : curvature radius

h : thickness of the shell

u;, U, w : the displacement vector components

Tj(1,j=1,2,3) :transformation matrix elements eqn(15)



o, and o, : curvilinear coordinates of the surface

B, and B, : the rotations of tangents to the reference surface
g; - deformation vector components

o; : stress vector component

p : density of the shell material

¢ : distance of the point from the corresponding point on the reference surface along the normal
direction

£°, and €°,: normal strains of the reference surface

¥°; and ¥°,: in-plane shearing strains of the reference surface
K, and K; : change in the curvature of the reference surface
T, and T, : torsion of the reference surface

1’ and n’, : the shearing strains



Résumé

- Cetravail présente I’analyse linéaire des coques anisotropes laminés et multicouches de forme générale
basée sur la théorie des déformations de cisaillement avec le seul hypothése de négliger la contrainte
normale. Les résultats qui incluent les effets des déformations de cisaillement et I’ inertie de rotation aussi
bien quela courbure initiale, laquelle est incluse dans les résultantes de la contrainte et résultantes des
contraintes de cisaillement transversales supposées, sont déduits par’application de principe du travail
virtuel, avecles déplacements et les rotations comme les variables indépendantes. Ces équations sontdonc
appliquées aux différentes géométries de coque commeles coques derévolution, cylindriques, sphériques

et coniques aussi bien que des plaques rectangulaires et circulaires.



Abstract

The present work deals with a generalization of geometrically linear shear deformation theory for
multilayered anisotropic shells of general shape. No assumptions are made other than to neglect the
transverse normal strain. Theresults, which include the effects of shear deformations and rotary inertia as
well as initial curvature( included in the stress resultants and assumed transverse shear stresses), are
deduced by application of the virtual work principle, with displacements and transverse shear as
independent variables. These equations are applied to different shell geometries, such as revolution,

cylindrical, spherical and conical shells as well as rectangular and circular plates.
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1. Introduction- Shells are widely used as structural elements in modem construction engineering, aircraft

construction, ship building, rocket construction, the nuclear, aerospace and aeronautical industries, as well
as the petroleum and petrochemical industries( pressure vessel, pipeline), etc. It is very important,
therefore, that the static and dynamic behavior of these structure when sub jected to different loads be
clearly understood, in order that they may be used safely in industry.

Theanalysis of thin elastic shells under static or dynamic loads has been the focus of a greatdeal of
research. These shells havebeen studied in the light of such different factors as the largedisplacements,
thickness variation, residual stresses, rotary inertia, anisotropy, initial curvature and the effect of the
surrounding medium(air, liquid), etc. |

Many theories have been developed for thin elastic shells, in both linear and non-linear cases, and
arebased on the firstapproximation of Love-Kirchhoff theory which, because it does not take transverse
shear deformations into account, can be grossly in errorin predicting the transverse deflections, buckling
loads and natural frequencies. In the case of plates and shells made of advanced laminated composite
materials, the prediction errors are even more marked. Thetransverse sheareffect on non-iinear vibration
and post-buckling beha\}ior is significant especially for the laminates with moderately large thickness.

The present work presents the general equations of anisotropic shells(equilibrium, constitutive and
kinematic relations) by considering the effects of shear deformation, rotary inertia and initial curvature.
Theserelations arethen applied to different shell geometries: shells of revolution, cylindrical, spherical and
conical shells as well as the circular and rectangular plates.

2. Literature review- The literature review covers three broad areas. In the first, both linear and non-
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linear theories on the analysis of plates and shell structures are discussed. These theories were, in many
instances, developed for isotropic materials before being extended to anisotropic material applications.
The second part deals with the study of the effect of shear deformation on both the static and dynamic
behavior of plates and shells, especially those made of advanced anisotropic méterials. Inthelast part, we
briefly discuss the effect of structure-fluid interaction on the vibrations of plates and shells. Special attention
is given to cylindrical shells immersed in or filled with a liquid or subjected to a flowing fluid.

A shell structure may be defined as a body enclosed between two closely spaced and curved
surface. In general, a shell has three fundamental identifying features; its reference surface, its thickness and
its edges. Of these, the reference surface is the most significant because the behavior of the shell is
governed by the behavior of its reference surface.

Many shell theories are derived from the equations of elasticity. The strain displacement relations
of shells can be derived from kinematics and the 3-D strain displacement relations written in terms of
arbitrary curvilinear coordinates [ 1]. Inreality ,the behavior of the top and bottom surfaces of ashell under
load can vary widely.

The first attempt to formulate a bending theory of shells from the general equations of elasticity was
made by Aron in 1874. A thin shell is one in which the thickness is small compared with the overall
dimensions of thereference shell surface, and a two dimensional (2-D) theory is used toapproximate three
dimensional (3-D) phenomena. Many classical shell theories were developed originally for thin elastic shells,
and arebased on the Love-Kirchhoff assumptions which are: 1 ) the shell is thin ; 2 ) the displacements
and rotations are small; 3 ) normals to the shell reference surface before deformation remain normal after

deformation; and 4 ) transverse normal stresses is negligible.
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These assumptions led to a thin shell theory that can be viewed as an extension to Kirchhoff flat
plate theory and is often called Kirchhoff-Loveshell theory. The effects of normal transverse strain are
often neglected in the kinematics compared to the effects of the in-plane strains dueto the thinness of the
shell, and the shell is assumed to be an approximate state of plane stress. The iﬁ-plane stresses become
dominant because the transverse normal stress is, in general, of order A/R times the bending stresses,
whereas the transverse shear stresses, obtained from equilibrium conditions, are of order A/L times the
bending stresses. Therefore, for L/R less than 10, the transverse normal stress is negligible compared to
transverse shear stresses .

On the other hand, the normal transverse strain can geﬁerally be included in the analysis through
the constitutive relations. In deriving the equilibriuﬁa equations, statically equivalentforces and moments
acting onthe reference surface canbe defined by integrating stresses through the thickness. In this way, the
3-Dshell behavior can be fully described usinga 2-D approximation [1 -4]. The third assumption of the
Love-Kirchhoff theoryis that transverse shear sf.rains may notbe written in terms of displacements, which
leads to their being completely ignored although transverse shear stresses should be included in
equilibrium equations.

Surveys of various classical shell theories can be found in the works of Bert [5], Reissner [6] and
Naghdi [7]. The last truncatethe Taylor’s series expansion for tangential displacements after linear terms
inthethickness coordinate, and many others followed him. An excellent collection of the research carried
outon this topic has been produced by Leissa [8]. Elegantrepresentations, both linear and non-linear,
of Love’s shell theory canbe derived strictly via definitions from surface theory without referenceto 3-D

reiationships [3,9].



Oneof'the best-known of these theories, Love's first approximation, yields sufficiently accurate
results when () the lateral dimension to thickness ratio(L/h) is large; (i7) the dynamic excitations are
within the low-frequency range; (iif) the material anisotropy is not severe. However, the application of such
theories to layered anisotropic composites shells could lead to 20%-30%, or r'nore, errors in prediction
of natural frequencies, deflections, stresses and buckling loads .

Thereis an inconsistency intheoriginal version of Love’s theory since all strains do not vanish for
rigid body motion. It was perhaps this inconsistency that encouraged many researchers to develop slightly
different shell theories. Many shell theories based more or less on Love's assumptions have been
developed, each different since each neglects or approximates small terms in its own way. Sanders [10]

redefined the force and moment resultants in such a way that all strains vanish for any rigid body motion.

The thin shell assumptions in Love’s theory have not been taken into account in the theories of
Fligge, Lure and Byme [3], which impose a less restrictive requirement on the thinness of the shell . Their
theory also eliminates the rigid body strains anomaly. Koiter [ 11] discussed the significance of Love’s first
theory and, based on an order of magnitude study, states that refinements of the theory cannot
consistently bemade withoﬁt includingtransverse deformation effects. Other prominent theories on this
subject include those of Novozhilov [12)].

Donnell applied Love’s theory to shallow cylindrical shells [8]. Two types of basic equation,
corresponding either to Fliigge's or Donnell's equations for isotropic shells, have been formulated in the
literature [2,3,13]. Donnell’s derivation is not easy to follow, since it completely neglects anumber of terms

both in the relationships between the changes of curvature and twist and the displacement, and in the



relations of stress resultants and moment resultants in terms of displacement.

Asmall displacement Love theory has beenused by Dong et al. [14] for the bending analysis of
thin anisotropic plates and shells. These are specialized to givelinear Donnell equations for anisotropic
cylindrical shells. Bogneretal.[15] developed alinear cylindrical isotropic shell ﬁnite elementbased onthe
classical shell theory. Morley [16] extended the limits of Donnell theory . Reissner [17] applied the
Donnell’s assumptions to ashallow spherical shell. The Donnell-Mushtari-Valsov equations [8] result when
Donnell’s assumptions are applied to a shallow shell of arbitrary geometry.

ChengandHe[18,19] have developed an exact linear theory for circular cylindrical shell based on
Love’s assumptions. By retaining all the small terms which are neglected, in varying degrees, by other
theories, the usual eighth-order operator in the governing equilibrium equation of the transverse
displacement can be separated into two fourth-order complex conjugateoperators, thereby reducing the
solution’s complexity. A general theory for thin isotropic shells, which makes no simplifications for
approximations beyond a fundamental hypothesis, was developed by Markov [20].

Padovan [21]used a complex multi-segment numerical integration procedure which can handle the
staticanalysis of mechanically and thermally loaded laminated anisotropicshells of revolution with arbitrary
meridional variation in thickness and material properties. The governing equations are based onthe Love-
Reissner theory. They did not considered the effects of shear deformation in their work.

Basarand Ding [22] used finite rotation elements for the non-linear analysis of thin shell structures.
Their work is based on the Kirchhoff-Love hypothesis. In the development of anon-linear finite element
using the Kirchhoff-Love hypothesis, the essential problem is the elimination of the rotation vector(the

difference vector)without loss of accuracy. To do this, the Kirchhoff-Love hypothesis are expressed by
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two sets of equivalent conditions: one of them is used in the form of linear variational equations for
elimination of the incremental rotational variables; the other, non-linear one, is needed for the exact
calculation of the rotation vector of the fundamental state.

Most of the theories outlined above have been applied to a shell so thin' that all transverse shear
deformation effects, transverse stresses and strains can be neglected. These transverse effects become
more pronounced as the shell becomes thicker relative to its in-plane dimensions and radius o\f curvature.
This is particularly true of the transverse shear deformations [11] since classical theories can be grossly
in error in error in predicting transverse deflections, buckling loads or natural frequencies. Itis well known
from experimental observations that the fact that classical plate theory neglects transverse shear strains
leads to under-estimations of deflections and over-predictions of natural frequencies and buckling loads.

These errors are even higher in the case of plates and shells made up of advanced anisotropic
laminated composites materials such as graphite-epoxy and boron-epoxy, where the ratio of elastic
modulus to shear modulus is very great (i.e. oftheorder25to 40 instead of 2.6 for isotropic materials).
As pointed out by Koiter [11], refinement to Love's approximation theory of thin elastics shells is
meaningless unless the effects of transverse shear and normal stresses are taken into account. Transverse
shear deformation plays a vei'y important role in reducing the effective flexural stiffness of anisotropic
laminated plates and shells because their in-plane elastic modulus to transverse shear modulus ratiois high.

The transverse shear effect on non-linear vibration and post-buckling behavior is significant, especially
for laminates with moderately significant thickness, ahigh circumferential wave number and a greater

numberof layers. Study of shear deformation effects shows that these effects can become quite meaningful

for some geometrical parameters, such as small radius-thickness or length-thickness ratios, as well as for



shorter wavelengths or longer shells.

Inaddition to thetransverse shear deformation, the initial curvature effect should be considered for
the analysis of thick shells as indicated by Voyiadjis and Shi [23] for isotropic materials. The initial
curvature effect is very important in making accurate predictions of stresses evén inthe central region. In
theshell structures, the curvature of each parallel surface through the thickness of the shell is different. To
consider the initial curvature effect , the term 7+2/R has to be included. The presence of curvature
effectively increases the structural stiffness.

Inrefined shell theories that take the transverse shear deformation effect into account, thenormals
to the reference surface of shells are permitted to rotate such that planesections originally perpendicular
to the middle surface remain planar, but, as aresult of the deformation, areno longer perpendicular. | The
transverse shear is represented by inclusion of an independent degreeof freedom in thekinematics. The
shell is still fully described by the behavior of the reference surface and therefore these approaches
represent 2-D theories [24].

Hilderbrand et al. [25] were the first to make significant contributions by dispensing with Love's
assumption and assuming instead a three terms Taylor's series expansion for the displacement vector for
orthotropic and homogeneous shells. Naghdi [26] has employedReissner's [27] mixed variational principle
to develop a complete shell formulation similar to that of Hilderbrand etal. [25], retaining two and three
terms inthe Taylor's series expansions for tangential and transverse displacement components, respectively.

The first analysis to incorporate bending and stretching coupling was carried outby Ambartsumyan
[9]. He assumed that the individual orthotropic layers were oriented in such away thatthe principal axes

of material symmetry coincided with those of'the principal coordinates of the shell reference surface. The
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effects of transverse shear deformations , transverse normal stresses and transverse normal strain on the
behavior of laminated shells can be incorporated, on the basis of a mathematical model, through the
inclusion of higher order terms in the power series expansion of the assumed displacement field.
Dong and Tso [28] were perhaps the firstto present a first order shear deformation theory , retaining
one and two terms in the Taylor's series for transverse and tangential displacement components,
respectively. The theory includes the effects of transverse shear deformation through the shell thickness,
and thencethey construct alaminated orthotropic shell theory. Hilderbrand et al. [25] found that the
effects of the additional terms in the transverse displacement that resulted in non-zero transverse normal
strains arenegligible. Reissnerused these kinematicrelations to analyze first plates [29] and then sandwich

shells . The rotatory inertia terms have been included in the dynamic analysis of plates by Mindlin [30].

The above-mentioned first order sheartheories that result from the so-called Reissner-Mindlin (RM)
kinematics do not satisfy the transverse shear boundary conditions on the top and bottom surfaces of the
shell or plate, since a constant shear angle through the thickness is assumed, and planesections remain
plane. For this reason, the theories based on these kinematic relations usually require shear correction
factors for equilibrium considerations. The shear correction factors are only functions of lamination
parameters(number of layers, stacking sequence, degree of orthotropy and fiber orientation in each
individual layer).

Levinson [31] and Reddy [32] have developed theories that include terms in the in-plane
displacement kinematics. They used a parabolic shear strain distribution through the thickness for satisfying

zero transverse shear stress on the top and bottom surfaces of the shell, thus producing closer agreement
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with linear elasticity. The parabolic shear strain distribution has been used to analyzethe linear vibrational
behavior of isotropic cylindrical shells by Bhimaraddi [33].

The effects of transverse shear deformation and transverse isotropy as well as thermal expansion
through the thickness of cylindrical shells were considered by Gulati and Essenb.t.erg [34], Zukas and Vinson
[35], Dongand his colleagues [14], Hsu and Wang [3 6], Chaudhuri and Abu-Arja[37] andKhediretal.
[38].

Whitney and Sun [39,40] developed a shear deformation theory for laminated cylindrical shells that
includes both transverse shear deformation and transverse normal strain as well as expansional strains. The
theory is based on a displacement field in which the displaceinents inthesurface of the shell are expanded
as linear functions of the thickness coordinate and the transverse displacement is expanded as a quadratic
function of the thickness coordinate. They discussed some methods bywhich one can diagnose the mass
matrix. They did not consider the some product of the first order derivatives of the tangential displacement
component withrespect to the x, y and z in the strain -displacementrelations. These relations are based
on the Von Karman’s theory [12].

Reddy [41] extended Sanders’ [42] theory for simply supported cross-ply laminated shells assuming
- fivedegrees of freedom pernode. The theory is basedon a displacement field in which the displacements
of the middle surface are expanded as cubic functions of the thickness coordinate, and the transverse
displacement is assumed to be constant through the thickness. TheNavier-type exactsolﬁﬁons forbending
and natural vibration are presented for cylindrical and spherical shells under simply supported boundary
conditions.

| A generalization of geometrically linear shear deformation theories for small elastic strains is presented
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for multilayered axisymmetric shells of general shape by Touratier [43]. He proposes a general shear
deformation theory for multilayered , moderately thick, axisymmetric shells. The theory, which is
geometrically linear, is developed for small elastic strain and is restricted to axisymmetric shells under
axisymmetric loading and classical boundary conditions. The principal advantaée of this work is that it does
not need shear correction factors.

Static analysis of laminated shells using arefined shear deformation theory was done by Ji-Fan He
[44]. Accordingto this theory, the thickness of the shell must be small compared to the principal radii of
curvature. It can be expected that the present theory would tend to be fairly accurate for laminated shells
with many layers. Hsuand Wang [36] and Di Sciuva[45] probosed aspecially designed displacement field
with traction continuity at the layer interface; and Reissner [46] proposed anothertype of general shell
theory for transversely isotropic materials based on the Reissner mixed variational principle with
independently assumed transverse stresses.

Morerecently, Jing and Tzeng [47]derived a mixed shear deformation theory for thick laminated
shells of general shape based on proposed method of Jing and Liao [48]. The displacement fielduses a
zig-zag function in addition to the Reissner -Mindlin type in-plane displacements and a constant transverse
deflection. Kant and Ramesh [49] developed complete goveming equations for a thick laminated composite
shell. The theory is based on a three-term Taylor's series expansion of the displacement vector and
generalized Hook's law, as is the displacement model of Hilderband et al.[25], and is applicable to
orthotropic material lamina having planes of symmetry coincident with shell coordinates.

Advanced composites materials are being used more and more in a variety of industries dueto their

high strength and stiffness-to-weight ratios; this has led to a rapid increase in the use of these materials in
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structural applications during the past decade. Structural elements made up of advanced fiber-reinforced
composite materials offer unique advantages over those made of isotropic materials. They are being
extensively used in high and low technology areas, e.g., the aerospace industry, where complex shell
configurations are common structural elements. |

Thefilament-winding tec;hniques formanufacturing composite shells of revolution has recently been
expanded inaircraft, shipbuilding, petroleum and other industries. In general, these materials are fiber-
reinforced laminates, symmetric or anti-symmetric cross -ply and angle-ply, which consistof numerous
layers each with various fiber orientation. Although the total laminate may exhibit orthotropic-like
properties, each layer of the laminate is usually anisotropic, thus the individual properties of each layer must
be taken into account when attempting to gain insight into the actual stress and strain fields.

By optimizing the properties we can reduce the overall weight of a structure since stiffness and
strength canbe designed only where they are required. A lower weight structure translates into higher
performance. Since optimized structural systems are often more sensitive to instabilities, itis necessary to
exercise caution. The designer would be much better able to avoid any instabilities if, when predicting a
maximum load capacity, he either knew the equilibrium paths of structural elements or had accurate
modeling of the load-displacement behavior of structure.

Anisotropic laminated plates and shells have a further complication which must be considered
during in design process: potentially large directional variations of stiffness properties inthese structures due
to tailoring mean that three-dimensional effects can become very important. The classical two-dimensional
assumptions may lead to gross inaccuracies, although they may be valid for an identical shell structure

- made up of isotropic materials.
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However, although they have properties that are superior to isotropic materials, advanced
composite structures do present some technical problems in both manufacture and design. For
computational reasons, the study of composite materials involves either their behaviors on the macroscopic
level such as linear and non-linear loading responses, natural frequencies, buckling loads ,etc., or their
micro-mechanical properties such as cracking, delamination ,fiber matrix debonding, etc.

A number of theories for layered anisotropic shells exist in the literature. Many of these theories
were developed for thin shells and are based on the Kirchhoff-Love hypothesis. The first analysis that
incorporated the bending -stretching coupling(due to asymmetric lamination in composites ) was by
Ambartsumayan [9]. In his analysis, he assumed that the individual orthotropic layers were oriented such
that the principal axes of materials symmetry coincided with the principal coordinates of the shell reference
surface. He [9] has written extensively on the matter, basing his work on Love’s theory with some
discussion of transverse stresses.

Thesimplifying assumption of laminated anisotropy is oftenused in applying a 2-D theory to plates
and shells consisting of layers of composite materials [24]. In this approach, the individual properties of the
composite constituents, the fibers and the matrix, are "smegred " and thus each lamina is treated as an
orthotropic material.

A survey of the analysis of multilayered composite shells using Reissner's mixed variational
principle was done by Grigolyuk and Kulikov [50]. They maintain that laminated anisotropy assumes
perfectbonding between layers, and that the interply adhesive has infinitesimal thickness but infinite
stiffness. This approach leads to calculated laminated plate theory (CLPT) and thereferences by Jones [51]

ahd Whitney and Pagano[52], to CLPT are based on the Kirchhoff-Love assumptions. However, both
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references point out thattransverse shear deformation is more significant in laminated anisotropicthan in
similar isotropic constructions.

Bert[53]used Valsov shell theory to formulate a linear laminated shell theory similarto CLPT.
Pagano and Wang [54-57] and Srinivas and Rao [58] have developed somé exact solutions of 3-D
elasticity equations governing compositeplates that have been used to validate the shear theory. They
conclude that CLPT gives fairly good approximations forboth the displacements and stresses if the plate
isthin. Higherorder shear theories do notgive much better transverse stress results but displacements
show amarked improvement over CLPTfor the thicker plates. Transverse stresses are best calculated
from equilibrium instead of from the constitutive relations [51]. Ren[59]similarly solved 3-D elasticity
equations for a laminated cylindrical shell in cylindrical bending .

His work dealt with what is now known as laminated orthotropic shells rather than with laminated
anisotropic shells. In laminated anisotropic shells, the individual layers are, in general, anisotropic, and the
principal axes of material symmetry of the individual layers coincide with only one of the principal
coordinates of theshell (the thickness-normal coordinate). Whitney and Pagano [52] applied the Reissner-
Mindlintheory to composite plate analysis. The buckling of laminated cylindrical shells was studied by
Hirano [60]. Reddy and Chao [61] applied the closed form solution to thick composite plate.

Reddy [24,62] has extended the cubic kinematic approach to analysis laminated anisotropic
plates and he has applied them to solving several linear static and buckling problems. Additionally,
Soldatos applied the parabolicshear theory to examination of the stability of asymmetrically laminated
cylindrical panels [63,64]. =

Cheng and Ho [65] presented an analysis of laminated anisotropic cylindrical shells using
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Flugge's shell theory [2]. A first approximation theory for the asymmetric deformation of
nonhomogeneous, anisotropic, elastic cylindrical shells was derived by Widera and his colleagues [66,67]
by means of the asyomptic integration of the elasticity equations. Fora homogeneous, isotropic material,
the theory reduces to Donnell's equations. |

Noor and Peters [68] presented the free vibration analysis of laminated anisotropic shells of
revolution as well as the sensitivity of their response to anisotropic material coefficients. Their analytical
formulation is based on a form of the Sanders-Budiansky shell theory, including the effects of both
transverse shear deformation and the laminated anisotropic material response. Each of the shell variables
is expressed in terms of trigonometric functions in the circumferential coordinate and a three-field mixed
finite element model is used for the discretization in the meridional direction. They used areduction method
involving the successiveuse of the finite element method and the classical Bubnov-Galerkin technique to
substantially reduce the size of the eigenvalue problem.

Zienkiewicz [69] introduced a finite element approach with independent transverse displacement
and rotational degrees of freedoms such thata RM (Reissner-Mindlin) shear deformable shell element is
obtained. A smallrotation approach for anisotropicshells has been developed by Librescu and Schmidt
[70]. Successive approximations, as steps towards an estimateof exact shell strain displacementrelations
where displacements, large strains and rotations are all initially allowed, are presented for isotropic shells
by Sanders [10] and anisotropic shells by Librescu [70].

Kant and Kommineni [71] presented higher order theories for general orthotropic as well as
laminated shells. These theories are derived from the three-dimensional elasticity equations by expanding

the displacement vector in Taylor's series in the thickness coordinate. Reference [72] presents some
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elements which can be applied successfully to analysis of both thin and thick plateand shells. Kuietal.
[73]applied the finite element method, displacement type, to analyses of thinshells and to overcoming the
shear locking phenomena.

Prayor and Barker [74] developed a linear plate element based on the .RM theory. They used a
rectangular element with 28 degrees of freedom (8,12,8 for extension, bending and shear effects,
respectively) to have the continuity of transverse stress at any interface. Hinrichsen and Palazotto [75]
applied a cubic spline function to non-linear analysis of thick composite plates. Their theory is based on the
usualKirchhoff hypothesis. The theory was developed by considering the Lagrangian strains in conjunction
with the second Piola-Kirchhoff'stress hypothesis. This formulation leads to a quasi-three dimensional
element that combines large displacement with moderately large rotation but is restricted to small strains.

Schmit and Monforton [76] formulated an anisotropic cylindrical shell element which allows them
to predict the geometrically nonlinear behavior of sandwich plate and cylindrical shell structures, based on
accepted thin shell theory assumptions. Other recent papers by Meroueh [77] and Surana[78,79] canbe
mentioned. Cylindrical shells are in general use in the aerospace, shipbuilding, structural and petroleum
industries. They arethe simplestshellstructureto analyse yethave many of the characteristics of more
complex shell geometries. The linear problem of composite cylindrical shells has been widely investigated
by anumber of researchers using different shell theories. Based on the Kirchhoff hypothesis, for example,
Dong [80] studied the free vibration of laminated orthotropic cylindrical shells with homogeneous boundary
conditions.

The governing equations of orthotropic cylindrical shells were solved through a pair of complex

cbnjugate fourth-order differential equations by Cheng and He[19]. Their work is based on the kirchhoff
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hypothesis. Forthestatic problem, Fliigge and Kelkar [81]and Yao [82] obtained an exactsolution for
closed isotropic long cylinders under general two-dimensional surface traction.

Using the Forbenius method, Srinivas [58] developed an exact three-dimensional solution for
orthtropic finite cylinders with simply supported conditions. Varadan anchaékar [83]also performed
the static stress analysis using the procedures proposed by Srinivas[58]. Pagano [84] obtained the stress
field forahomogeneous, anisotropic closed cylinderunder two-dimensional surface loads in which the
problems are independent of the axial coordinate.

Ren[85] presented an exact solution for simply-supported laminated cross-ply circular cylindrical
panels of infinite and finite length in the axial direction. Leissa et al. [86] analysed the vibration of
cantilevered cylindrical panels by using the Ritzmethod, with algebraic polynomial functions for the
displacements. Wideraand Logan [67] studied the non-homogeneous, anisotropic, circular cylindrical
elastic shell, using themethod of asymptotic expansion in terms of a small parameter in conjunction with
Reissner's variational principle.

In their work, the procedure used to derive the shell equation starts with substitution of non-
dimensional shell coordinates in terms of characteristic length scale for changes of stress and displacement
and Reissner functional direction. The employment of the formulation in terms of Reissner's principle allows
one to obtain automatically all the equations necessary to formulate a complete boundary value problem
for afirstapproximation shell analysis. Non-dimensional stresses, displacements and Reissner functional
direction are introduced and considered to be representable by asymptotic expansions in apower series
in terms of a small shell parameter.

Recently, Bert and his colleagues [87,88] and Hsu et al. [89] presented an exact solutions for
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bending and vibration of two layer cross-ply, thin cylindrical shells. These solutions are limited to cylindrical
shells and sinusoidal distribution of the transverse load, and the procedureused is similar to that used by
Whitney and Leissa[90], Whiteny and Pagano [52], Bertand Chen [91], and Reddy and Chao [61] for
laminated composite plates. |

Hung-Sying Jing and Kuan-Goang Tzeng [92] proposed a mixed shear deformation theory for
thebending analysis of arbitrarily laminated, anisotropic panels and closed cylinders. Theinitial curvature
effectisincluded in the strain -displacement relations, stress resultants and assumed transverseshear
stresses. Two types of shell geometry, infinitely long cylindrical panels and closed cylinders of finite length,
areemployed in the numerical study. Suzuki and Leissa [93,94] analysed the free vibration of circular and
non-circular cylindrical shells having circumferentially varying thickness.

The static response to the axisymmetric problem of arbitrarily laminated, anisotropic cylindrical
shells of finite length using three-dimensional elasticity equations was made by Jing and Zeng [95]. The
closed cylinder is simply supported at both ends. The highly-coupled partial differential equations are
reducedto ordinary differential equations with variable coefficients by choosing the solution composed of
trigonometric functional along thel axial direction.

Kant et al.[49,71] presented various higher order theories for laminated composite cylindrical
shells using C, finite elements. Kant and co-workers did extensive numerical investigations on laminated
plates and shells, both static and dynamic analysis, using C, finite elements and different higher order
theories. They proved that the imposition of shear free boundary conditions on the top and bottom
bounding planes of the laminate gives stiffer solutions when compared to three-dimensional( 3-D)elasticity

solutions and various displacement models for flat laminates. The one having nine degrees of freedom per
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node produces results very close to 3-D elasticity solution.

A higher order shear deformation theory of plates accounting for the Von Karman strains is
presented by Reddy [96]. This theory contains the same dependentunknowns as those inthe Hencky-
Mindlin type first-order shear deformation theory. The displacements are e;(panded in powers of the
thickness of the plate, and accounts for parabolic distribution of the transverse shear strains through the
thickness of plate. Hamilton’s principle was used to derive the equations of motions and the Navier solution
procedure was used to solve the equations of the simply supported plates.

Jing and Liao [48] proposed a mixed function with displacements and transverse shear stresses
as independent variables and established the corresponding partial hybrid stress element for the analysis
of thick laminated plates. Some comparison between the results obtained for plates by these two functional
are made by Jing and Tzeng [97].

A refined laminated plate theory, is developed by J.M . Whitney and C.T.Sun [39], is applicable
to fiber-reinforced composite materials under impact loading. The theory includes the first symmetric
thickness shear and thickness stretch motion, as well as the first anti-symmetric thickness shear mode, by
including higher order terms in the displacement expansion about the mid-plane of the laminate in a manner
similar to that of Mindlin and Medick [98] for homogeneous isotropic plates.

Reddy and Phan [62] used a higher order shear deformation theory to detemine the natural
frequencies and buckling loads of elastic plates. The theory accounts for the transverse shear strain and
rotary inertia. This work dealt with the exact solutions of the theory as applied to the free vibration and
buckling of isotropic, orthotropic and laminated rectangular plates with simply supported edge conditions.

Reddy [32] developed a higher order shear deformation theory for the laminated composite plates. The
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displacement fields used in the present theory and that of Levinson [31] are the same, the equations of
motion differ from those of both Levinson and Murthy. This theory uses a displacement approach similar
to that in the Reissner-Mindlin type theories.

The form is dictated by satisfying the conditions that the transverse shéar stresses vanish on the
plate surfaces and benon-zero elsewhere. This requires the use of a displacementfield in which the in-plane
displacements are expanded as cubic functions of the thickness coordinate and the transverse deflection
is constant through plate thickness. Ren and Hui [99] formulated asimpletheory for non-linear bending of
generally laminated composite rectangular plates which accounts for transverse shear strains byusingthe
principleof virtual displacements. Moreover, because the total deflection of a plate is decomposed into
a deflection due to bending and a deflection due to shear, solution of the governing equations of the
present theory becomes simpler.

Jing and Liao's functional, modified from the Hellinger -Reissner principle by separating the stress
field into aflexural part and a transverse shear part and leaving only displacements and transverse shear
stresses as independent variable, has beenused by Jing and Tzeng[47]to analyze laminated plates with
satisfactory accuracy.

There are many situations in mechanics in which some simplifying assumptions have been
considered to help the analyst in getting timely and accurate results. However, various air, water and land
vehicles and structures as aircraft, rockets, pressure vessel, petroleum and petrochemical units and etc.,
may be subjected to impacts, collisions, blasts and/or other intensive transient loads which can cause large
transient structural deformation and damage. Thin shell subjected to dynamic loads could encounter

deflections of the order of the shell thickness or higher. Thinshells could also encounter a phenomenon of
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dynamic impacts or dynamic buckling and collapse, which are attributed to the change in the equilibrium
state characterizing the load-response mode.

Response of this kinds cannot be correctly predicted by using the small or intermediate displacement
theory. In the intermediate non-linearity approach, the non-linear terms which repres entin-planerotations
ofthe shell are neglected [100,101]. This theory is oftenused in stability analysis. The structural elements
madeup of the advanced composite materials undergo large deformations before they become inelastic,
becauseof the high modules and high strength properties of composites materials. Therefore, an accurate
prediction of transient response is possible only when one accounts for the geometric non-linearity.

There are also cases where structural elements experience only small strains under load but may
fail catastrophically due totheir geometric configuration. It tums out that this class of structural system can
be accurately analyzed on the basis of small strain, non-linear geometrical and linear elastic material
behavior. The need for accurate and efficient methods of structural analysis and design, especially for this
category of large-deflection(geometrically non-linear) and elastic -plastic (materially non-linear) dynamic
response problems, has recently become increasingly apparent.

In the proposed non-linear analysis methods, e.g. [10,12,102], many of the non-linear
displacement terms may be considered negligible depending, of course, on the specific situation. For
example, an accurate load displacement characterization of a flat plate is based on the Von Karman
equation where many non-linear rotational terms have been omitted. Similar assumption for shell elements
result in equations of the type proposed by Donnell, Sanders and Novozhilov [102]. Theseformulations
aretypically valid forso-called intermediate non-linearity or theories that allow only moderate rotations.

Thestrain displacement relations that include non-linear displacement terms areused to represent
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large displacements and rotations of differential elements of the shell. Non-linear vibrations of generally
laminated circular cylindrical shells are examined using the Timoshenko-Mindlin kinematics hypothesis and
an extension of Donnell’s shell theory. The effects of the transverse shear deformation, rotary inertia and
initial geometrically imperfection are included in the analysis. The Galerkin procédure furnishes an infinite
system of equations for time functions which are solved by the method of harmonic balance [103].

It has been recognised that the non-linear behavior of composite cylindrical shells plays an
importantrolein determining the stability and dynamic response of these shells. Chu [104] first presented
an analysis for circular isotropic cylindrical shells with the hardening type of non-linearity for the amplitude-
frequency response. Nowinski [105] confirmed the results of Chu [104] by investigating the non-linear
vibration of orthotropic cylindrical shells. Later, Evensen [106] pointed out that the mode shape assumed
by Chu does notsatisfy the condition of continuity of the circumferential in-planedisplacement. A more
rigorous study of non-linear free flexural vibrations of circular cylindrical shells was conducted by Atluri
[107]who compared his results with the availabie data and concluded by accepting the possibility of the
softening type of non-linearity.

Chen and Babcook [108] adopted a perturbation technique in considering the large-amplitude
vibration of a thin-walled cylindrical shell. Ramachandran [109] studied the non-linear vibration of
cylindrical shells of varying thickness. Khot[110]studied the post-buckling behavior of a laminated
cylindrical shell subjected to axial load and torsion using the Von Karman-Donnell equations. Theresults
obtained by Khot [110]show that, in general, composite shells are less imperfection sensitive than isotropic
shells.

Recently, Inand Chia[111]discussed the non-linearvibration and post-buckling of antisymmetric
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cross-ply circular cylindrical shells on the basis of Von Karman-Donnell kinematic assumptions, and the
effects of transverse shear on the non-linear behavior of these shells using the Timoshenko-Mindlin
kinematic hypothesis. They neglected the some terms (e.g cross-product of displacement derivatives)in
non-linear strain-displacement relations. |

Neglecting the transverse rotational non-linear terms as well will result in a linear Love-type shell
the theory. These successive approximations to the shell strain displacement relations are discussed in the
paper by Librescu [112] and Sanders [10]. In the last work, the deformations are restricted by the
Kirchhoffhypothesis(the transverse shear and normal strains were neglected) , the middle surface strains
areassumed small and therotations are assumed to be moderately small. Most of the above approaches
can include various degrees of non-linearity in the strain displacement relations representing the
displacements and rotations. Considerable simplification was achieved in the Donnell equations by use of
the assumption that the non-linear membrane strains derived only from out-of-plane rotations.

For example, Donnell’s theory is not suitable for the analysis of shells in which the buckling mode
involves fewer than three full waves around the circumference [102]. More accurate non-linear shell
equations are given by Sanders and by Novozhilov, but these are somewhat more complex than the Donnell
equations. Moreterms are retained because fewer assumptions aremade about the relative magnitude of
various terms in the non-linear strain-displacement. Reddy and Chandrashekhara[113] solve laminated
shell problems, both cylindrical and spherical, assuming RMtheory and an intermediate non-linearity. There
arefew such analytical closed-form solutions for shell geometries, especially those that govem non-linear
behavior.

The formulation and computational procedure are presented for the geometrically non-linear
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analysis of laminated orthotropic and anisotropic composite shells based upon a modified incremental
Hellinger-Reissner principal and the total Lagrangian description by Rothert and Di [114]. In this
investigation a computational model for a geometrically non-linear analysis has been studied on the basis
of a rational approach for a hybrid stress model. |

The through-thickness assumption used in the total Lagrangian formulation is introduced,
incorporating the nonlinear formulation for a large rotation assumption. Noor and Peters [115] analyzed
the non-linear response of anisotropic cylindrical panel that included transverse shear deformation. Their
formulations are based on the Rayleigh-Ritz technique and the Hu-Washizu mixed shallow shell finite
element approach.

Stein [116]used truncated series expansions of an exact non-linear strain displacement relations
inashell abproach that also included transverse shear deformation. The non-linear strain-displacement
relations are expanded into a series that contains all first- and second-degreeterms; only the first few
terms have been retained for the displacements. Geometrically non-linear quasi-three-dimensional
approaches for laminated composite plates and shells have been developed by Palazotto and Witt[117],
Hinrichsen and Palazotto [75] and Dennis and Palazotto [ 118]. Their work is restricted to small strains;
the exact Green's strain displacements and linear strain displacement relations are assumed for the in-plane
strains and the transverse strains, respectively, so the accuracy inrotation is limited by linear assumption
on the transverse shear strains.

Tsai and Palazotto [119] have developed afinite element formulation for the geometric non-linear
vibration analysis of cylindrical shells, based upon a curved quadrilateral, 36 degree of freedoms, thin shell

element. The equations of motion are based on a total Lagrangian frameofreference. A fmethod, which
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is ageneralization of Newmark's time marching integration scheme and the Newton-Raphson iterative
method, are both applied in order to solve the set of non-linear equations of motion numerically.

The solution of a set of non-linear, second order ,differential equations which describe an
anisotropic shell of revolution was presented by Martin and Drew [120]. Th;:ir analysis is based upon
Sanders' non-linear shell theory without considering the shear deformation effects. The method for solving
these equations follows the procedure used by Budiansky and Radkowski.

Kant and Kommineni [121] presented the geometrically non-linear transient analysis of laminated
composite(transversely isotropic) and sandwich shells, based on VonKarmman’s theory. Inthe time
domain, the explicit central difference integrator is used m conjunction with the special mass matrix
diagonalization scheme which conserves the total mass of the element and includes effects due to rotary

inertia terms.

Rotter and Jumikis [102] have presented a set of non-linear strain-displacement relations for
axisymmetric thin shells subjectto large displacements with moderate rotations, by retaining more terms.
Their works is based on Kirchhoff’s assumptions. They haveshown thatnon-linear strains arising from
products of in-plane strain terms, which were omitted in previous theories, may be important in certain
buckling problems. The new relations are particularly important when branched shells are being studied and
when the buckling mode may involve a translation of the branching joint. Their work dose not include any
numerical results.

A modal approximations in deriving the equations of motion for the non-linear flexural vibrations

of a cylindrical shell by using the Donnell's shallow shell theory was presented by Dowell and Ventres
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[122]. The purposeof theirwork was to satisfy more accurately theboundary and the continuity conditions
and investigation their effects on the form of the modal equations.

Horrigmoe and Bergan [123] presented classical variational principles fornon-linear problems by
considering incremental deformations of a continuum. Wunderlich [124]and Stricklen etal.[125]have
reviewed various principles of incremental analysis and solution procedures for geometrical non-linear
problems respectively. Noor and Hartely [126] employed the shallow shell theory with transverse shear
strains and geometric non-linearities to develop triangular and quadrilateral finite elements.

Chao and Reddy [127], Reddy and Chandrasekhara [1 13] have presented a first order shear
deformation theory based on kinematic and geometric assumption of Sander's thin shell theory for the

geometrically non-linear analysis of doubly curved composite shells. Ananalysis of the dynamic responses
of cylindrical shells including geometric and material non-linearities was made by Wuand Witmer[128].
The methods of finite element analysis are applied to the problem of large deflection, elastic-plastic
dynamic response of cylindrical shells to transient loading. The formulation is based upon the virtual work
principle and D'Alambert's principle. Wu and Witmer used a bilinear polynomial for the axial
displacement, and bicubic polynomials for both the circumferential displacement and the transverse
displacement, and expliciﬂy excluded rigid body modes.

The analytical solution of shell motion equations is generally considered to be difficult.
Approximation methods can beused (e.g. the finite difference, Galerkin, Rayleigh-Ritz, Transfer matrix and
finite element methods). All of these methods have both the advantages and the disadvantages. One of the
mostimportant criteria in determining the versatility of the solution is the capacity to predict, with precision,

both high and low frequencies.
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In the finite difference method, the initial values are given and this method requires a great deal
of calculation times. The Galerkin approach loses precision in the higher frequencies of shells. The
Rayleigh-Ritzmethod presents several draw-backs, among which are the displacement function choice,
which has to take the boundary conditions into account, and the necessity to usé alarge number of terms
to express displacement functions. On the other hand, the finite element method [69,129-132] is
satisfactory from these view points.

The accuracy of solutions reached by the finite element displacement formulation depends on
whetherthe assumed functions accurately model the deformations modes of structures. To satisfy this
criterion, Lakis and his group have developed a hybrid type of finite element, whereby thedisplacement
functions in the finite element method are derived from Sander’s classical shell theory [42]. This method
hasbeen applied with satisfactory results to the dynamic linear and non-linear analysis cylindrical shells,
both closed and open [133-143], spherical [144], conical [145], isotropic and anisotropic, uniform and
axially non-uniform shells, both empty and liquid-filled. This method has also been applied to the dynamic
of circular and annular plates by Lakis and Selmane [146-148].

The effect of surrounding medium (air, liquid and etc.) upon the vibration of plates and shells is of
primary interest to scientists and engineers working in aerospace, marine and reactor technology. The effect
of the fluid on the structural response is usually significant except in the case of extremely thick shells. The
dynamic response of the shells when subjected to a flowing fluid, as well as the influence of fluid speed on
theshell free vibrations, were studied by several researcher: Lakis and Paidoussis [133-135], Paidoussis
and Denis[149], Weaver and Unny [150], Cheng [151] and Jain [152]. Paidoussis and Li made an

elaborate review in this field [153].
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The fluid effect on the dynamic behavior of the structure can be taken into accountby considering

the hydrodynamic mass which is added to the mass matrix of the structure. The effective mass is a function
of the mode shape being considered, the shell and liquid geometrical parameters, plus the physical
/ free surface motion haveto be céﬁsidered; butthe pressure
distribution dueto surface motion during vibration could be neglected, however, since resonantsloshing
frequencies of thin shells are considerably below the natural frequencies of the combined fluid-structure
system.

The dynamics of coupled fluid-shells were reviewed extensively by Yang[154] and Brown[155].
Dynamic analysis of the structure-fluid systems was studied by Brenneman and Yang[156], using themodal
and hybrid methods. They obtained the structure and fluid modes by applying the stiffness and flexibility
methods, following MacNeal’s approach. Crouzet-Pascal and Garnet [157]studied aring-reinforced
cylindrical shell immersed in a fluid medium, and its dynamic response to an axisymmetric step puise.
MacNeal [158] presented another approach which is based on ahybrid finite element formulation in which
the structure is modeled with displacements as the unknown variables, and afluid is modeled with pressure
as the variables. To utilize existing mainframe structural analysis programs, MacNeal showed howto
recover symmetry by manipulating the equations and adding auxiliary variables to the problem.

The free vibration of simply supported vertical cylindrical shells partially filled with or submerged
inafluid hasbeen analyzed by Gongalves and Batista[159]. The Rayleigh-Ritzmethod is used to obtain
an approximate solution which coincides with the exactsolution forthe cases of an empty shell orashell
completely in contact with fluid. Theirwork is based upon the consistent shell theory of Sanders. The fluid
is taken as non-viscous and compressible and the coupling between the deformable shell and this acoustic

medium is taken into account.
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Since the lowest natural frequency of bending vibration of shells, immersed in or filled with afluid,
is much less than the corresponding natural frequency of the shell in air, they investigated the effects of
variable height of fluid on the vibration response of vertical cylinders filled with or submerged in an acoustic
fluidmedium. In general, the lowest frequency is dependent on liquid level, mode shapes and shell and
liquid geometrical and physical parameters.

Thefree vibration analysis of cylindrical storage tanks with axial thickness variation and partially
filled with liquid was studied by Han and Liu [160]. The tank is modeled using Fliigge's thin shell theory (in
the isotropic case)and the fluid in the tank, according to potential flow theory, is assumed to be inviscid
and incompressible. In their work, the shear deformation effects have notbeen considered. They solved
the partial differential equations by using the transfer matrix technique.

Ananalysis of the non-linear vibration of cylindrical shells of varying thickness in an incompressible
fluid was made by Ramachandran [109]. The Rayleigh-Ritz procedure was used to analyze of non-linear
transverse vibrations of elastic, orthotropic cylindrical shells of linearly varying thickness, embedded inan
incompressible fluid (there is no shear deformation effect in his work).

3.THEORETICAL DEVELOPMENT

This work is based on the following assumptions:
1)  Linear elastic behavior of laminated anisotropic materials;
2) Usethestrain-displacementrelations expressed in arbitrary orthogonal curvilinear coordinate
system,;
3) Theshellis thin and therefore we assume that the normal stress is negligible compared with stress
tangential to the shell surface;

4) Thetransverseshear deformation, rotary inertia and initial curvature are considered to influence

the governing equations.
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3.1 Strain-Displacement Relations-The normal and shear strain components are related to the

components of the displacement vector by [3]:
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where @; ; u; and g, are, respectively, the curvilinear coordinates of the surface, components of the

displacement vector and geometrical scale factor quantities, and are defined below for application to shells

(Figurel):
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where U;, U,, W, 4;, R, and { are, respectively, the displacement vector components, Lamé’s
parameters, the curvature radius and the thickness coordinate. If we substitute equations (2) into equations

(1), we obtain the following strain displacements equations in the shell space:
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Where ¢;and y, are, respectively, the normal and shearing strain components. We can assume that the

displacement’s components are presented by the following relationships:
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The g, and B, present the rotation of tangents to the reference surface oriented along the parametric lines

a1 and az respectively (Figure 1). We substitute equations (4) into equations (3):
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Where:
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Where £;; y°; k;; 7;and u°;are, respectively, thenormal and in-plane shearing strain, the change in the
curvature and torsion of the reference surface and the shearing strain components. The Coddazi conditions

which were used for the above equations are:
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Where R;, {, A; and a; were earlier déﬁned by equation (1,2).
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3.2Therelationship between the stress and strain vectors (Hook’s law)-The relationship between

the stress and strain vectors (Hook’s law):

=[] {e) " ©)

The constitutive equation of the Ktk lamina (for alamina of fibre reinforced composite material) in the

lamina reference axes (o, £,7) can be written as follows (for only one lamina) (Figure 2):
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Note : The [Q] matrix denotes the elastic stiffness in the material coordinates (local axes).

Qjij’s elements are defined as follows:
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Where £45,G j5and v, are, respectively, Young’s moduli of elasticity in the principal directions, rigidity
moduli characterizing the change of angles between the principal directions, and the Poisson ratios
characterizing the transverse contraction (expansion) under tension (compression) in the directions of the
coordinate axes. |

Thestress-strain relations of the Kt/ lamina in the laminate coordinate axes (1,2,3 global coordinates) can

be written as (Figure 3):
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Where :

[0]= 7 [0)[7] (14)

The transformation matrix [T] is defined by:
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oil: m=cos. , n=sinQ

The orientation angle # is measured counter-clockwise from the /-axis to the o-axis.
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[Q 1’s elements are defined as follows:
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3.3_The equations of motion:-Using the virtual work principle for the present case yields:
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Where :
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Where I;, p and { are, respectively, inertia moments, density of the X ‘s lamina material and the
thickness coordinate.

Now, we see that there are five independent boundary conditions to be applied at given edges. The

transverse shear deformations do not vanish in the present theory and, therefore, the f; cannotbe expressed
interms of Ujand . The transverse shear theory recommended here leads to no strains during rigid

body motion.

3.4 Thestress resultants andstress couples-The stress resultants and stress couples are given by [3]

( N, {"1 er [02
Ny, T, Ny ™1
KSR R A RZ ST S P! 1= )70 [(LHURD (19)
M, o M, %
M, T)2 M, (21

The quantities (N1, N2z, N1z, N2i) are called the in-plane Jorce resultants, and (M1, Mas, Mi2, Mz1)
are called the moment resultants; (Q11, Q22) denote the transverse Jorce resultants. We notice, in
equations (11), that thesymmetry of the stress tensor (t:2 =T721) does not necessarily imply that Nz2and

Nz1 are equal or that M2 and Ma1 are equal except in the case of a spherical shell, a flat plate or a thin

shell of any shape.
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3.5_The Constitutive Equations-The stress resultants and stress couples that correspond to the

remaining stress are given by equations (19); therefore, by using equations (5), (13) and (19) we have:

Ny &%) K
Ni| [Gy 4y ﬂow H, By g -1626
= i J= L6,
N, A”. GG,j e, | |By HH; K
4x4 4x4
Nf @9 e | @s g
(20)
M, r801 LS
M, I. B v° J., D T
i S LA I S M R ' ij=1626
M,, B,j II,J. % | |Dy JJU K
M,| @< v, @4 1,
Where
GU—Au'raB +a2Du+a3EU ; H, =BI +a,D +azEU+a3F'U
GG =4,+b\B,+b,D ;+bE,, ; HH,=B +bD, +bE, +bF, ’1
ByraDyraEraF, ;5 J=DraE aF vaC, 1)

HB+bD +bE+bF,  JI=D,+bE,+bF,bC,

and
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1 1 . 1
“RR G OUR
R2 1 1
1.1 1
(..... ) ) b.=
TR,

1.,

43= > P
R?, R,

1
% ® (22)

A,,=§@,‘,> (hyhy.,)
B, 22(9,,) (h?-h?%.y)
Dy~3 gl(Q,)k(hsfh’,,-,)
EL f(Q—u)k(m h4)  ij=1626 (23)
F,r;k l(Qu>,,("’ %)
32@—) *®-h%.)

N: Number of lamina

Note: N1z #N21r and Mi2 #M>1 and

1
& 1-{/R+(C/RY - +-- (7 AN
(1+UR) /R+(C/R) 24)

This expansion requires only that ({'/ R)? < 1. So:

..k.l+_§_
2 R 1 1, h?
[ —Fde=h{1+(=—-—)
h1eL R, R, 12R,
2 R
o _ (25)
L3 R
2
"R, B 11
L= -=—(=—-—)
£1+£ 12°R, R,
2 R



40

We also have:
& _ [t YRy AL B Adss Ags |00 26)
Q) Una(+URDAC) | Ays BBy, |12,
Where:
AAssz“i:,ss“““sts“‘zDss*"sEss i BBymAytbyBytbiD ytbiEy,
3 () (B : B T
A FCa Bk s B LRo M) s @7
1Y ) L g—
Do L@ 0 h 5 EahI@,04 kD
finally:
{NnN 12€11 V22N QoM MMMy, }T =[P ](l 0x10) {eoxYoluoxeozYozl‘oz“xﬁ“ztz }T (28)

The & 10 . }/10 . ... and 7,were given earlier in equations (5). Matrix [P]is given as follows:

Ny{{Pu Py O Py Py 0 Py Py Py Py, ®
Ny | [Pn P O Py Pyy O Py Py Py Py 1%
n [} 0 Py O 0 Py, O 0 0 0 %y
Ny| |Py Pao © Py Py O P, P, P, Pes e,
Nn_Psl Py O Py Py 0 Py Py Py Py Y%
[ 0 0 Py O 0 P, O 0 0 0 ",
Myl |Pn P O Py Py O Py Py Py Py, Ky
Mpj |Pu Pa 0 Py Py O Py Py Py Py, T, (29)
M| | Py Py 0 Py Py O P, P, Py Py, K,
M) [Prog Prog O Proy Pus O Pyy Py Prg Prose T,

(10x10) (10x1)
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Where Py’s elements are given in Appendix A and defined by equations (21-23) and (27).

Now, we develop 1)Equilibrium Equations, 2)Constitutive Equations,3)Kinematic Relations
(Strain-Displacement Relations) for the following cases: a) Shells of Rgvolution; b) Cylindrical

Shells; c) Rectangular Plates; d) Spherical Shells; e) Conical Shells and f) Circular Plates.

4. Shells of Revolution

4.1 The equilibrium equations- We substitute the geometry definitions of shells of revolution
(Figure 4) into equations (17).

1 . o) ‘
R¢R98m¢ [RGOOS(PNcp ““Resm(qu)’q’ +R¢Ne¢’e —Recosq)Ne] +Ef‘ +qq) :-I1 u(p +I2ﬁq)

1 . 0 .
mm@Ns’e +R,cOSQON,, +R,SIQN o . +R,cOSON, ] +-R—: +qo=lytig+LB,

L4

L iRc0s0Q, *RsinpQ, , Ry Gyd-ne e rg 1 (30)
RRsimg o v e R TR,

1 . X
R Rosinp [ResingM, , +RycosQM, +R My, ;-RocosOM,)-Q, =L +1,B,
1

R Rsing

R M, +Resin(qu, 00 "RM g *RycosM,, 1-0,=Lyiig 1, Bo

4.2 Constitutive equations- We have the same equations as those of (29), but the definitions

given in equations (22) must be changed.

1 1 1 1 1 1
a‘=—_- az:—(——-‘) ’ ag=
R, Rv R, R. R, RzRe
@31)
S R
L3 L] ¢ "8 ¢ RgRe

The constitutive equation is given in Appendix A.
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4.3 Kinematic relations (Linear Strain-Displacement Relations)- By using equations (30),

equations (5) can be defined as shown below:

[ 1
_— 0 0 0 0
(-TR) (oo
[ ef -
S o —L— o 0 0 o | |
. (+URy) o %
1 1 Y, T
Lo —_— 0 *leel
ool (URy WURy) e Yl
'an ] (]
0 0 0 1 wl| |o
Yon (1+Y/R) ® o
0 0 0 0 1 [
(+URy)|
where
1 ou, 1 9B
0 2 e (e ; e b
Ay CR D (32)
av, 3
e°e= 1 e+i¢0tg(p[] +Z ) = 1 ﬁ+-ﬁ£-cotg(p
Rysing 36 R, * R, Rysing 56 R
10U | A
"R, ’ "R,
U, U
¥yt -—Lcotgo S W L P
Rging 06 R, Rping 30 R,
po = LW U, 2.p,
"R R
. ow_U
B e:;_lm_ﬂ+ﬁe
Rgsing 06 R,

5. Cylindrical Shells

5.1 The Equilibrium Equations- Using the geometry definitions of circular cylindrical shells given

in Figure (5), equations (30) will become:



dN,_. 10N,

L
o&x R 00

Ny 1Ny Q
& R w R ehiehb

@u_L l aQee N +a =T s 773\
& RO R nr¥ (33)
M, 1 aM,,

X Bkt

aM,, 81\1
B o ~Qoo=Dytig+ 3Be

+q=hi +Lp

1%
R

5.2 Constitutive equation- Equation (29) canbeused by changing the definitions given in Figure (5)

This equation is given in Appendix A.

(34)

5.3 Kinematic Relations(Linear Strain Displacement Relations)- The kinematic relations are

obtained by using equation (32) and shell geometry definitions.

Box_ aazx/x Kz__aaix
o 1 al]g +Z :_l.._aP.g
R® R’ R 30
oU,
Teer 5 oTe ‘Zi" (35)
— 1 aUx . - 1 an
""R® YR
ow 1aw U,
Ha e 5 Morm R

Substituting the above equations into the constitutive equations (taking into account the coefficients which

were given in equations (34)) and then into equations (33), we will obtain :

43
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L,=(U,V;B,B,P )-=0.

L,=(UV B ByP )-=0.

L=(U,V, 1,8 ,ByP )=0. (36)
L,=(U,V;WB B, P )=0. '

Ly=(U,V;W,B,B,P )=0.
These relations are defined fully by the equations given in Appendix A. In order to compare them with
classical shell theory, the three equations of motion for cylindrical shells are also given in Appendix A
[143].
6. Rectangular Plates
6.1 Equilibrium equations - The same cylindrical shell equations are used, taking into account the

rectangular plate geometry definitions (Figure 6), so equations (33) become:

dN_ oN, .

a:‘ +TQV& +q::zll“.':t‘PI2B:|:

oN_ ON.
f+_@£+q’=]'ﬁy+ B,y

aQ .
el (37)

B oM, ]

ax!x +_é:v£_Qxx= 2ux+ISBx
AL aM )
ERC i

6.2 Constitutive equations- We have the same equations as those of (29), but the definitions (22)

must be changed. This equation is defined in Appendix A.

a,=a,=a,=b,=b,=b,=0. (38)
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6.3 Kinematic Relations(Linear Strain-Displacement Relations)- These relations can be obtained

by substituting the structural geometry definitions into the kinematic relations of cylindrical shells (35).

.oy, B
£ = a: ;K= a;
au, %,
Yox_ ax 3 Tx- ax (39)
U, 3B
,Yoy,_ - L
dy Yooy
o W, . W,
px“& x y"g By

Now, we can substitute the constitutive equations into equations (37)inthe same way that we obtained the
fivedifferential equations for the caseof cylindrical shells, and can obtain the implicit equations as (36).

These equations are given fully in Appendix B.

7.1 Equilibrium equations -The equilibrium equations for the spherical shells can be derived by using

the equations (30) and following definitions (Figure 7).

r9=r‘P =F

COSEC . Q .
—-;—9[cosq)Nw +sinQN,,  +N, o~CosON,] +—:’l +qo=hi, +LB,

"lj[cosec(pNe,e +cotg(pN9¢ +N 280 +cotgQN, cpQ]Jfgrﬁ +qg=liiy+ I2Be
1 N, N ] (40)
;[cotg(qu, +Q, o +cosecoQ, ] —_;2 __rﬁ +q, =L

1 - -

—;[Mw +cotgQM, +cosecMy, ,-cotgoM,]-Q, =Ly, +1,p,

%[cosec(pMe’e +Mq; 6o +cotg(qu,9+cotg(pMe@] ~Qp=Lytiy+ 3Be
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7.2 Constitutive Equation-We have the same equations as in (29), but the definitions given in (22)
must be changed. These relations are given fully in Appendix A.

1
a,=a,=b,=b,=0. ; a;=b, :_RE i (41)
7.3 Kinematic Equations- Substituting r, = r, =rinto thedefinitions of (32), equations (5) are defined

as below:

" BU" laﬁv
¢ Q—-._(_-'.W) sz—_
r d¢ r 99
1 U, i w 1 9B, 1
£° = s + e 0OPP QU+ — L K= —+—c0
" reing 50 BV, a.wertgwﬁ,
laUe laBe
’Y’ = et e ; ‘t = e e
o0 S (42)
1 9U, 1
= e e 0O F @O U ) T= 2 -—cof
® rsing 36 r el ® reing 30 208,
o 1% U PO
* rog »r "7 ming oo O

Now, we substitute relations (42) into the constitutive equations and then into equations (40), giving five
differential equations which describe the equations of motion in terms of the displacement field and
mechanical properties of theshell, so that we have the same implicit equations as in (36). Li’s equations

are given in Appendix C.

8. Conical Shells:
8.1 Equilibrium Equations- Wesubstitute the geometry definitions of conical shells (Figure 8) into

equations (30):
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cosecq, o s
‘Nogo N tq, =L 1B,

1 . 0
xtmaQe+99=11“e+Izse

1 .
'E.'i:ggge,e Q™ aN9+4n =Lw (43)

cosecu
N, 6,6 +N, xO,t+

xtan
cosecq, N
- -~}.{&’9+}y{xx—gx =L, 413,‘;:‘

cosecq o
Mg Mg, =05 = LRI

8.2 Constitutive Equation- Equation (29)has tobe modified by changing the definitions given in (22)

to obtain the constitutive equation of the conical shells. This equation is defined in Appendix A.

a,= a,=0.  a,=0.

xtano

b=-— bl o0
xtano, x %tan?q

(44)

8.3 Kinematic Relations (Linear Strain-Displacement Relations)- Theserelations canbeobtained

by using the strain-displacement relations of shells of revolution (32)and conical shell geometry definitions

given in (Figure 8).
80 :at]x :%x—
* ’ Ox
oo 1 U w __1 %
® xsina 90 xtano xsina, 00
aU, P
-~ (43)
po 1 S
® xsina 9 ’ xsino 60
H 6x+B" al xsina 30 xtaano ' °

Thefive differential equations of motion for conical shells, in terms of the displacement field and mechanical
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properties of shells, can be obtained by substituting the kinematic relations first into the constitutive
equations, and then into the equilibrium equations. These implicit equations L;’s are given fully in Appendix

D.

9. Circular Plates:
9.1 The equilibrium equations - These equations are obtained by using circular plate geometry

definitions (Figure 9) and the same equations as we used for conical shells (43).

10N, . oN,,
r 00

or +qr=11ﬁr+I2Br
16N, N .
;Tﬁe—h arre +g=ltly L,

N (46)

9.2 Constitutive equation- Changing therelations defined in (22) and substituting in Equations (29),
the constitutive equation for a circular plate can be obtained and is given in Appendix A.
a,=a,=a,=b =b,=b =0. (47)

9.3 Kinematic relations (Linear Strain-Displacement Relations)- These equations are obtained

by substituting the geometry definitions of circular plates into the conical shell kinematic relations:
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, 89U, 3P,
o " or
190 1%,
ET r 00
U, 3B,
|- . T =
e 7" or _ (48)
w190 19, '
Te 50 LT
. OW 10w
darL R A

Wesubstituterelations (48)first into the constitutive equations and then into equations (46), and obtain

five differential equations which are defined in Appendix E.

10. Discussion- Linear equations of equilibrium, constitutive and kinematic relations that include the

effects of transverse shear, rotary inertia and initial curvature are derived for different geometries of
anisotropic plates (circular andrectangular plates) and shells (shells of revolution, cylindrical, spherical and
conical shells). Thestress-strain relationships are given for multilayered anisotropic laminated materials in
ordertoderivethe constitutive equations of each of the above-mentioned geometries. Thesearegiven
in Appendix A. The work of several researchers on this particular subject has been reviewed and
summarized.

In the present theory, §,; and B, which represent the rotation of tangents to the reference surface
oriented along parametric lines a, and at,, cannot be expressed in terms of U;and W. Therefore, the five
differential equations of motion cannotbe reduced to 3 as in classical shell theory. Inthe case of cylindrical
shells, we obtain five differential equations of motion as shown in A2-A6 in Appendix A. Alsolisted in
Appendix A are the three differential equations (A7-A9) of Sanders’ cylindrical shell theory.

The characteristic equations of vibration analysis of anisotropic laminated open circular cylindrical shells,
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formulated on the basis of the present theory, have been compared to that of Sanders’ shell theory [Ref.
143]. Assuming the displacement functions for the dynamic analysis of anisotropic open circular cylindrical

shells to be as follows :

U(x,8) (Cosmx 0 0 0 0 o N
— 'e
Nx,6) 10 0 Sinmx 0 Y 0 " 10 2’
W(x,6) } = 0 0 Sinmx 0 0 WO 3 - Y IT)iCe "
v __ =1

B,(x,0) 0 0 0 Cosmx 0 B, (® De" (49)
B,(x.8) 0 0 0 0 Sinmx||P,(6) Ee™

where:

— mn

m=1r

L

we substitute these definitions into the equations of motion for cylindrical shells (36). Wethentake
into account that the non-trivial solution leads to a tenth order polynomial equation (50) (characteristic
equation) due to five degrees of freedom per node, instead of an 8" order equation (51) [Ref. 143,

equation 10]:
Jion' 40t At +fym? +f, = 0. (50)

Where f; (i =0to 10) are the coefficients of the determinant of the matrix /H] given in Appendix A.

For the case of isotropic cylindrical shells based on classical shell theory, we obtain:

hen® +hgn® +hn* +h,n? +h, = 0. (51)

where h;(i=0to 8). The coefficients characteristic equation of cylindrical shells based on Sanders’

shelltheory, are given in [Ref. 143]. Each root of the characteristic equation (50) yields a solutionto the
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equations of motion (36). The complete solution is obtained by finding the sum of all ten solutions
independently with the constants 4, B; C;, D,and E;. Thefundamental unknowns consist of the ten strain
components, ten stress resultants and the five generalized displacements of plates or shells.

11. Conclusion- General equations of multi-layered laminated anisotropic shells were developed by

taking into account theshear deformation and rotary inertia effects as well as the initial curvature, theonly
assumption being that the transverse normal strain be neglected. The derivation was from geometrically
linear theory for small elastic strains and from strains expressed in orthogonal curvilinear coordinates for
general shells. The virtual work principle was applied in order to derive the equilibrium equations.

The theory used yields five coupled linear second-order differential equations with constant
coefficients, instead of 3 equations, as in the case of Sanders’ theory. Thereason forthis is that transverse
shear strains do not vanish in the present theory and, therefore, the §;cannot be expressed in terms of
displacement components. This theory leads to no strain during rigid body motions.

A paper currently under preparation will deal with the static and dynamic analysis of open and
closed non-uniform anisotropic laminated circular cylindrical shells. The methodused is a combination of
hybrid finite element analysis and the displacement functions are obtained usingthe shell equations based
on this theory.

The effects on the vibration characteristics of cylindrical shells of variation of shell geometrical
R/t, L/R and L/¢) and material (isotropic, symmetric and anti-symmetric cross-ply laminated shells)
parameters, as well as axial and circumferential wave number (m, ), are handled through several numerical
examples with reasonable agreement with other theories. Furtherwork is underway to apply this theory

to the dynamic analysis of liquid-filled open and closed anisotropic cylindrical shells.
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Appendix A
This appendix contains the constitutive equations and equations of motion for thin anisotropic plates and
shells which were referred to this paper. The Appendix is divided into five parts, coveringrespectively

cylindrical shells, rectangular plates, spherical and conical shells, and circular plates.

Ny] [Gu G © 4, 4 0 Hy H, B, B][*
Nu| |Ga G 0 4dg 4 0 Hy Hy By By |[Th
Oul |0 0 445 0 0 45 0 0o o 0 [|p
Np| |4y 4 0 GGy GG 0 B, sz6 HHy, HHy | e,
4N21 - 4y A 0 GGy GGy O By By HH, HH ) Y, ! (A—I)
On| |0 0 45 © 0 BB, 0 0 0 0|,
My (lu L 0 By, By 0 4y Jy Dy Dy X,
M| 1o Is 0 By By 0 Jy Jy Dy Dg T,
Mp| |Bu Bys 0 I, Iy 0 D, Dy JIy Ji K,
M) |Ba B O Hy Hy 0 Dg D Mg T 1,
The P;’s elements (4, B;; Dy, G GGy, Hy HHj; 1, 11, J;  and JJ;) have been defined by equations

(21-23) and (27) .

Cvlindrical Shells- The equations of motion are defined by the following equations:

L (U, VW BP )=
U, U, P S, U
P, —=+— (P 15 Ps -I—=+
ax? 61036 R’ 0t Yo
» a’Ue » U, P, U,
+, A+ e )— —
12 axz R( 52 axae Rz aez
Prow Psow, (A-2)
R ox R?2 96
2 2 a)
P" ﬂ +l(Pl 10 ) B 5,1 ﬁ 2 B‘+
ax? 6:060 a0t ? a2
2 2 P az
P ﬂe+ l(P P ) Bs ol 1) Be

18 Gy a0 R? o
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LUV, WB,BoPp=
p e 1 p U PP,
—_F )__+__
w o RO 550 R o
» a2Ue+1(P PV, Py Uy Pos, Py
o RO a5 Rzae272.°’at2 _
Py, oW 1 Py , oW ' (A-6)
R PG 7R T g
1 ﬁ P $ol0 5
+Pg76x2 TR )axae R® 06? Pt
B, By Poy B, _ 3B,
+Peg ) +—(P 8 98)—axae R® 30° wﬁe'la'a‘t‘;

The equations of motion for a thin cylindrical shell (Hybrid finite element method based on Sanders’ shell
theory) are defined as below [143]:

P 3
rwwwpy-p, LY. 1PV, ﬂ)—? oW,
Yox? R oxd8 ox Mot
Py w87, Py Py 3 13U
(=S =) (A-7)
R?* oxo6* 0xd8" R 2R? xd6 R a¢*
(ﬁ_ Pe. 20W 33V 13U

R* 2R 0xae® 23x30 2R 56°

U, 1 Py Py
LY 2y ';5‘75 ;a"

Pw 3, 3P.,, v 8 (A-8)
- + P+ e+ T Y +

2R " 9x* Roxo0
1p SPes , &W 38V &U
R % 2R 290 20ox® 2RAx00
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The P,j ’s elements are defined (only for one lamina) [143]:

Py, =Cy, P,=Dy,

12=C1y Pys =Dy,
Py =Py, Pgy=Pys
Pp=Cy, Py =Dy,
P3,=Cy3 Py =D,

where

Cy=Ef/A D, =E£3/12A
Cp=Ef/A D, =Et3/12A
C=VEdlA Dy,=v Et3/12A
Cy3=Ggt D,3=G 312

where
A=(1-v,v,)

)+
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(A-9)

(A-10)
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Matrix [H]:
{Hu Hy, Hy Hy, Hy 4 0
H, Hy Hy Hy Hylig| o
H, H, H, H, H|{C}=4{0
H, H, H, H, H,||D| |0
\Hqy Hs, Hg, Hgy Hg E)
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Appendix B
Rectangular Plates-The L;s equations are given below:
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Appendix C
Sgherical Shells- The L;s equations (equations of motion) are given below:
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Appendix D
Conical Shells-The L?s equations are given as follows:
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Appendix E
Circular Plates-The five differential equations of motion are defined as follows:
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Legends of Figures

FIG.1 a) Differential element of a shell.
b) Definition of shell coordinate system.
FIG.2 Unidirectional lamina and principal coordinate axes.

FIG.3 a) Multidirectional laminate with coordinate notation of individual plies.
b) A fiber reinforced lamina with global and material coordinate systems.

FIG.4) Surface of revolution.

FIG.5 a) Circular cylindrical shell geometry.
b) Positive direction of integrated stress quantities.

FIG.6 Force and moment resultant on a plate element.
FIG.7 Geometry of spherical shell.
FIG.8 Geometry of conical shell.

FIG.9 Circular plate element.
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Figure 1: A)Differential element of a shell.
B)Definition of shell coordinate system.
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Figure 2: Unidirectional lamina and principal coordinate axes.
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Figure 3: A)Multidirectional laminate with coordinate notation of individual plies.
B) A fiber reinforced lamina with global and material coordinate systems.
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Figure 4: Surface of revolution
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Figure 5: A)Circular cylindrical shell geometry.
B)Positive direction of integrated stress quantities.
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Figure 6: Force and moment resultant on a plate element



Figure 7: Geometry of spherical shell.
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Figure 9: Circular plate element.



