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RESUME

Le but de ce mémoire est de présenter une nouvelle
théorie pour 1’analyse dynamique des coques sphériques,
minces, élastiques et non-uniformes. C'est une meéthode
hybride basée sur la théorie classique des coques minces et
la méthode des éléments finis. Les fonctions de déplacement.
déduites de la théorie des coques sont adaptées pour un
elément fini de forme sphérique conduisant aux matrices de
rigidite et de masse de cet élément. Le probléme des’
valeurs propres et des vecteurs propres est solutionné par
la méthode standard. Un programme en Fortran V est
développé. Les caractéristiques de la vibration libre des
coques spheriques, de diverses dimensions, sous différentes
conditions aux rives et‘ différents nombres de modes

:irconférentiels sont détermindes.

Les résultats nous permettent de conclure gu'en général,
il y a une bonne concordance entre les frequences calcul ées
pour la nouvelle théorie et celles obténues par d‘autres

auteurs. -
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method. The dispiacement functions derived from ciassica! shell
theary were adapted to a soherical finite eiement, leading ta
stiffness and mass matvices for the element. The sigenvalus
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computer pregram was develaped. The free vibration
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circumferential wave numbers were determined.
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d

Wideiy used zas structural componenis in
nuclear reactars, eic., they are aisa prime research tepics in a

iumber of published works, from static ta dymamic invastigat

i

s .

Many thearies ctovering thin sheiis hav

m
[

een put Foirth. The
firet attempt to Fformuiate z theory for thin shells undsr penaing on
the basis of the gensral eiasticity equations was made by Aron in

ST, Love L1i3 in 1828 derived a sari

= 25 of basic squaticns
describing the hehaviour of thin elastic shelis. Thess equaticons and
the assumptions they are based on are often referrsd fo as Lave's

LI - - T
TIFST apgroximatian®,

Since then, thin sheil theorv has heen reexamined an severai

7

occasions {LZ1 to [183). Reissner and Knowles (I[Z3,033) 4id a new



derivation of the equations for orthogonal coordinates. Certain
other theories have been put forth as well: Sanders ([51,C[61)
maintained Love's original hypotheses but developed a system of
equations producing zero deformation due to rigid-body motion. These
equations are identical to the ones Koitier [7] derived. Fliigge [8],
Lu're [9] and Byrne [10] independently presented higher—order
theories in which the assumption relating to shell thickness is
differentiated in the formulations. The effects of transverse shear
constraints and shear deformations were explored by Hildebrand,
Reissner and Thomas L[111, Green and Zerna [12]1, Reissner [13] and
Naghdi ([14] to [171). Naghdi's results [15] also included the

effect of inertial forces.

These general theories have been widely applied to static
studies of thin shells of various geometries, particularly spherical
shells (L19]1 to [221). Novojilov [19] used the Love equations as a
bésis for his study of tensions in spherical shells subjected to
arbitrary loads. Reissner, in different investigations ([Z0] +teo

£221), established the equations describing the behaviour of shallow



spherical shells{*),

In his dynamic analysis of thin shells, Love [23] developed
the first general theory which took into account the effects of
bending and tension (membrane) deformations. The formulation
contains individual studies of spherical shells involving cases of
non—-extensional mode vibrations done by Lord Rayleigh [24] and
tension (membrane) vibrations done by Lamb [25]. Since Love's work
[231, little attention has been paid to the problem of shell
vibration (in the area of bending theory). Towards the fifties, some
specific geometries were investigated and it was not until the
sixties that more extensive studies of different shell geometries

began to appear.

Many methods have been developed, particularly for the dynamic

analysis of thin elastic spherical shells. These methods could be

(*#) p spherical shell is said to be shallow when the height-to—base
diameter ratio is less than 1/8, that is, the half-angle at the

centre is equal to or less than 30° ([L18] and [201).
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vibrations of non-shallow spherical shells including the
effects of transverse shear constraints and rotary inertia
have been analyzed by Prasad [36]1, Wilkinson [37] and
Wilkinson and Kalnins [38]. They introduced four auxiliary
functions, two for the axial and circumferential displacements
and two others for the particular effects considered. The
Kraus text in [18] gives a concise summary of these
techniques. Gau Feng Lin [40] investigated vibration in open
non—shal low spherical shells using Fliigge's reduction
technique [81, ignoring the two effects considered by Prasad,

Wilkinson and Kalinins.

Z2) The Variationai Method:

The equations governing the shells are combined into a single
variational equation. The several techniques that are used in
this method differ mainly in terms of the way they build to
the approximate solutions. The most widely used technique is
the Rayleigh-Ritz, where the solutions chosen are in two
parts, functions and arbitrary constants: the former must
satisfy the boundary conditions and the latter, the
variational equation thus assuming minimum potential energy.
Reissner [42] used this method to compute the lowest frequency

in a simply supported spherical shell. There are several
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aither esxampies given in reference [13].

Finite Element Method:

This is a numerical method, whose popujarity is atiributabis
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finite efements make (% oossibie to model a structure by an
ideaiized system, one that is simpier than the original

structure. On sach finite eiement,. the siress or dispiacemen

fields are generaily described by polynomial functions. The
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stiffness and mass matrices are then determined far each

eiement. The complete structure is built up by assembiing
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finite number of continuous, discrete elements intercaonnectsd

by a finite number of nodes. This assemb iy technigque visids
the glabal mass and stiffness matrices amd the boundary
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used in vibration studies of thin spherical sheils by

Mavaratna [45], Webster [443, Greene et al [47]1 znd Sen and

cuid L4873,

1

It should be noted, incidentaiiy, that the literature alsa

i number of other methods, such as: ths

asymptotic [5B11 and edage functian metha

o

m

¥ ~; T g A - M !
RIS intese meathads ars in

1]

o

S8 Co@mmman Use in fiim sheil wibration

studies and wiil thereore not be dealt with hers,

The three main methoeds mentioned above have hkoth advantages
and disadvantages. OCne of the criteria of a successful methad |

abiiity te predict the high as weil as the iow frequencies and thei:
corresponding natural modes, and with good accuracy. in the 2xact
method, the procedures deveioped by Hainins' schoei (D311 $a [227)

may oe considerad as the magt adequate and demand laboricus and of

1ighiy compiicated anaiytical manipulations to reduce the imitizi

differzntial equatien system. Furthermore, soiving the final svstem

cziis upon Legendre functions, and tabies of Legdendre values ars

P

Iy avaiiabkie in the literature, particulariv when the degres is

compiex number, which (s generaliy the case with spherical shetl |

vibration. The aigebraic aperations in these functians within the



final system can entail losses in precision. Ross [531, using the
method indicated by Kalnins and Naghdi [321, working on the same
example of an open non-shallow spherical shell with a free edge, and

using asymptotic formulas for the Legendre functions, found

frequencies comparable to Kalnins and Naghdi's findings for n = 1 (n
being the number of circumferential modes). For n = 2 and n = 3,
however, there was a good match'only for certain frequencies.
According to Gau Feng Lin [40], the basic solutions to the open
non—shal low spherical shell vibration problem are generally neither

analytically exact or explicitly formulated.

The Rayleigh-Ritz variational method and the finite element
method have met the success criterion. In addition, they generally
lead to symmetric eigenvalue problems which are easy to solve on a
computer. The finite element method also has further advantages in
that it is easy to formulate and numerical convergence is not

sensitive to boundary conditions, in contrast to the Rayleigh—-Ritz

method [54].

Nevertheless the finite element method with a strain —
displacement formulation, where the displacements field is described
by polynomial functions [47], also requires certain improvements. In

fact, these polynomials cannot completely satisfy the convergence



criteria, unless a large number of elements is used. 1In order to
satisfy the condition of zero deformation due to rigid-body motion
therefore, Webster [46]1 and Sen and Gould [48] used additional
non—-modal functions [44]1. To circumvent this hurdle, Lakis and
Paidoussis ([551,[56]) developed a hybrid method where the
displacement functions in the finite element method were supplied by
Sanders' classical shell theory. After using this method for the
dynamic analysis of axially non—uniform cylindrical shells, they
concluded that the convergence criteria in the finite element method
were completely and naturally satisfied. Good low as well as high

frequencies were obtained.

1.2 Ressarch Objectives
All shells of revolution are primarily an assembly of
cylindrical, conical and spherical shell elements. The research

group, working under Dr. Lakis, extensively developed the hybrid
method for dynamic linear and non—linear studies of thin cylindrical
and conical isotropic and anisotropic shells, both empty and
liquid-filled ([57]1 to [601), with good results. Using the hybrid
method, Lakis also developéd a theory and even a computer program for

studying free vibration in thin elastic spherical shells. The finite
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In the sphericai coordinate svstem (R, 0, ) =shown in

i, five ocut of the six egquztions of equiiibrium derived in rsfe
Li53 for spnerical sheils under zora extornal load ars written
foliowss
INe  ONwe
+ cosec @ + (Ns — Ne) cotg & + Qg = O (2.1.1)

DNwe N

coseC ¢ + 2Nue cotg & + Qe = O (2.1.2)

—
0% 00
Qg 12/~ ]S
—_— coseCc @ + Qu cotg @& - (Nas + Ne) = 0 (2.1.3)
od L
DMxs  OMwme
+ cosec ¢ + (Ms — Me) cotg & - RQw = O (2.1.4)
¢ CX)
OMue oMo .
+ cosec @ + 2Mwe cOtg & - RRe = O (2.1.5)
Cl CL
whers Neas o Ne 4 Neso are the membrane strass
resuitanis; Mg, Me, Mame, the hending stress resulfants
and Ouw, Qe the shear fuarces (Figures Z and 3). The sixth

equation, which is an ident:ty equation for spherical sheils,

presentasd hare,

5 mot



2.2) Strain-displacement Relationships

Strain and displacements are related as follows [15]:

1 2Us
R 72¢
1 BUe
€e = — (cosec & + Us cotg & + W) ' (2.2.2)
R 0o _
1 2Ue : U
Yoo = 2€xe = — ( - Ue cotg & + cosec g —) (2.2.3)
R °¢ 09

1 DU =W
R= 9¢ d=

. i PUe
Ke = ~ (Us cotg & + cosec ¢
R= 20

2=W oW
- cosec®g — - cotg & —) (2.2.95)
260= G

1 PUe Uw
- - Ue cotg ¢ + cosec ¢ ——

R= ?d¢ 06

oW
+ 2 cosec ¢ cotg & —
: 20

=W
- 2 cosec @ —) (2.2.6)
20090

where Ug is the axial displacement, W +the radial and Ug the



circumferentizsi.

<.5)  SEress-strain Reiationships
o= Lo e o e - ~ & PR 4 i H
For o 25astic (safropic materiai, the constitusnt ralatica
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et
1Y)
of
o

“ing stress resulk;

strains aro:

Ne = D(€e + VvE€g) (2.3.2)

D(1 - v)

[N ]
T
8
®
~

Nmge = (2.3.3)

2
Mes = K(Kg + vKe) (2.3.4)
Me = KiKe + vKu) (2.3.5)

K1l - v)

(2Kwe) (2. 3. &)

Mme =

ol
']
ot
=
i}
=
m
=
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p
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-
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11}
i
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o is the hending stiffness = .
- (2.3.8)
12(1 - y=)
Withaz
E iz tne moduius of elasticity

t is the sphevriczl eiement thickness

v is Foisson's ratia.
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n
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CHAPTER 111
DISPLACEMENT FUNCTIONS

3.1) General Displacement Functions

Wilkinson and Kalnins (L37],[381), in solving the system of
differential equations from Naghdi's theory [15] for spherical
shells, introduced 4 auxiliary functions: U, V, ¥ and A and used
the technique for separating spatial and temporal variables. The
general expressions for the displacement vector components were
presented in references [37] and [38]. The three displacement

components W, Us and Ug can be written:

@ 3 :

W =L r Wa™ cosnb cos pt (3.1.1)
n:o eo=z4

’ @O

Ug = Eo Usn cosné cos pt (3.1.2)

Ue = :z':i‘ Uen sinn® cos pt (3.1.3)

with:

We™ = Aa™ Puo" (cOs @) + Ba" Qu." (cos &)

Usn = Ex" Wu,a™ + N® Fa% ya" cosec ¢

Uen = = n [ExY Wx" cosec @ + Fpa" yp.a"]

Y™ = Cpn Pnpn {cos ¢) + Dun ann (cos ¢)

o ba'ra + [bs"bai" = ba"ba" + 2ka (1 + v)b=%ba%/ (1 - v)3

dire/(l - v) - Cx
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(1 = v)
Fa = - — (Nake + ba* + bsw - 2kabs*)
" 2C=

where:

n is the number of circumferential modes. Figure 3a shows the

pattern of some vibration modes.
Ax"y Ba"y Cp™y Da” are arbitrary constants.
P.e" (cos @) and @u«x™ (cos @) are, respectively, the

associated Legendre functions of the first and second kind of order n

and degree ucx.

b_w: 1 & u - I
i & 3 1.8

A=
.4 A

N

b2 = 2 = ka AZ/(1 + v)

b=%w

]
L )
1

2ke = 2keks AZ/(1 — v)
ba¥ = 1 + kakz AZ/(1 - v)

bs®

]
[y
+

(ka + k2)A=/(1 = v)

baw

]
[s
i

y + K- A=
bW = 1 + (G + k-)A=/(1 - v)

[ = 12R=/t=

A= = pR=p=(1 - v=)/E

Ci =4 — 2ka (1 + v) + [ka + ke + 2kgaki/ (1 = v)IN=

Cz = (1 - v)(b=*ba" + bi1%b>%) + (1 + v) (ba"bz¥ - b.%bzx%)
+ bz"bz=" + ba“bo“ - 2kabs“bz"%

Cx = (1 - v){ba“b>" + bz="“bz%)

ka 1 + t=2/12R=



=

k= = t=/¢R=
k- = 1 + 3t=2/20R=

C- =2

= 2 w
di 2ka (1 + V)ba% + (1 = v) (ba" + bsW)
Ka £ the tracer for idenitifvying the
effect. According o reference [15], ke i3 2quail o &/5,
If Ke = ke = ke = C- = 0 and ky = 3} the seceondary effecis zra
,.:sq?er‘i-eﬁ amed tho ER R - L mtiat oo = Fal: i + i i N i =k i
negiegctes ang The 3yYsn2m ot 2guldt ians rgduces To Ciassicar zneld
theary.
3 = 1 and £ for the improved LTheory;s
i for cizssica! theorvy.

1 1
Mo = TaCTor given by: Ha = (= + rg)172 = -~

4 : 2

. D

where Fe (00 =} 2 J) are the rooits of the cubic eauatian:
’ )

r= - Cir=® + Cor = [2(1 + v) = A=2k,1Cx = O (3.1.4)

1
Ne = Tactor diven bys: Me = (= + mp)1r=2

4

N | s

WIS E Mp g = 1, oy are the roots of the quadratic equation:



k-mpz + tb:w + bdu - Zk-bs"']mp -

i = v
v iz Haissan’s ratio
i te Ehe IThickness of the spherical shet]
7 13 the radids of the reference surface
E iz Young's modulus
P iz the circular frequency of the appiiesd
p is The density
2.2y Adsptation

The general! dispiacement functions, (

F.1.13 %

Ex]

(ZF.1.

(3.1.5)

[X3]

Y, can he

used to derive displacement functions for the finite eiement method.

The modification is done by setting Ke = K-

C-

]
Qo

ka = 1 and p = 0. Thus:
bW =1 + vy
bs“ = & = 12R=/t=
ba%w = 1
bs“ = 1
beW = 1 - v
b-* = 4

12R=

Cx = (1 = v)(1 + &) = (1 - v)(1 +

t’—’

= k=



12R=
dy = (1 = v)(1 + %) = (1 - v)(1 +

)
t=

Fa + 8 (1 4 V) = (1 = v)
Ea¥ =

(1 + T)(ree = 1 + v)

 has a single value equal to 1

Mg = Ma = 1

As | + 2 = %, the E«" expression becomes:

Frw + & (1 + v)

& ro — (1 - ¥v)1]

The expressions for displacements W, Ues and Ug are:

W =n§i {91“Pu1"(cos @) + A="Pu=z"(cos @) + Ax="Pu="(cos ¢)
4+ Bi"@.:"(cos @) + B=r0.="(cos @) + Bx"B.s"(cos ¢)} cosné

(3.2.1)

© 3 ru + : (1 + V) @wun nz
U L { T - - — ya1" cosec ¢} cosn@
: 4 ]

nzo | % |Z [re = (1 = ¥) er 2
(3.2.2)
o (3 re« + & (1 + v) n 2y
Ue = L {E -n Wa" cosec @ + - }sinne
nzo (=4 & [re — (1 = V)1 2 9¢
(3.2.3)

where:

20



Wa™ = AP ."(cOos ¢) + Ba"Qo " (cOos &) x = 1 X (3.2.4)

vi©" o= Aqu;"(cos @) + Bam@,:"(cos ¢) (3.2.5)

D.3y o licit Dispiacement Expressiong
T o - o i ;oo k — ; Pad i g = ot R 3 P
in {8 s8Cy i, dispiacement funcftions (F.Z.11 o
Wwiili be made explicit and simplifisd for The ourpases of determining

+
7

he mass and stiffrness matrices.

Within the reaim of cias

5]

icai theory, reterenczs L[32Z
demanstrate That the cubic eguation in (2.14) possesses at lsast onse

real voot and Two compiex conjugate raoots., ne thres rocts of 4Tne

(4
-

i

i
-
ot

-
)

and o

-
u
"
b
N
|
v
b1
[}

This atiows us to write:




=

= g= - igs (3.3.2)
g [r= - (1 - v)1
rs + § (1 + v)

= gz + igs (3.3.3)
& Irs = (1 - )1

The degvrees 0.3 ¥ the zasseciated Legendra functicons are:

Ha = bia ‘ (3.3.4)
gz = b= + ibs (2.3.5)

Femeral LTreatments of the associatsed Legendre functions of %0

first and serond kind can be found in references {613 and L&l
Aomendix I gives a brief summary of them as well as their deveiaped

SHDrE2sS i NS .

Using rejations {(I.Z2.32) and (I.2.4), we can write:

Wo™ = Wn = A1"PLi"(cos &) + Ba"Bu.i"(cos &)
+(A=" + A=") RelP.="(cos ¢g)] + (B=" + Ex") Rel@.,="(cos &)1
+i (A=" - A=) Im[ (P.="(cos &)1 + i(B=" ~ EBEx=") ImlBu="(cos ¢&)1

(3.3.7)

where Ry and I, are the rezal and imazinary parts

i is thes imaginary number
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V1™ = oy AL"Pi"(cos ¢) + Ba"Qi"{(cos &) (3.3.8)
Setting!

(n = g= = 1IN + pu2) = yn + ifn (3.3.9)

(n — y= = 1)(n + Us) = yn = iBn (3.3.10)
We find:

Br = bx (-2b= - 1) (3.3.12)
Using (3.2.4), (3.2.5), 3.3.7), (3.3.8), (II.1.1), (11.1.2),

(I1.1.3) in (3.2.1), (3.2.2) and (3.2.3), we obtain:

= -]
W= I {prn A" + QL™ By + Re (P.=") (A=" + A=")

nzo

+ Im (Pu=") i (Az=" - A=") + Re (Qu=") (B=" + Bz")

+ Im (Qu=") i (Bz2" = 83“)} cosnd

(3.3.13%)
o
Us = L i gsil(n = g1 = XN + WIPLL™™ = n cotg & Pua"lAL"
n=o

+ g1 [(n =y = 1N + H1)Bua™"* = n cotg & @La"1BL"
+ [(g=z y~ + = Brn) Re (Pu=""1) + (= ¥n ~ gz Bn) Im (FPu=2""1%)
~ ng= cotg ¢ Re (Pu.=") - ng= cotg & Im (P.=2")1(A=" + Ax")

+ [(g= ¥n + O= Br) Im (Puz=""2) + (g= Bn - g= ¥n) Re (Pu=""%)



Ue

ng= cotg & Im (FPu=

L (a= Xn.* g= Bn) Ke (Qu=""%) + (g ¥~ — Q= B~) Im (Qu=2"

ng= cotg & Re (@,.=") - ngx= cotg & Im (Qu=")1 (B2 + E3"

[(a= ¥n + O= pr) Im (Qu=""%) ¢ (g= B~ = G= ¥n) RE‘(ngn
na- cotg & Im (@,.=") + ng~ cotg & Re (0,,=")3 i(E=" - B=x
n= n=

— cosec @ Pi1™ As™ - — COSec g Q1™ Ba" cosno (3.3.
2 2

[~ o]
= L - ng: cosec @ Pui™ A7 — ng. cosec g 0.i™ Ba™
nzo .

-[ng=z Re (Puz")
-[ng= Im (Pu=")
-ftng= Re (Bu.=2")
-[ngz Im (szn)
n
+[— (n = 2)(n +
2
n

+[— (n - 2)(n +
2

where p,» and @Q,"

+

ng= Im

ng= Re

Ng=x= Im

ng= Re
n:

) F;:n-—l - Soo—
2
n2

1) an—l - —

t.d Matrix Form of

reosresent,

Displacement

N

(P.=")] cosec & (A" + A="")
(F.=")) cosec & i (Az" - Ax")
(0,.=")] cosec & (B=" + B=")

(0.=")] cosec & i (B=" = B=")

cotg & P11 Aa"

cotg & G171 B4"}sinn9

respectively, p,»

(3.3.

Functions

sing matrix

spressed as follow

="

formuiztion,

gt

Ta
4 a

the

dispiacement functions

(cosg) =nc Q,°

n) + ng= cotg ¢ Re (Pu=")1 itA=" - Ax")

_1)
)
_.‘)

~)

14)

15)

Can

ba

(cosg)



[Tl CR) c (3.4.1)

P e
- £ C
‘ ]
]

(
s
-
‘-
.

where

[T] is the (3 x 3) matrix

[R] is the (3 x 8) matrix
Matrices [T] and [R] are given in Appendix V.

{C} is the (8 x 1) vector for arbitrary parameters

R C ) ( \
C. AL
C= Az" + A"
C= i (Az" - Ax™)
<'c > =< Ca > =< Aanm > (3.4.2)
C= B."
Ce B=" 4+ Rx"
C- i(B=" — Bx™) |
\ / \Cea_/ \Ba" Y,

In the finite element method, parameters C; are eliminated

in favour of displacements at the elements' nodes.



At each finite eslement node (Figure 4, the thrze

Zicpliacements - axiz tangentiz! and Ccircumterentia: - and tThe
ratation ars aopiied. The nosdal dispizcement fie:d can be defined
the wecfor:

Ues

W

Chal
§f = E}) (3.4.3)

@
Ue

hE FoTRTion 2Hpressioan (Qw/a¢) iss

— = A" [(n - fs = Dn + pa) P.1"~* - n cotg & Pua"l

+(A=" + A=")[y~Re(Pu=""2)- BrIm(PL=""%*)= n cotg ¢ Re(P.=")1

+i (A=z" = A=) [y~Im(Pu=""2)+ BnRé(Puzn—l)_ n cotg g Im(Pu=")1
+ Ba~ [(n = pa = 1) + pa)@us™"* - n cotg & Buaml

+(Bar + Bx")[ynRe(Buz"—2)= Bnlm(@u=""1)- n cotg & Im(@u=")1

+i (B2 = BE=")ly~Im(Q,=2""2)+ prRe(@u=""2)- n cotg & Im(@.=")1
(3.4.4)

in matrix faorm, the dispiacement fielid 2t the node is:

Us
W
W
é (= (—) = <l [Ax] ) C (3.4.5)
08
Ue

where
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Ctl s the (4 x 4) matrix

LAx] s the (4 x 8) matrix

Matrices [T] and [Aw) are shown in Appendix V. Each finite
element, having two nodes and four degrees of freedom per node, shows

a nodal displacement field as follows:

8y |
= A1 !c (3.4.86)
3,

where:

814y &, are displacement vectors defined by (3.4.5) at nodes i and
J; respectively.

LAl is the (8 x 8) matrix

[A] = [[A~3a
[Awdy

where:
[Awls is the [Awl matrix calculated at node i.

(Axl, is the [Axl matrix calculated at node j.

Multiplying the two sides of (3.4.6) by [A]~1l, we obtain:
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-
c = [AJ—" (3-4-8)
8,

Inserting (3.4.8) into (3.4.1), we find:

U da
W = tTl CRY LAJ™? ‘ (3.4.9).
Ue 85

The displacement matrix is defined as follows:
[N] = [R] CA3"1 (3.4.10)

Relations (3.4.8) become:

&1

= LT3 CN1 (3.4.11)

é,

3.5) Development of the Displacement Matrices

Displacement matrices [R] and [A.] as they stand make it
difficult to use a computer for the calculations. We therefore need

more development on the coefficients involved in the elements of

these matrices.
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Solving equations (3.1.4) and (3.1.5), using relations

(3.3.1) to (3.3.6) and noting that 1 + ¢ 2 ¥, we obtain:

g! = 1 (3.5.1)

1 + v
g= = (3.9.3)

Ng (1 + v=)

p1 = b1 = 1 (3.5-4)
{2 1
bz = — [€ (1 — y=)J174 = — (3.5.5)
2 2
Iz
bs = — [Z (1 - y=)Ji-= : (3.5.6)
- |
Bn = - VT (1 = v=) (3.5.7)
Ym = N2 = n + 0.25 (3.5.8)

The new matrices for [R1 and [A.,] are obtained from these

coefficients. They are designated as [R.] and[rp,_3 and are given

in Appendix V.

Expression (3.4.7) becomes:



LAY =

where

tAd-J’.

tAd-JJ

[Axwl: is the

[Axwls is the

cAd-J

CAD!-J

(3.5.9)

matrix calculated at node i.

matrix calculated at node j.

30
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CHAPTER 1V
DEFORMATION MATRIX AND STRESS RESULTANTS MATRIX

FOR A FINITE ELEMENT

4.1) Deformation Matrix

In this section, the deformation vector will be expressed as
a function of the three displacements, W, U= and Ug defined,
respectively, by (3.3.13), (3.3.14) and (3.3.15). Using relations
(3.3.13) to (3.3.15) and (1I1.2.1) to (1I1.2.7) in the

strain-displacement relations (2.2.1) to (2.2.6), we find:

€ ]
( €e T COJ1

€l = )26 | = el J c (4.1.1)
Kas 03 T2
Ke
2Kze
where:

- [T] and {C} are the matrix and the column vector, respectively,
defined by (3.4.1).

- [Ql is the (6 x B) matrix shown in Appendix V. The elements of
the matrix are then developed by means of relations (3.5.1) to
(3.5.8). The matrix thus obtained is designated as [(.] and is

given in Appendix V.
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The deformation vector becomes:

TcTa tol )
€) = [Ral {C (4.1.2)
{03 €Tl

Replacing vector {C} with its expression in (3.4.8), we get:

tT1 €Ol & '
€ = (Rul [AI—? (4.1.3
(01 €71 8, )

The deformation matrix is defined as follows:
el = [Qa) [A1? (4.1.4)

The deformation vector is:

LTl €Ol Sa
€ = LBl (4.1.95)
L0l CT] é,

4.2) Stress Resultants Matrix

The spherical shells under investigation are assumed to be
isotropic and elastic. The stress resultants as a function of the

deformations are:

Nes €
Ne €eo
[« = Naoe = [0 2 | € = = | 2€xe (4.2.1)
Mes K
Me Ke
Mae 2Kase

where [Pl is the elasticity matrix shown in Appendix V.
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Substituting {€} by its relations (4.1.3) or (4.1.5) into (4.2.1), we

get:
tT1 01 8
¢y = [P3 [G.1 [Al-* (4.2.2)
co3 73] 'y :
. [tT3 roid] 8a
eV= P3 [R3 (4.2.3)
co3 T3] 'y .

The matrix for stress resultants for all finite eiement |

and j nodes is given by:

[T1 L[O1 [0l
T = tol T2 (F] [(Gals [A—: 1 (4.2.4)
T, 03] LTl LO1 (P) [Rads [AY— P
.~ - £01 Tl
]
where

[Q-Js is the [Qal matrix calculated at node i.

[Qwls is the [8.3 matrix calculated at node j.

Setting:
(Tl [O3 tol [P] [Qads [AIT?
(5Tl = | [0 LT3 [F] [Rady L[AI™? (4.2.9)
Lol £T1 [O1
[0l €T3

Relations (4.2.4) become:

Ts .
T, )
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CHAPTER V

STIFFNESS AND MASS MATRICES FOR A FINITE ELEMENT

5.1) Stiffness Matrix

In the local system (R, &g, ©6) , the stiffness matrix is
defined as follows ([431,[44]):

klice = ‘I (RIT [P]1 [B] dV (S.1.1)
v

where:

dV is the volume element = tR=Z d¢ do

[Bl1, [P] are matrices defined by (4.1.4) and (4.2.1.), respectively.

Inserting these relations into (5.1.1), the stiffness matrix

[klice = t J [ [AI™* 17 [Re1T [P] [Qa] [AIT R= dg d6
S

Integration with respect to © yields:

[klioce

@ s
t € [AI—* 37 RRZ‘J [0e]7 [F) [Rel de [Al—*
@1
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Setting

{¢J
[G] = nk= J (Qa.]T [F] [Qu] d& (5.1.2)
A

The stiffness matrix is expressed:

[kliece = t [ [ARI-* 37T [G] [A]I™? (5.1.3)

Matrices [G] and (k),~- are (8 x 8). The development of

matrix [G] is given in Appendix III.
5.2) Mass Matrix

In the local system (R, &, ) , the mass matrix is defined
as follows ([431,[44]):
[mlice = .f CNJT p [N] dV (5.2.1)
v
where:
dV is the volume element = t+ R= dg de

P is the density of the element.

[Nl is the matrix defined by (3.4.10)

Inserting (3.4.10) into (5.2.1) and integrating with respect

to 6, we obtain:

@ s
(mlice = pt [ CAY"* 37 ¢ nR= -f [Rel7 [Ra] d&g ) [AIT?
B
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Setting:

@ s
[S] = nR= S (RelT [Ral d¢ (5.2.2)
B

The mass matrix can be written:

Imlice = pt [ CAJ-* 37 (S] [ARI™?* (8.2.3)

Matrices [S] and [(mliocc are (8 x 8). Development of the [S]

matrix is shown in Appendix III.

5.3) Coordinate Transformation

The stiffness and mass matrices defined by (5.1.3) and
(5.2.3), respectively, were determined within the local system
associated with each finite element. During assembly of the finite

elements in the global system (X1, X2, X3) (Fig. 1), transformation

of the coordinates is required:

ia}cm. =  [DLAM] {a}mc (S5.3.1)

where:
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{6} 1oc jg the displacement vector at finite element nodes i and j

in the local system

oW oW T
={U¢‘, W*. (_)" UO‘Q Uasj' W", (_)"q UQ"
od ¢ '

{5 }clc is the displacement vector at finite element nodes i and j

in the global system

oW W T
B{Uv"g wh*g ("‘"")‘, Uo*, Uv", Wh", (é—)”., Ue?
od @

with:

U, is the vertical displacement parallel to axis X3

Wy is the horizontal displacement parallel to axis X2 (see Fig. 5)
[DLAM] is the (8 x B) coordinate transformation matrix, as given in

Appendix V.

In the global system, the mass and stiffness matrices are:

Ckl = t ([DLAMIT [ [AI—* J7 [G] [ARI-* [DLAM1] (5.3.2)

Cml = pt C[DLAMIT [ [AJI—* 17 (87 [AJ~* [DLAMI (5.3.3)



where

CA]
LGl

£sS3

is
is
is

is

the thickness of the spherical shell

the density
the matrix defined by
the matrix defined by

the matrix defined by

Matrices [kl and [ml

(3.5.9)
(5.1.2)

(5.2.2)

are (8 x 8) matrices.

38
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CHAPTER VI

EQUATIONS OF MOTION

6.1) Assembling the Finite Elements

As has already been mentioned, the complete shell is
partitioned into a finite number of spherical elements, the positions
of which can be chosen arbitrarily. Each finite element has 2 nodes

at the ends (Fig. 5).

Having obtained the stiffness matrix (5.3.2) and mass matrix
(5.3.3) for each finite element, we then construct the global
matrices for the total shell using the usual finite element assembly

technique. The technique ensures that:

- the generalized internal forces balance out the external forces

at the node common to two adjacent elements [55]:

{F}-={'FJJ&< + {Fl}k-ﬁ-l

where:
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{F }- is the external force vector. In the free vibration

problem, these forces are zero.

iF’} b is the internal force vector at node j of element k.
{Ft} w+3.15 the internal force vector at node i of element
(k+1).
- There is continuity in the generalized displacements

corresponding to those forces at the node considered.

{6.1] ™ = {6:] [V
Figure S gives a schematic view of the construction of the
global stiffness [K]l and mass [M] matrices. These are square

matrices of order 4(N + 1) where N is the number of finite elements.

6.2) Equations of Motion

For free vibration, the equations of motion are:

LM {Ss'}T +  [K] {s]T = {o} (6.2.1)
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where:

[M1, [K] are the global mass and stiffness matrices

{6 } T is the global displacement vector for the complete shell.
{5 }, = {ac }T gin (wt + ) (6.2.2)

N is the number of finite elements

The vibration is harmonic:

{6}T={51g 62 LI anaa 6N+I}T
where:
w is the natural angular frequency

¢ is the phase angle

Introducing equation (6.2.2) into (6.2.1), we obtain:

(K3 = w= [MD) {60} + = {o} (6.2.3)

This is only possible for certain values of W for which the
matrix determinant in parentheses is zero. As such a determinant is

of degree 4(N + 1), there are generally 4(N + 1) real roots w=.
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These define the structure's natural angular frequencies and we

recognize that this is now a typical eigenvalue problem:

det | (K] - 0= IM] | = 0o (6.2.4)

For every natural frequency for which equation (6.2.3) has
been validated, there is a corresponding vector {6°J whose
components are defined down to one arbitrary multiplying factor.
Such vectors are called natural modes (or eigenvectors) of the

system.

6.3) Boundary Conditions

If the shell has boundary constraints such as being simply
supported, clamped, etc., the appropriate lines and columns in [K]
and [M] are eliminated to satisfy these constraints. Consequently,
matrices [KJ and [M] reduce to square matrices of order 4(N + 1) - J

where J is the number of constraints applied. Thus, for a shell:

- free: J =0

- with 2 simply supported edges; (Us = W = 0): J = 4



- with

matrices

43

A

2 edges clampedg (Upw = W = — = Ue = 0) Jd =8

The form of (6.2.4)

2d

is unaffected, except that the reduced

tK)rwa. and [Mlrea. are finite and positive.
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CHAPTER VII

THE ALGORITHM

The behaviour of spherical shells under free vibration will
be studied using the new hybrid method, which combines classical

shell and finite element theory [55].

In order to determine the eigenvalues {(natural angular
frequencies) and the eigenvectors (natural modes) of a given
spherical shell, the shell must first be partitioned into a
sufficient number of spherical elehents: the particular number of
them will be discussed later on. The SPHERE program does the
calculations. Upon acceptance of the data supplied, the program
draws up the stiffness and mass matrices for each finite element. It
then builds up the global matrices for the total shell with or
without boundary constraints. It ends with calculating the
eigenvalues and eigenvectors for the shell. The input data needed
are the average radius, the thickness, Young's modulus, Poisson's
ratio, density, the @ coordinates for each individual finite
element, the number of circumferential modes as well as the boundary
constraints applied at the nodes (if any). It should be mentioned

here that Dr. Lakis also developed the SPHERE program to apply to
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uniform spherical shells where thickness and elastic properties

vary.
s
For each element, the program works as follows:

Constants Ax(n), nz(n), d(g,n) and F(L,n) , defined by

(I1.3.2> and 1.3.7), respectively, are computed.

The intermediate matrices are determined, that is, [DLAM], (Ral,
EAdn], E@‘]g EP]; EAr‘Jg EBr—-]’ cAr-ch CBFCJQ EA"V]|
r®-vl, [«-31, CC-1, [D-3, [C-=1, [D-=1, [C-¥1, LD-Y1,

tr-1, Ca-1, [M-=1, [a-<1, [M-v3, [A-v1, [B1 and [S].

Displacement matrix [NJ, stiffness matrix [kl, mass matrix [m]

and stress resultants matrix [ST] are constructed.

Once the mass and stiffness matrices for each finite element are
obtained, the global mass [M] and stiffness [KJ] matrices are

constructed by the assembly technique.

If there are any constraints at the shell edges, the reduced

mass (Kl-ea and stiffness [Mlreo matrices are constructed.
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6. With the global matrices developed, the program follows standard
procedure to compute the eigenvalues (natural angular

frequencies) and corresponding eigenvectors {(natural modes).
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CHAPTER VIII

NUMERICAL CALCULATIONS AND DISCUSSION

In order to test its efficiency and its accuracy, we used the
theory developed in the course of this research to calculate the
natural frequencies and modes of uniform thin elastic spherical
shellis, which were both shallow and non-shallow, of various
dinmensions and under different boundary conditions. These cases
have already been invesfigated by other authors using other methods.
in Appendix VI summarizes their findings.

The SPHERE program did all the calculations required in our

theory, that is, for:

— number of circumferential modes n = 2
— density p = 0.75183 x 10~3 Lb-secZ/in%
— Poisson's ratio V = 0.3.

— Young's modulus E = 0.295 x 108 Lb/in2

For purposes of comparisons among the natural frequencies
obtained, it is eminently practical at this stage to introduce the

non—-dimensional natural frequency:
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il = wR (=)=
E
‘where:
w is the natural angular frequency
R is the radius of the reference surface

p is the density

E is the modulus of elasticity

8.2) Case 1: Spherical shell @g§s = 602, under the three boundary

conditions: hinged, free and clamped.

The free, 9—independent vibration of the spherical shell in this

o

case was studied by Kalnins [337, Nuvaratna [45], Webster {461,

(1]

(2¢¢

pt

ene et ai L4/ and Cohen [49]1. 1In the present investigation, the
shell was studied for n = 2, with 3, 6 and 10 elements for the first
boundary condition: with only 10 elements for the last two. Only
the non—dimensional natural frequencies, which were calculated with
10 eiements, appear in Tabie 2. The natural modes corresponding to
the lowest shell frequencies under the three boundary conditions are

itiustrated in normalized form in Figures 6, 7 and 8.
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It is easy to see that all three displacements Us, W and Ug are

all zero at the top (g = @) of the spherical shell. The displacement
ratios, (Uus)mex/ (Wi max a3Nd (Ue)man/ (W) max are presented in Table
3. They reveal that at the lowest frequency, spherical shell motion
is generally radial. 1In the case of the hinged shell, we observed
convergence of the solution by plotting the number of finite elements
against the first four natural frequencies (Figure 9). It became
apparent that the first two frequencies can be considered as
converging with six elements. As to the higher—order frequencies,

ten elements are required for greater precision of results.

This case was investigated analytically by Kalnins [35] using
classical theory and transverse vibration theory. MWith the new
theory, we used 8 finite eiements to study the spherical shell, with
the results shown in Table 4. The frequencies we obtained with our
method are very comparable to Kalnins' values. The displacements
corresponding to the first frequency, in normalized form, are shown

in Figure 10. The maximum displacement values were:
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(Ud) max 0.1010

(Wymax = 0,2123

(Ue) may 00,0965

1t was observed that at the lowest frequency, motion of the spherical
shell is mainly dominated by its radial component.

8.4) Case 3: Simply supported spherical shell with ®o = 90°.

Kraus [18] investigated this case using a general theory which
included the effects of transverse shear stress and rotational
inertia. For cases both with and without these effects, he
determined the natural frequencies for the shell motion that was
independent of © for circumferential mode number n = 0. With our
theory and using 10 finite elements, the natural frequencies were
computed for n = 2. The results are shown in Table 5. The

displacements corresponding to the lowest frequency are given, in
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normalized form, in Figure 11. The maximal displacement values were:

(Us)max = 0,3318
(W)max = 0,2317
(Ue)max = 0.0854

The result is that at the lowest frequency, the motion of the

spherical shell is predominately influenced by the axial component.
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CHAPTER IX

\, CONCLUSIONS

ATy

(e
The purpose of this thdéis was to present a new theory for the
dynamic analysis of non—uniform thin elastic spherical shells. It is

a hybrid method, based on classical thin shell theory and the finite

element method.

The principle objectives as stated at the outset have been

accomp!ished. The displacement functions as adapted were verified.
The finite element mass, stiffness and stress resultants matrices and
the corresponding global matrices for the compiete shell were
estabiished. TheASPHERE“computer program which arose from this new
theory was restructured, thereby reducing both CPU time and storage
space. It was applied to determinations of the free vibration

characteristics of uniform spherical shells under various boundary

conditions for number of circumferential modes n 2 2.

There is a relative dearth of data in the literature on free

vibrations of spherical shells, particularly with n 2 2. MWe are

unable, therefore, to make any direct comparisons. A
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comparison of the findings for clamped spherical shells has revealed
good similarities between the natural frequencies calculated by the
new theory and the values found by others in other i
investigations. The variances observed could be laid at the door of
differences in the methods used. In the present state of affairs and
in the absence of published articles on the subject, it would be
difficult to check the accuracy of the results obtained. Only
through future experimental investigation could the true frequencies
be confirmed. A look at convergence revealed that working with a
number of finite elements greater than or equal to six can provide
the low frequencies with good accuracy. As to the higher—order
frequencies, ten or more elements appear to be required. Use of a
farge number of smaller finite elements would certainly push the
results we computed with the new theory — the asymptotic solutions -

towards the real solutions.

A few cases of uniform spherical shells were presented. The
SPHERE program was developed and is now available. This program, in
combination with the other programs our group has already developed
for cylindrical and conical shells, can lay claim to being a good
vehicle for studying the dynamic behaviour of +the majority of shells

of varying geometry that are used in industry: they could have every
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kind of discontinuity and every boundary condition conceivable. This
new theory is certainly the first stage in subsequent research into

spherical shells containing stationary or flowing fluid.
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APPENDIX I

SUMMARY OF ASSOCIATED LEGENDRE FUNCTIONS

I.1> Definition

Associated Legendre functions are solution functions of the

Legendre différential equation (see [61] and [62]1):

U"Z”éﬁi - 22 fﬁ.-\-[\? (34-4)—/,\.‘1 (4-1»2")—4]:& =0
a2 o (T.4.4)

The v and parameters are generally complex numbers. This
differential equation has three singular points at z =1, z = -1 and

z = o, There are two distinct cases:

1) The real z variable is between -1 and +1:

The basic functions of the solutions are designated
as P.» (z) and Qo (2) (or also as P.* (cosd)
and G.* (cos@) where 0 £ # < ™.

2) The z variable is outside the -1, +1 range:

-~
In this case, the functions are designated as P~ (z) and
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These functions are called associated Legendre functions of the

first and second kind, respectively. They are special cases of the

hypergeometric functions F(a, b; c; z) where parameters a, b and c

are such that the quadratic transformation exists.

For -1 < z < + 13

P L Z\A o dep  A-Z
P2 ()= 1 (:5)/; F 9,904 4o 2)
r(4-/w) ,

(I.4.2)

For z outside of the -1, +1 range:

e (2). ! (;j)}g FEY, 94t - LR

(I.4.3)

where:

r = Gamma function: ['(Z)— 2 ﬁ (4 +i>2 (4 i i)-4

n=A4 v v

(T.44)
F = hypergeometric function:

F(a)b3032)___ P(G) ir(a-i-n)r(b-:.r\,) Zr';,
P(b) r'(cu) n:=0 P(c+n)

n!

(T.4.5)



1.2) Useful Formulas

a) Relations between the Wronskian solutions:
B (X)) o Tl lom) el (X))
T (et 4 0) (3.9.4)
-n +4-n n 2
@ (%) = LTl (0
["9&+4+n,> (1.9_.9.)

b) Real and imaginary parts of the functions:

P (cosg) o /& (cos¢)
};: (cosd) = Re[?“ (QDS¢)1+ [ 1?“’ (eosb)l
(r.2.3)

@)L’" (eog¢) — Re [@; (@Sﬂ} ¥ il I_G;L (e»osb)]
(1.2.4)

¢) Derivatives with respect to dg:

df P (cosd) = (r» -)(n 7;) P/t‘(eos‘b)— n,eo‘lﬁ¢ PY (eosd)

d‘*’ (I 9.5)
AQ/'L’ (eos¢) (n-/L 4) (n ‘\’/L)Q ' (easd)- rw.o‘xaq; @/u, (eoscb)
dé (1.2.6)

d) Expressions in trigonometric series:

M3 p)he (%34’) N A ORI

- + A+ n‘z i
I (1.2 7)
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where:
(_‘_‘54.:»)% _ l’(%+n'+&)
P(.‘i_n.)
(4+/ua+n¢)% _ P (1+ p+nal)
- I (4+/k+n)
(34p), = r (3 +pr Y
gt M = X

P(%.;. /u) Q}, (eos:b) = W% En(smcb)n' I (n,+/u,+4)
X{Z (F+r)y (Aedvply

cos [ (&t +/;; +n+4)]
-0 2! (% +/4L)L

(r.2.8)

e) Expressions for n = -1, 0, 1:
_P{‘(casc#):sa;g (1.2.9)
F° (eosd) = cosd (1.2, 4o)ﬂ
B! (cos¢)=-sing (1.2 M)
Q' _ Sind gy [ 1+ essd ) 1o . 2.

! (@S(b) 4 (1 - cos¢)+2c’ a¢ (x. 2. 43)
N _ ®ws¢ g (1t eosd) ,
NCOE 3 (4_%%) (1. 3.43)

QY (cosd) — _ S g, (A _+eosd ) ot I.29. 44
{ (cosb) = - 21 (1-@%) ad  ( )
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1.3) Summary of expressions developed

With the formulas in [611 and [62], we derive the expressions for

the Legendre functions used here:
P/':l = sin 'd g [)\L(n) + 'wu(nﬂ [s’mac%(n) $ e}udé

+ LcoS:r.‘e’ (rx) $ Shucb]
(I.3.4)

where:

My (n)+ i ()= (Y P(F-nr P (™) < M (A py-nr )
(v«/ﬂ)(ﬂn"‘) r(-:;“n)x F(/J,l +1 -n)x [‘(;j +/‘2+ L)x 9!

(x.3.2)
3:,2.(_7'\.) + L&:-‘Zﬁ-n +/+3_+4 (1.3.3)

‘RQ (f;;) = SW» {EE:A (n Sn»x.(n)4>cha
) (n) eosx (n, ) ¢ Shacb} (r.3. 1-!-)

'I"’<€:;) = SW;“¢ tg;rlc(m &rwc(nJ4>eha¢
Phy () sy ()3 shU¢J (T.3.5)

Another expression for ﬁ;ﬁ
28

PN _ d((&,n) +il(&n sin (¢/2) I.3.6)

= 5 [ (un) Ff(an] 22 R

with
c\(‘?z,n’ + i,:g(f,, n)=(_4)“’f1(}*.z+1+ﬂ)xf‘(—f‘:w‘-z)xr(4+}L_l+ L)
F1-n)x (44 pmg)x T (- jag)x T (A+n +28) x 2!

2t (b/9) (T. 3 7)
Re (P, ) Zd(ﬂ n) — > = /1) (I 3 3)
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T (PR) = § (8,) Sntt2 (6/0)
L0 cos ™ (6/2) (1.3.9)

G, = 3™ 2Ty 0) + in (] [ememy () ¢ chys
=° - bsinzy (n)4 shaﬂ (1.3 10)

Re (Q;Q)z ‘.Tr/: {fixt(“) cosx, (n) § chyd |
sin"v¢ .+ rL% (n) Sir\,ac‘c ('n,)cb Shﬂd) } (I .3 ‘H) :

-°q£ (n) emsxa(“&# Chﬁ¢

Im (Q;z)= E i
- Ay (n) sine, (n)ch’mdé} (3.3.19)

sin™é

-N

A ) 1@“ R (eos4>)bn'} (1 .3.13)
r (2-n)

with 'L: tﬂ (4’/2)

'Q,in — ﬁﬂé_s:.)_'. i(ﬂ)wx M(2-n)x P,-‘ni- [ (-1)nxn. - (—1)“@@54{\‘ f;. }

(I.3.14)

Note: Tables for associated Legendre functions of the first and

sacond kind are seldom available in the literature, especially when
the degree H is a fractional or complex number. Gray's work [63]
gives results with a fractional u degree. Recently, Singh and

Mirza [64] proposed an automatic calculation method using the

Mehler-Dirichlet integral representation of the Legendre functions
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with the restriction that Re (u) < 1/2 . 1In the present research,

the Pu=z"and Q.= functions are represented analytically by an
o _
infinite series 223 . In the course of the numerical calculations
:o
on the computer, this infinite series is replaced by the finite
. 40

series !.t . This is the only approximation used to evaluate Legendre
:O

functions—and there is no restriction on the subscript.

1.4) Derivatives of the 0,.=" (cosd), P.=x" (cosd),.z" (cosd)

and - @u=" (cosd) functions:

i’-;l (cos ¢) — XnRe' (P}'I;»__ Em I (P;::)_ nco*cavtb Re (P):a.)

a b Do T (B )1 Bofie (P5)- medge T (75,)]
_ | (I.4.4)
477 (e8] e Uy ol (5 ) et e )
dé - [YnTm (Puy )+r’nRe (P/LQ)~ neohadlm (P}*aﬂ
(I.4.2)
da () _yoRe (G50 g5 (G vt e (97
W Tl (G bR (QR)- reip T (61,
_ (I.4.3)

da T (esb) _ YnRe (Q, )- BoTm (R57)- nedgéRe (Qu)
do - L[an'm (@/’};4)+G“Ra (@}‘;)- neotad;lm (Qf» i\]
(z. 4. 4)
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APPENDIX 11
USEFUL EXPRESSIONS IN DETERMINING

DISPLACEMENTS AND DEFORMATIONS

I1.1> Determination of the terms in parentheses in relations (3.2.2)

and (3.2.3)

The calculatiéns below were done from retations (3.3.1)

to (3.3.3), (3.3.9) to (3.3.12) and (I.4.1) to (1.4.4):

(L. 4.4)
TR PN (ess3) - m«3¢ (m)}
+9,8 {@ 1) (o) S (eos4>) - neslad G, (m«@)]
(g 9 2 Re ) oI (P,i""')-nco*a¢ Re (P )
e [¥n Tn, h)+(>nae(r» )-nw+awm (P, 3]}
v (g, - ‘»3982{ nM&;;) b T, (@, - necta ¢ Re (0, )
| R ) nestq T, (&;2)]}
{ ) nestgd Re (Ps,)
~i [¥n In (% ) + Pofe (/A;>- nelgd I, (P,fﬂ)]j
# (92 )8 R (0L )BT (a]7) - netge R, (1))
v [¥n T (8, V4 Bae (84, ) - nectgs T, (Q;aﬂ}

2
A

A Im (&, (g Re (@”
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3
W+ % (14+79) w” =
2 1% [r - C -m} )

B Gor 0B S (g ig) A2 (Re (00, )+ T (05, 1]
+(‘39. - f%g)) B; [R"- (Q;",z) + Vlm (@hz)]
e (ge+ )3 (R (P2, ) = Tm (7L)]

b (g + )8 [Re (@) - 3Tm (Q0,)] (¥.4.2)
=) j‘: A R I LAy
+ B L—Z— (n-2)(n+4) a:‘4-§w&8¢ @1“}
(L. 1. 3)
11.2) Displacement derivatives
S oAt q9p (.A—; ' Ag)‘f"spl (A;‘A;)Jrqw AZ

o¢
n . n n

n n n
g B+ g (By +B3)iay i (B B]),a, B
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where:

g = g [(n-pmt) (0 s p) e n(eosee®d + nedg®e)] Prs
~ g (0 =gy =t) (ne ) Pl ’
age = [ (2% + 95 bn) + nga (essec®é + nestg? )] Re (P, )
o [(g¥n - gafa) * ngy (eosee®d + nedga)] T (PR, )
(ga¥n * G pn) el Re (P )- (gs¥n- g2 ) o893 T, O )
agp ==((95 % = Ga Po)+ ngs (cosee’$ + neotg? $)] Ry (P, )
£ (G0t g pn) + ngg (essec’d + neslg® $)] Tm (P )
(95¥n- 92 fn) igd Re (P’
= (ga¥nt Gan) ogd T (PO
-_i»f(n-a)(nu) cosec P 4 ._r\'éi(f\.+4>cosgc.<}>co'}84> A

-+~

e
n

4P

Coefficients &:10y 3ze, axa, Racn

are derived from &iry &z,r, Aawp, aar

by repiacing the symbol P in the associated Legendre function of the

first kind with Q of the second kind.
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92\“/ 1 n n n
2) oot = by A4 + bop (A9 *“3) byp ('b‘a' : )+ bAP A:
: + b bog (B2 +9>3) bagt (52-55)+buaBA
where: (I o )

B*iP: [(n?'/ﬂ"{)(n*‘/"u)i'h (cosw $ + nco"la 4))] Yy
- (n~/¢4-4 (n+/k4)
bep <[ Yo +n (st + neslgt )] Re (75, )- BoTm (P, )
To g Re (Bi) + o eolgd Im (PR
bao = BuRe (g )+ [ + 0 (ssee’d + neotg? 0] TmlP, )
n- 4 n- 4 |
T PacdgRe (Ruy) - ¥n oy I (PL7)
are derived from bie, bzey bse by

bzmy bz=am

Coefficients bio,
replacing the symbol P in the associated Legendre function of the

first kind by the Q of the second kind.

Bao = 0
' n n
’a¢ n n . n n n
+ Cq B: + Cag (Bl'+ BB)'+Q3Qb <Bz"83)+chaix+

(X. 2.3)
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where:

S = 9, (n+1) Cotatb %S°°¢/P‘1: - :8“ (n-p- 4)(&4/;,1)e05w¢3:\;4

Cap= ng (n+1) colgd comnf Re (gl g () edtgpcoseed I, (P)
- “’(ﬁﬁﬁn* 33\Pr\,) 005%4? RQ,U/DU_;‘)— W(?Jg?g.n.- - 82%.".) GOSEA,B Im (P}l;.d )

QSP - nﬂ-‘l (n+4) eota¢ Qosg,c,4> Im (3::2 )__ nﬁS (n+4)00%¢ OOSP,GJ> Re (P/:))

-n (‘53 Xn + 85 Pn)eosecélm ( P/::_;) + n(%?)KW - %_2 en) eoSecd Re (P/:; )
Cp = L;.[(n-i)(r\+4) +n (eosw2<}> + neo lcb)] P;L

_.'_;_(n—a) (n+1) edlgy P!

Coefficients Cimy Cz2my C=ay Caa are derived from

Caim, by replacing the symbol P in the associated

Camy Cxmy Cam

iLegendre function of the first kind by the Q of the second kind.

4) 2& = - nUpn sinn® (T. 2 4)
5) _/%\"/_ = - nW, sinn® (I .3 5)
&) gﬁ?’z‘/ = - n*\W&, cosnd o (x . 26)
7) 2{;‘?’ = nl_ cosnt (T . 2.7)

where Wn, Us~n and U,. are the terms within parentheses in

(3.3.13), (3.3.14) and (3.3.15), respectively.
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APPENDIX III
DETERMINING THE ELEMENTS IN [G] AND ([S1]

111.1) [G] Elements

Before integrating equation (5.1.2) with respect to ¢ , it is

useful to express the product ([Q.)7 [FP) [(Qu] as follows:

[~ 37 a1l P |
Q] [P ,_QS_-[“E‘J @SP IQSQ]

Pa
17 P17 [ PG | Pa@
_QS_J ) _PJ _QS_ - ——--—— — _’-— —P.. —?Q_]
LPR Qsp | PpQ
— e 8] (. 4. 1)
T |
G
o 7] [ S o
Gap | Gga
where:
3
Qsp (¢,) - Z[Ar(‘»(})*Br(i,g)m]t"*ﬂ"-‘*
L= 4,6 r=1 (1. 1. 9)
¢ = 4 andq

n+al+ar-y (&/2)

Qsp (")d ZZ Ar (¢ d)s n+ &r - 4 ($/2)

bz 4,6 g0 red
3‘2»5 (. 4.3)

e 16 ) gl

b"lG 2 r=4
32 and‘i'

+|:A ,(} B (L,d COSHWS (M. 4.4)



@sa(ha)- 2 ZZ [ "»5 ms"‘r(":d“’ d“ﬁ
v=4,6 L-0 r:=d _n-2
j= 23 - Br (L) sinete (1404 shudlsin ¢ (@4 s)
3
P (5,3) = Z er(fu(')) + De(iy}) c.os¢]'t'“*9r‘“
x 443“3# = (I . 1.6)
d =
Po (C,(}) iicr@ sin " ¥+ 2r- “h (&/2)
TR0 et cos® AT TR (g9 (m. 4.7)
A = , 6
3
}?Q (L,d) ___(n 9l Z (1) [Cr(‘,,d)q.p (¢, )cosé]-{,m&r'l’
L = 4andh 2 v
}: IR +[G,- (L,d D ("’d COSHW}
- (W .4.¢
Pa (u,g)_—_r_'T_Zi[ (\.,d coser,. (¢ ’d 4)&‘6'4’ )
i - 2,3 2 :0 r:4
. - e -n-2
J = 1,6 D\" 'J) Smo(r (L'(j SY\U@J sin cb
(T . 4.9)
where?
4 - t% ‘b/i_T
[er] = [Ar]_r [P] v 4,3
[Dr] = [Br’]T [P] r-= 4,3
[ev] = [A]] [*7] r:o4,3 (1. 4. 10)
[5¢] = [8)" [P] rzo4,3
(] = [AT [P s g
] = [T [P re o
[=d MENE
Matrices tA-1, (E-], C[A-=3], [B~-=1, [A~-Y], [EB-Y] and (.1
are given in Appendix V. These matrices are independent of the

variable ¢. We therefore derive:
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3 3 6 o ©
| G,PP(L’J): > > > > > Cr ("')h)As (h,d)
S= L.=0 25=o

on + 3% tals + ar + 25 -8 ($/2)

cos.‘zn +2+ 4+ 3 -8 (4/2)

16 G 00n AT G 0]

(1 .4. 1)

2r + 2% -8
Xsin'%* (d/2)

R ISR ()

G (W B () D R)Bg (k)] ST (4

cog ¥ t2r + 25 -8 (6/2)

-min + 2r + 8 -6 (b/2)

v

~ [0 ()R As (Ryg)+ Dr (4, R) By(kyg)]

an +Ar + 8 -8 (4,/2)

coS
. Qn+ 3r + 23S -4
- 2D (5, R)Bs (k) 3 “*’ﬂ)} (1,42
r . d easRni--Qr*'iS-B(d)/g) )
6 3 3 ©® o
Gpp ()= 2 20 > > 5 G (ViR Ag(ky)
bz 2,3 Rz r=4 sz kLe=o L=o0
j = tandk . 9an o+ R0 Lo+ 2r + 95 -8
¢ S n + 2 +js + S ($/2) (ﬂ.d.ﬁ))
s AN T AT IS =8 (4)9)
_ 6 =) 3 3 _ s _
@ (g)s 5T 30 D0 ST [[Cr R Asling) e () s (]
v = Aandt gy g0 rz4  sz4
3:2,5 9n +2€5 +# 2r + 2 - 8

x Sin ($/2)
oS an + ar + 28 -8 (¢/2)

an +2ls + ar + 25 - 6 (b/2) }

-2 Dr (i, R)As (,5) S0

cog N +2Ar + 2S5 - g (4/2) (IEA.M)
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Q(Cr(",h)"“br %)

€))
2
7.:\
Mo
M8
N
[\/]u:

x Acs: (h)d') es ot (R)4) 4 chy$ sin A= € (4/2)
eos 2N 4 Ar -2 (4/9)

-2 (Cr (L,h}+br(i.,h)> B; (h,d') sin & (p,d') 4)3}\,34) gin 2F-6 (4/9)

cos N ¥R -2 (40

-4 (i R) Ag (Ry) easexg (R14) & oy sin 2T -4 (4/a)

cs'% PR (8)a)
+A.Dr(t,h)BS°(h,d)sinocs(h,d)&shj4> sin?" Y ($/2) | (. 4.45)
cos ;M EAT-2 (4a)
6 3 3 N
Gog (). (=215 S5 ﬂ(%) [y By De (i) WITAS (R )+ 5 (1,5)]
vz=4 &} 2 Rzt rz4 sz 2+ 3r +3s -8
j=dsh  Sin " TEE 0 (472

cos =7 ' ERCYEY

2 (-4 [ GR) B (R + 20 (L RBE (1) + 21 (6,0 AS (&, )]

-9’\‘.‘2?‘4- 23-6 (¢/-2)

sin
eos 3n +32r + 23 - 3 (& /2)
‘ N oain ¥+ & t 35 -
b(-0)"Dr (i) R) B (Ryj) S ; ; ST
g N F T TR =B (4)

+[<cf(i»h)*br (;,h))(A: (R d) (,d))] sn 2" - B (479)

o5 2r - 88 (<!> /2.

+afer (i R) By (h'd) + 2D (;,h)Bg (R,d)- D (i,R) A;' (h,g)]

x Sin 2r - 25 +2 (¢/2)

cog 7 S (¢ /2)

| v <in r -8 +4 /
~4 Dy (i k) B (r ’d S I - 3 ((i/i; }

(. 4. 16)
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=o] 3 3
' Gpg (4))- (n-2)! §‘ > > Y{q) [er (R A (o) + e G RES (v

vz 2,3 2 R=4 2T=° r-4 s:=1
B 4 and} xs-‘ an+ 23‘- +Ar +3¢ -8 (&/2)
S-in +Qr +8 -8 (¢/3)
A e G B () T B
cos 2N ¢ 2Ar + 3 -8 (¢/2)
) 2 s +3
+10 (1, R) Ay (Ryg)- & (6)R) B;(R,a)]m:%r *_2:* 2 (el
cos ™ ($/2)
2ir -
+9¢ (i,R)Be (k) gin Tr * B 42 4a) } (. 4. 47)
005‘2" - s (4/2)
Gy S Y S c
T RS (Rug) ens (g ehad
\):.-Q.Q 3d R=4 21—:0 25:0 r=4 >S:4 [C\"( 3 d) S( d F\j
J: 2,3

-G (5,k) BY (k); K, sinrrar-6  (3/2)
r 8) S (. d) s d )t Shjﬂ g3 F3r -2 ()0
.. ] £ 22 Nrec.,. e
GQP ("i(}) = (n-2): ZZZ {(-4)‘ [ct‘ (")k)*Dr (‘;)b‘)][As (ki&) *‘Bs (R )d)]
LA gk 2 k=4 r=4 s:4 Sn o+ 90 4+ 2 -8

12468 4§ X sin ($/2)
d cos 20 + 2r + 35 -8 (4:/1)

_2(4)“[0? (i,R) B, (h,a)*r.ﬁbf (6, R)B(Rug) £ DT (i) k) Ag (hd)]

(I . 4. 13)

. 4An r 3 -6
Xsm t + (&/2)

cos an + 3r 4+ &8s - % (¢/2)
n.e . .an 27 2 -
+4(_4) Dr (L,h) 3502,3) Sin t + 25 h (&Il)

cler GoR) =D (L R)[ A (R e By (k)] sin 0 7 (&/2)

s B T2 (&]a)
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v
+2[Dy (i,k) Ag (R 5) + 2D (¢, k) B (h,d)-ke: (%K) By (k)]
L sn S TR AR (4
cos 52 7T (4/a)
-4 D7 (i, R) By (R, 4) =i BT h (4 } (. 4. 49)
cos ¥ T Ar (4 /2)

o | © 3 3
Gop (1112 (0295755 5 {( Vel (om) A (Rg) + 0 G R) A (8,5
=43 x Shn o+ o2ls g Qp_+ B[ (g9
cos e+ 2+ RS =T

SCLEE s + 2 + 325 -8 (49

- 2(-0" DY (5, R) Ag (k) S

XN +  &r + 28 -3

eos (b /23)
v . . . ) in QQS - 2r + 38s d)/
ORI CHE O K S bl (T
°$ (¢ 12)
§ DY (i R) Ag (k) s 25 = F 2 2 (ara) } (I 4. %)
cos & - 9r (d)/z)
6 3 e 4.

oo (1) =T 3555 fleF (58 e (5,004
i 2,3 ReT L0 et 524
J 4 and}}

+ DF (v h) sinet (¢, R) ¢ sh%][f\ (h,d)+ B )] sin Ar - € ($/2)

cosﬁn 4 2r - 2 (Cb/-?)

s g[.e:f (¢, R)eos o (i,R) $ chyp + DF (i ) siner (v,k) § shyé |

-4
B, (k, sin (4/2) 1.9
A ( J) -Qn + Qr -3 (4,/_2) ( )
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6 © ® 4 3
Gge (v,§) = \; }:{Z1 [CF (5 ¥ caser, (2, R) hyg =DF (i, R sin e, (3, R)pshy
vz 2,3 = Lo o vt sz
J=2,3 xAg (h,a) sin s v -G (8/2) (M.4. 22
ebscsn +28 -2 (¢ /2) |
| 6 3 3 .
Gy (i d[ n)} ZZZ{[@ (iR D% G RIJ[AS (Rj) + 85 (R, )]
R B S R=4 rz1 s:4
= 4
d &Li xsinsn-t-ﬂr"l-%'g (¢/ﬂ.)
cos an 4+ 3r +3s -8 (d’/—‘l)

.Qn+2"+15—€ (¢/2)

afer (i) k) + Dr (6,R)] « By (Ryj) w2t

n + 3r +3s -8

oS (d/2)
3n+2r‘+i$-—€ (¢/2)

22 D7 (4 R)[Ag (R,3) + B (hd)]

g0+ Ar +328 -8

($/2)

An + Ar + 35 - 4 ($72)

400 (1,R) BS (R,4) 20

cos an + ar + &5 _‘2 (¢/2)
e e (00t CR[AS (g) - B (5] n Tt (o
cos ar + 3 (4 /72)

(e (0 R)# DR (5 R B (Ryg) sin T 1 4/
n ¢ v v ws = - (&7/2)
(N 0f CR[A () ¢ B (R )] st T v R (g

eoS 2r + As (@/2)

<4 (0" DF (5, R x By (R,)) _sin B E 4r2)
) cos X+ S (6 /72) . |
. (=) [Q:'(L,h)-br. (e,h)][Ag (Roj)+BS (k,§)] sin "j ($/2)
N 2
_2(_4)n[e;( (L,h)_D: (L,h] B (h ) sin ] ($/2) |
{s - ar (4>/2)
4)xD R)[AS ( ,‘ ]Sm B/ A (p2)
TS (41

- 4D (8 Ry B (Ryj) sin Sl (4>/2
os *5 T (4 /a)
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e[l R - D 6 RI[A (i) - B (hg)] = cas ™ T3 B (473)

&n-\-ar + &8 3(#,2)

raled (5007 (6N ) (k) 22 s P AEB Y ($/a)
Sin SN + 3r + 3 -10 (4’/2)

. ) 3n -
e20] (D R[AY (k) - By (r s TR T (0]
Sin an + & 4+ 8 - 10 (4)/2)

+1}D (\.,) (‘)cos-?n+.9r‘+-?s-8(¢/2)
d n 2N + ar +.95-u+(<b/2)

} (. 4. 23)

o 6
QQ (l"'d = “ 3)' ZZ

vz Aandy 3 Rz rzd
OL 2,3

»y
rz4 sz

i(%)n[dﬁ(i R) + D (i, R)]

XA (R’d)cos“r(k'd 4’&\3@ sin r-6 (¢/2)

2n+3" 2(4)/)
S0 (4, R) Ar (k) §) eos vy (h,d) y sin 2"k (47

S 2(4>/)

(4) Dc- k)B (k'd S'ndr (h’d)ésh‘j¢ S\n r -4 (d)/i)

COS.Qn +2Y‘-Q(¢/2)

3 or
[C“ (5R)- 07 (4, h)] Ar (R, )) casetr (R )¢ chyp 22 - fs,« _2(d>/_=z)

Sin ($/2) .
+9.D: (v, )Ar (h’d COS - (h,d ¢ chud “S‘Qr ° ($/2)
g n S F A TRy )2)
[Qr (b,h) - b)] B (h d) S\no(r (‘h’d S\":H’ 605‘2‘“—6 (‘b/.‘l}

sin 3N t &r-2 (43/1)

-3D, ()R)BS (h,d)Smo(r (h,d Shyp cos ¥ =6 (4»/2)}(1;'1.4.2“)

Sin 2N + A -4 ($/2)
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Gaa ()= (")2 ii {c° (5,8 AS (ko) essecy (¢ R)beoset, (R, )
vz R,3 Rz=1 rz4 84

jz 2,3 xc\'\jtbSm—an-#c#

-0 (1K) Bs (k) eoserr (3, R} sinet (Ry)é chyp she sin™™" 744
SDF(00R) Ag (R sinere (5,R)4 eosxg (Ryg) ¢ shud chyd sin™ " g
£Dr () B (R j)sinate (¢,h)8 sinet (k,g)4 shuy™y ssn‘*“‘%}

(T . 1.25)

G.QQ({,)&): T (n- 2)lZiZ{“)nc (b A U"A)”’g(k’m

Lz 2,3 2 k=1 Tz S

L 2 d& 4 cos oy, R sin 25 -6 (b /2)

(} X (\’ )de"ﬁ# .Qn +28 -2
(¢7/2)

- n c . c . . ‘ #
-2(-4)" Cp (\.,h) Bs (h,d)caso(r(L Q,d,\_%, Sn; S (&/2)
) (b /2)

- (-4)“ D: ((. ,k)[A: (h'(i) +B§’ (h'd)-] Sinol, (ilk)¢5ha4> sin -6 (4/2)

SQn +2§ -2@:/2)

+R (_4)” D:- (‘:;h) B; (‘h,' S\ho(r (\. ¢shﬁ¢ sin 25 -4 (d/4)
.Qn + 23 -2
(¢ /2)

+ G:f (¢, h)[A\S/ (k,(})_ B;' (ha)] cos ot (¢, R “#d"ﬁqb cog S -6 ($/2)
n I+ AS-2

($/3)

+ch? (‘;»h) B;/ (R»d') coso. (v, R} c}\,aia o5 %57 € (4 /2)
..o 2n + 8 -4
8in (4;/2)




oDF G R[AS (k) - By () sine, (i R) 8 shu
s -6 (& /2)

an +35 - (4’/2)

- 2D (41 k) B (R,§) sink, (51 R) § shyd s 7€ (/1)

s-\n2n+ s -4

X

sin

($/2)
(T .4. 26)
Gaq( 4, 2) = GQQ(Q»ﬂ)
Gea(1,3) =  Gaa (3,4) (. 4. 27)
Gae(4,2) = Gea (2, 4)
Gaa (4,3) = Gea (3,4)
Gep (2, 4) = aee (4, 2)
Gee ( 3,14) = GPP (4,3) (M. 4. 28)
GPP (2)14) = Gep (bl)2.)
Gee (3,4) = Gep (4,3)

With the terms of the product [BalT [F] [BGa]l] being obtained by
applying the integration formulas appearing in Appendix IV, we

therefore get:
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Gre (i) = Aiii( (60 0) + Dr (5 R (As CRug) s B (1)
§ = Aana x[T(bra,b ,%)_P(bu, b’_zL)]
(e (LR Bs(Rij)+ Br G R)(As (R + 285 (w,4)
MENCTRY b,.il_) _ M(b+us ,b,.__ﬂ

b D (11R) By (Ryj)x[M(b+e b, 22) T’(b»ré,b,%«_)]

2
(M. 4. 29)
with: b - 9n + 2 (Y'+ S) -9
My ) ny ) $) =Jsmm‘ (8) dé  m, n o0
eos " (4)
) 6 » 3 3 ‘ . )
Gpp (»»93 5D S S S (G Gk + De(R)) As (o)
Lz 4and R=4 2:0 rzi s:4
§= 3 x [(e,b _5.2_ ) - T (e ,b _;b_,j_.)]
- 2D (i, k) As (Rij)x[M (e +2, b ,.._ ~T(er2, by 80
withic = 20 + 2 + 2 (r4s)-7 (. 4.30)
o 6 © ©»® 3 3 )
Gop (L) = 555 Cr (i,8) As (k,j)
i = 2,5 R=1 Zrzofszﬁ Yz 824
3:3'3 x[P(as, ’AD;)—P(C‘S)E)-%—)]
(M. 4. 34)
with: as = 2n + 39 (Qr + 25) + 3 (,—+S)_ 7
GPP (2)1) T Gpp (4,2)
Gpp (3,1) = Gep  (4,3) (. 4. 32)
Gpp (Qiiﬁ) = GPP (Lh?-)
Gep (3,4) = Gee  (4,3)
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&3(1) (cr(b h)+D (x,\l))(/\ (hd)+Bs (R, 5))
j = Aandl . x ([ (bra, 1,,4>z -P(b*i)’b’b—;)]
R (@ R B (k) D R (A (R + 285 (k) )
[P(bes b8y o T (beu b, 2]
‘ +£9(-4)" D, (0,k) BS (oplr (b, b )82) 7 (bee b 80)]
“'ﬁ(Gr(f,,h)* D, (L,h)) (A\; (h,(})—g\; (h,&))[r(uﬂ)u-4,.i’_27;)—r'(u+4,u-4%’_)}
.]_}(_q_(i)h)gg (R,A)+ D (c,b.) (A\é (h,A)—EB\SI (h,a))[r'(uﬂ)u-{)%)-l’ (u+3 u-4 )%}

“8Dr (2,k) Bg (k- r‘(ws,u-ni“i&J’(ws,u-hfll }
s (el 2 ) (. 4.33)

Gre @,3):@-2)122?2?{2(«) G (1, 8) (As (r,j) +82 (&, §)
j= Aand b o X[P(c,b,_z_)-f’(c,b,i;_)]
_4(-0)"Cr (i, k) Bc(h,(j)[f‘(uz,b,i’&. _M(e+a,b ﬁ.)]

P b G (LR) By (R P[P (2t +3, umg, 2o L) (wssl+3, -ty 23]
+ 3G (0, k) (A (k.§) -Bs (k[ (u+gz+1,u-1,iz_)_r(u +32+4,u-«,i)]}

2

6 @ n+qr- c (m‘ 4'3“
jaie o2 Lol CIEREAE Oy

« Dp (1R) A5 (R,j) (HRRa (Rj) +HRR2 (k,)))

S Gr(ik) B (kyj)x TRR (k) (. 4.35)
- 12 D. (i k)8 (n,a)x(TRm (Rj) + TRR2 (h,a))”



90

Terms HRR (k,j), HRR1 (k,j), HRR2 (k,j?, TRR (k,ij), TRR1 (k,j?) and

TRR2 (k,j) are given in Appendix IV.

Gra (u,' :lz y >— Z%{(ﬂn+2rk[cr(u As(h HRRL(h,d)
1= 2,3 2 Rz fr=0 kzo v sz4
3: 2,3

_Gr (i, k)Bs (h,(}) TRRL (h,a)” (M .4.36)

Terms HRRL (k,j) and TRRL (k,j) are given in Appendix Iv.

[Cmp] = [Gpa]T (17 . 4.37)
v n-2) 26 2 2 L e /. e (L o\, pl
G?Q"(and# [ 2 J ;; ;4 {Q(Gl‘ (")b*)* Dr (")h))(AS (h)d)+ Bs (h )d))
j = ek X[P(bw,b,%)-l’(bw*ﬂ,b,i})}

J;(Q? (i,k)Bs (k,3)+1>,‘3 (;,h)(Ag (R,a)ng (h,J)))[P(bw,b,%)_f‘(b+h,b%)}
+3 Dy (k) BS (Rij) « [T (bee,b,22) - T (bas b, 4]

+8D7 (i,k) By (k.g) [r(q b ,-b-2, 4»1) P (4-b ) -b-2,%0)]

+2(6f (4)8)-Dr (s, ))(A‘,f(h,d)-Br (Rg)e[rEb, -b—z,_é&)_p _b,-b-i,g;_))
(68 (2 ) By () D7 (01R) (AL (Rig) - 287 (&, 3))

x[l’(&-b)-b-ﬁ.,j’iz_)_ P(z_b -b- g)j_aj_)]
)

+3(—4)"<((3£’ (», "’-Dr h))(AS (h BY (R, ))
v (c (L k) - D"(' )(A° (n,;) dBr (h'd)))

x[f‘(uﬂ u- 4, ).. P(u+4 u- 4 _1_)]



g1

S () (eF GoR) By (Ry3)+ D7 (5 ,R) (AS (R,g)- 285 (k.3))
bey (0R) B (Rig)- 25 (LR(AF (x)- 285 (51))

x[r (U*-”;“"‘)%)— F(U"’b ) u-a,&;.)]

_8E0"(DF (k) By (k. )) +05 (4 R) By (ki)
x[f’(m—s,u-«,_f;_) T (u+s | u-1 )i;_)]
Cwith: u = 2 (r-s) (m . +.38)
& 3 n - .
Gag (v)4) = T (n- Q)EZZ%Z\(—‘Z " ”)[(-4)"62 (u,h)Ac}(b«,J,)HRR (r,v)
L= 2,3 h Ref ved S
j = Aamak . 45 ()" e (0,R) By (h‘a)(mzm (k1) + HRR2 (R, 1))

(-7 Ds (L,R) AL (k}) TRR (ki })
A a7 DE (- R)Br (ki j) (TRRT (R,i) + TRR2 (R,i))
S 1) s (R (Rgh )
+ G (i, R) AR (R,3) URR (R, i)
—Ji. C: (v, k) By (®,j) (URR (R,3) + URR2 (k)
- D5 (k) Ar (ki) VRR (ki)
+AD5 (Rj) Br (Ry)) (VRRY (R,3) 4 VRR2 (5, 1)]
(I.4739)

Terms URR (k,i)>, URR1 (k,i), URRZ (k,i), VRR (k,i), VRR1 (k,i) and
VRRZ (k,i) are given in Appendix IV.
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Cag (:54) ( )grm{(ﬁ (M A (o )r o (,R) B (R, )

§= 3 x CER1 (R 1)

- (Dr (i) By (Ry3)- cr (i,k) A (k,})) x cera (ki)

- (e (1,R) BS (Ryj)+ Dr (¥R} As (R,g)) xcrr2 (ki)
+(ef ()R B5 (1) -DF (i,R) As (Ryj))xerra (k1)

-(or (V%) B (Ryy)-cr (i)R) A (h,a))xcaas (k1)

£ (G (i 0R) A5 (R))#DF (i) BS (k,j))xcer (n,'.,)}

(. 4. 40)

Terms CER1 (k,i), CER2 (k,i), CER3 (k,i), CER4 (k,i), CIR1 (k,i) and

CIR2 (k,i) are given in Appendix IV.

Gaa (4,2) = Gaa (2, 1)
Gaa (4,3) = Gaa (3,4 @ . 4. A1)
Gaa (4,2): = Gaa (2,4)
Gea (4,3) = Gaa (3,4)

111.2) [S] Elements

Similarly, the product of [RalT [Ra.] in ¢(5.2.2) can be written:
T T
T | T Rsp R IR R
Rs] "[Rs] = [Rse | Rsal [_____ BCACANE I

- [_5*15_{ _st_]
Sar | Saq _ (Ef.2.4)
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vhere;
F? ( :%: [Y1 (. ) )Q°S¢]_bn+lﬂ-2
vy i)= v +
S:P ‘? r=1 ‘ d d ('ﬁI. 2.9.)
(5 : d © 3 n + 28 yr-2
Rep (i4) :77 TR (o)
Ve 4,3 0 eoS" = ($/9)
d: 2,3 (M. 2.3)
e (n 2)! Z { PR Gog) + B (,g)eosd]tntr=2
v s 4,5
d' = 2,3 v V y
P Vb~ A (b: as
+[r( d’) r d)c ]_bnn--_z}(m.g.h)
R ()= § 3 (R G gesy, doyh
v = 4,3 L:0 rz4
§= 3 i (‘»3)S‘h¥r¢5hﬁ4’] sin¢
(m. 2.5)
with q =-n for L=2
c, = -n -4 otherwise

Matrices tr-1, ta-1, (P-<3, [A-=1, [P-Y], [A-Y] are given in

Appendix V.

U - tafera)
Xf‘ with rz=4, 4
X1 = Eﬁa(n)
Xﬂ = Oc‘a(n) + 4
Xb - x—{(n) ..4
XL = &Q (n) + 3
, 3 3 3 o © 5 .‘2n+2(2 ) +r+ -y
Sep (‘:»a): Z ZZZ Z—_PY‘ (bfl“l-‘ (h)d > (¢/2)
(- 2,3 Ref v=d s:4 £70 420 g +Y +S -4 (b /2)
jz 3 (. 2.6)



| 3 3 3 oo

‘SvP("g 2222 {[W e e (ki8] B (ry )]
vz Rz1 r=4 s:4 40

1= 2,3 Sin
d eosﬂ" + 7Y + 8 -4 (d’/i)

an + 2% +r +5 -y (/2)

n&n + 3 +7r +8 -4 (d’/i)

($72) }(T,TI.Q.V)
{[P (R,3) + Ar (R, V][ Tk (k,d)+A3 (R, )]sm RCY

cos™T (&/2

-28r (k1) A5 (k,j) 2

QS.Sn +r +S8 -4

3 3 3
Sep (b)) =D 2 )
D:“andg k=1r43
d'=1andh

1

_a[r (k1) As (h,a )* 2Br (R, 1)As (Roj)+ Dp (R0 (h’&ﬂ
mrr (4/3)
cos ™ (d/2)

sin

eos TT ($/2)

¢ bBp (R)1) s (k,j)Sin e (49
(. 2.8)

+S -k

.
3 3 3 o
See “’&):ZZZ%—O{W (T (hyg) e Bs (R )

n + 2 + r +5-4 (4,/2)

d:4andl} X Sin
(.‘,OS'Qn +r +5 -4 (¢/2)

_al (i) Bs (k,j) Sn raber e Sk (49 }
'005'2" +r + 3 -4 (4>/2-)
(. 2.9)

Sep (14, 2) Saa (2, 1) = Sag (4, 2)
Spp  (4,3) Sea (3, 1) Saa (4 3)
Sep (4,2) Saa (2,4) = Saa (419
Spe (4),3) Saa (3,4) = Saa (4)3)

Sep (2,1)
Spp (3,4)
Sep (2.4)

(. 2. 40)

[Sap] = [Spal” | (@ o m)
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3 o
R CH GO IDIY Z{(—«)"r‘r (RS (hj) A (v,9)

sin & ¢ Heeces-h (g9

c.'os.in + v + 5 -4 (4)/1)

,\/.\"n/ . sin -Qn +.‘29r~ +r +8-3 (cb )

-2 \"1) TKR"') AS (R)c}l

s 4 Y 3 -k (¢/2)
' . Ry r-g
1 (R [ 1Y (h,g) —A\; (h'dﬂ sin — (472)
, cos (¢/9)
# 2 (Rii) Ag (,j) ST 277 94 W”}
cos 7= S (4 /2) (m. 2. 42)
4 oo
b S T e 7 \T.n-4 smzi 1
oS )= L 3 L L B I ) seras 51
(}.:2’3 N (Rii)eos yo ¢ dﬂaés'%uar (4)]
-Ai(k,i [2"'41" (k )Sm(\)/ Qk_a¢ z‘n+jer 2( )Tinﬂl" (b,»)qargq‘ .a 8n+2‘-+1q>)}}
) Z_OZOE (2 [E° (2 ) sy b ohyp ST (g
-A (‘Q)J Sm&cﬂ) Sh‘a‘#'s&“l--?gr (Cl))]
iths 8’: (¢) o S0 " ($/2) (. =. 13)
. sin T ()

2 @
Sm‘#s "" ‘E T Mo (R + r-
L,P_Q/i&g 2 Ez; Zs ISZO 2 { ( d)[\-':zr1 )+ Bar_y (R, 1]
j= 23 | x €os Yg b c}\a‘# .‘2n+.9.r3 i

° Qrge( . -3 (h 0055547 d“a‘# «:n +§r 3

+ -QAE <h'd Bor_ 4 (R)“ S'“XS4’ Sh‘d‘# S;r++§r 5(¢)

- ACS' (h,a)[[’zr_4(h,i3+ Aoy (R, "]s‘” Ys9 Sktj‘# S;r:Zr 3 (‘b)}
T T (I s o T3 oy 1, (0

[\/]4:

.A.
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-2[}‘(2,3) By (2,1) cos Yy & chyé g ? ()

Qn -1
-85 (@ [y (203) + g (2,4)] 8in Y44 shye S50, (4)
. A8 (2,4) Ba (2,1) sinyy ¢ s\uacb Si’:ti (d?)}

(m. 2. 4h)

with: My = An +/+Y‘-6

3 3 3 |
3 (v,3) - (n-2)! " 3 .
L:G; L:& =2 ;;é\;{( 0" [ (R,8)+ Ar (h)”)]
=4 x [ (R j)+ A5 (k,j))sn" (/2]

ws™ ($/2)

SR (Rai) + B (w185 (rSin T Ler®)

cos ™ (4 /2)
-2 (A (R (Rg) + a5 (rp] 8n 017 (/)
| cos (& /2)
# b (=08 (Rii) B (k,j)-Sn mrh (s/9)
ws ™ ($/2)

[ Tr(R)) + A (h,g)][f@’ (k,(})-A; (h,d)] sin” ° ($/9)

cosT=S (¢ /2)

call (ri)s B (k0] 25 (r,j) S T2 T2 (072
r-s

cos (¢6/2)
- 28r (R (R ))- I (h,a)]sinr‘s*g (¢ /2)
cos 73 (¢ /2)
4 A (R0 As (R, 4) sin ™S4 (47 a)
cs "7 ($/2) ) (I. 2. 45)

with: m = &n +r + 5 -}
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s

T (o) (2.0 5 o]

sing S__ (v,;) -
QGt(,ﬁ §

l‘;:“&

J, - 2;5 [ c' ®
x[ezu 2,{)eosy 4 o}udw_?n O A (:z,d)smmskacps (4]
_@nH)A_z (S,b [ji i';f-’ ’d eoschb chad‘b b.?.n ) $) :i :(2,() SmX“’p shabsﬁ:,d 47)1\
+ .‘Zn[l"‘;(ﬂ,u (2 v [ZF (2,d WX1¢&L8¢C2” (&) - QZA (Q,A siny,b Slma¢ ]
(279 A (2,1) [ch(s ) cosy, 4 o)\afpc ezo y (2 4 Jsiny,d shyb c2n4(4>

AT () (s (g Doy ei",,f(d»)wos Do ays 077 (8)

22-0

+4§:Z:OA?(2,0\)(Sm v+ 2) d>sh464> C%‘ 4(4>)+sm Y2 4’Sh‘d¢can 4(da))]
+Z i(ﬂ ) (sz *‘A.‘lr4(':H ZLZ r‘S (R.j) msXs‘bd"ﬁ‘b Sﬁn +2r-3 (&)
Rz4  rz4 s

&3

~ A (k,jlain yoo shyd ST, o4 (4)
20, 6 S R onsy behuh S04 A5 (Ryj)sinyd shyd ST2 (o)
+(&X.4<k,a)-A§r-1<h‘»))>‘i AT ETREE

- Ag (k,OL)s,mxsés\mdb o o 3(4>))
VA (ks sZ(eZP (5,}) (@SXSM?& ARROR PSS 2 7 (9

——eos(xs-24>d»5¢ oot <¢)) |

- :ZOA";(IQ, (sm l sh*ac} egn o 5(<1>)_.. sin (Yo + 2)4 )¢ shys cor . 5 (4]
~Lsn (- Db shs 5T o, (¢))m

with: M. = 3 + hr -6 (. 2. 46)

3™ (4) = Sin ™ ($/2) cr (3) cos™ ($/2)

sin © () _ ~ &inr ($)
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sind»_saa(‘»,p:.’*ﬁi: ‘Zzi i[f‘ (R Ty (R,j)+ A7 (ki) A (R, )]
j7 a3 xes (Yr - Ys) & chyé sin* ™y
o TSRS ()88 () 85 (gl os (4 4 ¥0) 8 ch 2yd sin™T
= [0 Ry AS (ke AT (RTS (R )] sin (Yr +95)& shay gsin ' 4
P [ () 05 (R-A% (RTS (k)] sin (g - o) shiay & o4
s (T (R TS (Rga 8 (R85 (k] cos (yr w1t ™™
£ [0 (RUTS (R)-BE ()BT (rg) o5 (yr-¥s)4 s‘m"““qb}

(m. 2.47)
q = -n k = 2
qQ=-n -1
' 3
sin g Sqq (v g)- {n-2| (” 2L {I“(M )+ b (R)]
v 1 ' R=4 r:4 S=4
j=Aeh X (18 (B )+ 45 (®, ELMEYS
| cos ™™ (¢12)
_a[n (ki) s (h,J)J,A‘; (h,i)(f‘éc(k,éth;( )] sin™ "3 ($/2)

m 4

g ($/2)
+ 4 AF (R1)Ds (R3] )sin” (4>/2) + BAY (R,1)DY (h d gin 5-m ($/2)
cos™ (¢/2 i— m cos™ ™ (&/2)
£ [0 (RiE)- AY (R, ][F (w - b ( ,3)] sin ($/2)
cos™™ 7 (d/2)

P 21 (R8s (R, + Br (x A (R - 285 (R, ‘)]Sm"’:;@/’-)

+'2(‘*>n(r1;_(h + Ar (i) ][ (hd)- V( ’d)] sin - St (¢/z)(¢/2)

S" S -4 (4)/2)
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--9(-4) AT (R, i) A (k,j)sin""° Y5 (4/2)
wsr S -4 (6/2)

PRI ()Y Chighe 25 (R0)(287 (o)1 (i, )]
sin T-St3 (6/2)}

X

cos TS (4/2) ) (M. 2.48)
with: m = AN +YV +5 -4
4
S|h¢SQQ(L)d)— (ﬂ )Zz {(1" )+AC. (4,&)605Xr4>
L= 2,3 r= 25;
a:'i&f-b )( (;d) AS()&)COSX«g GJ'W#
L Sin S-2 (¢/2)
cots&n +S-~-2 (dp/i)
_9_(4)"[ (4”) ( c°5Kr +P (3, )A (3 °°SX14’] &‘84) S\lr'\.th - 2(¢/2)

{¢/0)
_(_1)“[Ar(4,i. (I"S‘(L,d AS( ,d))smxrq:\“A (3,»)(Fc‘ (S,J)+A (B,d)smmcb]

b sm oL
+2 (.4)"‘ [A"— (4 i.) Acs. (4,d') SinYré +A¢( )L) As (5, ) sin Y ]S"“L‘H’ szn . (d/2)
cos™ ¥ ‘i@/n)

(0 (-85 oot b T )25 syl s+

cosS” $-2 (‘Wl)
[ (4’“)A ()A c0s Yré + ) (3 ,1) (5,d ‘5°5?54¢}"—'*U4> sin~ 2N S-h 40y
cos™S*2 (b/2)
(F (‘hd AS (‘1 J))Slhxr‘# t A )b)( ( )d As ,d)Slﬂx"é]s‘\:j¢ z:S:nns+2((://;;
ﬁ[ﬂr (,1) AS (4’3)5‘m5r¢+ A1( ")AS (S,d sin Y4 4>] s\'\aeb sin_ — ; ($/2) }
N T T _ eas (¢/2)
(5 0 o oy g e

-9(-‘)HEQ(Q,L)A3(313) CQSb"gd’Ac“a‘# Sinsq y (d/2)
eos T (d/1)




Ay A5 (24 Y (s,');,A'; (2,}) sny sin ($/2)
(-4 D4 ( d d) W "o n)
+ 2 (-4 Ac @, »)Aq_ (2, )Smx $ Shué sin 3 (d/2)
ey d vy s -1 (4/2)
#0201 (2))) cosyyd chvye s-m'z"*‘ ($/2)
cos ™! (b /2)
L ANS(2,0) (2] cosyyd chyp sn "2 (4/2)

s ($/a)

CA8 (2,08 (2, ))- 85 (2,)) sn gy & shyd sin" P (5/9)
4 ( )(1 J 3) 1 h‘(j T (a2)
_al (2,1)05 (2,]) SinY,é Shye sn” T (4)9)
4 d b hd cos™! (& /2) (I . 2. 49)

Integrating matrices [Serl, [Serol and [Sael with respect to o

gives:
3 3 3
s,,P(b,H,zzz{(Ar(h 0+ T (Ri) (Bs (s Ty (R,5)
vz 4 andh Ra4 rzd 5=
a_ 4 and}y . [F(b+2’b"3‘ )_P(b-r.?,b,_il)]

-2 [Pr (R,i) Ag (h.(j)*'Ar(h»i)(ﬁAs (p,ay-r's (h’J))]
| WP (b b, 22) - T(ben b, 2]
+48r (Rii) Bs (h,a)[f' (bre,b )%-)— T(bte, b, i‘;—.’-)l}
(. 2. 20)

whete b = 9n + v +5 -5

Spp (b,a 4 iiz {P (R +Ar(h’ )P (ha)

L= ds kb R=t r=4 2
j= o3 | x[f‘ cb,..__)-l" (e,b) )1

9 A ()T (h,a)[ (ex2,b, 32 %) P fe+a, b)i}’iﬂ}

where ¢ = 2n + 2 +r + 5 -3

(E. 2. 24)
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3 o 3 3
§PP (“;&):1‘\ ZZZZZ_R( ,&)D—'(QS )b)“") (QS b 4>1)]

j=a3d : (I 2. 929)
where 05=2n+ﬂ(£+2‘5)“'r+5‘5
Sep (2,4) = Sp,(4,2) .
Spp (3,4) = Sep (4,3) (IE. 2. 23)
Spp (2,4) = Spp (4,9
Sep (3,4) = Spp (4,3)
Sea (i ) =2(n- z)lizq(. P (% (Ris Br (R,0)(1E (&, )*AS (k)
L:"&L) R=4 v=4 S:4 [P(b+2 b ¢2)__ f‘(b.\-i ).__L)]
&: 48 h (

_2(-4) n (R,L)A (R +Ar (R, (NS (R}) * 205 (R,})

[T:(bm)sb ‘bld ‘r\“(b+() ", )] F )

+ 4 ()" (ma (Rip[" (b6 b 21y, l"(b+e b _4_3]
+(T, (as +Ar<n.»)<s< DI ORI STy
+ (P (Ryy) AY (ndy + Br (R)1) (Mse’ ry (k,&}))

(u+3 ,u-«,ﬁ)-l‘(ms yu-1, 1)

S He () 8 ([P 5 a3 B P (ars |, 'ﬂ}

with: u = v S 3 3 3 (_m Q.QL})
Spe (i) = (o- )QZZZP(«) (R[N () + 05 (o )

Lz i 3 qur_cf434 [P C) )-——)-r‘<c;b 4;1)]

J: 4& i

—L*(‘)P( 1) A% (hd[r(cﬂ b,—-—) M e+, b, )]
+40- (k) AY (h,d[ (u+a{+3 u-1) ﬁ)_r‘(u+u+3 ) u- 4,__)]

e 2T () (75 (- 05 (o, ) (6 raton 0, 22027 (v ton 0]
Sea (L) = Spar (v1))  + Seas (619 (T .2 .26)

L= A.al VL =4 el v A& h
d‘: 9.,3 &-:3)5 d.:g,s
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where:s )

Sear (i1))= %L(&“)Z{(FQ (2,3) + g (2,u))(F (2 ) HN-A; (z,a)nm)
Lz4 &k ""°_.‘2A_1 (2,9(re (2)))xHN2 - [y (9,(}) xTNSL)

&: 2,3

| (m.2.2%)
Terms HN1, TN1l, HN2 and TN2 are given in Appendix IV.

_ ] 4 o
m) {(rw (Ryi)+ Dar_y (5,0)

°x (Psc (R,(}) x HNR -Acé (R '3) xTNR)
-2 A, (ki) (r'sc (h,é)x HNR2 - AS (R ,a) x TNR2)

V=484 T:d r4 S=1 &

(I .2.23%)
Terms HNR, TNR, HNRZ and TNRZ are given in Appendix 1IV.

= Spgy (v »a) + Spag (C;J) - (m. 2. 39)
L=z 2,3 =23 ' Lz 8,3
j= 2.3 j =3 J= s
where

v = 2,3 .5- &=o0 IS:O{[}L (2"\')(1"10. (2,6))( H'H—Ai‘ (Q,J)xTﬁ)}

| e (I . 2.30)
Spaa (4)=T (@2 22 3

Terms H12, H22, T12, T22 are given in Appendix IV.

[Sap] = [SPQ]T

(m. 2.32)
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3 03 3
Saa (i1))= (n-2)! (n- a)‘ZZ;{(P“(h )+ 8% (R ) (1 (k, )+A5 (8,))
vz dana S M(bea b 4 f2)_ P(bd 2]
a- Aandh
-3.(’-' (h,u)AS (R,d)'\'Ar (R b)(rls (h,d + 2A5 (hld))
x[f‘(b+1+ b,.é_)_r(b»,u ,b,i)]
+1+Ar(h L)Ac (k, 1)[P(b+6 b, 4’2\ - F(k+a b 4 ]

+ BAY (&, 1) AV(n,)[“(u b boa,f2y f‘(nzbJ,-U»ﬂ)
+(r' (h,\.) Av (VR )( é AS (h ))[r(— -b 2’_12")-[1 b) b- lléLT ]
+2<PV( ,)A (R'd) (h,u)( P"(hd) .°2Av(hxd)§ *

x[M (b, <b-a ) P (3 s ]
+9 (4) ( (r )L)+Ar (h l.))( S"’(Ra A\g (h,d) [I"(u+4,u1,-—.)- (u-Hu1 ]

"‘3(4) Ar (hd) As (Rij [F(u'*s u-4 d} r (u+5 u-1 -:L)]
+h EO7 (08 (R)1) A% (x4 A5 (v, (szAgu ) - (h\a)))
X[rl U+ )U 4 )¢2 )-P(U'*'S, U-1 )%)]A;

(I.2.33)

9 3 b 4 » o _
Saa (¢1))=T"° 222 3 ) GRS (o) + &r (R4S (r,) x cEra (k)
(= 2,3 16 TSGR | | '
§= o3 +(P°(h,»)f‘°(h,d )-8 (R, 1) AS (Ryj)) x cER2 (k)

- (17 (R8s (ki)+A5 (r,u)Te (=,)) x c1ra (R)

+ (N7 (&) A5 (ri)o AY (r)TE (R ,)) §)) x CIRA (R)
+ (0 TS (rge A7 (k1) A5 (r)j) x cER3 (k)
o (0 AT (e85 (R 85 () cery m;

(IL. 2.34)

Terms CER1 (k), CERZ (k), CER3 (k), CER4 (k), CIR1 (k), CIRZ (k) are

given in Appendix IV.
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SGQ (“ )d) = SQGQ ("' l&) + SQGQ. (‘.’)d) (m : 235)
vz 4 sk b= A& b V=4 &)

j= a3 j= 23 SEEN

where: o

§Qa1 (&LL3)= %_(n- 2)\':@2.0{@)(‘? (2,4 +05 (2. 1) (e (e, JIeHNA- 05 (z,a)nm)
-4 -

SRR - (2™ (2,0(rf (e ,J)XHNz—A:' (2,) xTND)

+ (_?")(r'lV (2,9)-87 (W) (N8 (2,1 uN1=£5 (2,1 )xvivd)
+:1£;(2n) A{(ﬂ»i)[‘}‘(i»a)*um Ay (2,3),: VN2

ar-4 -y

-4 Iy (2,)(UN22 + UN%)J’% Af (2, 3)(VN9.9.7 VN 25)]}
9 L - (W . 2.326)
Saa2 <“'d):I (n-9)! 22 (2{){
L=4 &4 4 Rz1 rzd sz4 Loo
d. - 9,3 &3
(M (ri)+ S (b,i))(f’sc'(b.,oi)xHNR-L\cs(h,d')xTNR)

- 2 (RO (2))x HNR2 - A (k) xTNR2)

(T, (p,g)-A:r_q(h,L)(l;c(l; JWINR -85 (R)j)x VNR)

+4 A;’r_4(h,i)[l*5° (k ,(")(UNR&—.;Z UNR3 -1 UNRA)
LY, (R’J) (VNREZ-%VNR?: -ﬂiVNRL&)]

(. 2.37)

Terms HN1, HN2, TN1, TN2, UN1, UN2, UN22, UN23, VN1, VN2, VN22, VN23,
HNR, HNR2, TNR, TNR2, UNR, UNR2, UNR3, UNR4, VNR, VNRZ, VNR3 and VNR4

are given in Appendix IV.



Saq
Saq
Saq

'SQGZ

(2,4)
(3.4
(2,4)
(3,4)

Saa

SQQ

Saa

(4,2)

(1,3)
(4,2)
(4,3)
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(W. 2.33)
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APPENDIX IV

INTEGRATION FORMULAS

The integration formulas taken from mathematical tables or
developed for our own purposes, which have been used directly or

indirectly in integratipng matrix [G] and [S] elements, are summarized

below:

1) X(m,'.‘c):de’m = Sin® + (m )X(m—i,x)

-2
m-
cos™ x (m-1)cosT e m -4
where m™m is a positive integer.

m 4 . m=A
. K(—-m)x):J coS d'x. -~ = Sine ¢0S

m-! +3
m = ™ Xém ,‘x)

2) A(m,m): -S—?—:-i-c—r-n——;:— cos X +(“‘"’~>A(m—9.,3c)
x

(m-1)gin™* ™M -4

where ™M is a positive integer

™m

'  m-4
AQ—m,x):Js‘mmxdx:_ Sin 30—6055:+(m_4

)A (—m+l,x)

m
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.. m
Sin x d
3 [(myn, =) = = dx
cos” =
where M | N are positive integers-

m

2 nf 2

P(ﬂ,n,m) _.J. sint de = _4 sinXx %'X(n,m)
cos " X (.‘Z—n) cos” e (2 -n)

m).‘l' m=-hn

K (m,n,ﬁc):J Sin™ % dee :.A__*caqu__ F(m'i)mm‘l)x)
cos™ x M- A

m>2 m#n:
M (m,n,oc) :J.S_‘_T_n:i dx

cos "

P(~m V-2, Oc) - J cos™ = dx _ 1 cosT 4 A (m, )
sin™ x (-9-m) sin™ e (2- m)

M (=m,-n ,;Q)____ Jcos”ac doc

= (‘4 )co’r%n-|m-f1<—n+2 )—h'\-.‘l}g;)

M- A
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hy 2 m#n: - :
n n-4
P(""‘."n’x)‘——“JCOS ® de — <4m)cosm-4c: +(n-| )F(-m,-m:z,x)

Sn™x n=m/sin n-m

s ['(m,-n ,m)zjs\nmsc cosVx  deo

n- 2 T‘(m,-ﬁ,‘n);—jsmmx. cos? x dx
~ 4 sn™ 'z s 4 A ((mx)
m & 2 m+ g
y -
n>i P(m)-—n,x): 1 Sinm+x C,OSn ':c.y.(n_:n)fi(m)—h{-ily’)
(m+n) m ,

© r<—m ,n,'x‘-) = Ss‘(\i:"‘x cos"
m =4 n)ﬂ
P(-Q)W)m):J dx —_ 1 +P(—4)h‘i,3ﬁ)

sin eas"x T (n-4) cos" A

m= 2 n> 2.
P(‘i)”»“’)rj che - ! ¢ vy (n2)

Sinfxe cos™x  sine cos™ '

m Y2 ny 2 :
Y‘(~m,n,:r_): e __-4

Cm ™ — . - -
SinTx eos™e T (m-1)sin™ My e0s"

yotnh-27 (-m+2,n, )
M-y
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‘ ~
with: 0 < \(H ( i n and ? : positive integers or zero

nz 0

(
and/or P:O R (O y v Jf‘b) < A (_n' |¢)

R (f;c’)‘b) = ¢ P+

P+4
9P < (-4)qH ix(z}lo'4 1) P+ 23
nzA R(F,4,¢):_+Z X -Yg,. ¢
P71 4 (pr2d) (2N
n=z2 R(")&,‘b) = -¢ GO%@C&? + ‘Qpa (S\n¢) ;
==, 3 -
7 RGa )= areige s 2T )T g4
(P-4) "4 (p+2-1) (23!
| Ripimi#) = - PP 'sind - (n-3) 4P cosg
“3 (h-4) (n-2) ginr1 ¢
Pt o ‘ _
P(F“)R (P-l,n-2,¢) n- 9
¥ (n=4) (n-2) +(n-4)R(FJ“‘2)¢)
where EB=. = ‘Bernouilli number
Bz = 1/6
Ba = —-1/30
Be = 1/42
Be = -1/30
Bio = S/66
Biz = —-691/2730
Bia = 7/6
Bio = ‘3617/510



S4.971177%4

m
[
0
i

o
)
0

[}

~-529.12424

6.1921232 x 105

m

N

N
]

-8.658025311 x 104

w

N
»
]

Bze = 1.428517167 x 10°

Bze = -2.729823107 x 107
Bso = 6.013808739 x 10°

Bs= = -1.811631577 % 10°
Bxa = 4.2961464 » 102*
Bxe = -1.371165 x 10*=

4.883323 % 10«

1)
]

o
]

=1.9296579 x 10*=

[91)
>
o]
[1]

Baz = B8.4169305 107

=4.033807 x 107

w

iy

b
]

Bae = 2.1150748 x 10=?
Baa = —1,208662465 x 10=S

Bsoe = 7.300866746 x 1024

Bs=z = -5.0387781 x 10=e
Be=a = 3.6528776 x 10=°

B=e = -2.849877 x 103°

2.3865427 x 10==

Beo = =2.1399949 x 10%<
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The R(p, n, @ function is obtained from the numerical

jterations such that:

R(P)n‘)d’)\? -~ R(P)W)¢)0-4

R(pinid)y

£

1 x 10

9
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@ cos(m+ %)¢=4+§Y:(x,3)¢2"+ Li Zo (m1y)e™"
rz4 Yz4

sn (=4 iy)e = 2d 42 Y (my)s*
~ rz=4

+L{§ % (2, y)et *84’}

wen ar 2r+k
¢ (-1) ar-R g
>/r (9"— ) a) = x a
Rz0,2,4... (¢ - xz)l R!
ar-+ 2r+R+3
-4 r-R
Z: <°°)3) = Z CH"= o 3h
A5 (gr-R)1R!
ar 2r+R
-3 or +4-R
Ejl" ( x‘»a) = j{: ( ) X T R
Rz0,2,h  (9r, 4 —R)! h!
2r+4

() 2 o SRS
R=4,3,5... .
(ar+1-wr)! k!

st(oc +\ d? dé JM‘ dd’i'zyt (ma ¢2t c\c},MZZ )HJC#R dé

Sing Sind b1 sing sing
Sin (et W) gy | mb g )25
J Sim¢u(j— v = JSn‘xcb ¢ +Zy{( BJSW\@ ’

P A [ ]

ooS(OC-x-l,)ap
[ Suey J—*ﬁ‘*’“zzﬂxaj—-— s

Sm
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s\n (amud) édc}’ J

sin®

x4 dng’“(xaj $ 4

m3 SII’\-

{iz (=, a)J‘*’“” d +Siﬂ¢_ dé}

.Sm sin®¢
J—i——“;ﬁ;“aw - flgyn ) SN (e Rt m
¥ qu‘ (=, 3) R (2t “)4’)

Jsm (x+i5_)_4> dd-= =R (4, n,9) +Z -y (oc,,a) R (at+1,n &)
Sihn¢ t:4

- njgzt(m,am:zw,map)J,BR («,n.%l'

10) Jsm'\y cos (% Wl ad N . positive integer

nzAi :‘Ssin4>cos(m+'\3)¢d¢ =___c,os§4+ac+§8' _)_43 _ s (4—3&—(.3)33
| | 2(4+x+ud) z(a—m_aa)

(3@1-%)9‘

n=2 : |sin' eos (o + ué)<\>d<i>

= Jsnb_[Seosboos (s + i (i 4 iy) sind sin (0 + ) &
(= g gy

_ 2
(o + ) - 4
n> 2 JS‘mn«b cos (x +i;(j)<}>d'q$
_ _sin" [neosd eos (x +'L8)<i>+ (o + ua) Sind sm(au\;a)ﬂ
- (% + bﬁ)z
_ n(n-4 Js‘m“‘fz cos (% + ua)d: do
2 _ ( ~ + ’\‘3)1

Jcos (o + La)cb dé

n



i) m . odd number

. m .
1.1 sin"T by = Z % sin/,bbcp
Me4,3,5..

(m - )t (B4 - m)l
S'\nmb& QOSC¢ - Zeﬁf‘_ [Sin (/.Lb+c)¢+ Sin (/ub -C.)(b]

M=435.
sn" by sined = S o o) _ eo
ne /:L:_T,sis.fi [°'°5 (/*b e)d - eos (/*b LY
. m : oy
11.2) ecos "bd = Z b)Acos/Ab¢ b/,,:__Qn:T-
' ) /4:4,3,5--- : : 2\'\'\-—4
m a b
cos” bd coscd =}J:f‘;s..§ [eos (/ub +c)4> + eoS (/ub -e) ﬂ

s bg Sincd = ) [sin (b +)d - sin (b - c)d]

N:A,B,S...i

12) m ¢ even number

m
1z.1)  sinTbd = Z U cos/),bcb

Mz0.2Q k...
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/2 —3 3
where Q_ _ Cen a __:(-4) <.

2"'\ Qm A

P )
C.=
B (m - p)‘
12.2) cos. " be = Z c cos ),LM;
JiE ,24
“Ei‘/i

where Cg = Qg /«u = )A, ( 1)

13 |eos (e + y)d ST (6)dd = |eos (w+i )¢S‘“ (2/2) 44
j Lol S e )

= He (™= y,8) + VT, (m)m\adp)

\’35 r=2,3

where

He <m)°°‘d)¢) Z %ﬁ{gp\ (o)r)¢)

vss R

,J

t:
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 14) jeos(ac+i;a)¢ C:¢dé>

U (m, = ¥ $)

r: 92,3

+ Lvr ( m,x,

4, 4)
¢]

r= 2,3
Terms U~ (myx,y,d) and Y~ (m,x,y,g) are derived from H- (m,x,y,d)
Sm-ﬁ_A
and T~ (myx,y,d@)', respectively, replacing a,

with (-1) 2

Qus
15

= H: (m,x,3)¢)
Yz 2,3

\ Jsm (2 +) & ST (&) do

; .bTr“- (m ) %2 )a,cb)

=23
where:
c s .
Hr_ (m:“‘na,‘b): Z au SocR(Air,dg)
r=2,3 F:0ahn.2/

+ Z R Qtﬂj")‘b)[%b(_

m 4
T (myx, u)8) = o i R (1,r,d)
r:;,s d /“=°Z,2A--- 5/ % (

The U= (myx,y,d)and y_=

H-= (m,x,y’¢)

(m,x,y,®) terms are derived from
and

Trs  (MyX,Y4@)
Qm-ﬂ

2

'y respectively,
replacing a,,

with a, (-1)



7 Hy (m) =0y, ¢) = Scosm chyé St () dé
Tr (my >,y ¢) =Jsinx¢' shyd St (4) b
U (mrg19) = [eosny ongs T (s)ds
Vo (mrmiy,8) = [Snms shgs OF (814
HE (m = 0y,9) =Jsmx¢ ud S5 (v) db |
Te (mi=iy, ¢ :Jeosocd» Rub ST (&)
us (m,oc,ta,4>) _._fsmsob chyé Cr (&)dd
Ve (m,m,a,d,) _—_Jcosu; shyd Cr (¢)dd

These functions are obtained using the numerical iterations such
that: ,
le("'\x'n‘a.d?)b\ - Hr(m,x,\ajé)h_4 é'\xw-s
Hr(m)m)ap¢)b‘
Tr (m,:x:,a,d;)k - Te (m,x,a,¢)k_4 </|>(10“3
Tr (m;m)5;¢)h h
Ur (m)x'ai(b)h - Ur‘ (m )X )8;4’)&_,1 <4 X ’153
U (my=y 4k h
\/r (m, Oc"‘,j)d))h - V,. (m ) X ,a,b)h_4 <'\ x 1073

Vr (m ,:n,a,cb)h

116
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H&(!‘n,x,a ‘b)h - He(m,x,g,cb)k_« <4X40—9

Hy (M;x,3,¢)h

T (m x 3,4;);1 _ Tc (m,=, Y 4’)\;4 \<4 x 4163
Te (my>, 4,00k

U (m, :x:,%cb)h VA (m,oc\5¢)h4 <4§(10-9
U (m )m)alcb)k h

V (mnl’wa 47);,\ — V° (m oc,,\a,cb):“ <1 x 403
Ve (myeyy @) h

18) H, (-Q,x,‘a $) =Jcosx4> d’la& 84'2 (4) dé
= Q[Hi(o) e +4 )Q;d)%l).;. Hq (O,ro-1 )Q\d )%)]

- ‘ T P

y (~u)x,5,<p) = JSmme S\'\Aa4> 54 (¢) dé

=2[T2 (O,Qmﬂ).‘?a )%)-&-TQ (o) 9oc- 93,—~)]

dé

o Moy, 4) = Juoh g

Ta (o=, y4) = js‘m Shyd ‘4 db

Hy (O;x Y b) Jsmrw cha&»

Sm,da

T:zc (O,CC X )‘b) :J oS ocd




118

20) E, (m,\d,cb) - Xs‘m”’cb sincd chyd dd

_ ain Vg i“wS‘i;[("}‘ 81._ ) sinaed ¢\-ud<b

(g 2] [, sy cnmh st

- sing cosueh chyd [(=h- W) 1 ogt] + sind sind shybloy ry %‘“ﬂl}
'n( n-4)

—I_ (2*- a':._ n.")z + 4 m}\dz]

{(m’l"al' "}) En- 9 (x\‘a )4’>+ ‘Qx’d In-g (= )Y ;‘H} |

210 Ip (Oz,a,ép) = SSinan cos P Shd¢ dd

= sn” lncoyb [(mz_az_ nt) eoscd S%‘dép
[(o -yt ) hay] — Qo sincd dyd ]

+ éim}a cosed dmd4>[m1\a + (‘a")r n1)3]+ sind Sinxd s\ma&:[(m‘-nl)x Hu@l]}
- n(n-14) (:x-,z_ al‘h})In-ﬂﬂ &:md En—n (oc ,8 , ¢)§
L(®-y2 “")11'1&9:'}8’-]
22) E_ (m,a,cb) = jSinncb eos %4 chdé dé
sin™

- nc,osd{(oc'}_ Lnt) ens cd $
- [(oc"-\dl- n‘>2+ Hsc’al] i o R?c\d Sinocd shj,?]

+ Sind sinxd d-acb [(oe"— n)x +ocaf_\+ sind cosscéskaé[ac‘xa £ (\aﬁ»n’*)]}
n(n-4)

—[ (- 8"- nt)t s #sc‘a"]

{(Ou_az_ ”I)Ei-:z (:x:,a,d:)- 30081:‘;_2 (e ,a ,cb)}
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25 In (=, P = [ sn™$ sinxd shyd dé
_ an-q b J {ncow [ (e alhr?‘)Snnu sha¢
L (o \dzn)2+h az] +.°23uamsm&> c}udgb]
+ 8ind sincd chacb [sc,xa +(\a’~+m) a]
- Sind CoSwd s\'»a& [(<*-n) e + x 1 ]

n(n-4)

- [(m}- al- n,")1+ 4 mn.ar.]

{(mz_az_ n«*)I::_Q (sc,a ) QxaE:_Q (x,a,d>)

24y F, (oc,a,cb = joosr”&; sihoed dud<b dé
— ~eas" S imsin@[(&z-az— n’“) Singed ch_ad,
[(m}-a -ty A&‘a’l] + ooy cosaud s\udﬂ
+ Cosd eosxd c}udcb [(=*-nY)oe + xal]
.zvoo$ W:ccpon,aq;t&td ?%”‘}]J

n(n-1)
~ sl (o]

- [(m’l'\dl_ r\.’-)l + A&maq

25) JW(m,a,\b — jcos b cosaed sh?j4> dd
- eos™! 4 {ms\mb [(ocl 2. nt) cos xd s‘ma&
I A L
- CoSd cos oed d>[3°8 ( +n)\d]
- cosd Sinocd S\'ud4> [(_ac} -nt)e 4+ x,aljﬁ

_ n(n-4) %(xz 31’ ”1)Jn-n (:&'5 )
[(oc} ‘az _hw)l.;. 4 gc*\af] _ Qayg Fn-.‘z (m,a,tb)}
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26) F¥ (%,4,8) = \cos™d cosmd chys do

_ - t',os"’a‘ $ S nsind [(oc,i._ :‘.man‘) CoSxd ehacb
. -\:(mz-\dl°“’)"+ Am’z‘d’.] - .Qogasin:mb Shﬂcﬂ

- eosd Sinxd ek)ack [ (- n#)z + :ndz]

— cosd cosoed shud [ty 4y (yt + 0]

rv(n-14)

- eyt n'-)F:_a(OC) ,$)-2 J:; (=, ,¢)}
[(xz_ ‘az_ n"‘)"‘r Ammaz 1( \d \d °°U [} 8

| ) Jiv (e, ,cﬂ = | cos™d sinxd S\mdd) dé
.2.7 - eoS “"i jg\h,simb [(x}-az- n") Sinocd shdé
_[(oc,l_az_.m)l-r L\ac}\aZ] + -%ud cosxd d’\‘adv]
_ wsd sinoed C}%cb [m‘\d + ({*n"}ﬂ
+ Cosd Cosxd Shad> [('-n)e + ooa"]}

) n(n-4) {('x}_ \Jl»_ n’)]i_a(oc,«a )y ﬂgua F:_g(x ’H’(b)}
‘ [(x’l_ am_ h1)1+ Ax}a"} |

2e) |cos (z+ W) é 3:‘(‘#) d¢
= ‘gjsm'“’b udsma(mn)t e}uﬁtdtdt - Ssmmt sin 2 (oe-4)t dmﬁhdtdt

+i [Js‘mmt eos ()l shﬁbatdx -Jsm'“{ cos 2 (z-1)1 sh.‘?ﬁtd,t]

wheret = @/2

= En(®mva, 2y 602) - B (-2, 2 ,/2)
+Vv [ Im (-Qw«-ﬂ,éla)d;/i)-'l'm (2 -2 )3,5143/2)]

= Hf (m)m,a,v{)) + LT45 (m,oc,\a,ﬁg)
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29) js‘m. (o +aa)4> S\ (&) dé-
= foos 2 (- 01 chayt sn™idt Jeos.?(aw)teh-?gtsmmtdt
+ L{ (sm 2 (=+ )t shayl sin™tdt _ (sm 2(xc-1)b shayt sin™ tdt_‘

L J ¢ J ) U - 4
= Ef (-2, y,4/a) o Bl (S, ) $/2)

2 U [ I (Qeea, By d2) - I (o2, 3y, $/1)]

= H:(M)OC,\d )¢)+ "T,‘c (m)OC,HICb)
30) JCOS (ac+ ba)dD C1m (d’) d‘#

= jsin 9z +) tch}ZHL cas™bdt -jsmﬁz(au Nt oh,mdtcos"‘tcu
+ U [sti(acn)t sh&a’[, cas™dL -quos 2(m-4)tsh&‘dtcosmtd1,1

= Fm (%042, 9y,¢/2) - Frn (22-2, 9 ,4/2)
+ L[Jm (2901'2,0‘28, 4>/32)— Im (‘Qx“i’y&(j)4>/2)]

— U1(m,ac,nd,<%>) + LV1 (m ) X )8;45)
s fsin (=rig)e €7 (¢) &

— Jcos 3 (a:—ﬁ)t ch.i’at cos™ tdi ~§©QS‘Q (x,a—&){,eh.‘adtcosmw
+ U Usm 2(x +4)‘Lsh.'zat cos™tdL _jsmi (oe-1)1 sh&\dtcosfnta;t,]

I

Fo (8x-a, & 4l Fr (Qm+2,&a,¢/2)
L[5 (o= £, 2,679 2 38 (ézoc-sz,.saa & /2)]
= Uf (m, X )‘3)‘3)) + LV: (m )x)‘d)d’)

+-
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32) Integration functions independent of k, i and j

P(a. b, d2/e) - T (a,b ¢ /2)

P(e,b da/a) —P(C:b,dn/i)
[ (e+2)b, d2/2) =T (e+ra,b, &t /a)

I (b'\-b,b )<L.‘1/3. T (b+l+ b <}>4 /1) independent of,@

F(b+2,b )2 /2) _T (b+2 , b, 41/ 2)
" (b+esb, $a/2)- T (b+6,b, b1 /3)

P (uH yw=1, 4)52/23- P(uﬂ )u—4,<¥>1/2)
M (uts yu-4,42/2) T (utd, u-1,$4/s) independent of 4,
M (urs ,u-1, do/2)_ T (w15, u-1, b1/2)
P(wral+s a4 b2/2)-T(we vz, u-1 4 /2
P(u+a+r,u-1, da/a)- M (u+aletu- y by /2)

M(-b,-b-2,b9/2)_ F( b,-b-2, $1/2) independent of §

{P(A -b,-b-2,4d3/2) - T(4-b y-b-2, & /2)
M(2.b,-b-2, da/g) - M'(2-b,-b-9,41/2)
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33) Integration functions dependent on ., r, s, k, i and j.

HRR (h,,} He (m, Aq (R,,\) b?s)‘b.‘?) Hr (m\dc(bﬂd) b ‘b*\
TRR (h)d> T (m (h}d) bs }dD&) (m)O(S (h;a 5)4’4)

HRR1 r (m y o(s (h,a -4 55 ,4%‘2) H (m o(s(R,d 4)b3 )¢)
TR (1) =Te (m o5 (5,85 180T (o (o, )
HRRQ (h,a)zH (m ) o (h +4)b3, 5)- r(m) S(h’d )4y bz )

TRR2 (R,)=Tr (m)ds(h»g)” %3 )82) = Tr (m % (Rig)#4) b3 ,4)

HRRL( ,d =Hr (m +2€/r ] (R’d) b3,¢2) H (m+2£,ds (Rd ,494)
| TRRL LR,d,)- Tr ('mi-i?(’zr, s(h,d) b3 %) _T <m+-‘2t g (h’d)) 5)‘1’1)

with k = 116 J = 2§3

URR (k,i)=U (m)"(s (R)4),bs ;‘M) Ur (m (R9), bz 4")
VRR (R,1) =V, (m s (R,0), b5,4>_2> Vi (m,o(so-? ), by, 4y)

URRA (R,i) =Up. (m ol (R, 1)1 by 4o ) = Up (m s (R4, b3 ) by)
VRR (R, J)=Vi (m ) ot (R,i)4)bs, 2)- Vi (m ot (R i1, by | by)

URR (k,1)=Ur (m) o (Ri)*1 )by ,da)- U (m ,ots (R i)+ by, 41)
VRR2 (R,)=Vr (m ) g (RU)# bs) b)) -Vr (m) ots (Rji)+1, by ) &)

with kK = 1,6 i = 2,3



124

CER (k)= Eg, 5ot (R)-otg (v ), 203 180)- B (o (h»ﬁ)-“s(“)a)»ﬁbs i)
eIRt (k,i)=TS, (ur(u,a)- ot (R,g), 25 ,4>2)_ I;_B(ur (1)t (h,g)s 285, &)
cER2(Ri)=Ey (% (Ri)+ets(Rig)) 203, 4)- E5 wh.mqs('n,d), gk, 4,)
01RE (8 TG, (o (5ot (s 2,00 T (o i) oty (R ), 255,
RS (k)= E5, o ()= (1)) © 1) Elp (3 (h)-e () 4

QERA(b,L)zE;_s (dr(h,i)+°(5 Gﬁa) y O )‘bg)- E;_3 (Nr(ht‘ﬁ+°‘s<hrd))0)¢1>

34) HNR = Ho (m | 45 | b3  2)
TNR = Tp (™) ¥ ) by 1dy)
HNR2 = M (m+2, Yo )by dy)
TNR2 = T (m+2) g | by, &y)

UNR = Up (m ) ys | by, by)

VNR = V- (m, Xs 1 03 ) )
UNRL = U. (m-2 ) ¥s 1 b3 dy)
VNR2 = V; (m—ﬂ, ¥s let‘bz)
UNR3 - Ul‘ (m-2 ) ¥s 2 bs ‘b_g)
VNRS = Vb (m-2, yo+2, b3 | &)
UNRE = Up (m-2, ys-2, by ,by)
VNRL = r (m~-9 ) ¥s -2 by | +.z)



HN, = H,
TNy, = T,
HNg = H,
™y = Ty
HiQ = H4
Ti2 = T,
H2Q = H,
T2 = T,
Hi = H,
™ = T,
UN4 = U,
VN1 =V,
UN2 = U,
VN2 =V,
UN2Q = U,
VN22 =V,
UN23 = U,
VN23 =V,

(an ¥4 ) by ) &)

(an ) Yy )by é2)

(e +2, yy ) by &)

(& + 2y, ) by ) 4a)

(an + -2y Y5 )by 4y)
(n + -2 | yg, bz, ¢a)
(on + 90 * 2y y5 b3 ba)
(& + 242 )y, by ) dy)
(n 2y by dy)
(&0 + 24 )y b3, &)
(20 3 b3 4)

(20 )4 ) b3 )dy)
(&n-2 ) 3 by | 4y)
(Qn{Sz ' ¥ ,.b3 b))
(-2 342, by )
(-2 )y +2 )by ) &)
(& -a %-2 by ) dg)

(-2, -2 ) b3 ) s )
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CERt (R)=E,, (Ye-¥s , 205 ,8a) - Ex, (¥r - Y, 205, 4,)
CIR (h)ﬂ_;qM (Ye- ¥ )2b3'4’2)‘13q+« (Xr‘Xs ) 2bs ) 4,)

CER2 (h):E;qH ( Bt s )‘QbB )432)- E;M (Kr‘f s 'QbB )¢4)
CIR2 (h) =I§q+4 (Xr + KS | -Qb3 )4)2)_'1& A (Xr-\-{s ) ﬁbb')‘i’«)

CER3 (h):E;H (Yr’f Ys 1 O ) $o)- E;H (Xr+ ¥s 101 4,)

CERG (R)=E . (Yo-vs 1 O yba)- E;W (Ye- ¥s,014)
where k = 1 qg=n-1

= 2 = n

= 3 =n -1
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APPENDIX V

LIST OF MATRICES
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This list contains the matrices used in the foregoing chapters.

Jable Matrix Dimension

13 (Tl (3 x 3

2 tR1] (3 x 8)

S (! (4 x 4)

4 : [Ax] (4 x 8)

S [Ra] (3 x 8)

61 [Axal (4 x 8)

7 ¢ a3 (&6 x 8}

8 : e | (6 x 8)

9 : (Pl (6 x 6)

10: [oLAM] (8 x 8)

i11: fA-13 (6 x 4), = 1,3
12: [E-1] (6 x 4, = 1,3
13: [A-=1 (6 x 4), = 1,4
14: (B-<=1 (6 x 4), = 1,4
1S: [A-YV] (6 x 4), = 1,3
161 [B-V] (6 x 4), r = 1,3
17 (o1 (6 x 4), r = 1,4
18: ir-3 (3 % 4), = 1,3
19: fa-1 (3 % 4), = 1,3
201 Ir-<1 (3 x 4), = 1,4
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21: Ca-<1 (3 x4), vT=1,4
223 tPFVJ (3 X 4)’ T = 1’3
23: fta-vl (3 x4), rr=1,3

The other matrices are:

(erd - (A" (CP ]

(o7 - (el [P ])
Ce] _ [a] CfJ
(o] _ [ee) [e3)
Cer] _ [~ CP)
CoxJ _ Lee] Ce )
EA‘\’]L @‘ésj‘;
AT =
- [[MJJ [D@QJ |
(nv]) = [(RICATY [RICAT
Ce] . CaJ CaT
(7] Co3 )
o] Cr3y  -°d
[s7]) = |

i (7] Lo
e e )

(p) [ CATT]
[P (a5 [T




 Table 1: Matrix [T

| cos n o] ‘0
[T]zl‘ 0 cosnd 0 1

0 o) sinnb
L

Table 2: Matrix LCRJ]

AThe elements on the left half are:

R(4,4) = 84 - M - 1)(n +/m4) P;T.. nco*cﬁ P}‘l4
R (2,4) = /*4
R (3 1) = -nca4 cosecd F}:q

R (4 ;2) = \‘GM“ + ‘03% )Re \ /3; ) (‘asbn %&t’nl*m (r
- mai 60+%4> Re (Pni) — ncaz’ co‘}tatb Im (Pn )
R (2;2\) = RQ (Pf:l)

R (50) = ~[oga Re (B0 )+ g (55, )] et

R (4,3) = (ﬂixn + 35(5 Im( n—4)+(2(3 %3Xn)R€(P ;)
- 9 colfgan ( + Ny QO%‘# Re ( P/:_?)
R(Q,Z) = Im(/uz)

R ,(3'5) = ‘[”32 Im (P/:l ) - "3 Re (P/:.'z )] cosecd

129
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1 »h) = —-%- cdnc¢ P
R(a,4) = O
R (5,):}) - _g_(n-g)(n+4)l)1”-4- n 00184:")(\'

The elements on the right half of [R] are obtained from the left-side

elements by replacing the associated Legendre function of the first

kind P with the Q function of the second kind.

Table 3: Matrix [Tl

cosnd 0 0 0 ]
[%J - 0 eosnd 0 0
0 0 cos nd 0

| © 0 ‘ 0 ‘ s'anJ

Table 4: Matrix [AL)

The elements on the left half are:

A4> (4,1) = % (n-),n.4—4>(n + ) 521-1_ ned\ad)a:‘

$ (3 1 - }334
¢ ()= (v o )oops )80 - medge L
4 0D g,



131

A (4, Q)=(32X“+.83€“)R2 (52 (335,,-%2(5,,) I, (5;";4)
- nga eolge Re (FZ)- ngyestyd Im (PL,)

Ad (2,2)=Re (31‘2)

A (3,9)= g Re (3::-)_ BT, (,7:1"-‘)_ncota4>Re (fj; )

Ad (4,9) = ‘[“ﬂﬂ Re ( 332) + g3 Tm ( P/rlz)] mm;

AP (1:3)=(gs ynt g5 o) Im (?T;)' (g57n - g2 fn) Re (P, )
_nazcaﬂ¢ Ln (P 1)+ n836&8¢ Re (ﬁ;i)

A‘b (-915) ‘-'-Im (P/rl_cz)

Ab (3,3)= v I, (P;;‘) + B.Re (P/:l:)- nestge T, (PL,)

Ad (4,3) == [ngeTm (PL) - s Re (Pl )eoscd

Ad (4,-l+)=-g-eesec¢ P

Ad (2,4) = o

Ad (3,4) = ©

Ad (4,4) = %(n-i)(nH)P1n-4_ :2_2 cotacﬁ Eln

The elements on the right half of-[AwJ are obtained from the

left—-side elements, by replacing the associated Legendre functions of

the first kind P with Q of the second kind.



Table S: Matrix (Ral

The elements on the left half are:

Rg (4.14) - (Y‘L~2)(n+4)P:-1
Rs (2.4 = P]
Rg (3.1) = - ncosecd P’
Rs (4,2) = ~(1+ 9 Re (Puz')e gs (n-
g e I U5
Rs (2.2)= Re (P0,)
Rs (3,2) = _n83 cosecd Im (P;l)
Rg (4)3) = —(4 +) Im(F;S;_')_a_,, (n
¢ rgs sl Re ()
Rs (2,3) = Im (P2)
Rs (3,3) - ngs cosecd Re (P/::)
Rg (4 4) = -n% cosecd PP
2

—0.5)2 Re (

132

- neofgd P

0.5) Tm (P ")

s )
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The elements on the right half of [Re] are obtained from the left-side
elements by replacing the associated Legendre function of the first

kind P with the Q of the second kind.

Table B: Matrix (Agml

Ads (4,4) = Rg (4,4)
Ads (2,4 = Rg (2,41)
'Atbs (3,4) - RS (4 ,4)
Abs (4 41) = Rs (3,4)
Ags (4,2) = Rg (4,9)
Aés (2,2) = Rs (2,2

Ads (3,2) = (n-o.5)"Re (Ph*)4 Vs (4-9%) Im (PL")
~ neolgd Re (PP )

i
Ry (3,2) r

Ads (4,2)

A¢S (4)3) RS (4,3)
Ass (2,3) = Rg (2,3)

Ads (3,3) = (n- 0.5)Im (P“‘ V= (4-92) Re (Po)
- m:o’l%:b Im (P“l
Ads (4,3) = Rg (3,3)
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Ads (4,h) = Rg (4, 4)
Ass (2,4) = Rs (2,4)
Aps (3,4) = O

Abs (hih) = Rg(3,4)

The elements on the right half of [Ay~] are obtained from the

left-side eiements by replacing the associated Legendre function of

the first kind P with the Q function of the second kind.

Table 7: Matrix [QJ]

Q(4,4) = (34 [(n -/\4.4-4)(»'» +/u.,1 + n (eosecd + nco’r%’“cb).;._] pn
- & (n =) (nv ) el PO &
I [ A (ncoSeczcb + eo’rra ¢)]P
r+((3_4(n_/u (n+/¢4)co’ra<bP“4
Q(3,4) — QF % (n+4) cosecd eo’facb Pﬂ

Q: %1(n 4-4)(n+/u4)005cc4>P

a (_14,4)_—_(%4; 1) [(n-/),4— A)(n+ 4)4- n(coSe,cacb + nc&’a%)] P/ur:

(g4-1) o
T (nuy =) (me) eslge L
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Q(5,4)- 1 ( %4)((:0‘\% $ + ncosee 4)) + @(ﬂ-ﬁ,‘-/l)(n-tﬁﬂ)c&awjr:
Q(s,4) :zn (mw)(%1 1) cosecd eo’racb oy ..3:“__ (4-81)(n- -1)(n+/x4)cosw# P}'l“

Q (4, 2)= _[ %an+%3(?> )+ ““]2 CoSec’ + hw’lﬂtb +1] Re (PM
+_{%3Xn %i? )-\- “33(GOSQQ¢+ hCOJfacb-M] Im P/n.x )
-+ %1Kn+ FE %n edache (P, )-~—(‘35 In-% Pn) 60*34;1 (Pn ')
Q (2 2)= 4 [4 nﬁ.‘l(msw‘b + c&acb]R (P ) Eé("mmwcda%)lm(?“ &)
| (%zxn+%3gn)w%¢R (%52 o4 (ga1n - g2 P edtgd Tm (8271)
Q(3,2)= —&3 coseed edfigd Re (7)) )+~W“+”a easecdealgd Im (PR7)
%1\6‘”%5{3 cosee dRe (‘;:;) <%3Xn %ié )oosecd T (p/r:«)
Q(4,2)= [(%2 xn+%3% +n cosec"&; ¥ nco’r% 4>)] Re. (P" )
L [gstn - (ga-)pn “as (cosec’® + neclg®)| T (P,
-5 [(‘32 o+ gsbo]odge Re (R -2, [aszn «)ph]cotaum“ )
G\o 1).._13_ (4 :)(c0181¢+ neoSectd) Re (P ) fﬁj(eoiazdwncosmcb)]: (P“ 4}
“‘*4—'[Xn ‘33%"] “184’ Re (/ua )4';'[‘331(\'\ Bo (95 4)]00T84>I P“ 4
Q (6, %) = M) (63 1) coseed eo’facb Re (P 21(3_3% coSecd co’r8¢ I (pn
n 4 /“‘ n-l
- [Xn Ga-!)* G Pn] coseed Re (P 2 -2 (330 (o) BreoseedTm (511

@(4,5)=-ir_[(%3xn_8i(§n)+ma3 eose_c2¢+ ncoﬂ'a é]Ro_ (P
[(aaxwasf* + g3 (¢95C% + nieclg$)] Trm (%
+—(<35xn - 9a Pr)eclgéRe (Pa 4)——32Xn+33(5 Jootgd Im (F1)

ncosec'd + co\‘ﬁ $)Re (P4 /,2 4[4 ”‘32(“”9"*’4’ t ed cb]Im (P

Q(2,3) -“i(
C L (Gate g5 ) g T (7 )+ £ (apr aﬂ”“’fa“ﬁ “’"’)
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Q(3 ,3)3_2“__&'_\‘*_*) % cosecd e,ohacb Re. (P}ll)ﬁ_“_s_'_‘.ﬂ)caﬂ cosecd %’fa‘nm (P“n)
+—— (%3 fn - %QG )cOSw¢R (Pn-ﬁ) (%:zxn*%s\ )coSocd:I (\:}'}-4)
Q (4,3)= _ 4 [%3Xh - (%9.’ 4) %n-i- "gs (GOSC. td+ ncof%‘cb 1Re (P"
[(32-4) ¥n +<35(bn +n(gs- *)(eosw + nectg’d)] T (P2,)
r [%3 ¥n - %l 1) G ]CD‘%(#R /"1 )“—Ka,z A)Xn +%3 F’n]
. xGO’fac# T (P/';:)
Q (5 | 3) 5 ( 37-¢+ nOOSEc"b) Rq_ (P;2)+% (4—%1)(00‘\814)-\- h%Sec"(b)Im (Pﬂl)
+ [‘%SXH Ga-)pn] elg Re (PL) )+ L [ (g Gupe]
x Co cb Im (Pn ! )
Q (6,3)= %:im) 93 coseed oo’fcacb Re, (P 9_“_(_“*_)( -1)eosecd w’fadﬂ (P“
Tt - o () et % ()
[ Yo (ga- 4049 fo] cosb I oy

| Q(4,4)= .._g‘_:. (n-2)(n+1) cosecd A '_;'; (n+4)cosecd co’rad: P1"'
G (2,8)o 2 ™ (n+4) cosed ootqdP™ 4 (- 2)(n+1) coseedP
r 8 1 r |
Q(3,4)- - (nH)[(n 2)+n(oo$tocb+c,o’r32¢] 4n___(n Q)(n-\—‘i)cdacb pn-t
r

2 2 -4
Q(h4) ..cz'lr__l(n+4)005m¢ co’hacb P —',%-_5 (nv-2) (n+4) coseed Pﬂn

R (5,4) =~ M (nt1)eoseed cogd P B (n-2)(n 1) cosec d B!
2r2

ar2

Q(e h) - _.?_Y___(nﬂ)[(n )+ n (coSe $ + co’rca d;)]
— (n-2) (n+4 coﬁ‘%¢ P“ A
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The elements on the right half of [Q] are obtained from the left-side

elements by replacing the associated Legendre function of the first

kind P with the Q function of the second kind

Table 8: Matrix [Qal

Qg (4,4)=- <ﬂ+*> A

m)zoswmcb\’n'- (n- 2)(n+4) w*8¢ pﬂ4
Qg (-?,4)-; (n_‘”) Pn - n!r\+4) cosee Pn+ (n ﬂ)gnﬂ‘) CO{'%# pn-1
: r

Qgq (5,4);_ 2n (n+4) cosec&@o\‘acba“_ 2n (n-2)(n+4) coswép‘\""‘
Qs (4= o

v
o V)7

Qs (5,9)= 0

Qs‘ (6,‘0: 0

w%bIm (P/'lz)
. (4+9)

n-4 n- o.5)%* ‘”‘
coltgd Re (% )- 93 E___;_S_) cotgd Im (P))
G (2,2)= A Re (3’}2)+ "B T (P/jl)_ n(nﬂ)
r.

- %Scosa:q>1n\<P

(4 +9)

-

%¢ Re Pn 4).;. (85 (n 0. 5) %*%,bl (
Q (3,3 _ Qngn+4)<a3 cgswwad, To, ‘"(%)
+ 2n ‘ Q) COS&CC}: Re (P

- 3 (n- OS}%SM&xé T (Pn4

s )
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GS(A,Q)_(“ 4.95 - V) Re,(n)-*-gg:[m (Pn)
ra r2 J

Con n+A) cosec’d Re (P L)+ gz nloed) coset'd Im (P)'l )

r2 *

r

n2 -n+4.35+9) n- n n-
+ ( = > co‘\’a#p\e(?}";)- %60*84; T (P}‘;.)

%(5,2)=- 2, Re (PR)+ 2 95 Tm (P,) e 20 conddRe (PR)
r

n (“‘H) ca su:,<]>I (17'} ) (n2_n +4.25+9) cb'fasﬁRe. (én-')
% eo’r b T, (P ra M2
{0 8 -m /ui )

QS(G)R)_-: - gﬂ.%‘f_g cosee & c/o"%cb Re (Pn

an A y Im
+ Srn+ B cosecd °°8¢ (

2 ( nion +4.35 +V) eoSmcb Re (P/:,_‘)

ra _%".. n coSech Im (P
r2

QS(A 3) — 31, (P] ),_,_ + %5 (W)Re (PN )_85n (n+4)c;o$eoci>R€_(P" )
+ §4+Q) co*%é Im( P" Yot %S(r\ -0.5)2 w¥%¢R&(Pn 4)

®s (2,3) = _';_. (P}:z)" E?i”é'Re (P):z)"' 'l%lfﬁ%bcosec”& Re (PR,)

A4 9 n-4 n- os) N
_( : 3Q0+a¢1m (Pﬂl)_ % (___?0_-_5_) cdlgé Re (P/u;)

Rs (3, 5) = - _"‘_L“_i"__ 93 cosecd eo’racb Re (P;l)

+§2 (n 0.5 %Seose,cche( ) _Mco&u:&:Im(PM)

\-.
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as (43)= 0o t85 N1 (e 2)_9_"‘2@(?") 'M & T (7))

%3“5 n +4) cosectd Re (P )+ (n* nH 35+ Q) c,o‘}8¢ 1. (P“")
+ﬁ‘:ﬂ 60\’%4) Re. (Ph 4)

B (5,3)= -2 T (P,)-2 gfe (B, )+ RO oz 1, (1))

" n,(r\+4)<a3 003%4;. Re (P)A) (n. -n +4.35 +\?)co’f $Im(P;;;)
-@”e&at# Re (Pnl) r2 8

Qs (6,3)= -=2r (nH) cosecd eo’ra&; Im (PR,)
- -2n. (n+4) coseed e&‘ad: Re (PR,)
+ 20 (n*-n +4.85 +Q)e03m¢ ,m(Pr”)
+ &n, fa cosecd Re (P

Qg (4, 4)= .%- (n+1) coseed co%caé» E”‘_ :;‘1‘1 (n-2)(n+4) cosecd P
. r

Qg (2,4)= _nt (n+4) cosecd eofaé P1n+ 3":9\- (n- q) (n+1) cosecd PJ"M

ar

Qs (5,1*): "[‘.’“.,(-p_ﬁ.)ah Q-_MCOS szn n(n- a)(n‘”)eo’faé pn-t
r r T

-
Q L},L;) S _ n-4
s ( er (h+1)eosec<l>c 1‘8<l> pn &1 (n 2) (n+1)cosee & P1
QS (5)’4) = (n+4)c:oSec.4> c,o{‘aéPn (n 3_) (n‘\"l) C‘)OSCC{!) Ph -4

9r2
Qg (6,4)= :_”_(”_“_LPH + 9_91_(21_‘_) cosee*d B

-n (n 2)(n+4) c,o’radp Pn !
ri
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The elements on the right half of [Qalare obtained from the left-side
elements by replacing the associated Legendre function of the first

kind P with the Q function of the second kind.

Table 9: Matrix [P1]

D D 0 o} 0 0 ]
ID D 0 o 0 0
o o HdU-9) o 0 0
(° - :
o) 0 0 K YK 0
0 o) 0 IK K 0
0 o 0 0 o  X(-3)
_ | 2

Table 10: Matrix CDLAM]

[ —_
sing;, -cosé; 0 o) 0 o] 0 o\
eosd:;, Sind:;, o) o] o) o} o} o]
0 0 1 o o 0 0 0
DLaM:| o 0 o 1 0 0 0 0
' 0 0 0 8] &n@u "05&9 o 0
o 0 0 0 cos¢d- S’ln(bd 0 0
0 0 0 0 0 0 1 0
L o© 0 o o0 0 0 0 4 _
where ¢, and g, are the coordinates of the nodes i and j,

respectively (see Fig. 5S).



n(n-1)(n-2)(n+ 4)]

- an (n- 0.5)23( (2, n-4)]_4F.

+qsn (n-o0.5" d(X, n-1)] _’:r_

Table 11: [A,] Matrices
En [n? {LrnH) [(35n<n+ ):{ 1+? d(( h- 4) [Ca_,)ngnﬂ) d(&,n (4+9 J(z n 1) , ( )
v n 3,
1)(n-2)(n+ n- 0. n-1)] _* n-o. n4 _i__ !

(1) ( - 1] |- g5 ( o2) gf(e «)JT gy (0-0.9/ d () ] S

- A, (1,4) - A, (1, 2) ~ Ay (1,3) -%A4(5,4)
[1)”‘}\2 (n H) + [ nan)f(e,n)i-n(4-r9)d(£,n—4) [_ n(nM)d(ﬂ,n)i-n, ) (e,n_4)

v 9 35 35 2 ( 5 h,A1 (4'4)

["_‘il}':‘f_*) d (’%n)+83n(a_n__)M f(£n)

Enfari){(2,n)- Ble) 4 (£,0)
L

— n,(l:y(a?,,n-/l)_] —4‘2-

+npd(f

0 Ay (34)
i+ (ntn +;..‘25+9) d (l,nd)__%f@,n—')_:i +(n1—n. +;:35+?)\{(£,n-4)+g-d(2,n-1ﬂ_£_i b

0 ~ A, (4,2) ~ Ay (4,3) kar_ A, (3,%)
-n(n+4)d f,n) n(n+1) 2,'\') - +4) L2, n)- n+)d ﬂ,n
[ﬂg_) ( +33_%__}( [rbedfn) Jo2ordd(Lin) A )

0 en(nt-nt1.959)d(4n-1) fn(nt-n+195439) f(Lyn-e) | T

Lol



: [Ag]

Zﬂn (n+1) (n+2)

Table 11 gont'd: [Ar] Matrices

) nas) A1)

~npA L n-4)]_4

M (Ln n2-n+o. 2, n
ar b4 )f(a"(“‘%_j‘):“ : %Az (3,4)
_(4e0)d (& n- n-0.5J{ & n-1)1/- AN (2,n-1)_q.(n-o. 011
(? (Bin-1)+ 95 (__29_5)15( Q]r (2 ((tn-1) «35(__2_5)101(2, )] L
[d(£/h)-gsn(n-1) L(% n) ftin)tg, n(n-1) d(2,n)
_A2(4,‘|) ) ab 2 :f ) aS 2 ’ ) "—r-‘-A?. (514)
n (1‘_33.) d(fqh"l)_ 85 (YL-‘QO.SYJ(I-;n‘4):]?+("_'(‘;‘_9):f(£,n-4)+ %B!n—zo.s)d(z,n-l)]_r_ h
[n(ANd (& n-1)- g, nln=0) [(£n) [[n(+3){(4,n-1)s ggnln-) (L, 1) -
)" (n-9)(n- D)) &5 3 : (G nhg (1,4)
v el g, (g;gg)y(x,n-ojj_ P LD 0+33(n_—9_._§)‘a (-4
r
[(——‘4 25-3- 2) d(4,n) 2 - 4.25-3- n"):f(l,n)
° +<P+asw_+*>)5<w (prgp nlged § (4] |0 ko (3,9
(nQ _ n§4 25*_9)&(2'"_4)_‘__{ ,n-*l]" (n n+9:| RSQ) 5(£,n 4)+_d( n- 4):}__ hr
N R N TR RO B
' (Nt n+1.25+7) ci_(f,n%)_ﬁj(l,n%)]-/'—— +(rtnt1.95 +9)5,(£, n-4)+_E_d(£,n-1)]__1_ bhr
Py 2 r2 2 2 r2
[p(n-n+4.25+3) d (£,n-4) n(nt-n+4.95+3) § (2,n-1) M Ag (4,1
0 [ enphd (L nA] A | ¥ 1( )

el
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A T | T
2| o) pTrreya S+ S [(ug) F Grroyath -
(v'v) Sy @ T T 0
| @) F TRl e GreY)
if
(v'¢) Sy L_lc: (¢'%) Sy - (8'%) &y ~ 0
Y - +\
s o) p OreTa S () FTeoys e
(v'¢) Sy u Y | e 0
Ac-v%~e+cmc¢ (u9)p (v+u)ud
4 [ Co A 13 m.@ A 1
(') S9u| PGP ab T (u) A0 o Gy ()
4 3
(v'e) Svu- (e'v) &y - (z%) Sy - (v'v) Sy -
| a Y J b 2%
(v'¢) Sy o| 7 (wpptruyesh-| e (u'9)f Groyacs CEEN G

$90TI3eR ﬁuwu 1p,3U0D [ 91qel
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Table 12:- [By) Matrices

(-4)"[n (n+1)+ (n—&)(n-M)] 0 0 ne, (3,1
Y L 9 A
-8B (4, 0 0 -% B, (3,4)
Y To (04 enfneg n+4 0 0 n®, (4 4)
M:ria (-2)(e4)] N
0 0 0 |ng, (3,4)
L
0 0 o [h.B, (3,19
Lr
0 0 0 |, (4,1)
b r o
0 0 0 |2 By (3,4)
L
-Bg (4,14) 0 0 -%.Bi (3,4)
[ ] (=N n (n-2) (n+4) . 0 o) nBy (4,4)
By |=L_Y
2 —
0 0 o |DMB, (3,4)
r
0 0 0 _%Bz (3,1)
0 0 0O |DBy (4,1)
- r ]




Table 12 cont'd: [Br] Matrices
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[\ 7]
1) n(n+4) N B, (31
LT —I}- 3( ))
- By (4)4) - 583 (1)
()" 0 (n+) nB, (4,4
3 3( )
O D Bz (3,4)

Lr

0 D Bz (3,4
> 3 (3,4)
0 lBs (4,‘\)
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Table 13: [Arc,] Matrices
(" (bn_ e (n-1)) [A -'s_m(w)aﬂn]i %Aj(s,'\)-
r 4 2
- A:‘ (4,1) f‘l-&&-n(nﬂ)g N ]_ —%Af'(fn‘)
N an?, en (n-4)) 0 nAS (4, 1)
r 2
Az ¢ e
5 [_2?_:_ ; + n(n+)-A +8ﬂ)] hrA (3,1)
X—-—-
ra
0 [AQ 24+n(n+4)( n %Sq )] .._;:.;A:(Sﬁ)
r—l
o 0 DAT(1,4)
-
0" [ont b - e(a-t A L1 4 B AS(3,1) |
Elbontbn-sloenl]| [LA 274 A
_ A (4,4 Ay a4 _D AT (3 1)
2( ) [ : + 2] = i l( )
" en (n-4) [E +g5n (n+1) rln]ir_ nhg (1)1)
-
0 Ay | G 14 n A° 3,4)
NS N i6
0 Ay L G4 D AS (3
[ >t ] - o (301)
0 [G + KTA D AS (1,1)
r: r _




Table 13 cont'd

[h c] Matrices
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()" =
-1 bn AT A
4r [ i]? “LTA3 (3,4)
A3 (| L- Ag]j_ ' “DAS (3,1)
h
—(—4)n an? n(n+4
P [%3 <-] )YL nA% (4;4)
c
45] = - 4
. ..__?_ 4 N ac
2] = F—AS (3,1)
Ayt 4
o) - c
-3 % =" (3)
0 4
B [e-w]L DA (4,4)_J
0 _c o
ar
0 L 0
ar
0 _E_ 0
-
0 S 0
Qr2
0 S 0
Qrl
0 _K 0
— .‘Z.r’- _
where: 4 = ( n + 4)
b = n(n'-i-")
e =z - (n +4)
9 = - (4 +9) (5 : Fn - _\/5 (1-97)
CNU = n*—-n + 4,925 + 9
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A = _Q)\n _%3 (n- °'25)rl,n_ + (L?““""%(&"ﬂg‘é)’%q

Ay= An 4 " n - (ng) Mnox ¥ [E (_n_—_ig_._f_s)l Tn_y

3= (n - 4.25-9) >\n+fJ'Ln “’Q‘_NQ_U >\n-—4 - % i

AA: -n AL o+ N3Ny " GNU A4+ g "nos

>

n-4

2
c = (Ax3) :
9 >\n-4 "33 (p—:—fl—u) Vn-4
GQ = -C
C3 = Q—EQ )\n-/l - “%5 'ln-'\
GA-.: ..05

E = 2n (4 +9))‘n—4 - 2%3" (n- 0.5)2 'ln-q
G= n (n+4) (-\n +‘Z]3'1,n)
K= n (env) AT n{br‘l,n-'t

Except where otherwise indicated, the elements in the 3rd column of
matrices [AR.<1], £A2=J; [A==] and [(A.<] are obtained from the
2nd—column (same—line) elements, by replacing Any Tny An—14y Mn-1

with Nny “An, TNr-1 and -An-1, respectively.
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Table 14: [Brc] Matrices

149

— |
(b e
L (—h— +_i-) [._B_+2+% n(4+n)>\n]4_ %Bf (3,4)
-BY (4,4) [B_z,,P_z._%sn(«m)x ] 4 DB (3,4)
(-1) (an 4 en) o 0 nBE (4 1)
= 3 d AN Y
_Bs D
0 [ . 2 ) n 8 G,
+n ()Nt s hn)] -z b
0 [—-._J'L + _.:!L ..._B (34
-n (n +4)(l’1n+ %3)\\'\)] — hr
0 0 0 L;_B;l (1,4)
_ .
e (Lasb _ e B _ D74 ey
Frhet-g) [[2- 211 g O
c
_BE (4,1) P;:z 3;_2_ jr_ %B§ (3,4)
1" F L
= en [__i+%5n(n+4)kn]_; nt’ (1,1)
B
0 2 -214 %8 ()1
~
0 ® D
[; - 14] -%‘" By (3,9
0 [_H-LJ% 08y (41)




where:

Table 14 cont'd: [Brc] Matrices
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—_— |
0" b B D 8 (3)1)
Lr 2r hk
_BS (4,4) B -ngs (3,4

¢ (4, bs AB5 (3,9
. n
(__:2__1) an {_g__r%sn(nﬂ)}\n} ] B3 .(4,4)
B
0 =3 2 pe
r2 J«\r‘BS (3)4)
0 By 0 8S (34)
Qr2 hr 3( )
0 A Dgs (4
Era 1L =By (1)4)
6 D O
2r
0 D 0
2r
0 £ 0
ar
0 Ds 0
Qra
0 Dy °
e
L

a = (n+4)

b = n(n+14)

e = - (n +4)

95 = (4 + ) b= Bu= -\ (4-9%)

CNU = n%* -n + 4.25 +73 |
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9 A 5 n-4
Dy = =D
b3 = 9_[‘49:_9 Tnoa ¥ E)\”"‘
Dy = -Dy

F = 4<n (4 +Q)Y].n—4 + 2%3“ (n- 0_5)2 )\h-4

H o= n(ns+) (-7, -%3)\“)

o\ : ” o\
L = n(c:r\i\J)th_4 ¥ r»(ta')\n_4

Except where otherwise indicated, elements in the 3rd column in
matrices [Bl1=1, (B==1, [(Es<] and [Ba<] are obtained from the

2nd-column (same—-line) elements, by replacing Any Nnsy Ar—1y Tn-12

respectively, with Nny ~Any Tn-2 and —An-:.



[A)]

[Ay) =

Table 15: [ArV lMatrices

——1

(- ‘I)n[nz (n+1)_ (n?- 1)]
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n
B ) TA‘ 34)
; .
- AL (4,4) _%A: (3, 4)
(=4)"
_r_)_n(w)(nT-«) n A (104)
0 n_ A (3,1)
r 1
0 _n_AY (3,1)
Lr
0 n AT (11
—
)" (ne4) (n? - . i
Qr) (ne4) (n? - n+4) '%'Al (5,1)
_ AV v
9 (1;4) "'Z—AQ_ (5)4).,
(-1) ol
- n (n 1) nA;_’ (" »1)
0 noAY (3,4)
b 2
0 _n_ A (3,4)
yr %
0 v
] ':—Az (1,1)




Table 15 cont'd: [

\
Ar

] Matrices
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n 9
1) n" (n+1) 0 _%_AZ(Z,)U
- A (41 0 _.E.A; (3,4
D" n* (n+1) 0 nA; (4,14)
0 0 n AY (3 4
—L:F 5 ( } )
0 o) _hoAY (3o
L;.Y‘ 3( J )
0 0 n AT (4,4)
r 3 ]




=N

]

Table 16: [Brv] Matrices

154

()" (ned) (n_-4) n BY (3 4
_ 8 1 n gY
N n (nea) nBdY (1,1)
2r 1 ,
n \Y
0 TFP? (®,4)
0 D BY (3,4)
hr 1
n \
o) - B1 (1,1)_4
D" (n2o4) "8 (3,4)
2r L 2
v
- B, (1,1) _%B‘; (3,1)
(’_:_)n n (n+4) n8) (1,4)
0 noeY (3 ,4)
Le 2
o - _BY (3,1)
Lr
O n BY (1,1)
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Table 16 cont'd: [Brv] Matrices

—

n J—
1™ n(ne ) 0 o | BY (3,1)
Le L 3

- B;I (1 x’j) 0 O —-%- B; (5,4)
-1 n
_{__Q_r‘)_ n (n+4) 0 0 nB;, (1,1)

0 0 N ogYi(3 4
0 |- & (,1)
0 0 o [|-P_gY
b,r _7) (5)4)
0 0 o |n Y
i — 5 (4 ,1)
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i?u e | #+(u) ~8A 0
RO L Y ()L B
v | et | o
)b | g% | o
:15»8 ¢+?Vq8 0
b | s |0
g+ ()b | 5ol 0
s +(u)¥xs | FH(u) V% 0
e % | v ()b 0
g+(0)w | 3+(u)% 0
sr's | grw's | o

—d

-

(]

sootT11eR T . %Z alqel

0 @) | ()

o] z-(u b mu?vwa

o 2= | z-(u)%

o |1-(9¥% | 10k

0 m'?%s 2 (w0

0 ()% | 39
| 0 0 0

0 (0¥s | @i

o O RO

0 0 0

o | (il | (0%

o | W= | (%
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sa01a1BR TIL R TREITN

() m_vw. (v q) 1|ucl£ (uf wiv cc,v..l
0 0 0 0 (2]
{ nln.ﬂl ,
lﬁv&n Y (vy)p o b- (v'n)f wml )]
(') ualm- 0 ° 0 ]
0 uy)f (u'3)p v ) A
.I.Av. n.v dL-.INCI 0 0 O
by e L (s12) f 5 % - T
0 0 0 0 =[]
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Table ]Q:I'Ar- Matrices
F(_-1)n [_(n-z)(nu)-_;__] 0 RURAV (5, 1)—
0 0 0
- (-4\" n_ 0 n A 1,4
i ( ) 7 1 ( )
i 0 0 0 B9 (3,4)7]
SRl ° °
1A, (4
i 0 0 ) 2( )1)d
_ 0 n " A _
0 0 0
-1 n 0 n Az (1,1
(- 1) 1z - 3 (1,1)




Table 20: [n_c] Matrices
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e (- 0 o ol (50
[F4°]= 0 }\n rI'n 0
n 2 | (A
f:ﬁ) _%. -9 " %" >\& %Pd (4.,4)
O (_é.- 9, N r‘,“) (%+33n>\n) %Pf (5,4)
[P;]: ("‘)nn 0 0 0
0 0 0 _‘:\ff’f (4,4)
F: " pt AN R Y|
A7 2 LA gnn,) [Bagnh) | 3T (5)
[15°]: 0 ° ° 0
£4)n 32_2 0 0 %F: (1,1)
REEN R
= 0 0 0 0
0 0 0 0
L
where : A - “‘(1*'0) >‘n_4 + %5 (n—OS) 'Ln1

OV
7]
|
N
S
+
</
S’
(_._‘3
3
]
—
|
0
(@2}
/“\
3
)
©
o
N
ro
>/
bus
]
—
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Table 21 {Arc] Matrices
N n | n AQ ]
1=4) (%'+1) 0 0 =5 (3,1)
(a5l © ~n M, O
T E R e 380
0 (B-gn ) )|(A-gyn m-"—Aiz (3,1)
a5l e : o | o
i 0 ) o) %A2(1:1)
R ot MR A A
[A;]z 0 0 0 0
f4)“ _%_ 0 0 _';-_Ag (4,1)
0 B _A o
| 2 9
[Aﬂz 0 0 0 0
o) 0 0 0
L _
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Table 22: [Ev‘, Matrices

(-1)n[ "%,i +1 ] O 0 _r\_r1V (3 »4)—-
(YA o [ o | o
AN 2 v
—( '1) _22__ 0 0 —;—P4 (4 )1)
0 0 0 -%—sz (3,14)
k| e0m e 0 ° |0
0 0 0 -%-P; (\4;1)
B A\ 2 B
(-1) - 0 0 %_‘Pb (3,1)
[Fbv]: 0 0 0 0
- ()" n? 0 o 20 (1,1)
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APPENDIX VI

TABLES AND FIGURES



Numerical cases c¢onsidered.
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shell

! —
b Geometry | | |
I'Casel ‘ | cggﬁ?::zs IReferences |
| |R(inches ) |t ( inches) |¢@, (degrees ) | | I
| I | | | | |
S S 20 I 1 | 60 I Hinged L3331, [451]
| | I | I shell | (471, i
I | I | | IC4%] |
| | | I I | |
| | | i J Free shell L0331, [451|
| | | | I I L4613 |
| | | | | | |
I | l | | Clamped IL331, [451|
! | | | | shell I [461] |
| | | | | | |
| 2 | 20 | 1 | 30 ] Clamped |L35] |
I | I I I shell | |
| | ] | | ! I
3 | 50 I 1 I 90 I Simply I£181 I
| i | i | supported | |
| | | | I | I




Table 2:
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Case | — Non-dimensional natural frequencies
P
0 = wR (=) 272
E
¥ 1
| Hinged shel | |
| ]
I ; Axisymmetric vibration (#%) ” I
] |
IFreq-KalninslNavaratnalWebsterlGreene et | Cohen | Present |
| no. [331] | £451 | (461 1alf473¢*) | [49] || theory |
| I | | I I il |
I 1 | 0.962 | 0.963 | I 0.989 | 0.959 || 1.044 ]
I 2 | 1.334 | 1.338 | J « 338 | 1.325 )| 1.788 |
I 3 | - I 1.653 | | 1.652 | 1.646 |- 2.152 |
I 4 | 2.128 | 2.131 I | 2.162 | I 2.306 |
I S - I 2.141 I | ]  2.509 |
| 6 | 3.176 | 3.185 | | | N 2.967 |
I 7 | 3.988 | 3.993 | | | I 3.027 ]
] 8 | - | 4,159 | ! ] I 3.657 |
I 9 | 4.575 | 4.601 ] | | I 3.760 |
| 10 | - | 6.031 I | | I S.405 ]
I 11 | 6.231 | 6.267 | | | I S.657 |
| |
| Free shel | |
| - |
I 1 | 0.931 | 0.932 | 0.93% | | I 0.418 ]
I 2 ] 1.088 | 1.094 | 1.089 | | f 1.010 |
I 3 | 1.833 1 1.544 | 1.535 | | N 1.284 |
I 4 | 2.348 | 2.363 i 2.360 | | I 1.994 |
| S | 2.544 | 2.548 | 2.851 | ] I 2.339 ]
| & | - | 2.982 | 2.985 | | I 2.408 |
I 7 | 3.497 | 3.519 I 4.023 | | N 2.725 |
| 8 | - | 4.971 | 4.950 | | I 2.992 }
| 2 | 4.951 | 4,980 | $.948 | | I 3.691 ]
1 10 | S.230 | 5.543 | 6.224 | | N 3.770 |
I 11 | 6.693 | 6.734 | 6.862 | | I S.360 |
| : |
I Clamped she] | |
| ]
1 ] 1.006 | 1.008 | 1.007 | | - 1.745 |
I 2 ] 1.391 | 1.395 | 1.391 | ] I 1.202 ]
I 3 | - I 1.702 | 1.700 | | I 2.309 |
| 4 | - | 2.126 | 2.095 | | I 2,384 |
I S | 2.375 | 2.387 | 2.386 | | I 2.700 |
I 6 | 3.486 | 3.506 | 3.851 | ] N 3.199 |
I 7 | 3.991 | 3.99% | 4.062 | | h 3.691 |
I 8 | - I 4.159 | 4.151 | | N 4.191 ]
I 9 | 4.947 | 5.001 | 5.962 | ] I 8$.3%90 |
I 10 | - | 6.037 | 6.208 | ] I 5.627 j
I 11 | 6.690 | 6&.729 | 7.148 | | I 6.606 |

(#*) results obtained with 10 elements
(*%) for information



Table 3: Case 1 - Di.splacemént ratios

¥
[

| (Us)max | (Ue)max
Boundary conditions | ]
, I (Wymax | (W)max
I |
Hinged shell | 0.0341 | 00,2361
| I
| |
Free shell | 0.3508 |} 0.4880
| |
| |
Clamped shell | 0.6554 | 21
I |

0. 80

b e e —— - A - — v — -
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‘Table 4: Case 2 - Non-dimen31ona1 natural frequencies

Q = wR (-)"‘

E
L . )
i . ] Kalnins (353 i |
IFreq. no. | | |
I | Classical | Transverse | Present theory |
| | | I |
| 1 | 1.148 | 1.182 | 2.393 |
| 2 | 2.589 | 2.611 | 2.562 |
| 3 | 3.230 | - | 2.926 |
| 4 | 4,288 | - | J.623 i
| ] | 4,683 | 4,683 ] T 629 |
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Table 5: Case 3 - Non-dimensional natural frequencies

p
l = wR (=)1r=
E
I . 1
| | Kraus [181 (%) |l present theoryl
IFreq. no. | n=290 I !
I I 0 | O~ - n=2
| I | il
] 1 | 0.7548 | 0.7547 | Q.5964
} 2 | 0.9432 | 0.9428 | 0. 6843
| 3 ] 1.0182 ] 1.0142 | 0.7441
| 4 ] 1.1082 | 1.1036 | 0.9034
| S | 1.2523 | 1.2464 | 1.2759
| 6 | 1.4576 | 1.4461 | 1.5841
| 7 | 1.6558 | 1.6502 || 1.8900
| 8 | 1.7636 | 1.7457 || 2,2006

(#) For inf ormation

he e e e om— e S ——— — —
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Figure 1: (oordinate systems
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Figure 2: Membrane stress resultants-

Figure 3: Bending stress resultants
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Mode n = 0 Mode n = 1

Mode n = 2 Mode n = 3

Figure 3a: pattern of some vibration modes
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Figure 4: Displacements at finite element nodes
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| Element 1><7_

4 (N+ 1) columns

8 columns

m—

[/}
[}]
=
oo B
ol
o0 m: 4

ms N

/
4(N + 1) lines

m=N-1{

=N

Figure 5: Construction of gobal mass and stiffness matrices
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Figure 6:

Normalized displacements vs. § coordinate
Case 1 - Hinged shell -§ = 1,044
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Figure 7:

(W)max

(Up)max

Normalized displacements vs ¢ coordinate

Case 1 - Free shell -J8%

2.851

0.418
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Figure 8: Normalized displacements vs ¢ coordinate
Case 1 - Clamped shell -&8b= 1,745

(W)max | m U @

= 1.526
(Us)max \[\/
(W)max

= 1.247
(Uo)max




Figure 9:

Convergence of natural frequencies

B

Case 1 - Hinged shell

s kL
ol S \\ \
3 ad

"@~— Frequency %wo. 4
2 |- \.\ "@=—== Frequency no. 3

*@=—= Frequency no. 2
l pum

-0 L 4 Frequency no. 1
0
. l l '

’ 6 10 No, finite elements

LLt
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Figure 10: Normalized displacements vs d? coordinate

Case 2 - Clamped shell - 5% = 2,395

(W)max
—_— = 2,102
(Up)max
(W)max

= 2.200
(Ug)max
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1.0 }

(o2 &

90

-0.4 L
(Us)max
- = 1.432
(W) max
~-0.6 F
(U)max
- = 3,885
-0.8 (Ug)max

Figure 11: Normalized displacements vs ¢ coordinate
Case 3 - Simply supported shell - & = 0,5964







