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RESUME

Le but de ce mémoire est de présenter une nouvelle

théorie pour l'analyse dynamique des coques sphériques,

minces, élastiques et non-uniformes. C'est une méthode

hybride basée sur la théorie classique des coques minces et

la méthode des éléments finis. Les -fonctions de déplacement

déduites de la théorie des coques sont adaptées pour un

élément -fini de forme sphérique conduisant aux matrices de

rigidité et de masse de cet élément. Le problème des

valeurs propres et des vecteurs propres est solutionné par

la méthode standard. Un programme en Fortran V est

développé. Les caractéristiques de la vibration libre des

coques sphériques, de diverses dimensions, sous dif-férentes

conditions aux rives et différents nombres de modes

circonférentiels sont déterminées.

Les résultats nous permettent de conclure qu'en général,

il y a une bonne concordance entre les fréquences calculées

pour la nouvelle théorie et celles obtenues par d'autres

auteurs.



ABSTRACT

The c'b.jecïive o-f th i s study is to présent a new theory -f'or tns

dynamic anaiysis of non-un i •form thjn eiastic sphericai shei is. The

-bheory is a hybrid of c!assicai sheii theory and îhe 7'inifce sîesnsnt

method. The dispiacement -funcïions derived from ciassica! shsii

theory were adapted tu a sphericai •finite sisment, ieading to

stif'fness and r".ass matrices -For the ei&rnent:. The eigenvalue and

e i g e n v e e 11:< r p r o b i e m i s soi v e d b y t h e s t a n d a r d m s t h o d . A F •:• r t. r a n V

computer progra-rn was deveioped. The •?ree vibration characteristie s

ot' sphericai shelis under d i-F-f'erent boundary cc'nd l î i ans and d j t'f'erent

e i rcurm'erent i a f wave nurnbers were determined.

The .-"esuits ai i ow the conciusion that; there is, in mcist; cases,

good agreement between the frequencies caicuiated by the presen'fc

thsory an d t h e re suit s obtained by other author-s.

A e ornpar i son o-F resuits for the case ofL a. e S arnped sphericai

shel i showed good si rn i larilies between the naturai frsqusnciss

calcu'ated by the new theory and the values obtained by other

authors.
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CHAPTER l

INTRODUCTION

l . i ) Qenej'-aLL

Since the l'-''-t;h century, th i n shelîs have been used in the

mar'u-facture of certairs rnachinery. Their practicai benefits have been

s nc.r-ea.5 l ng sîeadily in current rnschanicai app i i ca-t; < ans as we i j .

Nideiy used as structurai componenîs in aircra-?ï, boaîs, pipeiines,

nuclear reactors, etc., they are aiso prime research topics in a

nurnber o-F published works, •frorn static to dynarnic investigations.

Many théories covering thin sheiis have been put f'c.r'feh. The

first attempt to fc'rrnuiate a thsory for thjn sh&Ns under bending on

the bas i s o-f the général ei astic i ty équations was rnade by Aron in

1E;74. Love Cl 3 in 1888 dsrived a séries o-F basie équations

dascribing the behaviour of thin eiastic sheiis. Thèse équations and

îhe assurnpt s ans -fchey are based on are r.'ftsr: referrea to as Love's

firsr approKjmaîion".

Since then, thin she!l theory has been rseîo.m i ned on severai

ùcca.sions <L23 •fco L 133). Reissner and Knowles (C23,E3J) d ; d a new



derivation of -bhe équations for orthogonal coordinates. Certain

o-ther -théories have been pu-t forth as we t l : Sanders < C5-1, C6-] >

main-fcained Love's original hypothèses but developed a System of

équations producing zéro déformation due io rigid-body motion. Thèse

équations are iden-fcical to the ones Koi-tier C7] derived. Flugge C83 ,

Lu ' re 1-93 and Byrne C103 independen'fc t y presented higher—order

théories in which the assumption relating to shel l ihickness is

differentia-ted in -the formu l a-t i ans . The effec+s of iransverse shear

cons-trai n-ts and shear déformations were explored by Hildebrand,

Reissner and Thomas C113, Green and Zerna C12J, Reissner C13J and

Naghd i (C143 -bo C 173 ). Naghdi's resutts C15J also included -fche

effec-t of inertial forces.

Thèse général théories have been widely applied -to s-fca-bic

studios of -bh i n shells of various geome-tr i es , parti eu l arl y spherical

shells <C193 to L223>. Novojilov C19J used -fche Love équations as a

basis for his s-fcudy of -tensions in spherical she l l s subjec-bed -bo

arbi "fcrary loads. Reissner, in differen'fc inves't igations <C203 •fco

E223 ) , es-bab l i shed the equa-fcions describing ihe behaviour of shallow



spherical shells^*^.

In his dynamic analysis of +hin shelts. Love C233 developed

the f i rs-fc général -theory which took in-fco account -the effects of

bending and tension (membrane) deforma-fc ions. The formulation

con-fcains individual s-fcudies of sphericat shet l s invoIving cases of

non-extensional mode vibrations done by Lord Rayleigh C243 and

tension (membrane) vibrations done by Lamb C253. Since Love's work

C233, little attention bas been paid -ko the problem of shell

vibration (in -bhe area of bending theory). Towards the fifties, some

spécifie geometries were investigated and it was not un-til -the

sixties -that more ex-tensive s-tudies of différent shel ! geometries

began ta appear.

Many methods have been developed, parti eu l art y for the dynamic

analysis of -th i n elastic sphericat shells. Thèse methods could be

*/ A spherical shel l is said to be shallow when the height-to-base

diameter ratio is less than 1/8, tha-fc is, -bhe half-angle a-b the

centre is equal to or l ess -than 30° <C183 and C203).



surnrnar i s e d as foUows;

l) The E^act Method;

The générai idea here is to raduce •the bas i e équations to a

systern of 2 d i-F-ferent i a i équations with Z unknûwns. Then,

thèse two unknowns are assumed -fco bs separabis into spat.sai

anû tsmpor'a.'s e orftponents. The systern can be solved in terrns ù-f

Bess°î or Laqendrs functions. Csrtain mathematical artifices

have been invented (C263 to C413) to reduce -fche généra

squaticins, dépend ing un the type ûf sphericai shei î invoived

(shaUow or non-sha i i ou) , the naturs o-f -fche vibrât, ions

< a;-; i symmetr i e or non-aï; i symmetr i e ) and on -ths effsc-fcs under

considération (shear cunst-r-a. i n-bs , l ong i-fcud i nal ines-tia,

etc.). Re'ssner (L 26 J,C273), Johnson and Reissner £283,

Kainins ar.d Naghdi (E3Î3, C:32:3) and Kainins i:333 , studying

vibrations in shaiiou spherica! sheils, seiected -fcransverse

d •; sp i acernen-t and the constr-a i nt func-tion as the t-wo unknowns.

Ka i n j ns < 1341,C353 ) used two au>; i i i ary var i abl es for the a>; j a \

and e i rcumf'srent i a i d i sp i acernents wh i i e cons i der i ns the

eftects of* iongitudinai, transverse and r-otary inertia as wel l

as transverse shear de-Forrnat i on on •the non-a>; i syrrirnetr i e

vibration o-f shaiiow sphericai sheils. The arbitrary



vibrations of non—shatlow spherical shel l s including the

effects of transverse shear constrain-ts and ro-fcary iner'bia

have been analyzed by Prasad C363, Milkinson C373 and

Wilkinson and Kalnins C383. They in-troduced four auxiliary

f^unctions, 'fcwo for the ax i a l and eircumferentia l displacements

and two o-fchers for the particular effec-bs considered. The

Kraus -bext in [-183 gives a côneise summary of thèse

techniques. Gau Feng Un C40-1 investiga-fced vibraiion in open

non-shallow spherical shells using Fliigge's réduction

technique C83, ignoring the two effects considered by Prasad,

Witkinson and Kalnins.

2) The variationa! Method:

The équations governing the shetls are combined in-bo a single

varia-fcional équation. The several techniques that are used in

-bhis method differ mai n l y in terms of -fche way they bu i l d to

the approxima-be solutions. The mos-fc widely used technique is

-fche Rayl eigh-Ritz, where the solutions chosen are in -two

parts, functions and arbitrary cons-fcants: the former must

satisfy the boundary conditions and -bhe latter, the

varia-tional équation thus assuming minimum potential energy.

Reissner C423 used -bh i s meihod -fco compute the lowes-fc frequency

in a simply suppor-bed spherical shell. There are several



•s.

ot'ner examples siven in référence C 133.

3) Fi n i te Eiernent Methodî

Th l s isa nurner i ça i rnethod , whose pop'u l ar i ty i s attr i butab i e

in large part tu ils -f le»ibi i ity in handlins continucius ffied i a

W i t h C o m p i e '•< g e o m e t-r y o ;- b o u n d a r y e o n d i t j o n s . T h e r e i s a n

abundant iiterature on 11 (E433,E443). The method couid be

île"' ined as a rneans -for anasyzin'j a structurai systsrn. The

i'inite eiernents rnake il; possibie to mode! a s'ferucîure by an

•deaiized System, '-.'ne thaî is simpier than the original

structure. On each f s ni te élément» îhe stress or disp:ac"menî

tieids are générai ly described by poiynomia! functions. The

stiffness and rnass matrices are then determsned for each

élément. The complète structure is buil-t up by assembisns a

f i n j -te number o-f continuous, discrète éléments interconnected

by a f J n i te nurnber o?' nodes . Th j s assernb i y techn i que y i e i ds

the globai rnass and sti-f-fness rna.trices and the boundary

conditions can be ineorporated into thsm. Finaily, the

sîresses. d i sp i acements or de-Format i "ns and the réactions a-!;

the défi ned noa'es on -the sîr-ucture are cai'cuiated. îf we are

dealing with a vibration probiem, the natura! frequencies and

modes are a s 50 çaieu)at e j. The f in i te eiemsnt rnethod has been
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used in vibration studies of thin sph&ricai sheif s by

Navaratna. E45J, Mebster C46J, Qreene et ai £473 and Sen and

Gou i d C4S3.

It shouid bs noted, ineidentai iy, that t'ne iitsrature aiso

makes ref'erence to a certain nurnber of oîher rnethods, sue h as: the

S'îodoSa. E: 493, Hoizer L50-3; asymptotic £513 and edge func t j on .i-fiethc.d's

C523. Thèse meîhods are in Isss conimon use in thin she.i vibraïion

sïudies an d wi i s t h erer' ore no t be d e ai-t with h e re.

The t h re e mai rs rnethc'ds ment i on e d abovs have both advantages

and disadvantages. One of the criteria of a successfu! rnethod i s iîs

abi iity to predict the hish as wei i as the i ow •Frequenc i es and their

correspond jng natural modes, and with good accuracy. In the a>;act

rnethod, the pirocedures deveSopeu by Kalnins' schocii (L31J tc> C38J )

rnay be considered as the rnost adéquate and dernand iaborious and o-ften

highiy compiicated anaiytica.1 man i pu! at i ons to reduce the initiai

u î -T-fersnt i a i équation system. Furthsrrnore, solving the T'inai systern

cas i s upon LeQendre f'unctions, and tabies of Legendre values are

ra.r&i'/ avaj i abi e in -the iiterature, particuiar!y when -fche degrse is a

compte;-; number, which i s générai iy the case wi-fch sphericai sheii

vibration. The aigebraic opérations in thèse f un e tiens within t h e
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final System can entail lasses in précision. Ross C53-1, using the

me-fchod indicated by Kalnins and Naghdi E323, working on the same

example of an open non-shallow spherical shel l wj-fch a free edge, and

using asymptotic formulas for the Legendre func-tions, found

frequencies comparable -to Kalnins and Naghdi's findings for n = l (n

being -the number of e i rcumferenti a l modes). For n = 2 and n = 3,

however, -there was a good match on l y for certain frequencies.

According io Gau Feng Lin C 403 , -fche bas i e solu-bions to -the open

non—shallow spherical shell vibration problem are générally neither

analy-fcical l y exact or explicitly formula-fced.

The Rayleigh-Ri-fcz variaiional me-fchod and the f i n i te élément

me-fchod have me-fc -the success criterion. In addition, they généralty

l ead -ko symmetric eigenvalue problems which are easy to solve on a

compu-fcer. The f in i te élément me-fchod atso bas further advantages in

that i-t is easy to formula-fce and numerical convergence is no-fc

sensitive to boundary conditions, in contras-fc to -fche Rayleigh-Ritz

me-fchod C 543 .

Never1:he l ess -fche f in i te élément method w i-th a s-train —

displacement formu l a-ti on , where the d i sp l acemen-fcs field is described

by polynomial func-tions C473, also requ i res certain i mprovemen-bs . In

fact, thèse polynomials cannot comple-fcely sa-bisfy the convergence



cri-fceria, unless a large number of éléments is used. In order to

sa-tisfy -fche condition of zéro déformation due to rigid-body mo-fcion

therefore, Mebs-ter E463 and Sen and Gould C483 used additional

non—modal functions C44-]. To eircumvent "this hurdle, Lakis and

Paidoussis <C553,E563> developed a hybrid me-bhod where the

d i sp l acemeni func-fcions in the f i ni-te élément method were supplied by

Sanders" classical she l l -theory. Af-ter using this method for the

dynamic analysis of axially non-uniform cylindrical shells, they

concluded that the convergence criteria in the fi nite élément method

were completely and na-turally satisfied. Good low as wel l as high

frequencies were ob-tained.

1.2) Rss e af-ç h Objec-fci ves

Al l shells of révolution are primarily an assembly of

cylindrical, conical and spherical shel l éléments. The research

group, working under Dr. Lakis, ex-tensively developed -fche hybrid

me-fchod for dynamic linear and non—linear studies of -bh i n cylindrical

and conical iso-fcropic and anisotropic shells, bo-fch empty and

l iquid—fi l l ed < C573 -bo C603 ) , wi-fch good resulis. Using the hybrid

method, Lakis also devetoped a -theory and even a compuier program for

s-fcudying free vibration in thin elasiic sphericat shells. The fini te
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élément chossn was sphericai, thersby rnaking possjbie integraj use of

shsi! theory. The d i sp i acement -functions Mi i k i nsc-n and Kainins

derived <E373,,C3SJ) wers adapted to •fehe fi n i te eiernen't. Thèse

functions were devsioped from •fche générai 5yst&m c'-f équations in

Naghdi C153y where the îheory aliows zéro de-Format i on due to

rigid-body dispiacement C163.

The présent report is a fu\!ow-up to the work begun by the Lak•s

tearfi. The rnairî objectives are sornewhat d i •frer-ent ;

In terrns o-f fche -fcheory; ver i f'y and rnod i f y (whers necessary);

a) The dispiacernent -functions adapted

b) Mith nurnber OT e i r-c urnfsrent; i a i rnodss n ::: Z, the fres vibration

-Formuiation of tue f e" i iowing matrices;

* Stifi'ness matri;.;, rnass rnatrix, stress résultants rnatr i ;< for a

f s n i te e i ernent.

* Correspond i ng giobai matrices -for the corfip i été shs l l .

2n terrns of the programrningî adapt the SPHERE program Lakis

deveioped -fcn the particu'ar conditions of the Univers ;ty OT'

Montréal Cornpu-ber Centre. Th i s wa.s to be done by means of a new

prograrn architecture, to reduce CPU -C i me as we i l as rnemory space.

Finaiize -fche prograrn as a resuit o-F rnod i-f i cat i ons to the •fcheory.
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Use the program to compute the free vibration characteristies of

s h a ! i ow an d n o n - s h a i i ow un i f o rm t h s n el as t i e spher i ça l s h e i l s , -f o r

e ! rcum-ferent i a i mode nurnber n ï. 2.. The resuits obtained u '. j l be

compared with any findings that ara avai'iabi& ir, the iiterature.

1.3) Report Put !ine

Th i s ne>;t sscfcion conta ins an overvieu of the n ! ne chapters

into which the présent report is divided.

Chapfcer is Introduction

Chapter Zî Basic équations +'or thin elasts e sphericai sheiis

Chapter 3: D i sp i acernent f une lions

Chapter 4s Déformation rna-tr i/; and stress resuitants rnatr i ;-î for a

fi n j te e i ement

Crta-pter 5: Stiffness ma.tr j ;< and rnass rnatt-i;-; -for a fi n i te eiement

Chapter 6: Equations o-f motion

Chapter- 7s The aigorithrn

Chapter S; Numerics-l ça; eu ! at i ons and discussion

Chap-fcer 9; Cône ! us ions
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Appendices I, II, III, IV, V and VI con-tain •bhe necessary

data, formulas, matrices, tables and figures referred to in thèse

coming chapters.



CHAPTER ÏI

BASIC EQUATIQNS- FOR THIN ELASTIC SPHERICAL SHELLS

2.1) Eau U i br i um _Equarj on_s

l

In the spherical coordlnate System (R, 9, fS) shown in ^igure

l, five eut of the si;-; équations of equiisbrium derived i n re-ference

L153 for spherical sheiis under zaro eKternai ioad are written as

-Fo i i ous s

9N^ 9N—
— + — cosec çrf + <Na> - Ne) cotg ^ +G«, = 0 (2.1.1)
'Set '0e

-SN«,. ^N»
— + — cosec f6 + 2Na,e cotg (ri + Qe «s 0 (2.1.2)
/9tf 0e

©Q- €Q»
+ — cosec 0 + G»» cotg (^ - (No, T Ne) = 0 (2.1.3)

-0(2} '2>9

e Ma, /3Ma,e
— + — cosec 0 + (Ma, - M®) cotg (2Î - RQa, =0 (2.1.4)
-gisî O e

€?Ma,e /3Me
+ — cosec v6 + 2Maio cotg pi - RQo «=0 (2.1.5)

/Qyi Q6

where Nc< i N®, NB»<» are the membrane stress

résultants; M^) Me» M<iie» the bending stress résultants

ar":l Qa>, Qa the shear T'orces (Figures Z and 3). The sixth

equat'cm, which is an 'dent sty équation for spherica! sheiis, •s not

p r e s e n t e d i-i e r e .
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2.2) Strain-displacemen-t Re la-fci onsh i ps

Strain and displacements are re lated as follows C153:

1 -au».
€«, = - (— + W> (2.2.1)

R -9(z(

l -au»
€® = -- <cosec 0 — + Ua« cotg flî + W) (2.2.2)

R ©9

l -SUe '9Ua.
ya>« = 2€»r = - (— - Ue cotg (zi + cosec (zi —) (2.2.3)

R ^^ -09

l -SU», ^=W
K- = — (— - — ) (2.2.4)

Rz -0çi( -00a

l ^Ue
K® = — (U»i cotg 0 + cosec cd —

R= -3e

^2W 'SW
- cosec=(^ — - cotg 0 —) (2.2.5)

'39= -9<î(

1 -au» 9Ua,
Ta» + Te = 2Knie = — (— - U® cotg (ri + cosec (2Î

R3 c)(z( î)ô

0W
+ 2 cosec ^ cotg (zi —

î)9

0=W
2 cosec (zî —) (2.2.6)

'3(2(99

where U<n is -fche ax i a l displacemen-fc, M the radiai and UQ -the
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cire urnf e r en t i a i .

'Z.'3') S'fcress-srra l n Re i at j onsh i c's

For siastic isotropic niateriai, the constitusnt rslationshlp

Nnkinq s-ïress résultants to strains ares

N», = D(€a» + V€e) (2.3. l)

Ne = D(€e + V€a<) (2.3.2)

D(l - v)
N^e = — (2€a,e) (2.3.3)

2

M», = K(K«, + vKe) (2.3.4)

Me = K(Ke + vi<«) (2.3.5)

K(l - v)
M«e = — (2K«,e) (2.3.6)

w h ère

Et
D is îhs membrane sîiff'ness = (2.3.7)

(l - v=)

Et3
K is the bending sti+-fness=

(2.3.8)
12(1 - vs) '~'w'

w i th ;

'5 tne rnodu i us o-f e!asti e i ty

t i s t h e spher i ça i e i e m e n t; th i e kness

v i s Po i sson's rat i o .
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CHAPTER III

DISPLACEMENT FUNCTIONS

3.1) 6e n e raj_ Dl spj_ac^me,nt Func t i o n s

Wilkinson and Kalnins (C373,C383>, in solving the System of

différenciai équations from Naghdi s theory C153 for spherical

shells, introduced 4 auxi l i ary func-bions: U, V, ^ and A and used

the -technique for separating spatial and temporal variables. The

général expressions for the displacemen-fc vector components were

présentée! in références C373 and C383. The three displacement

components M, (Jai and UQ can be written:

œ 3
W » E E Woc" cosne cas pt (3.1.l)n^o «=1 "°" ——•- -*— t-- .w.*.

Uai = E Ua>n cosn9 cos pt (3.1.2)
n«o

U® = E . Ue^. sinne cas pt (3.1.3)
Oï'1

with:

Wc." = Ao." P^»" (cas ^) + Bo." O^oc" (cos (2()

U^r, = Eo^u Woc.o," + n3î F»»0 <|/p" cosec c'S

Ue^ = - n EEo.'-1 Wo." cosec (z( + Fpu ^p.a,"3

\|/p" = Cp" Pr,p" (cas (zi) + Dp- Qr,p" (cas p$)

b^roc + I:b3wb»w - b^wb^M + 2k. (l + v) b=u'b^w/ ( l - y) 3
,Gfc '-t

diro./d - v> - Cs
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(T^k. + b-,w + b^w - 2k-bsw>

2Cs

where

n is the number of eircumferential modes. Figure 3a shows the

pa-t-tern of some vibration modes.

An.", Bot", Cp", Dis" are arbitrary constants.

PM<«." (cas 0> a"d On«x." (cos pO are, respectivel y, the

associa-fced Legendre func-bions of -fche first and second kind of order n

and degree poc..

biw = l + v - ka Xa

bzw = 2 - ka Xa/(l + v)

b=w = Ç - 2k» - 2k»k^ ?<:2/(1 - v>

b-»w = l + k-kz ^a/(l - v)

bsw = l + (k» + k2)?<a/(l - v)

b<sw = l - v+k^X=

by" = l + (C,- + k^)^=i/<l - v>

Ç = 12Ra/ta

\s = pR3p2(l - vz)/E

Ci = 4 - 2k- (l + v) + Cki + k,- + 2k«ki/(l - v)3Â2

C= = (l - y) (b=wb<.1*1 + biwb7w) + (l + v)(b^wb=M - biwbsw)

+ bz-'b3w + b^wb<sw - 2k«bswb2w

Cs = (l - v)<b^wb7M + b3Mb=w)

k, == l + tz/12R2
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kz = t=/6R=

k^ » l + 3t.2/20RS

Cr. « 2

di = 2k- (l + v)b^M + (l - v)(b^w + bsu)

k— is the tracer for : denti-y;no the transverse shear de-forfflat i 0?

eT-fect. Accordins to rs-?sr3nc& L153, k» is equai to 6/5.

If km = kr. = kz = Cr c 0 a"'3 ki a l: îhe secondary st'-fects are

negiected and -the System o.+' equa-tions reduces to ciassica! she! l

theory.

l a n d Z f'or t h e improved theory;

l -for e i a s s i e a ! t h e o r y .

l l
-facîor given by; ^«. «= <- + ro.)x/= - -

4 2

where r«». (a = l, 2, 3) are the root-s of the cubic equaïions

r3 - Cir= + Czr - C2(l + v) - ^aki3C3 = 0 (3.1.4)

.1 l
j = -fac-bor given by: 'HP = (— + (Dp)i/-= _ _

4 2

where rrip (p = l. 7l are the roo'fcs o-f the quadra't!c équation:



2Cs
k.m,,2 + Cb3M •*• b-,w - 2k-bsu3n»p - — - 0 (3.1.5)

l = v

v is Poisson's ratio

; s t h e -t h i e k n e s s o -f t h e spher i ça i s h e l i

R 15 "fche rad i us o-f* the referance sur'fa.c0

E i5 Young's modulus

P is the circular frequency uf the appi ied forces

p i s t h e d e n s i ty

3.2) Adaptât i on

The générai disp i. acement funcîians, (3.1.1) to (3.1.3), car! be

used tu dérive d i sp i acernent functions for the f j ni te eiement rnethod.

The rnodi-f i cat i on is done by setting km vc kr- aî kz c

C^=0, kx = l and p = 0. Thus:

biw = l + y

bsw = Ç = 12R=/t=

b^ = l

bsw = l

bow = l - y

b7w = l

12R=
(l - v)(l +Ç) = (l - v)(l + —)

t=
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12Ra
d»=<l-v)(l+Ç)=(l-v)(l+ —)

tz

r<x. + ç <1 + v) - (l - v>

(l + Ç) <r» - l + v)

(î bas a single value equal -to l

m» = mi = l

F^u = F:

As l +Ç S Ç, -the Eo. expression becomes

r oc + ç ( l + v)

ç Cr.x - (l - v) 3

The expressions for displacements M, Uai and UQ are;

00
W = E

n=o
AI"PMI"(COS 0) + Az"Pnar'(COS 0) + A3"P»3r'<COS Ç<) .

+ Bir*Qmr'(cas 0) + Bz"Qya"(cos B$) + BS"QMS"<cos 0) ^ cosnô

(3.2.1)

CD { 3
U», = E •{ E

n;o f «=1

oo (3
Ue = E ^ E - n

n=o (o<;l

r oc + ç (l + v)

Ç Croc - (l - v)3

r oc + ç (l + v)

/c?Woc" nz

^(z! 2
S/i" cosec ci }• cosnO

(3.2.2)

Ç Ero. - (l - v)3

n 'Q^î."

Wo.." cosec ci + - —}'sinn9
2 ^0

(3.2.3)

where:
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W«" - Ao."Pu»"(cos Bî) + B.."Q^«.n(cos B(> oi » l 3 (3.2.4)

^," e A-»"P»n(cos p!) + B^"Q»"(COB BÎ) (3.2.5)

3.3) E^oU e i t D l so i acement: E>;D!-ess i ans

In this section, d i sp i a.cement -functsons (3.2.1) to (3.2.3)

yjti be made eKpi icj t and simpii-fied -for -fche purposes of deterrîi i n i ng

the rna-ss and sti-Ff'ness ."natrjcss.

Within the rsaim o-f ciassicai theory, re-ferences l323 and C333

dernons-brate that the cubic equaïion in (3.14) possesses at l&ast: one

rea! root and two cornpje'/î conjugate roots. The three roots of' the

squaîicm are then r^, r^; and ^3;

ric&i

rz = Bz + la»

r= = âz ~ i'^=r

Th i s aii ows us t.o wr i te ;

rx + Ç <1 + v)
e g^ (3. 3. l )

Ç [r» - (l - v)3



F2 + Ç (l + V)
" g= - igs (3.3.2)

Ç [rz - (l - v)3

rs + Ç (l ••• v)
c gz + igs (3.3.3)

Ç Crs - (l - v) 3

The degrees uo(. ci-f the associated Legendre -Functions are;

pi •= bi (3.3.4)

ps = b= + ibs (3.3.5)

p3; ss bz - ibs (3.3.6)

Qenerai traatrnenîs o-f the associatsd Le:qendre tunctions o+ t;

firs-t and second kind can be found in références Col j a.nû C62:J.

Appendi;-; l gives a br i et sumrnary of -fehern as we l i as their deveioped

e ;-; p r e s s i. o n s .

Us i n g re i at i ans (1.2.3) and <ï.'£.4), we can wri-teî

Wat" = Wr, *= AI"PMI"<COS Ci) + Bi"QMirl<c:os (tS)

+(A^" + As.") ReCPM="<t=os pi) 3 + (Bz" + Bs") Re[:E>M2" <cos dS) 3

+i <A=" - A3") ImC (PM="<COS pi)] + i <B=r' - B^") ImCG>M=i" <cos cî) 3

(3.3.7)

yhere Rg and 1^ are the rea! and imaginary parts

1 is t h e irna-ginary nurnGer
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<j,»" e ,),„ a A^"Pt"<COB 0) + B-»nQ»"<cos (d) (3.3.8)

Setting:

(n - 4= - l)<n + \is) = yr^ + ipr> (3.3.9)

(n - \i-s " l) (n + p3> = yr, - ipr. (3.3.10)

Me find:

yr, = (n - bs - l) (n + bs) + b== (3.3.11)

pr, = bs <-2bs - l) (3.3.12)

QC*\ O-OTV / •*•> •''•3l 0 V /TT H -1^ /TT -t />^
i "y \0.<^.-»/, vO.^-.O/, 0.0.//, v^.^.û/, vll.l.i/, vll.l.Z/,

<II.1.3> in (3.2.1), 0.2.2) and (3.2.3), we obtain:

00
W = E

n=o
FMI" Ai" + Q»i" Bi" + Re <Puz") (Az" + As")

+ Im (Pus") i <Aa" - As") + Re (Q»=") (83" + B=")

+ Im (Q^a") i (82" - Bs") } cosne

(3.3.13)

00

U^, = E
n=o

giC(n - pi - l)<n + yi)Pui"-1 - n cotg 0 PMI"]AI"

+ gi C(n -Mi - l>(n + ^I>QMI"-I - n cotg ^ QMi"3Bir>

+ L(gz yr, + g= P^) Re (PMz"-1) + (gs X" - 9= P"> Im (P^s"-i)

- ngz cotg 0 Re (PMS") - ngs cotg tf Im (PM=r*)3(A=" + As")

+ C (ga yr, + gs po) Im <PM=Î"-I> + <g3 Pr^ - g= y") Re (PM="-I>
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- nga. cotg ci Im (PMSE") + ng» cotg pi Re (PMS")! i(Az" - A^^>

+ C(gz yr. ^ gs pr>) Re <Quz"-1) + (gs yr> - gs Pr.) Im (Quz"-1)

- ngz cotg e$ Re (Ona") - ng» cotg ai Im (Qya")3 (Ba" + 63")

+ C(gz yr. + g^ pr,) Im (QM=-"-IÏ + (92 Pr, - g^ yr,) Re <Quz"-1)

- nçis- cotq ei Im (Q,.=-") + ngy cotg ci Re (0,,z")3 i (B;;" - B-")

n= n=
cosec ffi Pi" A-»" - — cosec ^ Oi" B-»"
2 2

cosne <3.3.14)

°° \
Ue = L ^- ngi cosec 0 Pni" Ai" - ngi cosec e! 0^1" Bi"

n=o |

-Cngz Re (Pus") + ngs; Im (P^a")3 cosec 0 (As" + As,")

-Lng-z Im (P»z") - ngs Re (P^a")3 cosec (z? i (Az" - As")

-Cngz Re <Q»z") + ng» Im (QM»")] cosec ci (Ba" + Bs")

-Cng= Im (QMZ") - ngs-; Re (QMZ")] cosec çrf i (Bz" - Bs")

n n=
+C- (n ~2)<n + l) Pi"-1 - — cotg a( Pi"3 A-»"
2 2

n n=
+C- (n - 2)(n + l) Qi"-1 - — cotg e( Oi"3 B^"{sinnô
2 2

(3.3.15)

wriere p^r> and Q^" represerfi;, respectspectively, p^. ^^^^ ,^ p^, ^^

^.4) Matrix Form of Dispiacemenl; Function

Using mairie formuiation, the dispiacement functions can be

e;<pre-3sed as fo l l ows C55j ;
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u»,

W > s m CR3 ^

u.

where

(3.4.1)

CT3 is -fche (3 x 3) matrix

CR3 is -fche (3 x 8) matrix

Matrices CT3 and CR3 are given in Appendix V.

[CJi s the (8x1) vector for arbitrary parameters

r \ r -\

e»

c=

Cs

{ e ) « ( e

\ ^

) =<
c=

c^>

C7

w

A»"

Aa" + As"

i(Az" - As")

A^"

Bi"

Bz" + 83"

i <Bz" - Bs")

<B-." J

(3.4.2)

In the f inite élément me-fchod, parameters C, are eliminated

in faveur of displacements a-t -fche éléments" nodes.
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At each -finite élément node /Figure 4), the -fchree

d ssplacsfflents - a.;< i al , tangential and eircumferentS ai - and îhe

rotation are appiied. The rsoda! dispiacsment -fi e ! d can be dsflnsQ by

tha vectors

Ua.
w
?w^

\Q^\\^\
Ue

(3.4.3)

The rota.-cion 9>;press;on (^W/9(;S) isï

y9W
*— = Ai" I: (n - pi - l) (n + pi) PMI"~I - n <=otg 0 P^i"3

^ pi

+<A=r- + A3")t:yr,Re(PM="-t>- P«Im(PM2"-l>- n <=otg fli Re(PM2">3

+i(Az" - A=s")C^Im(PM2"-l>+ Pr,Re<P^"-1)- n cotg 0 InXP^"):!

+ Bi" C(n - Pi - IXn + PI)QM»"~I ~ n <=°^9 <zi G)Mi"3

+(B=" + Bs")Cyr.Re(QM2"-l>- pr.Im«2us"~1 î- " cot9 <îi Im<0^"^

+i(B=>" - B3")I:y^I<n<0^=r-l)+ pr,Re(QM2"-1)- n cotg ffi Im(OM=">3

(3.4.4)

in rnatri;-; Torrn, tbe d i sp ! acernent -f le ! d at the nodi

ET] CAa(3 (3.4.5)

wner
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CT3 js the (4 x 4) matrix

CA-3 is the <4 x 8) matrix

Matrices CTJ and CAai3 are shown in Appendix V. Each f in i te

élément, having -fcwo nodes and four degrees of freedom per node, shows

a nodal displacemen-fc field as follows:

CA3 ^ C\ (3.4.6)

where;

ôi ( <5j are disptacement vec-fcors defined by <3.4.5) at nodes i and

j, respec-fci vel y»

CA3 is the <8 x 8) matrix

CA3 = 't^ir

Ll:Aa,3jJ

where:

CABa3t is "t^® ^A<d3 matrix calculated at node i.

CAu>3j îs ^^e ^Au»3 ma-fcrix calculated at node j.

Multiplying the two sides of (3.4.6) by CA3-1> we obtain:
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CA3-1 ^
^-«

D»,

w

u.

Inserting 0.4.8) into <3.4.1), we find;

"1\

ii

m CR3 CA3-1 ^

ij

(3.4.8)

(3.4.9)

The displacemen-b matrix is defined as follows;

CN3 = CR3 CA3-1 (3.4.10)

Relations (3.4.9) become:

U».

w

Ue

m CN3

<5i

<5j

(3.4.11)

3.5) Development of the Displacement Ma-fcrices

Di sp l acemen-t matrices CR3 and CAai3 as 'fchey stand make it

difficul-t -to use a computer for the cal eu l ati ons. Me "therefore need

more development on the coefficients involved in the éléments of

thèse matrices.
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Solving équations <3.1.4> and <3.1.5>, using relations

(3.3-1) to 0.3.6) and noting -fchat l + Ç S Ç, we obtain:

g» *e l (3.5.l)

ga ae 0 (3.5.2)

l + v
(3.5.3)

'JÇ (l + va)

Pi «= b^ = l (3.5.4)

vf2 l
ba «= — CÇ (l - V=)31^ - - (3.5.5)

2 2

^2
bs = — CÇ (l - v=)3l-"t (3.5.6)

2

Pr, = - ^Ç <1 - V3) (3.5.7)

yr, = n3 - n + 0.25 (3.5.8)

The new matrices for CR3 andCAni] are obtained from -thèse

coefficients. They are des i gna-ted as CR..3 andCAn,»"] a"d are given

in Appendix V.

Expression 0.4.7) becomess
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CA3

where

CA«,-3c

CAp-3.,
(3.5.9)

CAar3A is the CAça.] ma-trix calculated a-t node i.

CAa>»3j is -fche CA^.3 ma-brix calculated a-fc node j.
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CHAPTER IV

DEFORMATION MATRIX AND STRESS RESULTANTS MATRIX

FOR A F l NI TE ELEMENT

4.1) Def o rma -t i on Mair LX

In this section, the déformation vector will be expressed as

a function of -fche three d i sp l acemen-ts , M, Ua» and UQ défined,

respectivel y, by (3.3.13), (3.3.14) and 0.3.15). Using relations

0.3.13) to 0.3.15) and <II.2.1> to <II.2.7> in ihe

s-tra i n-d i sp l acement relations <2.2.1) -to (2.2.6), we find:

*1

€ a
<

<

€a>
€e

2€^e
K«
K<

2Kme

CT3 C03

C03 CT3
CQ3 (4. l. l)

where:

CT.1 and <C} are the matrix and the column vector, respectivel y,

defined by 0.4.l).

EQ3 is -the <6 x 8) ma-trix shown in Appendix V. The éléments of

the matrix are -fchen developed by means of relations O.S.l) -fco

(3.5.8). The matrix -fchus obtained is designated as CG«3 and is

given in Appendix V.
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The déformation vector becomes

m LOI

C03 [T]
CQ-3 < C (4.1.2)

Replacing vector {Cï with its expression in <3.4.8), we ge-t:

(4.1.3)
m
C03

C03

CT3
CQ-3 CA3-1

^.

.s.

The déformation matrix is defined as follows:

CB3 = CQ-3 CA3 —l (4.1.4)

The déformation vec-fcor is

m CD]

C03 CT3
CB3 (4.1.5)

<->J

4.2) Stress Résultants Matrix

The spherical shells under inves-b iga-fc ion are assumed io be

isotropic and elastic. The stress résultants as a function of the

déformations are:

0- ^ —

N
N
N
M
M

.M

«ri

e
<ae

a)

e
(ri®

CP3 CP3

€
€

J 2€
K
K

L2K

B>

•
aie

ff)

e

«d®

(4.2. l)

where CP3 is the elasticity ma-trix shown in Appendix V
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Substituting <€} by its relations <4.1.3) or (4.1.5) înto <4.2.1>, we

get:

;<r> «= CP3

CP3

ET] C03

C03 CT3

CT3 LOI

CD] m

CQ-.] [A3-1
iï

<Sj.

(4.2.2)

[B3 (4.2.3)

s.

The matrix for stress résultants for a!l fi nite eiemen-t i

and j nodes is given by:

ET3 CD] C03
C03 CT3

C03 CT3 1:03
C03 CT3

H:P3 CQ-3i CA3-l1 J<5,t (4.2.4)
[JP3 CQ.

-3i CA3-l| J<5t
-3j ÇA]-1) 1<5.,

where

CQ»3i. 15 -fche CQ«3 matrix calculated a-fc node i

CQ«3j is -fche CQ»3 matnx calcuiaied at node j

CST3 =

Setti ng;

CT3 C03 C03
C03 CT3

C03 CT3 CDD
[03 m

ECP3 CQ-3i CA3-
CP3 CG^3j CA3-:G (4.2.5)

Relations <4.2.4) become

<Ti

L<^
CST3

r «5.1

.<Sjj
(4.2.6)
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CHAPTER V

STIFFNESS AND MASS MATRICES FOR A FINI TE ELEMENT

5.1) Stiffness Matrix

In the local System (R, pî, Q) , -the stiffness matrix is

défined as follows <E433,C443):

•J,Ck3ic3c = | CB3T CP3 CB3 dV (5.1.1)

where:

dV is the volume élément = IR2 à^ d9

CB3, CP3 are matrices defined by <4.1.4) and <4.2.1.>, respectivel y.

Inserting thèse relations into (5.1.1), -fche stiffness ma'fcrix

i s:

CkDiocz = t | E EA3-1 3T CG!«3T CP] [Q.3 [A3-r R= d(z$ d9
s

Intégration w i-th respect -bo Q yields:

(Zî.»
Ck3io^ = t C CA3-1 3T ^nR3 | CD»3T [P3 CQ-3 d(z(

(Zi t
CA3-1
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Setti ng

fcîj
CG3 - TTRZ l CQ»3T CP3 CQ-3 de( (5.1.2)

^.

The stiffness matrix is expressed:

Ck3,e=c- = t C CA3-1 3T CG3 ÇA]-1 (5.1.3)

Matrices CG3 andCk3in«= a''® <8 x 8). The developmen-t of

matrix CG3 is given in Appendix III.

5.2) Mass Ma-fcrix

In the local System (R, (ri, ®> , the mass matrix is defined

as follows <C433,C443>:

J,Cm3ie<= «s | CN3T p CN3 dV (5.2.1)
v

where:

dV is the volume élément = t Ra dçri dô

ft is the density of -fche élément.

CN3 is the matrix defined by 0.4.10)

Inserting 0.4.10) i n-to <5.2.1> and integrating with respect

to 0, we ob-tain:

0.1

Cm:),^ = pt C CA3-1 3-r^nR= | CR«3T ER-3 dpî \ CA3-1
(Zîi
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Setting:

0J
CS3 = TTR2 ^ CR«3T CR-3 dpf ' <5.2.2)

^

The mass ma-fcrix can be wri-fc-ten:

Cm3ioc = pt C CA3-1 3T CS3 CA3-1 (5.2.3)

Matrices CS3 and Cm3io<= are <8 x 8). Developmen-fc of -fche ES]

matrix is shown in Appendix III.

5.3) Ç^>o rdLinate Transformât i on

The stiffness and mass matrices defined by (5.1.3) and

<5.2.3>, respectivel y, were determined wi-fchin the local sys-bem

associated with each fi nite élément. During assembly of -the f in i te

éléments in -fche global System <X1, X2, X3> (Fig. l), transforma-ti on

of -fche coordinates is required:

[<SJ oio = CDLAM3 l<5Jioe (5.3.1)

where:
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H l <=>c= is -the displacement vec-fcor at fini te élément nodes i and j

in the local System

-9W /9W
U^, WS <—)1, U.*, Ua,-*, W-*, (—)-•, Ue-»

'3(2> '00

a10 is -bhe displacement vector a-fc f inite élément nodes i and j

in -fche global System

/9w 0W
u^ , w^s (—Î1, Uel, Lk/-*, W^J, (—>-•, U<

'0BS -0(îf

with:

Uy is -bhe vertical d i sp l acemen-fc parailel -fco axis X3

W^ is the horizon-fcal displacement parailel to axis X2 (see Fig. 5)

CDLAM3 is -fche (8 x 8) coordinate transformâtion matrix, as given in

Appendix V.

In -bhe global System, the mass and stiffness matrices are;

Ck3 = t CDLAM3T [ CA3-1 3T CG3 CA3-1 CDLAM3 (5.3.2)

Cm] = pt E:DLAM3T E CA3-1 3T CSl CA3-1 CDLAM3 (5.3.3)
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where

-fc is "bhe thickness of the spherical shel l

P i s -fche dens i -by

CA3 is the matrix defined by 0.5.9)

LG1 is the matrix defined by (5.1.2)

CS3 is the mairix defined by <5.2.2)

Matrices Ck3 and CmJ are (8 x 8) matrices
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CHAPTER VI

EQUATIONS 0F MOTION

6.1) Assemblina the Fi nite Eléments

As has already been mentioned, -fche complète shell is

par-fci-b i oned i nto a fi n i te number of spherical éléments, "the positions

of which can be chosen arbitrarily. Each f inite élément has 2 nodes

at the ends <Fig. 5).

Having ob-fcained -fche stiffness matrix <5.3.2) and mass ma-brix

(5.3.3) for each fini te élément, we -then cons-truct the global

matrices for the -total she l l using the usual f inite élément assembly

technique. The technique ensures that:

•fche général izsd intemai forces baiance oui the externa! forces

at -fche node common -to -fcwo adjacent éléments C553 :

IF}- = { F. J . + {F. } K-fl

where:
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F } « is the external force vector. In the free vibration

problem, -thèse forces are zéro.

3 j t€ is the internai force vector at node j of élément k.

{F» j ^i.i. is -fche internai force vector a-fc node i of élément

<k+l).

There is con-binui-ty in -the général ized d i sp l acemen-bs

corresponding -fco -fchose forces at -the node considered.

[S^] x = {<5i ] ^^

Figure 5 gives a schematic view of the construction of -the

global stiffness CK3 and mass CM3 matrices. Thèse are square

matrices of order 4<N + l) where N is the number of fini te éléments

6.2) Equations of Motion

For free vibration, the équations of motion are:

CM3 {'& j. + CK3 {i}^ = {oj (6.2.1)
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where:

CM3, CK3 are the global mass and stiffness matrices

T is the global displacemen-t vector for -fche complète shell.

{<S J -T = ^ io ] T sin (ut + y) (6.2.2)

N is the number of fi nite éléments

The vibration is harmonie:

<5]-T=l5lt Ô2... ••• SN-I-Î. (

where:

(i) is the natural angular frequency

<p is the phase angle

In-fcroducing équation (6.2.2) in-fco <6.2.1>, we obtain:

(CK3 - ^ CM3) {èo], = {0} (6.2.3)

This is only possible for certain values of u for which the

matrix déterminant in parenthèses is zéro. As such a déterminant is

of degree 4(N + l), -there are générally 4<N + l) real roots u=.
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Thèse define the structure's natural angular frequencies and we

recognize -fchat -fchis is now a typical eigenvalue probtem:

det | CKJ - ua CM] |=o (6.2.4)

For every natural frequency for which équation (6.2.3) bas

been validated, there is a correspond l ng vector "j00} whose

components are defined down -to one arbi-trary mul-tiplying fac-tor.

Such vectors are called na-fcural modes <or e i genvectors ) of -the

System.

6.3) Boundary Cond i ti ons

If -fche shell has boundary cons-traints such as being simply

suppor-bed, clamped, etc., the appropria-fce linés and columns in CK3

and CM3 are elimina-bed to sa-fcisfy thèse cons-bra i n-fcs • Conséquent l y ,

ma-trices CK3 and CM3 reduce •bo square matrices of order 4<N + l) — J

where J is -fche number of cons-tra i n-ts applied. Thus, for a shell:

free: J = 0

with 2 simply supported edges ; (Ua> = W = 0) : J = 4
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'8W
wi-th 2 edges clamped; (UB) =W=—=Ue=0)l J«=8

'3g}

The form of <6.2.4) is unaffected, except that the reduced

matrices CK3r*d. and CM3>-*d. are f inite and positive.



44

CHAPTER VU

THE ALGORITHM

The behaviour of sphericat shel l s under free vibration will

be studied using the new hybrid method, which combines ctassical

shell and f i ni-te élément theory C553 .

In order -to de-fcermine -bhe eigenvalues (na-tural angular

frequencies) and -bhe eigenvectors (natural modes) of a given

spherical shell, -fche shell mus-fc firs-fc be parti-fcioned i nto a

sufficien-fc number of spherical elemen-bs; -the par'ticular number of

them witl be discussed la-fcer on. The SPHERE program does -the

cal eu l ati ans. Upon accep-tance of -bhe data supplied, the program

draws up the stiffness and mass matrices for each fini te élément. It

"bhen builds up the global matrices for •fche -fcotal shell wi-th or

wi-bhout boundary constraints. I"t ends w i-fch calculating -bhe

eigenvalues and e i genvectors for -the shelt. The input data needed

are -the average radius, -the thickness, Young's modulus, Poisson's

ra-bio, densi-fcy, -bhe 0 coord i nates for each individual fi niie

élément, -fche number of eircumferen-fc ia l modes as wel l as the boundary

cons-traints applied a-b -the nodes <if any). It should be mentioned

here tha-b Dr. Lak i s also deve l oped the SPHERE program -to appty to



45

non-unifonn sphericat shet l s where thickness and etas-tic properties

may vary-

For each élément, the program works as follows:

l. Constants ?s<<n), ^(n), d<JÏ,n) and f <JÎ, n) , defined by

(1.3.2) and 1.3.7), respect!vel y, are compuied.

2. The i n-fcermed i ate matrices are determined, -that is, CDLAM3, CR«]

CA^-3, CQ-3, CP3, ÇA.], CB.3, CA.C3, I:B-C3, ÇA.-],

CB^3, Ccx^3, CC^J, CD^3, I:C^<=3, CD^-=3, CC^-3 , CD,-N/3,

CP^3, CA^3, Cr^<=3, CA^'=3, CPr.'"], CA^'^3, 1:63 and CS3.

3. D i sp l acemen-t matrix EN3 , s-tiffness matrix Ck3, mass matrix Cm3

and stress résultants mairix CST3 are consiructed.

4. Once -bhe mass and stiffness matrices for each fi nite élément are

obtained, the global mass CM] and stiffness CK3 ma-trices are

constructed by the assembly technique.

5. If there are any cons-fcraints at the shel l edges, the reduced

mass CK3i-.»ci and s-biffness [.M3r-Ac» ma-trices are constructed.
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6. M i-fch -bhe global matrices developed, the program follows standard

procédure -bo compute the eigenvalues (na-bural angu l ar

frequencies) and correspond i ng e i genvec-tors (natural modes).
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CHAPTER VIII

NUMERICAL CALCULAT IONS AND DISCUSSION

8.1) Data

In order to tes~b i ts efficiency and i-ts accuracy, we used the

theory developed in the course of -th i s research to calculate the

na-tural frequencies and modes of uniform thin elastic sphericat

shells, wh i ch were bo-bh shallow and non-shallow, of various

dinmensions and under differeni boundary cond i-bi ons . Thèse cases

have already been investigated by other authors using other methods

Tab! e l in Appsndix VI summarizes their findings.

The SPHERE program did a l l the cal eu t a-bi ans required in our

theory, -tha-fc is, for:

number of eircumferen-fc ia l modes n = 2

- density p = 0.75183 x 10-3 Lb-sec2/in4

- Poi sson ' s ra-tio V = 0.3.

- Young's modul us E = 0.295 x 108 Lb/in2

For purposes of comparisons among the na-fcural frequencies

obtained, it is eminently practical at -th i s stage to i ntroduce -the

non—dimensional natural frequency:
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p
n = uR (-> l''s

E

where:

u js -fche natural angular frequency

R is "fche radius of "the référence surface

P i s -fche dens i -fcy

E i s the modutus of etas-tici-fcy

8.2) Case l: Spherical shetl (z(o = 60°, under the three boundary

conditions: hinged, free and clamped.

The free, Q-independeni; vibration of the spherical shell in th i s

case was studied by Kainins C331; Nuvaratna C453, Webster C46J,

Greene et ai L4/J and Cohen L493. In -fche presen'b investigation, the

she l l was s-fcudied for n = 2, w i-bh 3, 6 and 10 éléments for -fche f jrs-h

boundary condition: wi+h on ! y 10 éléments for -the l ast -two. On l y

•the non—dimensiona! na'bural frequencies, wh i ch were calculated w j th

10 éléments, appear in Table 2. The natural modes corresponding to

"fche towes'fc shell frequencies under the -bhree boundary conditions are

i t lustrated in normal ized form in Figures 6, 7 and 8.
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Ii is easy io see -fcha-fc at l -fchree d i sp l acemenis Un», M and UQ are

ait zéro a-fc the top (gi = 0) of ^he spherical shetl. The displacemen-t

ratios, ( Ua» )„,•></<W> m-x and (U®) m-.x / (W) „,•>< are presen-ted in Table

3. They reveal -tha-b at -the lowes-t frequency, spherical shel l motion

is générally radiai. In -fche case of ihe hinged shetl, we observed

convergence of -bhe solution by ptotting -fche number of fi nite éléments

against the firs-t four natural frequencies (Figure 9). It became

apparent "fcha"fc the f i rs'fc 'two frequencies can be considered as

converging with six éléments. As -bo the higher-order frequencies,

ten éléments are required for greater précision of results.

8.3) Case 2: C'amped sphsricai shei! with ^ = 30"

This case was investigated analytically by Kalnins C353 using

classicat theory and transverse vibration theory. Mith the new

-fcheory, we used 8 fi nite éléments -fco study -bhe spherical shelt, with

the results shown in Table 4. The frequencies we obtained wi-fch our

me-fchod are very comparable to Kalnins" values. The disptacements

co rrespond i ng "fco "bhe firs'fc frequency, in normalized form, are shown

in Figure 10. The maximum displacement values were:
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(Uci)max = 0. 1010

(W)max = 0.2123

(U«>)max = 0.0965

It was observed that at -the lowes-t frequency, motion of the spherical

shell is mainly domina-bed by its radiai componen-fc.

8.4) Case 3: Simply supportée! spherical shel l with 0o = 90e'.

Kraus C183 inves-b igated this case using a général -theory wh i ch

included -fche effects of -fcransverse shear stress and rota-tionat '

inertia. For cases both wi-th and wi-fchout thèse effec-fcs, he

determined -the na-bural frequencies for the shell motion that was

independent of © for eircumferen'b ia l mode number n = 0. With our

theory and using 10 fi nite éléments, the natural frequencies were

computed for n = 2. The resutts are shown in Table 5. The

dispiacemen'fcs corresponding to the towest: frequency are given, in



51

normalized form, in Figure 11. The maximal displacement values were;

(U«,)max = 0.3318

(W)max = 0.2317

<U«)max =. 0.0854

The resul-t is that at the lowest frequency, the motion of the

spherîcal shel l is predomina-fcel y influenced by the axial componen-t.
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CHAPTER IX

^ CONCLUSIONS
.^^\,

/

The purpose of -th i s -thesis was to présent a new -fcheory for the

dynamic analysis of non-uniform ihin elastic spherical shells. It is

a hybrid me-fchod, based on classical -fch i n shell -bheory and the f i ni te

élément me-thod.

The principle objectives as sta-fced at the outset have been

accomptished. The displacemen-fc functions as adapted were verified.

The fi n i te élément mass, stiffness and stress résultants matrices and

-the corresponding global matrices for the complète shell were
A \{

established. The SPHERE compu-ber program which arose from -bh i s new

theory was res-bructured, -thereby reduc i ng both CPU time and storage

space. It was applied -bo déterminations of -the free vibration

character i s'fc i es of uniform spherical shel l s under various boundary

conditions for number of eircumferen-fcia l modes n >. 2.

There is a relative dearth of data in the litera4:ure on free

vibrations of spherical shells, particularly w i th n >. 2. Me are

unable, therefore, to make any direct comparisons. A
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comparison of the findings for clamped spherical shetts bas revealed

good similarities between the na-tural frequencies calculated by the

new theory and the values found by others in other i

inves-fcigations. The variances observed could be laid at -the door of

différences in the methods used. In the présent siate of affairs and

in ihe absence of published articles on the subject, i-fc wou t d be

difficult -fco check -the accuracy of -bhe results ob-tained. On t y

through future expérimental investiga-fcion could the true frequencies

be confirmed. A look at convergence revealed -that working with a

number of fini te éléments greater than or equat -fco six can provide

the low frequencies with good accuracy. As to the higher-order

frequencies, ten or more eiemenis appear io be required. Use of a

large number of smaller fini te éléments wou l d cer-tainly push the

resul-ts we computed with the new theory — the asymp-fcotic solutions -

towards the real solutions.

A few cases of uniform spherical she l l s were présentée!. The

SPHERE program was developed and is now available. This program, in

combination with the other programs our group has already developed

for cylindrical and conical shells, can lay claim -fco being a good

vehicle for studying the dynamic behaviour of ihe majority of she t t s

of varying geometry that are used in industry: they could have every
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kind of discontinuity and every boundary condition conceivable. Th i s

new theory is certainty the f srst stage in subsequent research into

spherical shells containing stationary or flowing fluid.
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APPENDIX l

SUMMARY 0F ASSOCIATED LEGENDRE FUNCTIONS

1.1) Def ijn Lt i on

Associated Legendre functions are solution functions of the

Legendre differential equa-tion <see C613 and C623):

(.1 - îa)^l - 5; 1L+ [.> (5.<)-^ (1 t i1)-1!^ = °
'aîl 'ài^ ' ' ' ' ' \\.^)

The v and P parame-ters are générally complex numbers. This

d ifferen-bi al équation has -fchree singular points a-b z = l, z = -l and

z = n. There are -fcwo distinct cases:

l) The real z variable is be-fcween -l and +1:

The basic func-tions of the solutions are designaied

as P^ (z) and Q^M <z> <or also as PwM (cos<z()

and Q^ <coscî) where 0 ^ ^ ^ n) •

2) The z variable is outside the -l, +1 range:

^)

In this case, -fche functions are designated as p^<-' (3) and

nj

Q^^ (z).
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Thèse func-fcions are called associated Legendre functions of -fche

first and second kind, respectivel y. They are spécial cases of the

hypergeome-br i e functions F<a, b; e; z> where parameiers a, b and e

are such tha-fc -fche quadra-tic transformation exists.

For -l < z<+ 11

p^(î),__f±±iy, F(^,^,^,^)
r(^) ^ -5/

(1.1.2)
For z ou-fcside of the -l, +1 range:

^(2),__^(^^ F(-^,^,i^)
r(<i^u)

(1.^.3)

where

00 ^ j . \2 / H \~^
p= Gamma function: r(2)=5~1TT' f^+^-^('t+-s-^

^^ \ rv/ \ o

(I. \. b}
gg hypergeome-fcrie function:

F(a,b;c;2)^^_ZLIjL^mbl^ ^
P(b)r(c.)^o r(e+o) rv'.

(T.1.5)
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1.2) Usefuï F o rm uj_a s

a) Relations be-tween -fche Wronsk i an solutions:

ç ^ ^ r^-) (.^ (x)
r (/A+^ + n') (i .s. ^)

ay w - [(^'"\- ^ <ç w
r +^ +^) (T .5.a)

b) Real and imaginary parts of -fche functions:

^ (cos^) <^ 0^ Ccos^ :
P^ (eos+)= Rz[P^'^)l^ I-Î^IP,; Cœs^l

CT. â.î)

^ (<^t.)= fe [<3^ ^1 + ^ 19?, M
(1.^

c> Derivatives wi-th respect to <rfs

Àf^ C^) = (rvy*. - ^ ^) P^'' (eos4>)- rveo^ P^ (eos<t>)
(T. 2.5)^

AâJÏ (<^s4>) =(rv-^.- ><) (rv y^) Q^^ (eos4>)_ nc6^<^ Q^ [cos^
^' ' ' u(/.2'.6)

d> Expressions in -fcrigonometne séries:

F (^- ^a) ^ (cos+) , TT-^ ^*< (,,^ p (, ^ ^)

'4- -1- n/)p fyi +/^ + ^)
x èl—^T—:—^s;'l[(s(+/u"t1u]

'-° ^!(i-+/^ ^ (,.,.7f
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where

{^ -\ = r ( j + rv +1)

p C^ -rv)l
(^ +^uu + n,)a P ( -1i + ^ 4- rv +^)

r 0 +/i + n/)

r (-1 + /^ + ^'•^ - 7^
r (5. + ^ oJL (eos4>) = ^ 5n ( sm^)n' F (rv +ya + l)

x]: CT+^ ^+'+^^[^^^..^
^ (l- +A

( 1.2.2)

^

e) Expressions for n = -l, 0, l:

P (cos<I>) Si n. 4>
3.

P^c (eos<|>) = eûs<t>

Pl (coS^-sin^

( I. S. 9)

Cï . s. Jto)

(I. J?. 11)

Q;1(eos4>) = si^ J^p+.ec6<^ ^+l ^4> (l . S. u)
^ ^ - eos4 ^ -2eos4

Q;(aos4>) = ^ ^ fl±^si^
'' ' >/ ~ -$ Y-i - oos^ r

Q^ (eos4>) =. i^ J^ f 1 +<LÛS<i> ^ co+ç
^ ^1 - cos4^

(î. 3..^)

(I. ^. ^)
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1.3) Summarv of expressions developed

Wi-bh the formulas in C613 and C623, we dérive the expressions for

the Legendre func-bions used here:

P^= sin:^ ^ [X^Ca) + l^trl3[s*rl^(^) ^ <^4>

+ UCQS^ (a) 4> S^4]
(,I.5.<)

where:

À.

»

\^ ••^- ^-^ r^-n+^r^+ll)^0vs-n+

11 ' CTT^"-) r^-)xr(^^-n)xr^ ^)
IL
x^1.

== -si -^cn<) + ^

fc (P,n) = Sirv-V

n- +/^+1

>i
<x>

^_À,C"') Snrvsc^n-) <|> C^|4
1=0

« n/ [rvj GOSSC (a)<{î S

œ
Im (%) = sîn; ^ ^rlfc(n')sirl;c'e^<^e^)^

^ + ^ (rl) &oSX^[r^ <f> Si-
Ano-fcher expression for Pn

P^= î [d(t,.),\J(z,.)]^
^=0 - ^ - ç^

n.+.St (4>/s)
n- (4,^)

i+/^T

(I. 5.2)

(T -S. 5)

\ Ci. 5 . ^)

(1.3.5)

(1.5.6)

wi -fch

d f^, rv) . l; (t, -)-(--fr^t1^)x_r(-^tt)_xr(1+A+t)
r(ua+i~^)xr(-i+^)^(-/^)xr(^n+^ >t\

^ ( Pn}-^- ArP ^ S^+se (4>/JO ' ÇT-3-7)
^ \ ^J =) d {'C, a;

^— v ' / &osn' (45,^) ^ -i- 3.zos (4>/JO
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Siai,n(py=lj(^) -ï

•IsO

n + si (<Ws.)

C<W

Q
(1.3.9)

^ = s^ E^[\M+ \(^][^^M<t) ^
-OSirw^(n)4 S^4>"^ (l î.lo)

^(G>^)=•/i^,
^

S>rvn'4>

CD

\W COSx^rv) 4> chy4
(n,)ô>^ i^}è> S^ (I . 5. -H)

I-«)= r\/î
-sin.a<{>

'.:0

+

00

r^ Crv) eos^Mt c^)<i>
- \.^ cn/}sirv^ cn) ^ SKy^ t [J. s . ^)

pn _ H)
-n

rA + (ûo54>)"t/
r (a-n)

with "l ; ^ (4>/5l)

(l .i.lî)

Q^ ("-^1| «< r (5. n.) x P,% [ (-lArv - (-l)Ileos+1 J-
n-

71

'^

(1.3.^)

Note: Tables for associated Legendre functions of -fche first and

second kjnd are seldom available in the literature, especially when

the degree P isa fractional or complex number. Gray's work C633

gives results with a fractional p degree. Recently, Singh and

Mirza C643 proposed an automa-bic calculation method using -the

Mehler-Dirichle-t intégral représentation of the Legendre functions
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with the restriction tha-fc Rs (^l) < 1/2 • In "the présent research,

thePM2"and Qnz" func-tions are represented analytically by an
00

i nfin i-fce séries E .In -bhe course of -the numerical cal eu l a-bi ons
t:0

on the comou-ber, th i s inf in i-te séries is replaced by the f i ni-fce
-tO

séries E . This is the on l y approximation used -fco evaluate Legendre
t;0

func-ti ons~and there is no restriction on the subscript.

1.4) Derivatives of the G^.=n (cos(zi) , Pys" (cos(zi) , Q._..zr^_<^°^^2-

and • DM:"" (cosd) func-tions:

if^ (eos^ ï^ (P^4)- ^^ (P^1)- n~^R. (P;;J
^ +1 [ ^ 1^ (?;,••)+ ^ (P^)- r^ ^ ^)1

(T.A. X)

if;, ("^ ^ (^•)-^(P^<^^^^ CP^)
^'" : 4 ^ ( P;^ )+ ^ R. ( P;; )- ^4 ^ ^\

(l.Ji.a)

^ (eQS^ = ^Rt (Q^ )-^î- (Q^)- naoyRa CQA)
^' - , .[^ (<2^').^ CQ^)- nc°V1"' (Q;^l

(I. H.î)
^

dû, feos^
d<|>'

^ («s^ \ ^ (^)- ^ ^ CaA\.
tlï^(%')+fA (Q^)-""^ (Q^]

(I.<.A)



73

APPENDIX II

USEFUL EXPRESSIONS IN DETERMINING

DISPLACEMENTS AND DEFORMATIONS

11.1) Determination^^^^^^^^ the "terms in paren-theses in relations <3.2.2)

and (3.2.3)

The calculations below were done from reta-fcions (3.3.1)

to 0.3.3), (3.3.9) to (3.3.12) and <I.4.1) to <I.4.4):

5

Zl
°<=1

rc< + ^ ( -l + ^)

L ^ Cro< -^ ^)] J
-9V4c< ^

/3<{>

."' f

(n-^--l)(n+^{^ (cos<|>)^ nco-lg4> P^ ( eos<t>)

(n-^-'l)(n^)Q^ (aûs4>) - heô^ Q^. (cos^)

(JT.^'l)

^̂
)('

+ (^ - % ) AÏ [^n Ra ( ^r ) - PU ï •" Cp^ ) - "»°^4 ^ ( ^ )
+l [Ïn ^ (p^ )+ ^n Re ( P^ ) - n ^ 4> I- (P^)]

+ (^ - '^î) 62" jïn ^ (^ )- ^1^ (Q^ )- "°°y ^ (Q^)

+^"UQA^"Ma^)- "°°yT^ (a^)]]
+ ^+ ^3)^ lf"^ CP^ ) - ^ (PU";')- ""^ R. CP;,)

-k [y" i- c^')+ p^ CP^)- ^ i^ CP;^J

+ (?s+ ^B^" RJa^)-^!^ ^<1) - neo1^R^ (s^

- k [lin 1^ (% ^+ ^R< (Ç^ - neo^ 1^ ^^
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t (^_?_^_i2_iw: =
^ l ^ [^- (1 -?)]-j °<

^ A1 ^ + g, ^ ^+ (^ - ^ ^ [Ri (P/Î, ) + -^ (Gl^)]

+(^ - ^5) &2 [^ (^ ) + '^ CQ^)]
^^L^A?[(up^')-tT- (P;,)]

+ ^ » iâi)Bn5 IR< (Q^) - ll" (®^)] (T- 1.2)

^} w^
îl ^

^
z'.

[^(n-^MP:-'-^^P;

|-^- (n-â)(n^)ân;\_îl!co^<)> Q
'

(TI. 1.5)

11.2) Displacement derivaCives

n^= °-< +a.p(AS ^3n),^..^-A5̂ ^V ^

^.B: . ^ « +B5")^3Qt(B;-B:),o^6;

CTC. 5.1)
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where s

°1P = ^[(n-^-J<K"+M.,)+^(cose^1^ +neo^l4>)]P^

-3i (" -^^)(n+^) ^

QJ2P s [(^^ +?5^)+ ng^ ( eosec^ + ncû^2<|,)] ^ ( P^ )

+ [(3iYr> -^f'") + n3î (î°S^ + "^)]l,n(P^)

- (^x"+ ?i ?>- ) ^ ^ ^ (p^ )- ^ - ^} ^ ^ CP;"; )
q5P =-[035Ïn - 3&f)n)+ n§5 ( cos^z <t> + "^2<t>)J ^^ (p/^)

+ [(fc Ïn + fe ?") + n?2 (œsw<f' + nco^l<')] Ir" (P^ )

+ ^3!f"-3î?") eo13+ ^ (p/41'<)

- (^Ïn+35f") -V ^ (P^'4)
a^p = -J^(n,-.a)(n+^ cosec^ P, + -^L (a +4)eoSco<|> eo^<)> P3n

'1

Coefficients ais, azoi aïcn a^o are derived from aip"» a=p»< asp-f a^»r>

by replacing the symbol P in the associated Legendre function of -the

first k i nd w i th Q of the second kind.
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2) llŴ- = ^pA: .^pCA^Ani).b^CA",-A,n).^A^

+ b^ +b,, (B? +&ni).^(B?-&S)^^B^
(î. 2. 2 )

where:

^P= [(n-/V4)(n+/^+n (eosccî4> + nco^24>)]P^

- Cn~/LT^)(n+/XJ p^

by . [Yn + n (tosec1^ t n»1^)] ^ ^)- ^ !„ (P;J

- Ïnc^+ ^(P^) + ^n^+ ^ (P;;<)
bsp - ^ (P^ )+ [ L + n (cos»2^ + neot^)] I^(P^ )

-W^ï)- y" ^41. c^;<)
bAP ° °

Coefficients bio, bao, bso are derived from bii», bzp», bs»» by

replacing "fche symbot P in the associated Legendre function of the

firs-t kind by -bhe Q of the second kind.

b<o = 0

3) ^ _ C^p A'; + ^p (A^ + A^ )+ c^pL CA^ - ^)+ ^pA^
n ^n\ ./~" nn\ niï+ ^^ + ^>(i^Eà)^i (^-^"^^^

(Ï. 2.3 )
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vhere:

c,p= n^C^,) cotg^s^ -ng,(rv-/v<)(ay^s^P;w
eAP= ^ (•»*<) ^ coa4 Re (^^,(a«)eo^c.+^ (P^)

- n(^Iat^n.) "M Re.^;*)- rt^^-3,^) ^* J^ (P^ )'
e5P = ^ C^+1) ^ <^cc<^ J^ ( p^ ). (^)eo1g4 cosea<t> Re ( P^)

-n^ + 33 ^)°°"^ ( P^-<) + ^^^ - ^ ^ ^«+ Re 0^ )

ae^= 7[Crv-â)(^)+ n'Ceos&c^ + ^o^4>)l Pa

-_(n-a) (n.l) eotg+ ^-<

Coefficients Cia, Cao, Csoi c<.a are derived from

c1^' C2f, Cs^.. c^^. by replacing the symbol P in the assoc i a-ted

Legendre function of -fche first k i nd by ihe Q or -fche second kind.

4) ~^~ =' ~ n'u^ sin/n& (JT.5.A)

5) J^L ^ • - nW^ sîrvfi ( 31. S. 5)W " v - . -.

^- = -^K c^ (l . 5.6)

7> ^- = rvU,^ eosrS- (jf . ^.7)

where Wr>, Ua.n and U«n a''® 'the -terms wi-thin parenthèses in

0.3.13), (3.3.14) and (3.3.15), respectivel y.
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APPENDIX III

DETERMINING THE ELEMENTS IN CG3 AND CS3

II1.1) [G] Eléments

Before i n-begra-fci ng équation (5.l.2) with respect to ^ , i-t is

useful to express the product CQ«3T CP3 CQi3 as follows:

[QJ [p] [Qs] -

[Qs]T n [8sj-

[a']T [W-
where:

-p_p_
Pa

PpQ

-PQ G

Gpp

GQP

SP

SP

Qsp [ QSs<a

-!-^-~
l P<QSS _

-LOP2-
l
t °QQ

ûsp (C p = ^[A^p.j),Br(v,j)cos4>]t
l = A , 6 y;-l

= ^ and^

n+ 2r-J!(

03 3

(M. 1.1)

(Tff. ^.î)

^(^--ttA^'^^':' ^./1)
^ ^,6U'-^^ " u'<^n+ 5r -< (+/^)

a = 5'5 dî •>i.5)

0^ C^)=I^sll^l(-^[Acr G,j) + E^ (C,^^]i
C = -l ,CU 3- r;1

n+ J2r-.4

e = ^ an<A

+[<(^)-B;^)co^]^^n tSr-H (TS . -l. ^ )



<W^=1-ZZ [Acr(^)cosc<,(;,p+A^
v=-l,6 - t,o r^ _^ ^ ."...-, -"-^.

J -- <2,5 - B,: (C.^) 3>no<r(v,j)+ S^JS>n <|> (-GT. ^ 5}

FF (t'?.= Ltcr(k'j) + D'-(i'â) "s<t]t.-n+a'--1*
€' = -t and^ '7:-1 " (ni . 1.6)

^ ^,6

pp {:i)--tt^s\\^^^î)
.--2,5. to^''" eo5n+sr-^ (4,,5l) (m.-l. 7)

j-- 4.6

P^ (^) =^!Z:^)n[c?(C,p.D?(C,j)e.s^n+2r-^
L^: 'land4 â r:1 l " u 'J' / ^

j= ^ +[G^ (c>j)-]ïr C^j)co5^^^.

oo 4

Ar-4

(X . A. ï)

Pg Cv,^^^^^[e?(.,j)°°s^(i,j)^
0 = S,5U 2 i7;TT-i

j = 1.6 - î)f (sp5ino^(v,j)<j> Sh^j Sir>~"-"4>

(ui. -i. '3)

-n-A

where';

^ = iq 4>/2
[^ .°[A^ [P] ... <,3
[D,] . [K^ [P] ... <,3
K] = KF [P] >-= 1,3 (TŒ. ^. 10)
W = [B^T [P] ^ -,5
[0 = [A^T [P] r= ^,^
[^] . [s^ [?} r-. <,^
[«ri - " -. <,H

Matrices ÇA,-], CBr-], CA^C3, CB^<=3, CA^'-'] , CB^V3 and Ca.^3

are given in Appendix V. Thèse ma-fcnces are i ndependent of the

variable <zS. Me therefore dérive:
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Gpp(.,p. ZZ Z Z I C,(i-,b)As(h,(p
'i.= 2 ,5 r=-l s=1 k=1 -^=0 1^0

(J ~- î '5 _. 2n + slp + sis + Sr + as - 8
si n (4>/a)
cos
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5n + a.r + 5s - 8 (4/2)
(m.1.H)

Gpp (1,^2^ Y_ Y_ )[C,C^)^,.C^)1[M^B^)]
'^ = 'I and4 b=>l r=1 S=-<

j -- ^ and4
5n + ^ + ^s - 8Sin •"• T ' • " ' (4>/2)

Cos .an .». Sr + 5s - 8 ^,1}

-[CrC.,k)?)^Cl,h)B,(^)] ^

- [^r C^) AS (h,j)^ t-,h) B,(k,j)] Sin^ ^^ ^
COS an +

S'in

CQS

s> n

J2n

-în

2n

•l-

+

+

Sr

^r

5r

+

+

+

5s

2s

^s

- 6

- 8

-6

(4>/2)
(^>A)

w^

iO^.^Es^,^ Sn+ 5r +^s -^ ^/a)

eos Sn -f 5r + As - 9 (4>/2) J

^S - 8 'î]

(ît.'US)

ao go

GPP^^Z Z Z Z I: Cr (.,h) A, (h,^
b = 2,3' ^ r^l Szl Ap=o -^=0

IJ = ^sndk 2n + ^&r +^+5r +5s -8

5n +^r + -3s -8
COS

6 ao 3 3

( 4>/5)
^/^ (îL.^5)

âPPN=Z Z Z î:j[Cr(t>k)As(k.<))+^(^k)As(k,^
L = ^ anÀ h^ .^o rïï sTl1

<iï''J ,_s,n2" +ats ^r t5s - 8 (^/a)

-2.M.,b)A50^)

eos*- tar t<s -8 —^)

^ An +2ts + ^ +2S- 6 ^/^Si H

CQS 5n + .ir + 53 - 8 (^,5.) ^. \.\^}
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6 oooo 3 5

6^^î- Z Z F Z{2(Cr(i,k)tBr((,K))
u;^&_4 " h='l £,=o r=-i s7i
j = A.3J

x A'; (k,j) cûs^ (^)^<i> e>u)<(> Sin J?r- € (4,/A)

C4>/A)GoS •<n +An ^ -2r - î

-5(er(l,b^I>,^,^B.°fk,^s,n^fte.j^^A <noA'-6^)
An +^Ta~

-4 IV M A^C^)^<x, (^)4>ck4 s'-n- -
.20 ¥

CoS

în-âr-4 (4/A)

(W

eos •2n ' âr ~s U^

+^(L,h)B^(h,j)sino(^ (^,j)<|>sh^<j> sin ^r-4 Ç^lî}
nos Sn + ^r - 5 (<^3

(•S.. 'l.'15)

653
S,(t-4L-^21!^ Z Z|Mn[<3T^,l')*Sr(.,k)][A^k,^B^^)]
i= ^ &4 2 t?=;l r=-l s=-l

<) -- \ &4
2n +5r 4- AS - 9

S i n

eos&-+srtis-s (*/^

-S(-l)n[CrG,H)^(k,^^(;,h)B,ï(h,p<.Dr(;,^A,c(t,^]
sin -2n^r. ÎS -6 ^/^^

eosAn+*+ss-8 (+A)

^n + Sr + ^s - 4 (4/-i)+4(-<yM.,k)6,c(k.j).
c^ ^r + ^ ~8 (4,,^

,[ ( C. (C, k) t D, fl, k)) f A;; ^ ,j) - B^ (k,^)] s,n sr - ^ (+ /.)
co3 3-r - -25' (<^ /î}ïr - 3.5

,v<Cr(^l B^)+iIVG,h)B^ Ck.j) - t>r Ci h) A,v (h,j)]
x S.n ^ - js +5 (*/^)

CQ.S
-?r - -^s 4/-t)

-4iy(;,h)Bj(^)^r;te;4 ^
''"'^ <"T ços 5r - ^s TîTiYcos

(X. /l. /tô)
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G^Cv,p.^_>l! JL Z E. t(Mn[Cr(k.'>)^Cb.ptcTG,h)6lCk
w= 5,3' 3. ï=4 £r=° r=JI s={

'•" . ~ "" ~1r~ '" '"' ^,_5n+ 5.^ <.Ar +^s -8

> = ^ and4 X^rL^ ^ andlf
coS An + A«* + ^S - t (<t>/A)

. ^n + Mr t ^r +• À - 6 ^1^.sç-,)" e, M 6,c Çk, ^ s,nwt^ -
eos-2n ^ -2r +-îs - ? t4>A)

+[CrC^) ^ CX,d)-^-(.,^ ^(^3)]""^ 1^+- w
+SCr Ct^)BsvCl',,p

CoS.

^ + ^r - Ss +.?
S i n

Ar - -SS

(4>/^
^r - 5S<SOS

6 œ oo 4

(<^) J

(4A)

(-nr. 4. ^)

ûw(^)^:L I: 2: E. I:[c^,W^)eûs^E
ù = A, 3" ti=1 ^.=0 l=o lr=4 5=1

j-- 5.5

-CT C^) B; (k,^ s>no<, [^ ^]^r^;e/^ OS . 1. ^î)

6^(i^.I^H.ZZZ^-On[c?(i,k)tP?(;,k)][^(b,p.&,(k,^
^\ï, î ^^^l ^^...^s-:^;^.-
3J^ & li (4>/â)

w5" + 5r f 5S -8 ft/.l)

-5 (-<HC? (l ,l>) Bs (h ,j) t< [;, fe) 6, (k ,j) H>,e (;, k) A, ( 1^ )]
•Sn +^r +^s - 6

Sin (4>^)
COS 5n +^r + 5-S -X C^/A)

^ (-<)'!>; (;,fe)Vh.p
An + J2r + SS - 1}

Si n

eos J?n +5r +-îS - g

(4>/^)
(4>/a)

,[C,V (;,k)-^ (-,k)][A,(h,j^6,(k,j)] ^ ÎS - -Sr-

£05
•2s - ay'

(<WA)
(^)
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t5[lVV (i,te) A,Cfe,^;îû; (;,h)B^te,^-^ Ct,k) 63 (h,j)]
•Ss - Sr +j?

s'm (4>/^
eos 5;S - 5r (<<>/-?)

-Hî; (i,h) &;(k,j) in •?s -J?r+A (^/â)Sin

COS

^_ œ. _5_ _3

(îî. Jl. 19)
<s -îr (*/ï)J

G^ (;,ji, (^IZZZZ ^ (-1)" [e,c (;,k) A, (ft,j) Ope6,h) A,(h,,)]
i^and4 ï ^Ço-^-s^

<j; •î.5 x
Sln 5n + 5ls ^r . ^ -î ^f^

eos 5n + Sv + <S - g

-s(-<)"^ (v,h) A,(b,^ Si n

4/.â)
.2n + ^s + •sr ^ -ÎS -6 ('4>/ S)

aos
^n

[ervG',b)As(^)-6;'(;,k)/^)]

+ sr + "~-"T ^ /^)

Sils, - -?'- + -2s
Si n (4>/.2)

eos
.SS - -Sr

+^ ^)^p,n^-^s +^ (*/.)]
COS

5s - 3«"
(4'A) J

(<p ^}

(-QC. \. îo)

âQp(^) z1T ^i:^:([C?(i,h)e°s^((,k)^ et,
ù = J?, 5 v h-->l ^or^ s-.;l

(jf -. ^ancLif

Sr-Ç

îr - 3.
tD,a(.,k)sin^(;,h)^][As(h,j)^(h,^]j;l^_L

COS +

+^[-G^ (>:,b)eoSo(F (i,K)<|> c>y<j> + D^ (t ,h) sino^ (,,b) <)> s^^

^w
(<^/î)

8. (k-P
S,n sr - * (4>/.2)

eos50 +^r -^(^A)|
(nT. t. ^l
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6 co œ A 5

GQP (L'^=rZZZZZ [C^(<;,b)cQSo/,(i,k)<{>^-^(i,^sino(/C,b)^s^
1= 2,5 u ^TÇoV0^ SÏ1 ~

(4>/A) (TJT . 9^
(/ = 2 ,5

(S= •2>5 ! AS ^)
Sl^ + -2s - <3

cos •în + SS - S (4>/A)

G^.(t'.d);
ù = -l & 4V

<)'-- 1o 1

C"-^)!
6 3

ZZ Z ^[Crc (t.kî tI>r°C^k'>PKh,j^ B|(k,j)]
k=/t r=-l s;l

s'n
.Sn + -Sr + Ss - 8 (4>/s)

-s[Gr'(i,k)+I>;(i,yjx B: (h,J)

.î^(.,k)[A:(h,^B: (k.pLj;

cos An

i: (h,

: (k,

^

+ îr

Si n
x

eos

Sin

-^9s

5n +

Jîn +

5n +

- i

5v +

.2v +

Sr +

(4'/A)
-ÎS - <5

•as - î

•is -s

(4>/^

(4>/a)

(4'/â)

eo.A +^r +A-S (+/,)

+^ (i,k)B^(fe,j),^
An + .Sr + .5s - .4 (4>/î)

COS
5n +5r +5S -2 4/A)

(-^[c,° M^ (c,k)][AV3 (k,^ - B: (k,p]

t S (-1)n[c^ (v, k) + ^ (;, h)], B: (k,^) s.n5rt3s_+5(<t/A)
-?r ^ (d>/^)eos

cos
•2s

-?r + AS

Sin-"- + te (^/î)

(4>/î)^r + .2s

^(-<)\ D,c [sk)[A^(h,pt &;(k,j)] ^

-4M'\D^,k),Br(k,j) s,n

ÏT t ^3 1- Jî (4>/â)
3r + As

^r + Ss +4 (4>/â)
{^ /A)

cos -?r + -ÎS (4>/A)
(-<)" [e; (iM - fi: (v,k)][A_° fk.j^B? fk.pj s;n ^-_^ a/î)

-5(-ijn[ev, (;,h).^v (i,h)], B; (h,^5." " - ^ + a (*/î)
cos

,5 (-^n y D; (1,^ (t^+Ê,& (^j)]^l.
eoS

-4^ (^)xB^ (^j) sin

Ss - -2»-

•3s - 5r + 5
(<i>/5)
(4>/s)

^s-- --^^^^^

cos

SS - Sr + 4

55 -^

^ /5)
(^)
(^)
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5n + .Sr + Ss - 2^M-D,VM]K(^<(^)J^^ (<}>/2)

+^ {^}.^ M],. B: (^)eo^/,ar+
«_ .sn + 5r +

sînAn +sr +^ ~& (^ /5)

À . sr+ ^s -î ^/^

t2D,v(;,k)[A,'(h,^ -B^,j)

Sîn -?n + 5r +-?â -10 (4>/^)

^5n +2r + SS -^ (4>/s)

^n + sr + .Ss - los^"" ' "' "-"--- (^/â)

J?n + 5r + ^S - 8^(,^;(^^^ (^/â)
.95 - ^ (<}>^)

(3IT. -1.25)

G^ G,^} ^L("- s)! ^$^ \ (-i)"[c? (c,k). ^ (;, k)]
L; ^land^ 2 t?='| r=-l s-.\

^ S,5 xA^(x A^)eos^(k,^ Si^^.
cos

_5^(C,t?)Aap C^)&ûSo^Cb,^ek^ 6in5p-Jt^ (4>/^
^ân + ar -i (* /i)

.(-^(i,h)^M]B^)s,oo<,(h,p4 ^ ^__i^

+5(-^nD^ (c,k)B^ (k,^s,no<^ (k,j)^s^^> (4>/â)
.Sn 4. 5r - S

5r- 6-

eos •sn 4- 5r - y ^^

+[C;/ (;,t>).^ (v, k)] A^ (k,j) ^o(^(h^t cy, eos 'sr -
^

+SD; (C,k) A^ (h,j)co^^ (h,j)^4>

(4>/D
Sln-8" ^r'î^/i}

^-ç (+/AJ
5inJ?n +-sr -^

-[€ (^.h) -Drv (;,fe)] B? (k,j)sin^(k,j)4sh^4^^

r(w5}
^r-6 ^)

~^^ (.w
^(.,h)B^ (b,j)s,no^ ((?,j)<)) s^ cos5r-ç (4>/î)) (îî. A. ÎU}

Sîn -sn + •sr--4 C^)
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G^(C,p,f4-T£tÈ (ccr (-^)AtCtl^)^o<r(t.h)+°°^Ch,<j^
.= .3,5" \ây k^T^^l ' , ^ . _v5n^
j s .3,5 x cluj <j> Sin 4

_ C^ (c,k) B^ (h,p Gûso<r (;,k)4> sino<s (t^,p4> ^ s^ sm~'an~^

-J)? (C,^ A^ ^i(j)sîno/^ (,-,b)4 eoso<^ (h ,p ^ s^<|> 0^4 s>n-'sn~/+4>

+D? G,h) B^Ch,j)s;nc<, (;,k)^sin^ (h,j)<|, sKyt4 sm--îh-lt4,l

(TE . -1.55)

G,, (. „) , _L ("-^ îî I i(-i)nc? M[AC,Ch,j)^ (t< ^]
l = 5,5 ^ ^=-1 r^ s=i

A -~ -l & A .^o^AU^ sinAS'6^ /^/5-]
""""""^ ^5n +as-^ (^/î)

-S(-< G^(C,k) 6s&^.j)<^°<r.('.>^^^ sin^-^_, (<i>/^
eos2n +5s-a (4>/^}

- (-<)n0,a (^)[A:0.,j)^(fe,j)]sW, (.,k)+s^J^^^
&o5sn + ^/î)

+5C-^" ^ (s y ^ (k,^) sino<, [C,h)<|>s^ ^ ss -i+ ^/^
^ ^ + S5-â (^/^)

+ ^ (^)[A^(b,p- ^ f^i)1.os^ (.-.^ c^J> COS 02S-6 (^/î)-s -.^---r^T-^^^^

^5G? (u,h) B^ (b,^-) eoso<^. (,, h)<)> cK^ ^s " - ti _(4>/^
'r'"'"T ~y s,n^ ^ as-» (+/,)



87

^r P.h)[A; (tt,j)-B; (k,p]s,nc<r(i,b)^sh

x
SS - 6

cos ss - 6 ( 4> A)

s." sn +3S -^ (4/2)

55 - C-5J)^ (<;,k) &^ (h^)s-m^ fc. ^+.^ eosÂ5~^ , (^1)
S;nsntss-'< (4/2)

C-GÎ . ^. 5L6)

GQ^ ^ î] = (^(2, d)
ÛQa( -l ,5) = ÛQQ ( 5 ,^ CTJÎ. -1. â7)

GQQ(^,a) = GQQ (^, n)
GQQ (4:3) = GÛGI (5,^)

G-PP(5, ^ . s GPP [A, à)

GPP ( 3,1} = ÛPP (^,3J (Tu . ^. S8)
G?P (2,^) = ÛPP (A, à)
<3PP (3,^) = Gpp (k,î)

^ith the terms of the product l:i3-3T CP3 CG-3 being obtained by

applying the intégration formulas appearing in Appendix IV, we

therefore get:
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Gpp (t,p = ^ n îz^cl- (i'h) ^'- (t' k))(As 0^)+ B,Ch,^)
'^ = -land4 t»='l r=1 S='t

j = -land4 x[r(b+l,b,^-)-PCbti,b^)]

-^(c,(i,k)6sCb,j) ^ ^ C';,b)(As Cb,^ ^ Ch,j)))

x[F(b+ 4 , b,jk) - r (b.4 .b,^)-!

+4D,(v,h) B,(b,j),[rCbtfc ,b,^L)- P(b.£,b,^

(TU . ^. 2<3)
with: b= .2n +^[r+s)-g

F(r", ,", ,4.) . |iirL__^. d4 -,,",> o
eos ^ (4>)

ÛPP Ct^)=A^^^^:(Cr.(i,k).I>r(L,h)) As (k,^)
l ; \ and 4 ^ïT -l_=o r=1 " s:!

j-^ ' x[r(c,b,Jx) - rc° ,b,^.)j

- 5D». C.,k) As (k,j)4P C"î>b^)-r (^î,k .^

with:C ^ Sn + ^ + S (V+ s)-7 W . 't- 50;

spp (.,,? = ÎZZZE ^(.,y As(h,p
L = 5,5 h=1 ^--o^or:i s:-|

j-- ^-3 ' ' x[r(.s ,k,^.)_r (as ,k,i^)]

Ou. ^ 3-1)

with: as = 5n + ^ ( £r + ^ ) + ^ (r+s)- 7

Gpp
Gpp
<3pp
âpp

(
e
(
(

^>
5,

2.,

3,

1)
1)
^
A)

Gpp
&PP
&PP
G-pp

(^,
^
(^
(^

î)
,5}
^)
,i)

(TU . A. 32)
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A_ J_ _3_

G^ (. ,)).^.' ZÉÉ ^ C-1)" ((< (^tI)rC^))[A; ^^ ^ (X,^)
L = -jandît '< hï-1 r=1 S=-l

^ -^^ ,<[r(b+A,b,<fcp -rCb+2),^-h-)]

-A(-l)"(Cr(;,k)BscCk,j)^r(;,h)(^ fX.j) ^S's (h,p))

x[r(b.A ,b;Jx) - r (bu, ,I>;AL)]
2.

+S(-1)" Dr (sk) &t (b,p[r(b t 6 , b ,^.')-P (b+e , t,,^-)]

+.a(Q.G,^ M.,h))(AV5 Cb.^-8vs (h,p)[r(u«,u-<,^-r(ut<,u-<,^

-^(t,h)^ (^M>r(^(Avs (h,j)-î6^ (h,^[r^,u.,,^-r(urt,u-<,^]

-^,h)B^^)[r("*5,u-iA)-r(^,"-^)]]

with: u = S (r- s)

3

(îT. ^.55)

Q^^)-.^ZY.^ f \^<^ C^)^ Cte.p .B: (h, j)
Ls 2,5" z. H=î <r=o^l ~s=-i

J.-landJ, x[P(c,b,^)-r(e,b,^.)]

-4«Cr(i,!.)B^(h,j)[r(^s,bA). r(c+2,b,J_)] ,

^^(^yB^(h.p[r(u^e+3 ,u->,^-)-r(u4^e+5,u-^^]

+SQ-(^h)(AvsC»<,p-6^(X,j))[''("+s(^,"-1,^-)-r(^s(t1,u-l,^.)]

. ^. ^}
|(Sntsl-")[^M^(^),,HRR(h,j)

6 03 ^-Gp^p^ZZm
l = A & 4' •< k=< ^=o r^ s=i^ ^
^5,5 ^._ x Dp (^^ A| C^^) [HRR-1 Cb,j) + HRR2. (te,j

- OrCi^ ^(b,j)x TRR (h^)
--lr>r(^t')^C^)'<(TRRi (ISj)+ ™î(>',

(SI. /1.55)
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Terms HRR <k,j>, HRR1 <k,j>, HRR2 <k,j>, TRR <k,j>, TRR1 <k,j> and

TRR2 <k,j> are given in Appendix IV.

6 oo oo 4

15 ^ k=1 ^-s.o î^:

a: 2.î

GP^(_. ,-^î-t Zf:i i:j^*ïr-*)[cr(.,X)A|Ch,j)H^L(.,^
1= 2,5 u S h=1 ir7o ^o ^ "s^ '

-Gr(t,kjBJ(h,j)7RRL (k,^)| (l]I.k56)

Terme HRRL <k,J> and TRRL <l<,j> are given in Appendix IV.

= [ûpGl] . -1.57)

GQQ(l'l/|)=
'^ = ^ and4

j = ^andli

(n-^l!'izzz^c^)^,^ (4)^0^:
h=1 r=1 5=4

x[P(b^,k,^.)-P(b^,b,A.)]

-*(c?(W!(^)^G,tO(A!(k,^s&| (h,p))[r(b*J,,b,J5.).P(b^,b;L)]

^JÇ(L,k}Bl(h,p^[r(b+6,b,^). F(b4é> ^,^)]

+^(i|k)Bsv(k,j]x[r(A-b,-b-2,^.)-r(^b,-b-2,^_)]

+2(c?(C,l<)-^(;,h))(A?(h,j)-&^(h,j))4r(-k,-b-2,^.)-r(-b,-b.î,^

+4^v (c,y &^ C^)^D? (e,h) (A^ (b,^ - < (,, ^
.[r ( s.'b',':b^') r'p\,'"b ^;<tbJ-7,l.)lj"(

^Jn((e?M^(^)(A^)-B^ (b,j)
^ (^(^-^;4)(A?(^) \'11'^ (h,^))
x[r(u.i,u-i,^.). p(u.i,u-<,ij_)j



91

-n M" (-e? Cv,y ^ (^>)*P? G,fe)(Avs (b,j)- SB^ Ch,j)
\Csv (.,k) &^ (h;])- ^ (t,k)(A? (huj)- a6Ï Ck ,^'))

x[r (ut3,H-.,-b.)- r(«.î ,"-^,^)]

.S(..1)"(î? (^)B,V (k,R ^v(i,k)B? (h,^)

x[r[u.5,«-<,^-)-r(u.5 ,^-. ,^.)]t

withs u = S (r-s)
(2S . -l. 5?)

A_ A _3- ,n+5r- ^ ^,&Gso (^) = ^(n- 2)!^^^^sn"r">)|(-^e; ^^^0. ,p"^M
l = â,5u ^ kTT^î^L ^ L
J= -land^} 4 (-^n C5C'(v >k) &? Ck'^(HRR1 ^i'^+H^2^,'0)

-(-Osc(.,k)A^ (k,j) TRR (h,^

.±[-^nJ)^ (''^)&?(^) (TRR1 (^n + TRR2. C^,n)

.C$ (l,fe) Av, (h,^ URR (te,.)

-_ G,a(v,k) B^ Cb,j) (WM (.K.1) + "R^ (h,l))

- ^ Ch,j) A; (k,j) VRR (b,.)

+^-Ds (<^) Br C^j)(vRRi (h,l) + VRR2 C^,^))

(T33:.4'5<3).

Terms URR <k,i), URR1 <k,i>, URR2 <k,i), VRR <k,i>, VRR1 <k,i> and

VRR2 <k,i) are given in Appendix IV.
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Q^ (l,p =(^|'t^t((<î ^,h)Acs(k,pt D?(i,k) ^ (te,^
lTs,5u V^hïîr^r u'
j = .2,5 x CÇR1 C^,-<')

- W (i-,10 6; (h,^)-G? (l,h) A&s (h,^))^cER^ Ch,l)

- (Cra (^) 6f (>'.())+ ^ (k.h) AI Ch,<p) ^CIR2 Ch,.)

+(e? (i,k)Bl C>l^)-I)? (t>te) A^ Ch,^)^m Ck.tl

-(î? (i-]k)EII Ck^)-CerCitl)Acs Ch,^))><"Rî [h,v)

+ (G? (;,k) Asc (k,^+D?(v,b) Bf Cfe^))^ERtt (h,.)(
?. \. k o)

Terms CER1 <k,i>, CER2 <k,i>, CER3 <k,i>, CER4 <k.i), CIR1 <k,i> and

CIR2 <k,i> are given in Appendix IV.

GQQ (Jt, 2}
GGIQ (-1, 5)

ÛQQ (^,1)
GQQ (A»S)

<3aQ C^, ^)
GQQ (5,1)
GQQ (à 1^)
GQQ (5, ^)

CI. ^ Ai)

III.2) CS3 Eléments

Similarly, the product ofCR«]T CR.3 i" <5.2.2> can be written:

[Rs] N = [Rsp i Ksa]
T RSP

RSQ

RSP RSP ] RSPRS<R

[RSQ RSP t RSQR5Q.

p p l «-» PQ

SQP l SQQ J (ST. 2.-l)
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where :

n+r-â

(X. 2. ï]
Rsp ^,(p=Z[r.-(4)+Ar(t.il)cos+Jin1
u=j,$.^ r=l
J = >land^ oo 3

8r^);£t?"::^"^!
d -- ^>5 (TH. S.5J

RS, (^)=^! Z |(-<)"[^(sj).AC,(;,^^]i-r-^
L = ^5 ^ îTl

^^)-AYr^)-<7U
Ciiï. 2. ^)

00 ^L-
R% (t.<})=JLJT^[^(t.j)^y,^
^ = /1)3" -î ^ ^

j = 5,5 - A^ p'j) S^Yp 4 s^] s'^4'
(X . S . 5 )

with q = - n for l = à
cj s - n - 4 otherwise

Matrices [^3, E:^.], CP^C3, C^C3, C^V3, CA^V3 are given in

Appendix V.

-^ -- ^(4>/a)
^ with r = -l, ^ :

ïi = ^c^)
fo = ^Cn) ^ ^
^5 = ^ Cn) - ^

în = ^ cn) + 3

spp (- ,^)= z £ î: z r Fr (h,^ fh,,)S^"^(tr+ts)+r+s-t(*/.l
+ Y* + S - C4>A)C = S,5

j = 5,3
ft=-( r=-f s=i ^=o (g^o cos

COT. 2.6)
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3 3

S"(.4)=H^ Itn-o^MM] ic^j)]
l/ ^ -bnc[4 ^=1 r=1 s:l i^so

i-2.5

-2Ar(fe,t)As(h,j)

sn + &KS + ^ + 5 - n (+/s0
CÛS Sn + r + & - H (4>/â)

•,r>Sn + als +r +s - 2» ^/^ ^Sin

eos
.an + »- + s - A (4>/a) CE.2.7)

333
spp (.,j) = t Z £ l^r (.I',-) + Ar (h,.)][ç (fe,j)+ûs ^^]s'nr"r(*/î
r = ^and^t h=1 r=-l5=1 [ e.ûSmr' (^/A

J
land

^ ^ -(and^

-2[^(l^)As ^,j)+ sûr Cb,i)As G^p^r (^^s^4|

^Ar (h,l)As ^,j)^

with: m^.= ^n+'T+s-4

333 oo

Si n

eos

?r +^

rnr

(4>
(4>

/SL)

/â)

Sin

C.OS

Tfly

-mF

(m

+A

. 2

A4» /â)
^/s.)

.2)

s^(i.A)=.ZZZZ ^rO>.tK'sCh,,l)+ûs Ck,^))
1= JÎ,5U t^.r=1 S=1^=o

d = A and 4
5n+^î+r+3-A (4'/A)

-^ (k,L)As (^,j)

COSS" +r ts -fl (^/2)

,n-2n + ^ +r +s -^ (4/a)Si n

cos jgn + r + s - ^ (^/iL)
(X. î. 9)

SPP (^ )
Spp (5,l)
Spp (2, A)
Spp (3,^)

5
s

Spp ( ^ ^
Spp ('1,5)

CV)
(^5)

pp
pp

s(aa (S, <) =. S^ (^,2)
(5,1) = S^ 0,5)

saa C^'2-.)
SQa (5/4)= SQû C^j3^

'aa

SGK, ^^} =

[Sgp] . [SpJT

(X. -S. -lo)

(JŒ . 3.. \\)
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Sp^_,p =(^! J: ]>::>: ^(-1)°^ (k,.)^ (h,^ (^
^.^ . ^^^^[ ^n.^:'s-,
\ = 1 and A

ûoS
-in + r + S - k

-^{-^W^ (^-:;^;S-Î(A^

(4>/^

(<t>/^>

Sn + r + S - 4QOSSn + Y- +3 -4 ^/^

PrM[^)-Avs (^]J^_i^_
,ar^.^(h,j) >m-3^ + r- S + À (4,,^) ]

(<^)
Si n

cos r-S (^/s)

5in^ Spo (>',
ù. 5,5

():3-3

(X. 2. U)

,Sn+5tfS..j), f ^ £ ^y? c^r r, ^) ^^ s^^
'3 ' ^^)^^^-1^]

-4(^n(^).."fe+^s^'>'a't*'24LAM1r,
•^/t^ '5^Ï^^^H

^"-1)ZI:^,^(^)eosy,+c^ S^;er (^)

-A^,j)s;n^s^S^+fr W]
— s:w._^^ " ~'" ~ {v- a'15)

Sm r (<}>)

^-4-

^

^^,^1_ J_ Z F E (5¥) ^s'(b,j)[P,r.i M.A^t^)]
L, z \ & 4 ^ h=j '-^-i s=-l ^=0

<J :t13. ./'",,.. . . -xeosÏS+c^ SSnr^r-3^)
-u ^ (^.rf) ^-< (h,.)o.s,^ ^ S^';;^ "s" +ar-î '

+ a^ (ft,^) ^^ (k,.) s,n^^ 3^4 S^r;^ W

-^ (^)K.Jh,^A^ Ch,Q>"Ys+S^S^r;^., W|

^n")Z \^^w^t^^.^ï^ ^ ^, w
-6s=o
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-sr,a(s, j) A.» (5, i) eos ïi* chy+ S^;s (*)

- ^ e».<j)[P, (5,i)+Û2 (â,i,)'ls<n ^4 S^ 3^., (4,)

^/^ (5,j) As (A,l) Sm^4 SK^4> S^'^ C4>)1

(jn. s. i4)
with: m^ ^ -âr> + A^ - 6

33^

Sp^ (.,? ^Isr3il^H^-ti"[rr(h,^Ar(.k,l)]
L = A hv à hïï r=1 szl

d --yl ^ [^Ch,p.û^(h,j)]s-"m(*/»)
l^srn (^)

-n-^[r, (M+Mh,0]Acs (h,^).
Sir,mtî (*/^)

cosrn (<!>/&)

-sHnA,.(h,0[Psc(h,p^(^] 5<nrn+a (4^)

m

+J»(-i)"Ar (k,i.) Aes (tî,p Sin

cos

m+4 (4>/&)

(<t>/^)

COSm (4),^)

,[f1r(M+ Ar (h,i.)][rs'(k,A)-A^ (fe,^"| sin"'s ^/i)
r- sCOS (4> /5)

^(k,Q^(h,.)K ffe,,) ^""s/2 (*/^
r-s (4^) .CoS

.^(k,.)[n,v(h,^ (^)]si"r-3+i (+/^
.r-s (+/î)C05

-A A, (b,^ (^) s,n r; s^ (^)
eosr-s (+/â)

witfi: m= Sn+r+s-^

(X. 2. ^5)
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Sin+S^ (.,p , l (n-.)! |(2'-)[ç (s ,t) . Aa, (5, t)]
C s -< &

i = 2)5 r<S
x[^ ^)»^+ ^s^^ 4)_ ^ (5,^-n^^^S^)]BTo

•\r'sa
ÎTo

2- «G.-(^ (.4^^}^^ S^ 4)-]^ (a,ps-,n^s^S^(,)'|
, 2n[P,*'«,.)-A^Î,t)][^c(,,^^*g+C.Î*)-Î.A; (^) Sin^s^t ^)\

^n~l?)[^^, ^ ^ ^ <^-s, (+)-^ Aî ^,^^ ^ ^.%)

4-ZrT(^(?s (»i+^+ Gt.^(^ ^(xi-2)^* c^ w)
2 0

+iZ^(s^(s,n (^a)*S^ C^-^M+S,n ^-â)+S^+C^W)]

\Z É(S¥)[(GM^ W)t^^^^^ C..r-,W
- ^ C^)si'- ^ ^ slr. 5r-5 (<?))

-S^,, M^gs- (h,^y^^S;^)-Ai (l,,,)s,n^4 s^+ S^^W)

^J.At)-4.,(M)^|D^(k,j)co5^+ C^., (<t)

-^C^Sin^C^-3(+>)

^<-< (M | pt(h,p(cos^+^<^r^.,W^»s^.)^^^)

-î^-^+C^-^))
- ^4(^<j)(s'"ïs+ s^ C^-3^4 S-(fc^)^ ^ ^'^^ w
^ -u ^ ^ y —. . ^

-j5,n (^-^^ ^r,^_3(4>)))

w

with: m ; ^n + Ar - 6

<ÇY<^ Sinm(^)
S>n r (4>)

^ W ^ ^Sm (^,-2)
r

(X. 2. -16)

Sinr (4>)
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sin+S^ (l ,p-.!L' f il I^j[?t)^^,^AUh,l)A^fc,j)]
L= 5,5 " ><3 ^ r--^ s=l^o ^--o|

^= S,5 xcos[^r» )(s)4> chR^ sin^+ ^

t [r1r'L(Mrsc'(l<.p-Aï 0',W'.,))1"S (Xr ^s)4> ^5y+ s,r>A1+1,t>

- [^ ( k, v) Acs (h ,j)+ A? (h,.) P; ^^} s,n ^,. ^ 4, sK5^ ^ s-m^

+ [P; (h,-)û|(k,j)-ûc,(k,i)^(k,p]s>"(nr-u)4sh^s.nA'+14>

,[ P,c (k,.)Isc(^.j)+A? (h,C)AEs(k,^cos(y^^)4 si"^4

+ [^ (h,.)^ Ck,j)-A? (k,OA^(fc^]»s^-^^ s,nA^4|

("m. ^. ^7)

q = -n k = 2

q a -n - l

^-^.^-sin^(^), ("-tiU".^. l:^î:^[^(k,t)+AÏ (b,;)-
,;~^î 2. ^^^{;\
j^.lt

.. rn+-l.DÏC^A^)]^^1
COSm"'(^/Jl)

^[P,&MA^h,j).AC, (te,i)(P,c (h,j)^A^k^)]j^nii^L
^^ ,. , / u, , u " cos'"~.'' (4?/1)

+i(A^Ch,v)Acs(h,,i)sin"'T:'^+4A^ (b,.)û's Çh,;|)s." 5-m;(*/^
""»- ^ f\ ,»\ ' ~ ' G' _..-"">- -t

cos eos
Sin^m (4>7î)

i^/i]

eus -m-1 {^/_l}

(4>/^
^ (M-ûï (h,.)][Ps'6^1.^ (h,^)].

+<P,'(h,L)A^,j)^ M(^,j).a^ (h,i))]sinî^^/1'
_cos (4)/s.)

^(.On[^(M. Aar (ft,.)]^v.(k,j)- Av, (^,j)]sin;-s/^*/1'"
sr-s-1 (^1eos
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-t(-0"A? (h,^vs (b,pSinr-st5 (*/î)
cos r-s -4 (<t»/s)

0(-<)"[P^ (^)ûsv (t<,j),AÎ (ti,l)(^'(fe,^-r^(h,p)]
ir-s+3 (4>/S)

(X. 2. ^)

Si n

eQSr-fi-Jl (4>/2.)

with: r^= 5n+iT+s-^

s'^S^ (L, j) = (^-n)II ((-^[^(<,-)^ (^^)+A: O.i))cos^+
i.= S,5U r=-is^l'

'+p/(î.t)(r'sc(i'(j)+^(i.p)eosli^]^
(4>/2.)

ai = -l &4

S-â

<^ants-â (4,/a)

-AKT[^,v)^ (^c^+^c(i,i)&'î C5,pcQs^4]°^+s<,,^/2)
CûS'<n+o~^(^/^

-(-0"[AÎM(^,j)+ Al0,j))s,n^^ C5,l)(Ç(i,j).A^ Cî,j)>."t,4.]

s^ si n

&oS
An +S -î

U/âl
(4> 11}&oS

+^)n[^ (1,1)^ (^)siny^ +A^5,l)Af (ô^Sin^^shy,), sin ^
c^5n

(4>/2)
\. \~ u <^5n;s-^/2)

+[P/M[ISV (^)-Avs 0,j))îos^^^,e^0(^ (i^-A^î^cos^^As-^-5-^
&os~s~-2

+^c(^)^(^)coS^,^(5,l)Avs(5,^aos^1c^ Sir.-sn-s-i» (<fc/^
aos-s41 (<^)

-^ 0/^(^ (<,j)-ASV (<,p) sinyr ^ A? (î ,l)(P; (î,j)-A^ (3 ,j))s.o^]s^^±^l^

.2[^0,L)A^O,psin^tA^5,.JA^3^s,ny^]s^+ sin^ ^/a)
cos

+(2"+1)^)" r,c ^,i)(y (.,j) ^,c (5,j))^^+ ^4.

-S(-^rT^,OA^)cc^ ^ j^

COS-— ^,2)
Sin («t»/2)
CûS^-1 (c^/Jl)

An--!
(^/l}
(c^)
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-(.<)-Aî(.,l)^e ^).AÎ (S,?) S-,nfc* s-" ^ ^
&OS

+ S (-1)" ^ (î,v) ^ ^î,^ S\n ^^ S^ S^n5 ^/2^

+pi&^)p2v(â'i)cos^ CK^ S1n~5n+' (^/^
cos-1 (4>/A)

+ÂP^5,L)A^,j)cos^eK^ sin'^n+5 ^/^
eos (^/^

-2n+-t. ^ ^, i)[r,c ^ , ^ Aci (2 , ^)) S,n ^4, 5^ 5ln-^+1^/l)
aos-1 (<t>/2)

-5A<^,l)AlC^)Sm^ SV^> Sin-sn+5(<l'/^
cos-'1 (4>/2) (HT. 2. -19)

Integra-ting matrices CSp.p.3, CSps-o] and CSoa] with respect -fco ^

g ivos:

Spp (.,,}) =1, ÎZ Z ^ (Ar (te,.). f1r(bt)) CAS Ch,j)^ (h,p:
^ = ^ and^ *»=< «---< sï<

j--^landA - "x[î1(b+a ,b,^. ). P(b+2,b ,^}

-a [Pr (h,t)As (fe,j)+Ar(h,t)(2As (h,j)^s(h,j))]
x[fCb^),k,^-)- r(b+>t,b,^-)}

+4ûr(h,i)ûs(b,j)[r(b^,t'4'>-T'(b+6-'b'^-)l]
^ OIT. ^.Jîo]

where b=2n+-v-*-S-5

Spp(C,j)= H ZIZ ^P,(h,^ûr(^))P,(k,j)
0 = -l & 4 ^ r=4 S.'l ^

î - 5,5 .[r(=,k,^- r (c,b,^-)l

-5Ar(fe,ors(^)[r(c^,b,À)_r(e^,b^)]j
l'JJ yî. 2. 2.1)

where e = 5r> + St l- r + S -3
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Spp (i,A)=A Z Z Z Z I: fr ( h,^ (h,p[r (as ,b ,^ ). r (as ,b,^]
l='5,5u- ^^oÇo^^ ' ~' '°"'' ' '2" * ' 2-

(J = S,3 . ( X. 2. 21)
where as = Sn + 2 ( A + ^s)+ r + S - 5

Spp (2,-l) = Spp(^)
Spp (5,^) = Spp (^,5)
Spp (2,^) = Spp (Jt,2.J

(TE. 5. ^5)

Spp (5,4) = Spp (A, 5)

Sw tt,j)=s(n-a)!^^^M"(r,(h,l),A^h,Q)(r,° (h,^»ûsc (h,j))
0= u i ^'iT1'ir^[r(b+â,b,^)_'r(~b+i,ub^y|u"
(i = ^& 4 ., . u .' SL ' ' _ ' z

-2(-^V(MA&s (h,j)+Ar (fe,l)(Psc Cb.^) ^ ^ (t^.j)
4vr(b^;b^u) .r(b.4;b ,u^.^

^^)n^(k.i)4c^ (b^b,i^ r^cb^', bf^
+(^(h,L).^Cb^)(r^(te,j)-^(^)[r(u^,u-iV^
. ~a'( r, (k,i) A^ ^_;&, (ï,^ '^) _ ^ (h,j))) ^ ' ' ' " •

x[ur(u^3 ,U-1,^) -ru(L<+5~,u-1\'^L)]
~-^y. (k,i) ^ (^)[r(u .5 , ^ ,'À) - r (u'ts ,'u-^ '/^-)ll

with: n = r - s
^ 3_ 3_ / . (^-TŒ . 2 .

Spc, G,j) = ("-î)!lIZr ^M'TrCh,^ (y+ûcs^^))^VJ v"^^^[~^ (T;b'^s) l"r()'(=,^4~)Ï

- . ,,-h^^)^ (k^[r(e+2>b^)-r1(<^,b,^)]
^o^(^)[r(u^3 ^^p(u^3^-/^rj-

^Pr(ft,o(Ps/(^j)-^(te,j))[r(ù^+^u-^^.).r(u^t^ ,u-^)l

SPQ (cl(p =
L = A &4

j- â'î

SPQ^ Cl: t j) ^ SPQ2. (cip
^=/f&4 i: A & k~

^ -- S,5 ^ ^ 3

^ .S.. 25)
(îl .a.âé)
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where:

Spa, ^)=I^2n)I- ^S ^'l) +^^'l)Xr1lûCâ.j)xHN1-AÎ(S^TNl)
i-\ih l-2AA(a,t)(.'',c(i,^HNÎ-^(s,^TN^
l['~slî ~ CXU2.Sl7')J

Terms HN1, TN1, HN2 and TN2 are given in Appendix IV.

Spoa (.,p4- Z Z Z ^crr) tln"-' ^'L)+ A^-' (k.-))
l^hu i ^ " s"' ^°<(Ç (lh,p,HNR-Aes Ch,px^)
J -âA^(^(PscO^HNRî-À| (b,j)xTNR2)

( TÏT . 2 . 3.Ï)

Terms HNR, TNR, HNR2 and TNR2 are given in Appendix IV.

SPQ (^jp = Spg^(i,j)
1=5,5 l = .5,5

j -- a-3 j = 2'5

SPQ2. (•'t J)
i. = 5.S

<)' : 5'5

(ST. 2. â<9)

where:

00 00

Smi (^p=^(<"CSJ'a^.l-)[['i'(5.^XH11-ûî(5.-i)>'T11)1
1= ^,5 u î ^0^-0['

\ ~- •3'3 . (IL .2.30'
A oo oo

SpQa(.^=îr^n)ZI.^Ç ^sc(b,j)(ixPCb.l)xH^+P3(^l)yH^
L = S, 5 ^3 T s'

3= 2,5 -Al(h.j)(-x^(h,l)xTl2+H^,l).T2(l)
(Tiï . 2 . 3/t)

Terme H12, H22, T12, T22 are given in Appendix IV,

[SQp] = [ SPQ (15 . 2. ,3îL)
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_3_ A _5

Sss (i^ (n-î)! (n. t)'ZZZ^Ç(k,l)tA? (h,l))(Psc (t.^.A's (»,j)
.-.^S ' ' fe1r-<fcTx[r(b<î,b,^").'T(bÏ2 ,b;4°j]
j= -<and4

-A(^(h,L)Acs(b,^A<i-Ck,_.)(rsc 0^) +^A<s ^.^
x[r'(b^,ub,^p(b4',b,4-)1

^AÎ(h,QAl(k,p[r(b.6 ,b,±0"^b;6 ,bT^-)f'^ '"^"
+W"'iL^fk? ^-bî':b:i'^-r.\^--b-if±r)}
+(^(h;Q-A^ (,?^)(r'svu(^):^.(?^)[r(-b' ,l-l'-2,^.KG-b,-b-î 4)1^r(r;r^^(^^^\'^)P'^^

\yp^r\'-<b^>Mrip(Lb^d:k:2~s,^
+a(-1rOVt («••.I+AÎ c-ÏQ)(rs'(h,p-Avs (x,y['r(u^,u..,^)-r(u^,n-,^

-2(-1^A? (h,p Avs (h,^[r(u^,u-4 ,^). F (ut5, u-i ,^}
+ ^ (-')" { ^ (h, .) Àvs (k"j) +' Acr (h, -) ( ^ ( k^ - ^ ( k ,j)^ '

x['r("^ ,»-i ,y)-r("^, "--i,^.)]1'

Se
l

J - a'î

3 4 4 03 CD

S^(C,,))=IT
C = 5.,5 y ^ ^ r:1 s:1

(X. 2. 5S )

! (^ (b. L) Fs" ^ •j) +Aer (b, QA's (b.j)) x CERI (h)

+ (Ç (b.O^ (h,j)-Acr (t,, L) A| (b,p)x CERÎ fr)

- (^ 0^l)As (b,0+A?(^i)^(b,j)) x CIRI (k)

+ ( ^ (h,l)Al (h,i). À'r (h,.)^c (fe,p) x CIRI (k)

+ (r^ (k,i) Ps' (h,j)+ Aî (h,l) A'i (k,j)) x Wî (h)

+ (^ (h,.)^ (h,j)+&^h,0'Al(^))<îER4(h)'{

?.2.3^)

Tenns CER1 <k>, CER2 <k), CER3 <k>, CER4 <k), CIR1 <k>, CIR2 <k> are

given in Appendix IV.
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SQ<aC<-.p = S^ (C,p + SQ^ (C,p C^-î.55)
0=.-t&^ Cs^&lT i=4&4

r- â.î j -- a.î •<»--s.î

where:
00

Sac» (. ,p=^-("- î.y.S: ^2")[ï (s ,'^ûl Cs ^ (s ,3)<HN1-Aî(ï,^,-TNl)
t=^ \hQ' ^ "rol

; -- ^,3 . - (^A; (5,1)^ (5,j)>cHNl-^(5,p xTNl)
+ ^n)^ ^^-"Ï (s'ÏS(?j)>UN1r^ (2.p»VN1)
+-(5lnyûÏ(S,t)[^(2,^UNÎ_A^(â^)yWlu

-i F^(2 ,^(UNÎ2+UN13)+i A^-(â^)(VNSL<l+VNâ5)]

S. ^ oo _ . f (TU . 2. 56)

s<^(L.<p=ï("-<ZZÎZ W\
ù= ^ & A " -4 te^ r^ s^ (^0

&3d= 515
(^

(^(h,0^(h,i))(^(h,j),HNR-4(t>,p,<TNR)

-S^JM(^(fe.j)xHNt^-À&5 (b.j) XÏNRl)

+(P^(fe.Q-A^(h.Q(yC^)xUNR -À|, (h.j)yVNR)

+l^J:b.O[t5c(h,p(uNRC^ UNR5 -_ UNRA)
_ A^ 0^) (VNR2-1VNR3 _iVNR^

(m. 5;57)

Terms HN1, HN2, TN1, TN2, UNI, UN2, UN22, UN23, VN1, VN2, VN22, VN23,

HNR, HNR2, TNR, TNR2, UNR, UNR2, UNR3, UNR4, VNR, VNR2, VNR3 an d VNR4

are given in Appendix IV.
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'QQ

SQQ
SQQ

SQQ

(^
(i,
(2
(3

Jl) =

^ =

,«) =

M ^

7QQ.

'QQ

^Q<3

'QQ

0.
0,
e*
(A

^)
3)
,2)
,3)

(-SÎ . 2.52)
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APPENDIX IV

INTEGRATION FORMULAS

The intégration formulas taken from mathematical tables or

developed for our own purposes, which have been used directly or

indirec-tly in i n-fcegra-t ing ma-trix CG3 and CS3 éléments, are summarized

below:

l, ^(m,x)^ (i3_ = s]nic-_. + f^_l^^-s,x)
11 ^^J^os^" c--<)^rn-J'x+ ^^TJÏ^")<

where m i s a positive in-teger-

m i 4 . m--i
[-, m )3C.J =. l aos 'doc = —Sinx, cos x. +"ll^ ^ Çm+â <x,

m n-»

2> û (^ ,x) = (Jï,,—-= -_°^__+f21^^A^-î,x)
s>"moc C"-^)s->nm-'x' l^-^

where rr> is a positive integer

A(-n.,x)=:|s<nmxdx = - S'n>"-'^ ^°SX ^ ^n^l^ (-r^jx)
m < ^
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mSin " %
3)|[m,n)Sc.]=: \ —-

cosn ai
where en i n are positive integers

"n = à n ^ à :

r(^,n,x)^ S>n1 x d^ ^ _^t_smx ^ YÇn,x)
cosn^ (î- n) aosn-J'x (à - n)

irn ^ S rn ^ n :

r ('",",x)=| sin^^ dcc =-_^m-^. r(m.i^-^)
,m 'V m-

m ^ 5. v-n ^ n :

r(-,",=c)=[?^i d
n

> 3(1
COS n OC.

-i SI n 'x . /m- -l \n /'.
+/l_-'jr (,m-â) H)X^

(r^-n) ooSn~'1 oc. ^-n

4) F(-m, -n ,x) = l Gos" x Jx
S>nm x

n = S. m ^ S -,

r(~m ,-2 , X) ^ | ^S^-X ^ ^J_CQS'X + A Cm., x)
S>nrn3C C^-m) smm-^ (2-^)

tz ^ 2. m = n •.

r (--,-" ,3c)= \ue^L ^
'Sinnx

-^-L^co-tc|n x - F(-n+î ,-n+^, x)
n- \ j
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h, ^ J2 rr> ^ n :
,n^. . f i \ __-"-t

P(^,-n,x)=|2°s^ dx = f—') "S""' ^ +fSl_Y(-^,-n«,x)
ISmrnX ~ ^-rn^;nrn-1.r 'In-^^' ^ '' -1

5) P ( m , - n , x) = smm x cosn>a àx

^=â r(^)-â,x)=l sinrn oc eus1 x ^x.

S)nrr> 3C. eosoc + A [- rn ' x.

m ¥ i m+ à

> 2. F(m)-n,x)^J_Sin X (LOS ^+f2}rL^fm)-n^-2,3^
S"~><- nj

jn+.n)

A) F (-m » n, x^ ^
Si

À1L
s>nm oe cosn r.

m = 1 ny 5. :

P(.<,.v,x)^|__l'__^___ +?(-,,n-î,x)
Sinx. &osnx~ (n-^cosn-7x

m r 2. h > 2 -,

r'(-^,»)=(—A—_^_L___t ^C".-)
' Sm1 x cos^x ~ s>n-x cosn*4 x

m- >^ r^S :

r(—,n,=.)= (, „*- „ ..,_!
Si n mx coSn';Si n m x eos n se- ~ (m-1) si nrn-1x tûSn-1 x

m + n - ^
+ ——_—=_ r ^m+î, r> ^ 3c

m--i
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7> R(p ,tv,4)== (-4AL
smn4>

<4

with: 0 <^ t 4? l <^ *l n and p •. positive integers or zéro

R. (o, Q ,4> ) = <^
n = o

and/or p = o

r^= 2

p>/1

^>/î
t>>/1

where Bss^

R(o ,rv ^} = A [n ,4>)

R (p )° ) ^ = <Î>P+JI

p+ 4
00 / ^+1

n--\ ^ ^,,,^=±\Y_ (-<)"< i^f"-^^^
^^ l " ' ? ^ (p+s^) (5^)'.

P+A^?

R(^â^) = - 4? &o^4? + ^ (sincjî)
R Cp,A ^) = _ ^ eo^ , ?^-\^~^^^^^

(p-JO '^ (p+^-A)CâÇÏÏ-

R(^i<P) = - ^p-1S>nq>- fn-â) 4>P gos<l>
(n-^i) (^n- a) s'mn-1 <i>

^'tî^^^Mf,^
•Bernouilli number

Cn-^) (n-^y

Bs =

B-* =

BA =

Be =

10 —

Bx= =

Bi^ =

B^ =

1/6

-1/30

1/42

-1/30

5/66

-691/2730

7/6

-3617/510



no

Bis = 54.97117794

B=o = -529.12424

B=2 = 6.1921232 x 103

Ba-* = -8.658025311 x 10"*

Bs.., = 1.425517167 x 10A

Bas = -2..729823107 x 107

Bso = 6.015808739 x 10a

Bsz = -1.511631577 x 1010

B^^. = 4.2961464 >; 1011

B^ = -1.3711.65 x lu13

B=.:a = 4.883323 x 101^

B-*o = -1.9296579 x 101A

B<»2 = 8.4169305 1017

B-»< = -4.033807 x 10lt?

B«. = 2.1150748 x 10=1

Bo = -1.20066265 x i0=3

B=o = 7.500866746 x 10=^

Bss = -5.0387701 x l0=&

B=^ = 3.6528776 x 10=6)

B=^ = -2.847877 x 1030

B=s = 2.3865427 x 103=

Boo = -2.1399949 K 103-»

The R<P< n, (zi-Sfunction is ob-fcained from the numerica;

iterations such that:

R (f i^ )^)s> - R (pi a )^>)^-i <; /t x 10'c3

R (p ,n,4>)^



m

s> cos(x. ^U-^Zy^)^ .ZZ? (»,g
r=4 ' r^

s^

00

s>rx(^+^j4,= 34 +^'v>/r(^)4>
r=>t

Ar+1

00

+'^I- !r(^^^âr+i

with:

yr (x>^)=

^ (^>g)z!

^rG-.ïp

2r (x>a)

_2r

^=0,A^.
sr-i

F_
^,5,5..

3r

hsOjî^-

î£±<

ftx 1.5,5...

M^
(5r- fe)'^!

.sr-^ ..k
x g-

2r+^+5
(-^' '^"^ ^^r-k ^^

(Jîr-^'.b!
5r+fe

se.

(.2r. '. -te)>. Ul.

.SH.H +3
(-^^—s-

C^'+^-b)! b\

2r-H-^ ^Y
5r + \ - h

x-~ ' ' ' T

9) îlï-^ ^ ^ ^^^i^^Yî^Sin^' Jsin^ ''•t^î'"1''O'Js'n^ <"^t''~)(

s^^U ^ ^ ^ ^ ^(^{^ ^sirv4' Jsia4> ' '^"^'"'ÛJsinï"

^{ÎA^a)(A^J++ (:^^{
|ï^ v ' U'Js;n4> J Si'n4>

?^^^%^të^4î^

4^
S')n'<^>

cos

Sin.
f^t
|sin3 4>
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[&+
|Sin34>

^lid4>+fji_ d*'
S">n54> Jsin5^

^^^î^é
+ll?2t(x'3)fê

|cos(x+^l±<4 = R(o^,rv ,4>) +^^ ^>^R^t,rv^)
-^TO'~~r = .'•;?'2^(x',^(^',,r''"'

i^i

'Sin(x^4>j,t,._ ^ ^. n.àl^yt^.^R ^tt1,^,Al
s>nn<î> ' i7i

co

]>^(x,g)R(^^n^)4.gR C^ai^

10) Si n"<^ cos [x + n . positive integer

n=-l : (sin^eos^+^)4,d4> = cûsÇ^^+^)<ï> _ ^_Q_x_^U_

5Q4-X + ^ 5(1-X - ^)

(x +^))1 ^ ^
n-= 2. : sina'4> eos (x +

Sin^ [5Gos4>eos(x+-aj)<{ï+ (x + Ly) S't-^S'in ( x. +

(x+^-A

CoS (x + "»^)<i? cl4>
^+ '^ - ^ J

n, > 5 : Sin ^ cas (x + uy )^ d'4

[n,Cos4> COS (x+'^)4 4-[SC+^) Sin.4> Sin,[3c+'

- ( x + '^Y

s'^n c.os[x+ ^)4 <^45

n-^
3ih

n [n-i)

n2- - ( x +



11.3

Il) m : odd number

11.1) S>n,Tn b4> = )_ Ou, Sin.
yU.-.-t,3.S...

S.m-^-\ m - /j

^.. ^ = (-•)—'— c7-
J^-.

îT^y- mi
where P 9.

'm ' =

("-y")! {^ -•")!
00

Smrnb4> cosc4> = ^^L [sin (y^b + a)4> + Sm[^k-c.^
/^,î,5:

00

S>nrn b4> Sme4> = ^_ ^- fcos (^xb -&]4> - eos [^b + e)
^=4,5,5..

m
G.11.2) eos b<^> == ^ b^cos^b4> ^ =.

^A
m

eosm^
^='1,3,5... Sm-'1

m
c-osc^ = Zl ^ [cos (/xb +c)4' + e'os (/^ -c)<iï1

^=%...-s

m
eoS b^i Sme4> = 2_ -^ [slrv (^ + c)4> - sm (/^ - e'

>U:7,Î,5...-2

12) 'nr> : even number

m
12.1) Sinnn ^ = ^_ a^ GOS

^o,a^../
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where Q ^

pm/a
'rn

,m

Am-JL4 m- ^

a^<^3_m̂
m -4

cl =
|3'. ( ^ - f) !

YD

12.2) COS. b4> == ) C^ COS

^-. 0,2,4
7*-

where CQ = ao = ^o

^m- />

^= «^ (-^ î

13) COS (OC + U^)4> Sy. (4>) d^ = ces (sc+u^)^3^'-
r

S-inm (<b/2) À^
Sirvr (4> )

Hr ( m i^ig^) + L \ (rr> ' 3& ,^]<^)
^S,5 r=2,5

00where

H,- (-,x,y,4,) = ^ ^ j
r-- 2, î

5R (o ,r,<^)
yu:o,5,4... S

+ZR^^)[W^a)^M ,^

CD 00

Tr (^,x,^) ==-^ Q_^iZR(^,r ,4)
r= 5,3 u /i--o.-2,'*-.r l-l^-i

x[Z^,^(^



115

l4> Jeos(«,^ c^+d* = U, (",«,,^)
r= 2,5

+ ^r ( m i a,y ,4>)
r-. î, 5

Terms Ur- (m,x,y,<z() and V'- ('n,x,y,0) are derived fromHr- (m,>!,y,0)
5m-

a"d T- (m,>; ,y,(zi), respecti ve l y, repl ac i ng a^. with<-l)A a^

15) Jsin(a+uj)<|>S;" W^ „ H^ (-",x,3,^)
^= 5.3

+ lTr Crn ix ^'^)
r--2,3

where:

H? (m, x,^,<t>) = ^ ^^ ) 5oc R (4 ,r,4>)
^=O^A...-?/ .r= a.,ï

^ Y_ R CA^ , r^[y^ .ai-y^x-^ .g)]
m L;^ f

Trc'Cm>^^= Z %^^R(^r,<^)
r=2.3 u /^... 2'

+ ^^^^}[\^^î^-^)\
16) Js-n (x +'^)<t> G^ <(, ^ „ u^ (m ,x,^ ,4,)

^
+uVy. (m,x,g,4>)

The U.-c (m,x ,y, (zî) and ^,_'= (m,x,y,cd) terms are derived from

Hr-c (m,x,y,(z(> and j^ (m,x,y,(z<) » respect!vel y,

Sm—
replacing ây with a» (-1)5"
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17) H^. (m, x ,g , 4>) = \cos^ du^ S,n (4>) a<t>

IT (m, X,^,^) =Jsiax4>- sKy<)> S^ (<j>) d^

ur (m i3c.>g>+) = sosx4 c^4> ^(^d<t>

vr (^ ; x, g,4>) = s>ax4 sKy4> Gyr' (4>)â^>

H? (m )^ ^i^) =J S>rvx4> d^4> S^? (^)d<{>

T^ (m , x,y, 4)) rjeosx^ s^<}, S^(4>)c}4>

U^ (m , x , y ,4>) = J sin^ ek^> G^ (4>) ^

V^ (m, oc, ^ ,<i>) =J cosa4> s^4> G^ (4>)^

Thèse functions are obtained using the numerical iterations.such

that:

ri\.(m ,sc,^, 4?\ - Hy.(m ) x )^)4>)fe-^ ^>ly10~3

Hy.(m,OC)tj,<^

Tt-(m>x,y^ _ Tr (m ,x,^,4>)^^ ^ < 10~<3

Tr (r^)X,^,4>)^

U,-C^,X,^4>)^ - Ur (m oc )g,4>)^^ -l X i0~g

ur (^i^,^

vr (rn) x)^)^)^ - vr [^ ix >gi^)^4 ^1 x ^O'g

vr (^ ) ^ig,^) ^
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hÇ (m ,X ,^,4>)h. - H^ (m., X ,^|, 4>)b-1 \ X ^0~<3

tir C<^ ,x,^4>)^

Tra (m'x>g)^k - TrCrni3:-^'^b^ ^ -< x ;lû~g

T? (^ )'&,^^)b
U^(m,:t,g,<^ _ U^(m,oo,^,4>^^ -1 X 1o~9

u? Cm i» )g ^\
V^(m,X,^ _ V^c Çm,^^,^ ^ X103

V^ C^,x ^,<p)b

1S) ^ C-S, oc,y ,4>J = CQSOC^ C^4) S^ (<(,J

= ^[H^(o,5x^^^)+^(o,S^-^^^)]

~^ ('S)X^)<P) = Jss^xcj> s^ S^(4>) d^

=5[T,(o,te.H,5^),Ta (o, Ax-1 , S^)]

19) H^ (o j OC,Lj <t>) = OOS3^> G^<)> —^— ci<I)
Sin4?

_L-<u
Sla^

TÂ (° )°^< y j4>) =J Sirza^) sl-

^ GO) x j^,^) = <sirvx<}> oh^<^ 'l c4
0 Sia4?

r^ fo,x ,^ ,4>) = l eosoc<j> sl^4> __L_d4>
Si'
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20) Erv C»)^) = \^^^ 5'n-x<^ cv^^ a4>

â-»^ rv- ^ <^
. \ n,cos<{> [(z1- ^- r^) Stnx4?

l; (^. ^ - rv^ + ^ 3^^] [ ^ ^ ^^ ^^u
- Sia4> cosx4» ^ [(al-nl)3c. + ^z] + S*^ S'n^> sh^[oc^+g ^W)}

C^- nt) £„. a (x,^ ,^Y a^ -tn. ^ (a,y ,^n[n--0

U^-^+^Y]

21) In Ccc>^) = \s'n ^ COS3C^ s^ ^

81n'1^ ^ ^cos4> [coo;t-31- ^) eûsx<l> SKa4'

[(îy^2..nl)^ocl^l [ ._ ^ sir^c4>

+ S\r^> &0&4 c^[oc^ + C^+^l)g'l+ S\n4 S*^x4> si^<|s[(^-nl)x +

rvÇrv-'O
^-^T"-2-^E"-ïcx'a'*)

[(x^l-^l+W^
22) £^ (^,^,45} == j s>nn4? e^soc4> c^<t

S>^n"^ ^^[roc1- ^- rvl) CûS^) ^
C(j)c^l-nly+^y] [ • ~. ^ sirvoc^ sh^^]

+ y\r\,^ sinoc4 ck^ [(oc.1-n1-)o3 + x^j+ si"45 e^Soc-^sK^^1^+LJ [^+n1)]

(

n'^-^ \^l-n'K-. ^.a.*)- 5wa^- 2 c^ ,3,+)(
[C=c?-31-nl)l^xy.
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23> In (oc,^)4>) = | Sînn'<}> s'in-oc^ sVu^4> ^

Sîn n '1 <^> j ncoS 4> [ [oc1- ^- n,1) 51 nx^ 5^4

t ^-^- ^y + h^} L + S 0^ cos^
+ Sinxj) sin-sc^ ch^4> [^ +C^+^^
- Sinx|> CoSsc4> S^j> [(oc-z-n.l)oc 1-ou^1]

r\ ( n- -i)

t(^-rvl)l+J,^]
^-^.^,^^a^^,^}

24) F (ûc.i^)<î>) = cQsn'<)) s^v^> eK^<^ ^

n,sirL4?[(x-^-nt)sin-3c,(lî chx^- SOS 4>

[(OC;1- g2- r^+ ^^2] [ ^ ^ ^^ 3^^^
+ eoS-4> &OS3C,4?

- GOS^ SÎl^CC^

rv f n- ^ )

^ [^ - ^)x.+ oe^1]
3^ [^+^ C^+^)]

CC^-yl-^)l+ ^y1
(o^]F^.Jx,^ci>)+^j^ (x,^)

> D^[œ/,^ <}>) ^ Cûsn'^ aosx^ s^^ ci<(>

- eosn-1 4? j rvs;n,<}? [^oc11--^2- n-1} eosoc^) sKi^^

[^-^-^y+Axy] [ • -^"sir.^ cky4>]
- cas 4> cosoo<j> ek^4> [oo1-^ +[^+h1'^

oo.S^ Si>v)c4> sh^<}> [ (^cc1 -n^)x + x^î']005<

n Cïv-/0
(xî-i)l-^;WX^)

[(x1.^ -^+ 4^1 l '- a^ F^ ("x,g,+)|
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26) F^ (X)^,4>) =: ^COSn'4> oosxxj) ck^<}> c4
- cosn~1 4> " ^siri<t? [(x\ ^- -rv1)

[O^-r^^xy] L - 5^sîn-x<}>S^y
-. ©OS<(> S\rv3^> e^ [^(^1- n1)» + X^z~l

- eoS<l> C-OSX<1> SV^4> [" 3EL^Lj + ^ C^1 + rl^1
n/^n -A}

[Cx.'-^-r^frxY ^-^^)^,^).S^^}

27) 3^ (x,^)(^ = | eosn4> s>n<x^ si

^ - GOS n-1 4î __j h/sin<I) [[oc1-^2- n1') si^cc^ sl-

[(x3-^-^P+W^1 [ ^ io^ eoscc^
_ eos^ s>n-oc4> du^<i> [oc.1^ + i^¥n'

4. ûos<ii eosa4> s^ [(oc,l-h1')x t o<^1']

_ ncn--') |(^-^- "-t^:.,^.a ,^)t s^ ^^
t^-^-^1.^]

28) eos (x+ ^] 4 2^ y?) c4
|s>rvrni sln5(x+Qi cKS^tdt _ l sîrvmismâ(x-l)t c^^tdt

4 ù [ \^ i eos^C^O^ sKâ^tcbl - |sir^ieûs.S(x-Oi sks^cli

wheret = (^^2

Em(sœ+a) Syi<t>/sJ - E^ (âx-2, ^ ,4>/î)
+^ [Im (^+5,^ ,4)/2.J- T^ C^-2 ) ^ l^/^l

^ Crn i^>y i^) -^ ^Tis Crn ' œ ^ )<0
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29) Js>n- [x +cg)4> sm C<i7) ^
== |eûs-3 ^-^n cK^yt sinrnU't« j&os5[x^)iekSytsmlnntdt

+ L si n. 3. (oc + -t)t sk^t sîn.rnU ^ 2in Â(x->i)t sk^t sin.m tcbl

= E^.(J2x-^^/jO _ E^ C^+2'^^^)
+ l [ ^ (5x*5; 5y ,+A)- 1^ (5x^, ^, ^./^l

= H^- (m, x, ^ , 4>) + L T^ [ rrv ) x , ^ 4»)

so> Jeos (at ^)<i> Cm' C^) ^
SmÂ(cc-H) tchÂ^l &osrTVUi - 5iri5[x+^)t ch^^teosrniclt

+ l [ cûs^(=c+^-l sh^tcûsnvicri, eûSÂ^-1)ts^tcosrnidt1[

= F^ (5x-^ ,^,(j>/2)-. F^(5x-â,^ ,^/^

+ L [J^ (5x^,^, 4>/^}- D^ C^-S,^,^/^)]

= U^ [ m, ï.y ,<p) + lV^ (m)X^,4>)

31) Sia (x+C^+ C^ C<t>) ^
=^|cos^ (x--l)t cH5^tcosmi4 - ^-î [x+/()toK^ec6mUi

+ L \S\n ^(x+QtsK^t cosrnUt- Stn,â[oc-l)tsK^icoSrrvtcU'1

FJ-
rn (5cc-^ ^ ^/^- F^, [Sx+^ ^,^/l]

+L[J^ (^+S^^/^_ ^ (^x-â, iy ,4>A}]
= ^ Crni ^ ^i^) + Lvic Crn > x» ^)^)
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32) Intégration functlons independent of k, i and j

F (a ,b ,<i>a/â) - F (a ,b ,4>i ,2)

T (e, bj <|>a/â) - F (e, b, ^/A)
X (c+5, b) <i>S/A) - P (e+^ ,b , ^ /û)

r (b+â, b ,4>a ,2) _r (b+â )b ,^/â)
r (b+i» ) b ) ^i/3.] _ f [b+^+ )b ) 4>-t /2.) independent ofi

P (b+6) b , <i>â/2)_ F [b+é , b , ^ /A)

r (u+1 ,u-l) <jï2/^- PCa+-l j ^-^^\/i}
r (u+5 ;U--l,4^/â)- P (u+5, Ll-^ 4>-t /l) independent of^

P (u+5 , LL-^ <i>5/5)- F {u.+5, ^--f 4>^/2)

F[a+^+3 ,n-/l ,^/^)-rC^+^ +5, a-^ , ^/^

r (^i+^e+^u-i, d>5/^)- r (u+ ^+^ u-< ,^/^

H(^-b,-b-S)<^) - F(^-b ,-b-S , 4>i /^)
P(-b j-b-^^S/â)^ P(-b)-b-Â) ^,2.') independent of^

,P(5-b,-b-^, ^A) _ r(^.b^-b-Sl^^/^
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33) Intégration functions dépendent on ^ , r, s, k, i and j.

HRRC^)= Hf(m, ^ C^p)bs,y-Hr(m^5ft.,j),b,,^)
TRR (b,^) =^(m ,^(b^,b3 ,^)_ T, (m ,^ (h, j) ,b^)

HRR-1 (h.p = Hr (m , ^ C^j)-^)^ )^)- Hr (rn )^(^(i)-1 )b3 ^)
TRR^ (f ,^ =T^ (m , ^ (^ ^, ^ ^).\ ^ , ^ [b ,j)^ , b; ^)

HRR20^)=Hp(m ,^ ^^^^,^)^^^s^^>^h^}
TRR a (fe ,j) .Tr (- , ^ (b ,j)^, b;,+,) - \ ^, ^ (R ,^, k, , <!>,)

HRRL(b,j)=HrCm+^,^C^),b3,^)-HF^^^o<,(h,^,k3,<hi)
TRKL (R,JJ=Tr (m + ^, ^ ^^] ^.^-Tr (^^^ 0^j)»^<l

with k "l,6 j-2,3

URR(h,.)=Ur('",^(h,.),bi,<n)-Ur.(m,^(h,0,b3,4><)
VRR(fe,0=Vr (^^s^Ah'^-^r C'n'^'i}^î,^

URR^h,0=Ur[m,o/3(h^)-^b3,^).Ur(m^^fe,.>^b3 ,^)
VRR1 ^,c)=V, (n. ,^[h,^,b^^)_Vr (m ,^(fe,L)-1;b3 ,^)

URR2^,t)=Up (m, ^^,^ ,b3,^)_U^(r. ,^ (^t)^,b3, ^)
VRR2 (b,C)=Vr (rr. , ^ C^0+/l )b3j^)-vr Cm^s C^0+^ ^ ^,)

yith k «= 1,6 i ° 2,3
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CERl(h,l)=£^^(^(h,.)-^(te,p,2b3,^.E^^(k,v)-^(h,j),sb3,*,)

CIR1 (l<,i,).I^., (o,^h,t). .<^k,j),^,+,). I^^^(k,.)_c<, (.h.^Sb,,^)

SER2(^).£^(^M+c<^,j),Sb^). E^^(h,^s(»,,j), 2b,,*,)

CIRÎ(h^-3(°<r(h.^'"5(h^A5^)-I^rM^(^),^

CER3(U^^Ch,.)-o<s(k.,j), ° .^-E^.3^C^-)-^(h,(j), 0,4,)

"R4(b,0=E^ (^Mt^) ,°i^)-E^.3(^(ki^o(^,^0,+,)

34) HNR = H, (^ , ^ , b^ , ^

TNR = T^ (m,^ , b^ ,4^
HNR2 . H^ (^.2, ^ |t>î ,<t>,)

TNRâ ,T,. (^.S, j, , k,,^)

UNR = ^ (n-,t, ,k,,^)
VNR , Vr 0., ^ , 63,^)
w^= ^ (m-2 , Ïs ,^ ,^]
VNRâ, Vr (m-a , ;(, ,b,,^)

UNR3 . U^ C-î ,^+^, k,, ^)

VNR5 = Vr (^.î, ^+,, b, ,^)

UNR4= U, ^.i , ^-,, b, ,+,)

VNRh = Vp (..s , y,.^ ^,4,)
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HN^ = H^ C2a ; ^ )bî) ^

TN^ = T^ (Av , ^ ,b^ )^)-

HNâ = ^ (^+5 , ^ , b^ )+^)

TN^ = T, (^n+â,^ ) ^ , ^)

H^ = ^ Cjn + 2^-âî ^ )b5 )^)

T^S = TI (^ + ^-^ ,^) b5 /^

H2â = H^ (Sn, + -5^+^ ) ^5 , ^ j<^)

T2â = T^ (an + 5^+5 , ^ ) b5 )<IÎJi)

mi = ^ c5^+ ^ ) ^ i^ ,^)

T^l. =: T, C^ + SY ; ^ ) b3 ) ^)

W, = ^ {Sn ,)(< ,b3 ,^)

VN1 = V^ (5n ) ^ ) ^ ,^)

UN51 = U^, (^rv-2 ^, , b^ ^ ^)

VNâ = Vi C^'â ) ^ Jb5 l ^â)

UNSS = ^ (^-5^+5,^ )^)

VNSS = V^ (^ - S i ^ + ^ ) ^ ) ^)

UN55= l^ (Sn-S ) ^-â ^5 ^^)

VNS5= V^ (À-à ^ ^ -^ , ^ ,^)
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CEM (fe)=f^ (^-);s , ab, ,^) - 1^, [ï, - Ï5 , ^3 , <|><)
CtR1C^, (ïp-fc )sb3i^)-I^, (^r-Ïs isb3^<)

CW W = E^< ( Ïr ^s , A3 . 4ï)- E^, ^r + fc l Aî ..*<)
SIRS (t>) =1^'^ (x, + ^ , -?b3 l^)-"1!,'», (ïr + fc l sb3, ^

eE^ Ch)=E^, (Y,.fc , o , ^)- ^,, (ï^ Xs ,° >^)

CERl|(h)=E^, (ï,-Ys ,o ,^)-E^ (•<,-^,°i^)

where k = l q = n - l

2 » n

3 = n - l



127

APPENDIX V

LIST 0F MATRICES

This list contains the matrices used in the foregoing chapters,

Tab l e Ma-fcr i x D imens J on

l t CT3 <3 x 3)

2 : CR3 <3 x 8)

3 : CT3 (4 x 4)

4 t CA^3 <4 x 8)

5 ï [R.] (3 K 8)

A * CA,-«3 <4 x 8)

7 s CQ3 (e K 8>

8 s [Q«] (6x0) .

9 : [p3 (e x 6)

108 CDLAM3 <8 x 8)

11; [A^3 (6 x 4). r = 1,3

12î CBr-3 <6 x 4) , r = 1,3

13: CA^3 (6x4), r = 1,4

14; CB.-C] (6x4), r = 1,4

15: CA^V3 <6 x 4), r = 1,3

lAs LB^I (6 x 4> , r = 1,3

17i Cot-3 (6 x 4), r = 1,4

1S: CP^3 (3s< 4), r " 1,3

19: CA^3 (3 x 4) , r = 1,3

20l Cr^'=3 (3x 4), r «= 1,4
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21:

22:

23:

The other matrices

CcrJ =
Pr: =
M =M =
rcrv: =

m .

CA^C

cr^v

cz^v

are:

CAr:T
MTm?mm

3

3

3

CP
CP
cp
CP
CP
CP

(3 x 4), r = 1,4

(3 x 4), r = 1,3

(3 x 4), r;= 1,3

]
:
3
:
:
:

ÇA: =

MCB:

CST: .

M,"

M^
CR: ÇA J1
M ÇA J'

CT: M
C°: CT3

:°:

ÇA 4.1

&4s3î

CRsD ÇA 31-1

c°:

CT: :°:
Co: CT:

x
n--tCP: M, ÇA:

CP] &S^CA:



Table l: Matrix CT3
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CTD=
oos n,^ 0 0

0 cos a<& 0
0 0 S\r^^

Table 2: Matrix CR3

The éléments on the lef-b half are

R (-1,1) . ^ (n -^ - 1 ) (n +^) P^" _ aco^ P;
R^)7p;/' ""r"
R (3,1) = - nc^ coseo<|> ^.
R ( \ .. 5>) - (.Q V^ _ Q_^_\ R. ( P.0"1 V (r, V - n ^ VT fD""1')z; = '^Jn + <â5fn)r<'e '^/î j+^n~ <^n}^ lp^^

- ^ ^4 Re (P/^ ) - ^ oo^ 4> Zrn '(P;, )
R (S,î)= Re" (P/^) '*' "" " '/"a'

R (3, 2) = -[^ Re (P^)+ n^I^ (^)] co,^

R ^'3)= (^ï" +3ip"^(p^)^^-?)R.(p;r)
^ ^ 1^ ( p:,) + ^ c°^ ^ ( P;,)

R (5,5) = I^)
R (3 . i) = - [^ ^ (P;, ) - ^3 R^ ( P^ )] cose4
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R(^) =

R (5,',) =

R (5, A) =

-J-* cosec<t> Pr

^(.-5)(^<)P--^^ P1n

The éléments on -bhe righ-b half of CR3 are obtained from -bhe left-side

éléments by replacing the associated Legendre function of the first

kind P wi-fch the Q function of the second kind.

Table 3: Matrix Cf3

[e].
COSrv<S-

0
0
0

0
Cosn%-

0
0

0
0

CûSn.<B'

0

0
0
0

Sin-n&

Table 4: Matrix ÇA»,]

The éléments on the lef-fc half are

A+0,i). gJ^-/v-')("+A) C-
A+ (5,i). i^n
A4 (3,<)
A4> M

pn'A

neor

(n-^-l)(n^)P^-
- ^ ws^ ^

rzcoîç p.n
'/^
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A* C<, a)=(^. 83p. (P^). (g^n-g,^) ^ (P;;<)
- rvgâ ^ Re ( ^)~ ng5<îo^<}> Im CP4j )

A+ (^,s)=R. (P;^)
^ (î,5)=ynfc (P^-)- ^(^;1)-n^R.(P^)
A+ (A, 5) = -[nga R, ( P^) + r^ ( P^)] «^^

A4> 0^)=^$n^p-(^<)-(giÏn-g^n)ReCP^<)
-n^eot^JTm (t^)+ ng3^ ^ (P^)

A+ ^,i).J^ (P^,)
A4 (i,3)= Xn^ Cp^<) + ^ (P^)- ^o^ (P^)
A* ^,3)=-["gaI'"CP/y- "^ Re ( p^]œs^

AA (^)=_D. eos&c<|> P^-

A<p (.M) = o

A4 (5,A) = o
A+ (A,A) = J-(n-2)(n^)P;-^_s ^P^'

The éléments on the right half of CAçaJ are obtained from -the

lef-b-side elemen-fcs, by replacing the associaied Legendre functions of

the firs-t k i nd P with Q of -fche second kind.
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Table 5î Matrix CR-3

The éléments on the left half are:

RS (^) = (rv-2)(n^)P,n" - nco^P^

RS (2.<) -- P,"

^5 C5 >'*) = - n-c°sec<j> P^

RS (1,2)= -0^)R. (P;'^ (n-°.5)aîm (P;;1)
- ^5 ^ ^ ( P^ )

RS (2,2)= Rz'(P;^
RS (3,^)= -ng3^ec4>Tm (P^)

RS 0,3)= -O^)Im(^)-^ ("-o.5)ÎRe ( P:;1 )
+ r^colg+R^ (P^)

RS (5,3l = Im (P;J
RS (5.5) = r^co5tc<t> Rç. (P^)

R<, ^,H} = -Jï? cosec<j> P,n
5.

RS (â,^) = 0
RS (3,^= ^(n-a)(n^)P;-1-^î cc^P;
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The éléments on the right half of CR«] are obtained from -fche left-side

éléments by replacing -fche associated Legendre function of ihe first

kind P wi-bh -the Q of -fche second kind.

Table 6: Matrix [ft^,.]

A<t>s (^) = Rs (^-1)
A4>s (à,-l) = RS (S,A)

A4>s (5,^ = Rs (^^
.A<^s {b^) = RS (3,-l)

A+s (^,a) = Rs (^1)
A4>s C^) = Rs (à, à)

A^s (3,a) = (n-°.5)^(P;^V90-^)Im{P^)
- rvco-1^4 ^ (P; )

A^s C^) = Rs (5-^

A^s 0.3) = RS (^,3)
/4s (^,3) = Rs (2'5)-

A4,s (3,3) = (n-°.5)ÎJn,(P^I)-\/f(^:i)R<.(P/';<)

- ""^ I- (P/^
A4s (^,3) = RS C5,5^
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A^s ( \,^ = RS (4 , ^)
A^s (5,^) = Rs Câ.^)
A4,s (î,4) = 0
A4>s (A ,^ = RS (3>^

The éléments on -the right half of CA4.-3 are ob-fcained from the

lef-t-side éléments by replacing the associated Legendre func-tion of

ihe first k i nd P wi-th -the Q function of -the second kind.

Table 7: Matrix CQ3

QO.t) = ai [(n -/i,-yi)(rv+^a^+n,(&os&oî<(> + ncoy<{>)+i] Pa
r -~^ (n ^, - <) (/n '^^ cct^ P^4 u ^' ^

Q (5^) = £ [ •>! ^ (ncos^54 + <^)2<tQ]P^
r + il (n -"^-1) (" ^,) ^g4> P^'

Q(3,^).=. Sr> ^ (n+>t) COS<C<{> ^g4> P^

- ^ ^(rl-^-^Cn+^)e°Scc+P^

Q ^, ^ = (lÇ-l.) [ (n -^- ^) (n ^V n (eosee'+ * ne^+)] P^

-(V-C-A-4)[-^)^4P;;1
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<S(5,1)=^(.-^^2* ^^)P^ (â^%-^)(r^,)^P^
QC^L^.O^)^) eosec+ eotg4> ^ ^ ^. ^)(rv-^-1)^)00^4 P^'

QO>s)=4-[(Nn+3î?n)+n?2(oos^4>+ rxco^)+<| ^(Ç.)
+7^5 ïn- ^ ?n)+ "?î (eosu:l+ + MofeMI'" (^ l

-^^ïn^3^^(^)-^|5Ï";^P")^"'(P;-;)
Q(S,2)= J^ - n^ ( ncosec^ + coig24>)]^ (P^ ^(ncoS^+'^^n,^)

+7^îïn +?iM^Ra(.p?2<)+T(?iïn - 3ah')«>^I" CP;,<)-
0 (5, î)= A^Bli) ^ COSCC+ crf^ R, (^ )+a^ ^ ^ec+co^ ^ ( P^< )

-^ï"^") WK^ (-W-^{W.-^^^^)
Q^]^=^[^-^^^ ^)(eose^\ ncot^)]Re. (P^J

+7,[^n- (^-^n+ ^(cos^ . nco^)1^ (P^)
-^ [^-11ïn^iMe<ia*^(^)-^^ïn- ^-<)^]^T,(^

Q t5' â)=-û^ (^-32)(^4 + ^ec^)R^(P^J_^(^+ncos^)I^ (Pn-^
+^n(^-l)+^hi^+R'^)+^j^"^ ?" ^-1Na^(p;^

Q (6, i) = ^_tl' (^-1) eos^ ^+Re (P; );^±ll^eosc4cotg+'l^ (P^)
-^ [K"(gr<l+^"leosec^ CP^)-^Kn-(^-0 ^cc+î^')

Q0,2>)=_^[(^-^+r^(eûs<^ rzaoy^R^ (P^ )
+F W^^ ^M+ ^ (cos^+ n^}^ CPA)

±^Q,Y^ - Q« ft-^p^aAR» fPn~^ ^

+.

^
^

•T(g5Ï" - ^n)"^ (p^)--^^yn+33^)^In, (^)

Q (2, î) ^ (^os^+ cot^)Re ( P?i)+-^[-l- rvg, (ncos.ctt> + eot^]l^ (P^ ^
+ T (^n + 33 f") ^§<t'-r'" ( p/l')+7 (^?" - ^ïn)^+ Rt (Pn^ )'
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Q ( 5 ,5)=- 2^ ^3 cosec4> cot^ ^ ( p^ )+5r^l) ^ ^scc^ ^^J^ (P^)

+^ C^ ("-Î. ^n)"Sec+R. (P^)-4?(^n^sMco^*VP"-;)
Q CA>3)= __ [^y^ - (^- ^ ^ 4. n^5 (eosiol4 + rv^)lRe (P^)

+y ^-') ^n + ^ ?n + ^^- ^^ + ^^)]îm (P;,)
+7,[?5Ï" - (^W^)-^-^" ^5 ^nl

x^î- (.^)
Q ( 5 , 2)=^ (cot^+nc^s^) ^ ( P;^+^ (^-<^J (eo^+\ccs^4>)i^ (P^)

^^^^W^W^v^-^^
x eo-^ 4> Im ( P^ )

Q (:6,5L_^Cnii) c^ aostcci) ^4> Re. CP?^+2n^ii) (c^)eoSecW^ (P^)
yi u"> u _ ~//"' y"-^ , ^<><" ' 0 '

+^[[^n- ^^-^}^^ ^ (P^;)
- ^s- [ ^ (g,- -l) + ^ ^>n] SOS^ T^ ( P^ )

Q(-l,^= -±-(rx-â)(r\+i) eoS6o<i>P^-\^:(n+<i)eosec4>aotqct> P,n-
2r ' ' '" âr

QC^^)=-^ (r^) ^sec<}> cot^Pn-+^l(n-s)(a+i)aoSec4>P^
3.r U Sr

Q (S,^)^ -^(n+^[Cn-â)+^(coStoï4)+eo^)]P^^(rz-2)Ca+-l)eût^Pn~1

Q C^,^), ^(n^)cos^4> ^4> P^ __^. (o-â)(n^) cose^^ P^'"

Q C5,A)=-^ CA+^^S^4>co^P^^^(n-2)[n^)cosec4)^rl-1

Q (6,4)= _(n+^[(^- â)+ n (eoseoî4> + co+^4?)] Prl

-I_ (rx- 2) (rz+^) oot^ Pn-'*
rî
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The éléments on the right half of CQ3 are obtained from the left-side

éléments by replacing -fche associated Legendre function of the first

kind P with the Q function of the second kind.

Table 8: Mairix CQ-3

Qs(^)=-(a+'° ^^ ^^tQS^P,n'- Cr^-â) (r^^) ^^ p^-^
r '' ' T' \ ï~'~'QT '''

QS C-^)= ^n+^ ^ - rvfn+^ aosaL14>P^+ 'Cn-â)(n+^ eo^^ P,n-1
r r r

Qs(3,;0= ^(^) coseaeo^P^- ^_Clî^K^eoS^<i>Pn->l
r u n y:1

<3s C^)= °

QS [5 ,0= 0
QS. (6 i l) = 0

QS (<, s). -iR. (P^)- g, (ï_2-iL)^ (P;^.g,^}ec.^^^)

, (i^i ^ R, (P^ ). ^ (^Jl^ 1^ (P^ )

a (a, ^ ^ R. (^ ), n3i T^ CP;,)- "^ ^ -^^i^ ^)

- ^^ ^ (^ ^ (1^Î^I.( ^}
0. (5,2)^ 2n, (n+^ ^ coSto4 ^ T^ r( P^ )

r 4. 2r_J^_5>)' costc4 Re (P^1)

- Sn (n O.S? ^00^4, T^ (p;^)
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Q^)= (n--<.25-^ R^CP^,) +^1 J^ (PS.)
r& .. ^ ~, /"z ' ra v ^s~

< n (n^') OûS^^ ^ (?^) + ^ nfn^) cos^Im (P^ )
fl ' "' u~ y2

na - n +-t. 55 +-^) _ A._ i n /p,n--n &», i_ , ^ / nn-l+ ^-nt;,"+" c°+^^ [P^ )- Ê^ îo^ Tn, (P^-; )

Qs(5 , î) . - -Re (P;^ + ^ ^ï^ (P^) , "_1_^ eo^^R^ (P^)

-n-^} ^eos^, (P^)_ (nl-n^.a5^)^R,(p^)
^^r, (P^) /"
^

Qs(Ç,5)= - Sn(n^) ^^^ ^ ^ ^^
+ an (^+^ ^5 <^os<^4? co^4> Jm ( P^)
_ Sn ( *na _ r, + <t.55 + ^) GOS&C^ Re (P^~')

rl -^ ^^^[^}

6^,5)= --ÎTn, (P^J+ ^ (n_^_55)ReC^)-^ri^Jl)cûS^^t^
+ '[!+_?) ^ ^m(p^) + ^ (n^o.5)î co^CP^1)

Ss(.a,î)= -T-(P;J- !'3i^(P^)+ 1^)^eos^^ (P^)

- (i^cot^ (P^) _ ^ ("-^.5)l^à Rt [P^-;)

(Ss (3,5)= -^ (n+^ ^ cos^ ao^4> Rz (P^)

+^ [n. O.S^S^R. (P;,I)+-?Î-^.OS<C+I^CP;-,<)
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QS (^5^^—LS5_I) 1^ [P;^ _ h ^Cp;,)- ^-D cos^T^(P^)
ra - / ". t-A . ' •r-t rs.

^ CjLLl) oos6ct^ Re- (tî,\+ ( n.'1- - ^ ^^.25+ <?) &o^4> T^ ( pn-< •
/IA

^ 'to^R. CP;-^'
r^

QS (5,i). -S^^ (P^-^^CP;^ ^.o^J^ (P^)
.+ n-C^±_L) ^3 cosec^ ^ (Py- '(^-rv^.55^(^<H^(Ph-n

-£^R. (P;-;)""

(Ss (6>3)= -^ (n+^) (3oS&o4? ao^ Jr^ (PÎ.J

- Àv Cn+^ eostc'(î) °°^ R<- C?Jîa.)

4. ^ (r^ - n. + ^ .55 + -? ) cose-c ^ T^ CP^ )

+ ^ p)n aos^4> R<, (P?!1 )
^

QS 0^)= ^ (?+-') Cose&^c^P^-^ ['rz-2)frz+^&oscc<î> ?,n-12r ' ' ' ~ ' ' °' ]1 ~ÏT ^" ^v-"' I/v-w^^ 'l

Q^ C-2)J+)= -IL1 ("+^ eos€&4> eot^Pn+ ^ (n-à) (n+1) cosec^ P^~JI
3.r u .Sr ^ ' T 1

Qs (5,^)= -n-Cn+^P,% na(^^eos^Pn_"^-2)C"+^U^ p^
~F'' ' —r-—•1-—j——^^

O.s (4,A) = n (n+i)eos^4eo^>Pn.. ^ C"-^C"+l)cosec^ P;^^r^ ' ' ~"^ ^ ~ir^" ^v" I;W-JWT •I

QS (5,4) =-J11 (n-M)cûSe4<^>?/\J11 C"-â)Cn+-l) <îoS^^> P^-4
^î. ' ' • 0 1' ^z' " '/ '""" 'l

QS (6,4)= :-rLCrllll P,n ^ ^ C^ ^) aos^4> P,h
ri . r2

_ n. Çn-â) (n+^l) co^ Pn~1

r^
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The éléments on the righ-fc half of CQ.3are obtained from -the lef-fc-side

éléments by replacing the associa-fced Legendre function of -the f i rst

kind P wi-th the Q func-tion of the second kind.

Table 9: Matrix CP3

&>1

Table 10:

D
^S)
0

0
0
0

Matri

^S)
D
0 ^.

0
0
0

x CDLAM3

0
0
0-_^
î
0
0
0

0
0
0

K
^\<

0

0
0
0

K̂
0

0
0
0

0
0

KO-^l
l

EI>LAM]=

Sin^i,
cos$i,

0
0
0
0
0
0

-<^^
Sia<^

0
0
0
0
0
0

0
0
1
0
0
0
0
0

0
0
0
1
0
0
0
0

0
0
0
0

S t ^-

cos4>J
-o<)

0
0
0
0

-CAS<tii

S'in<t>;
"o-l

0
0
0
0
0
0
\
0

0
0
0
0
0
0
0
-l

where iz(i and <zjj are the coordinates of -fche nodes i and j,

respec-ti ve l y <see Fig. 5).
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Table 12: [Br] Matrices
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M-

(-Jl)n [ n_(n_H.)+ (n-î)(n+-l)
' r - -4- _â_

-B, 0,1)

Hln [rlljl±ll+nfh-a)(n+-n

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

û6, (5,1)

-^(i,<)

n^ 0,^)

^ 15,<)
Ar-

.^-B,M
AL
-r-^ e1.1)
r

M-

0

-B^ ^^)

Mn n (n-â) (n+^) .
r

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

-^ 6^(3.^

—B, (5,1)

nB^ 0>-0

IL\ (3^)
Àr

.^(3,.)

^ (^)
r



Table 12 confd: ^B^ Matrices
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[^}-

M"

- (-^n

n (n +^)
4r

63 0,1)

n (n+^Q
2r
0

0

0

0

0

0

û

0

0

0

0

0

0

0

0

i!i
l!i

naî

JL&3
Ar
:n-&5
l»r

J1-B5
r

(î,<)

M
0.^

Ci, 1)

(î,<)

(^)
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Table 13: [ArcJ Matrices

[A:].

^j}n (bn ^cÇn-l))
r A à

-A;-0,1)

(d)n^+ en [n- -<)"
r l" 5L

0

0

0

[^..^n[n^-^

[^-^-n(ntW^
0

[^--^tnM(-^
^-7i

[^-^n[n^tAn-^)]
1 x J-;

r1

0

0

0

J^M-
.^t5,<)

"^(<1<)

-?-^ M
br

•w'^hr

^A;M
r

[At] =

(^1 [-on +bn- cfn-^]
r a a.

- Af (1,1)

C-/l) en (n-1)
r

0

0

0

r.4+41-1-
2' à J r

[-^H
:4+^n^1nl-T

f-^1 + cî.'\±
J._ ' 2. ' r3-

L^i + ^-1±"T T TJTî

[G + K]l_
rx

n-^^

-^(3,^)
4

nA^,l)

1A!(Î.^^
.r-A^,i)

A<-

^ 0,i)
r
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Table 13 confd: M- Matrices

?

C^T
hr

^T
-M"

^r

bn

o.-o

lan1

0

0

0

r-A^-LT-I~F

A_ •

à J r

[y^\n
s. -i r

[--^1—-2--' -ci

[-^14,~T' ~FÎ

[G-K]_7^

n À?
^
.n Ac

J_

nA^,
^J

?-AtAL
-rLA|

rL^
r

(5,<)

(î,l)

0,1)

(i,<)

M
(^)

w-

0

0

0

0

0

0

e
5r

-^-
âr

E
5r

A-
5r^

A.2^

-X-
5r:L

0

0

0

0

0

0

where: Q x ( n + -1

b z r> (n + /i )
G. z - (n +/l)

1^33 - - -p-

C/NU n na- - n + ^l. 25 + ^

^ -- ^ = -V^ d-^2)
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A = -^-^(n-o.î5)r^ (i^U^,-^(a^o.s)\^
Al= À" ^ n^% - (itil x.-'< + ^(^-5)' \^

A,, (n-^.25-^X^^^X^_ | ^.,

V -n^ + ^Zn - c-^ K"-^|z,.,

ÇA + ^) \ ^ f . _ -NiG= ^)xn-. -^î ("_^_5^^

Gî = -e

C3 = ^ ^n-, - ^ ^-,
c,= -e,

E = 5n/1+î\Àn^ - ^3" ("-°.5)'^.,
G = n (a+1) (-Â,n 4 ^ ^)

^= " (eNU) ^-. - ^n.,

Excep-fc where o-therwise indicaied, -fche éléments in -fche 3rd column of

matrices CAic3, CA3C3, CAs"] arld ÇA-»0] a*'® obtained from the

2nd-column <same-line> éléments, by replacing ^r> i Tt" < ^"-1» T|r,-i

with T}"» ~Xr», rin-i and -Xr<-*y respect i ve l y.
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Table 14: M Matrices

[^] -

(^TfA +c_T" \T 'T

-B,a(1,t)

ILlT (adl + en)
-T~ 'S.-

0

0

0

[-H+^tn)xnlT

[yi-y^^
0

[-^ ^ ,..
+n(n+l)CV^)]-r?

[-^>.+^~3~ ~2~

^C"^(V^n)]-77

0

0

0

^?M
•^c^
<(v.)

2.6^(3,<)
Ar

-rLB;(5,^)
Ar

J16,C-(1,<)
r

? -

hn-Q^-^.)T-'"i~ïj

-B,a 0,1)

(HT ^
r

0

0

0

-!- - 2-1-L
l si -i r

Bî _ ^1J_
•T ~ TJT

[-^^^
LBi - ^.1 _L

si 2. J r2.

-^ - P41±LT ~ T~JTÏ

[_H-L]-L7Ï

^ (5,1)
A

-1B;[M

nB^,l)

^(3^)
Ar

.1 ^ C3 ,^
AI"

^i 0,1)
r
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Table 14 cont^i [»rc] Matrices

[^

(d)n b
Ar
-B|^,1)

^"c^
"ly-

0

0

0

B
2r
Bï -

Sr

[J^Cn^-l^
"s

Sr1

5̂r2-

[.H. L]-^

'-&IM

-y^î-^

^1 (^)
^tî'1)
Ar

-^Bc,(î,<)
AT-

^ (1,<)
r •"

[^]=

0

0

0

0

0

0

D
âr
^ .

3Lr
.F

^r
Di

D̂i
5rl

j-_

r^

0

0

0

0

0

0

where:

a = (n +-1)
b = n (n +'>)
£ = - (n +-0

(^ + ^
3Î- - ~T
CNU = nÀ -n + ^1.25 +^?

^ = pn= -y? (7^îy
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6 = -V^"-.6-25)^ (^'ln-^î(n-P)\-,|

B^= Zn- ^»- (i7-^ .In-, -^^ V.
^ (n-4.â5-^- ^ + ~S^^ + ^^
B^ = - n n - rvq, X^ . CNU n " - ^ \..n ~ "()3 "n ~ ÏT: 'ln-^ ~ § /vn-^

D= (,^;» ^ ^ + ^ (r_°^)1 K,
"^In-^ • (p *—^—- "r>-^

D^ = -J)

DÎ » ^ ^_. + ^ \,
/n-4 n-^

^= -D3

F = ^n ('I + -?)r] + 2q^n (n - o.s) À.,
,n--i "^~ v' -"/ "n-i

H. = n (n +^ C-rln -^x'n)

L „ rv (cNU)r^ + ^^n.<

Excep-fc where o-fcherwiss sndica-fced, s ! ements in -bhe 3rd coiumn in

matrices CB1-=3, CBac3, CB3C3 and CB<C3 are obtained from the

2nd-column (same-line) éléments, by replacing Xo , T|r> ^ ^"-1 i 1n"-i

respecti ve l y, wi-fch TI" i --^r> < 'H'-'-» and -?sn-i.



152

Table 15: Ml Matrices

[A:]=

(-?M-t n1-1)1
T~ - I(T2

-A: (-<,.)

H)nnfn+l)(n -^
r i

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

TA>.1)

-^^ Ci.4)

n A," ^,1)

^\VCi,,)
Ar_

-JL-AV (5,1)•îî-'i ^'

^^ (1,1)
r

[ AVJ =

(^TCn^)(nl-n^)
2r

- ^ 0,1)

H)n n (nl--l)
p

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

-A, (5,1)

Y < C5.1).

"^ 0 .i)

-IL. Av (5 j)
~4r: ^

-J3-AV (5,-l)"^"^ '"

^ (1,1)
r
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Table 15 cont'd ' [•••J Matrices

W]-

(-1)" nî (n+1)
~^~

-Av, (1,1)

•M)n nx (n.i)
ûr

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

4-AK5^)
-r-hvî ^'1)

^
"A^ 0,1)

^AV5ti-1)

-Ï7AV3^

^_^ (1,1)
r
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Table 16 : IB-V] Matrices

LB;]-_

W (n^)(n_-^)
"Ir" '^

-^ (1,1)

{-^ n (n-M)
SF

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

^BVC5,^)
A.

-r- Bv (î^)-^ -1 <-/

nB; Ci,1)

J2_BV(i,l)"47 ^ ^ '

-^-B" (5,1)
4r l

^ 6V (1 ,1)
r l

M.

±1L" (n2--)
Sr

- B^ (l , 1)

(lDn n (ni^)
r

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

y, (5,1)

-^^ (i,l)
^

"B^v (1,1)

-IL Bv (5,1)
Tr "2. '" '

-r- B^ (5 ,1)
^

^6,v 0,1)
r
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Table 16 cont'd: M Matrices

[B,v]=

"(-l)"

-AlL

•H)n
5^

n

~vBi
n

("t

(1,

("

0

0

0

1)

1)

+1)

0

0

0

0

0

0

0

0

0

0

0

0

n

T
n

n-
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BV5
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n
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r

6V

-sl

'̂5
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(3

(1
(i

(3
0

,1)

,^)

,1)

,1)

,1)

,^)
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Table Jâ{A,] Matrices

[Ai]--

(-1)"[-(n-2)(n+l)-^_]

0

-(-/t)n 4-
2

0

0

0

0

0

0

-^M"
0

JL^(^-t)

[^
0

M"
0

0

0

0

0

0

0

^M^)-
0

-^(1,1)

?
(-1)" -^

0

(- 1)n i-

0

0

0

0

0

0

^(5,1)
0

_A; Q.i)
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Table 20:•w Matrices

[^}-
(-1)"

M"

(^-1)
2

0

_n2

î

0

\
-^ nru ?5

0

1"

"\

n
-27

n
2

^

-^

(5,

0

• 0

1)

,<)

[^}- M)
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n
n

0

^-
à 33 n

0

0

1" ) (^ &"
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0

\^ n
2

n
SL

.^

^

[i

0

(1

,^

,1)

[^]-

tf-\

(-<• ^
2

0

^ t2

f-A-CLHV~T~<Î5" 'Ln

0

0

^-JL+q_nX,r-s-"^»""^

0

0

T ^ M
0

^a(^)

[^}-
0

0

0

A^

.1

0

0

B
2.

0

0

0

0

0

where : A. -(^U,,., + ^ (n-o.sF^,

B--(^)^ -^ (n-°.^^
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Table -2i^cJ Matrices

?
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Table 22: 0"] Matrices
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Table 23 : [A.-] Matrices

W}-
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APPENDIX VI

TABLES AND FIGURES



Table l: Numerical cases considered
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'Case

l

2

5

R (inches

20

20

50

Geometry

) 11 ( inches?) l^

l

l

l

(degrees )

60

30

90

Boundary
conditions

' Hinged
shell

' Free shell

Clamped
shell

Clamped
shell

Simply
supported

shell

Références

C333, E453
C473,

C493

C333, C453
C463

C333, C453
C463

C353

C183
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Table 2: Case t - Non-dimensional natural frequencies

0 « uR (-)^a
E

Freq.
no.

l
2
3
4
5
6
7
8
9

10
11

Hi nged shel l

Axisymaetric vibration

Kalnins
C333

0.962
1.334

2. 128

3. 176
3.988

4.575

6.231

Navaratna
1:453

0.963
1.338
1.653
2. 131
2. 141
3. 185
3.993
4. 159
4.601
A. 031
6. 267

Free shel

l
2
3
4
5
6
7
8
9

10
11

l
2
^
4
5
6
7
8
9

10
11

0.931
1.088
1.533
2.348
2.544

3.497

4.951
5.230
6.693

l. 006
1.391

2. 375
3.486
3.991

4.947

6.690

0.932
1.094
1.544
2.363
2.548
2.982
3.519
4.971
4.980
5.543
6.734

Clamped

l. 008
1.395
l. 702
2. 126
2.387
3.506
3.996
4. 159
5.001
6.037
6.729

Webster
1:463

(»*;

Greene et
alC473<-)

0.989
l. 33S
1.652
2.162

Il

Cohen || Présent
C 49 3 |( theory

0.959 H 1.044
1.325 H 1.780
1.646 H 2.152

H 2.306
H 2.509
H 2.967
H 3.027
H 3.657
H 3.760
H 5.405
H 5.657

l

0.931
l. 08<?
1.535
2.360
2.551
2.985
4.023
4.950
5.548
6.224
6.862

shel l

l. 007
1.391
l. 700
2.095
2.386
3.851
4.062
4. 151
5.962
6.208
7. 148

H 0.418
H 1.010
Il l.284
H l.994
|( 2.339
H 2.408
H 2.725
H 2.992
H 3.691
Il 3.770
H 5.360

H. l.745
Il l.902
Il 2.309
H 2.384
H 2.700
Il 3.199
Il 3.691
n 4.191
Il 5.390
Il 5.627
H 6.606

(*) results obtained with 10
(**) for information

éléments



Table 3: Case l - Displacement ratios

166

Boundàry conditions

Hinged shell

Free shell

Clamped shell

(Ucri)ma><

<W)ma>;

0.0341

0.3508

0.6554

(Do)max

(W)max

0.2361

0.4880

0.8021
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Tatile 4: Case 2 - Non-dimensional natural frequencies
p

0 » uR (-)1''3

E

Freq. no.

l
2
3
4
5

Kalnim

Classical

l. 168
2.589
3.230
4.288
4.683

C353

Transverse

1.182
2.611

4.68.3

2.393
2.562
2.926
3.623
5.629
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Table 5; Case 3 - Non-dimensional natural frequencies

p
n e uR <-)»^=

Freq. no.

l
2
3
4
5
6
7
8

Kraus L 183 (*)
n

Oi-

0.7548
0.9432
1.0152
1.1082
l.2523
l.4576
1.6558
l.7636

0
OnN

0.7547
0.9428
1.0142
l.1056
1.2464
1.4461
l.6502
1.7457

Il
Il
Il

Il
Il
Il
Il
Il
Il
Il
Il

Présent theory

n = 2

0.5964
0.6043
0.7441
0.9034
l.2759
1.5841
l.8900
2.2006

(*) For information
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Figure 2: Membrane stress résultants
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Jigure 3: Bending stress résultants
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Figure 3a: pattern of some vibration modes
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Figura 4: Displacements at finite élément nodes
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Figure 6: Normalized displacements vs. ij) coordinate
Case l - Hinged shell - (ï = 1.044
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Figure 7: Normalized displacements vs ij) coordinate
Case l - Free shell - Sî> = 0.418
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Figure 10: Normalized dis placements vs <(> coordinate
Case 2 - Clamped shell - J7> = 2.395
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