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ABSTRACT

This report presents an analysis of the static and dynamic equilibrium of
thin anisotropic and non-uniform conical shells, subjected to different
boundary conditions. The procedure used was a hybrid one, based on Sander's
shell theory and on the finite element method as applied to thin shells
having variable thickness and anisotropic elastic properties, but limited to
cases of linear elasticity.

The displacement functions were derived from Sander's equations. The
stiffness and mass matrices were derived by exact analytical integration.
The free-vibration problem of conical shells was reduced to an eigen values

and eigen vectors problem.

The convergence of the method proved to be satisfactory and the frequencies

lacements were compared with existing results.
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CHAPTER 1

INTRODUCTION

1.1 General

Thin shells are structures that are used in various fields of engi-
neering. Some of these are: the aerospace and aeronautical industry
(aircraft fuselage, space ship intermediate connections), the nuclear

industry (reactor vessel walls), the naval industry (submarines and ship-
building), the petroleum industry (tanks, piping) and civil engineering
(domes and thin wall construction). Knowledge of the free vibration charac-
teristics of these structures is just as important for the researcher, who
is seeking to understand their behaviour, as it is for the concerned engim

ger, who is trying to aveid all destructive effects during their industrial

en
ife.

The following classification factors are normally considered in
studies of thin shell vibrations: curvature, anisotropy, residual stresses,
thickness variations, large displacements, rotational inertia, influence of
surroundings, the form of the shell edges and the type of boundary condi-
tions involved.

It is generally difficult to obtain an analytical solution of the
equations of motion for thin shells; hence only approximating methods are
used. Among these we could mention interactive methods of the Stodola type
[1], the finite difference method [2], Rayleigh-Ritz's method [3], [4],
Galerkin's method ([5], [6]), the finite element method [7], as well as
numerical integration methods where the problem of shell equation of motion
is reduced to an eigen value problem [8].



(3]

In the finite difference and numerical integration methods, the
initial frequency value is assumed. These two procedures require lengthy
processing time.  Further, it has been indicated [1] that interactive
methods do not define the complete vibration spectrum. the same applies to
the interactions of the Galerkin's method, which decline in accurary because
of the shell's high frequencies.

The best test of a method would be that it be able to determine both
the frequency set and vibration modes with the same accuracy and within
reasonable computing time. The Rayleigh-Ritz and finite element methods
both meet this criterion. The vibration problem then becomes an eigen
values eigenvectors problem,

Rayleigh=Ritz's method, however, has the following disadvantages

([5]):

(1) A large number of terms must be retained to express the displacement
functions.

(2) There is a lack of consistency between the accuracy of the displa-
cement terms and of the energy and deformation terms.

(3) The choice of displacement functions must be related to the boundary
conditions.

The finite element method, on the other hand, satisfies these prere-
quisites. The foregoing is only a brief overview of the available thin
shell methods, since more complete bibliography on the application of the
shell method cannot be feasibly included in this paper.

The shell is described by an assembly of finite elements. The accu-
racy of the method is dependent on both the nature of these elements and the
degrees of freedom used to simulate shell behaviour.



Thus, for triangular and flat quadrilateral elements, polynomial
functions are chosen, and plate theory is used to derive the equations. To
increase accuracy, curved elements which better reflect the shell geometry
are chosen [8]. The analytical formulation of these elements is very
complicated. The same applies to the numerical choice of reference condi-
tions.

The methods used in this work were part of a research project, direc-
ted by Dr. Lakis, which has been the subject of several publications. In
this context then, reference [10] is a report on the free vibrations of
non=uniform cylindrical shells subjected to different boundary conditions.
In reference [18], the natural frequencies of the Pickering steam generator
were numerically studied. In [19], the free vibrations of cylindrical
shells partially or completely filled with a liquid, under steady-state
conditions, were analyzed. The effects of laminar flow and turbulence and

one or two phases in the cylindrical structure containing flowing fluids
have also been analyzed [20], [21], and [22]. Geometric non-linearities in
an empty cylindrical structure were investigated in reference [23]. Refer-
ence [24] provided the numerical solution of the characteristic equation for

an anisotropic conical shell.

1.2 Research objectives

The present project investigated the static and dynamic equilibrium of
thin conical shells, as well as effects upon the membrane and on bending.
It was hypothesized that:

- The cone was incomplete: the cone apex and its surroundings were not

analyzed.

- The cone was closed: it was without openings.



- The cone was circular: the reference surface of the shell was created
by the rotation of a generator around a fixed axis keeping a angle
constant.

- The cone was straight: the base of the cone was circular. There were
no results for non-circular conical shell bases.

- The shell thickness was variable and was assumed to be a linear
function of the actual coordinates along the generator.

- The shell was composed of one or more isotropic or orthotropic layers.
- Displacements were sufficiently small to give geometric linearity.

- The rotational inertia terms were negligible.

- The static equilibrium constraints were zero.

- The shell was assumed to be empty: later experience revealed an
interaction of the fluid structure with the normal atmosphere.

- Several cases of boundary conditions were considered. The method used
combined thin shell theory and the finite element method. The basic
equations of shell theory, based on Love's First Approximation and
given by Sanders [11], were reduced to three differential equations,
as a function of axial, radial and circumferential displacements of
the reference surface,

The finite element chosen was conical and bounded by two circular
nodes. There were four degrees of freedom for each node: axial, radial,
circumferential displacement and rotation. The geometry of the finite



element allowed for use of the complete form of the equations of motion to
determine the form functions in terms of nodal displacements. This method
was more accurate than the usual choice of polynomial functions. The mass
and stiffness matrices were then determined and by assembly of elements,
matrices for the entire shell were determined. The free vibrations of the
shell involved solution of an eigenvectors problem. The vibration modes
were also determined.

1.3 Contents of the report

The following is a description of the seven chapters of this paper.

In Chapter 2, the three equations of motion, thogether wi+"-
displacements and elasticity matrix are described by me
equations for their stress-strain.

In Chapter 3, the format of the displacement funct
starting with solution of the characteristic equation. The
tions, the deformations and stresses linked to nodal displacem

determined.

Analysis of the mass of stiffness matrices as well as the
tion is done in Chapter 4,

In Chapter 5, the algorithm used in the solution and in tht
tion of the computer program are described.

The different tests which were used to validate this me
outlined in Chapter 6. Comparisons between present results and
obtained by other authors are also discussed.

Finally, conclusions and recommendations regarding this metl

given in Chapter 7.



CHAPTER 2

BASIC THEORY

2.1 Equations of motion

To study the equilibrium of a conical shell and consider the effect
both of the membrane and the extension of the reference surface, Sander's
[11] equation of motion were used. As was mentioned previously, these
equations are based upon the First Love Approximation [14]. Zero deforma-
tion in the rigid-body motion was obtained with this method, which is not
the case with other formulations.

The geometry of the reference surface of the shell studied and the
coordinates used are indicated in Figure 2.

By eliminating the shear forces Qx and QQ by means of equations
(A-1.5d,e) in Appendix A, we obtained, in the absence of external forces:

roN. + Nesin® + JN.o = Nesink - cos& JM.e = 0
dx 06 2r 9@

rdNue + 2N,o5in& + JN@ + 3 cos& JM.e + 3 5in2& M.e + cOSX JHe = 0 (2.1)
MRS 2 ox 4 r r )

(4
L

FOZM, +25inU+)M, +2 )%H, 642 5int JM. e+l J2Me-sin& JHe-Necos& = 0
9% X dxde roo96  r 362 X




where Nx, Ne’ Mx’ Me and Mxe are resultant constraints. x and 6 designate
the axial and circumferential coordinates, « is the half-angle to the cone
apex.

The displacements of a point on the shell are indicated in Figure 3.
They are connected to the deformation vector for this relation.

L]
BT
) 1 9v + u sink + W cos&
Lord r r
{€) = | Jv + 1 Ju - v sink : (2.2)
AT r \
- ‘)2“
L
3 |
©dv cosk - 1 9% - W sink I
[ 0% r? r2 §62  9x T H
1 - 2 32w ¢+ 3 rosKedv - Qu COSK + Jw Zsink - §}sin2«-v§
L r dxd® 2 r  dx  96 2r2 Y0 r2 4 r%
\ ,
\“ i
J
with
{€) = { €y €o 4 2600 4 ku 3 ke y 2kne )T (2.3)

where Kx’ Ke and 2kxe express the bending of the reference surface, & €g
and Zexe account for its elasticity, and uj, v and w are the axial, tangen-

tial and radial displacements, respectively. The deformation vector is
linked to the stress vector by

(¢} = [P] (&} (2.4)



[P] is the elasticity matrix which is designated by the general term JEp
The equations of equilibrium in conjunction with the displacements are

obtained by using (2.2) and (2.4). They are expressed as:

Lg(U,V'N,p‘J) = 0
Lz(U,V,W,ng) = 0
Lslu,vyw,psyg) = 0

(2.5)

where (L;) i=1,2,3 are three linear differential operators, the form of

which is fully explained in Appendix A-2.

2.2 Matrix of elasticity and shell thickness

The matrix of elasticity [P] depends only upon the mechanical charac-
When dealing with anisotropic

teristics of the material of the shell,

material, however, and limiting it to the more frequent case of anisotropic
revolution called orthotrophy, the mechanical properties are invariant when

rotating around a fixed axis.

In general [12], [P] can be written for anisotropic material as:

| Pss Piz 0 Pia

i

' P?l Pzz 0 qu

|

| o 0 Pss o
[P} = |

| Pas Paz 0 Paa

I

| Pa: Pz o Pse

|

| o 0 Pes @

L

PIB

P2s

Pas

PBB

Pes

b e e e s e e — -

(2.6)



For an isotropic conical shell, having a constant thickness t, we
obtain:

T 4
1 D oD 0 o o o |
| |
| 3D D 0 D o ) |
| . |
| o ] (1-9)D o 0 0 I

[(pl1 = | 2 i (2.7}
| |
| o o 0 K oK o] i
| |
| o 0 0 K K 0 |
| |
| o 0 o 0 o (1-)K |
| 2 }
t o

with

membrane stiffness

1]

bending stiffness

For shells of variable thickness [P], however, (x,8) will be the
functional coordinates. If thickness is independent of © and proportional
to x, set:

t = bx (2.8)
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The [P] matrix then takes the form:

v 1
| %xBss xBy2 0 X2Bia X2Bss 0 |
| |
| ¥Bz=, %Bz2 0 X2B 24 x2Ba2s 0 |
| |
| o 0 ¥Bss 3] 0 Xszg |
[Pl = | ] (2.9)
| x2Bay %*Ba2 0 X3Bas %¥3Bas 0 |
I |
| ®2Bgs %Z%Ba2 0 X>Bus X3Bss 0 {
| |
| o o X2Bex O D ¥3Bee |
L 4

Below, the expression of&Bij from reference [12] is given for a shell
composed of a number of symmetric isotropic or orthotrapic layers, as

indicaded in Figure 4.

For an even number of layers 2n, we obtain:

4]
By =2 E Isslbe - bges) § i = 1t0o3 and j = fto 3
1)

]
[,

I3-5.4-35(6] - 6 )3i = 4tob and J = 8tob  (2.10)

Bl

w N

w =
1 M

.

Bys = 0 (i = 1to3andj = 4 tob) and(i = 4 tobandj = 1to 3)



For an odd number of layers 2n + 1:

e n s h]
el
gy T 2 = ZiJ Vel + z th ‘55 = St‘n’sva) !
| s=1 |
L A
i = 1to3 and j = tto 3
T n b
nel 3 e 3 - 83 )
B‘J = .2_ l Zg-;,;—; Rl + E Q—S.J-—S(SB B3 ‘
3 =1 |
L o4

i = 4 tog andj=4tob_

Bys = 0 (i = 1to 3, j = 4 tog)or (j = 4tog, j = 1to 3)



with
] e ]
z,, = E‘/(l - v‘ vy )
8 8 8
z“—Eal(l =v‘ y )
8 _ .8 e .8
2., = ZM = E vz/(l v’l ¥ )
8 -]
183—%-612
where

ES, vﬁ (E%, v%) are young's modulus and Poisson's ratio in conjunction with
direction x (and 8), respectively.

Gﬁzz modulus of elasticity in shear

55 is the coefficient of proportionality of thickness ts at the sth

layer with x.

ts is measured relative to the reference surface.
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Substituting (2.9) in (2.5), we obtain a new form for th eequations of
motion, which are described in more detail in Appendix A-2.

By (u,v,w By} = 0
Balu,v,w,B;4) = 0 (2.12)
S:(U,V,H,Bt;) = 0

The next chapter will demonstrate a coherent method of obtaining

4

displacements u, v and w, in terms of nodal displacements.
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CHAPTER 3

ANALYTICAL FORMULATION

3.1 Introduction

The equilibrium of the conical shell as a continuous medium has an
infinite number of degrees of freedom and is governed by equations (2.12).
They constitute three partially derived Tlinear equations with variable
coefficients that make for difficult analytical solution.

The finite element method was chosen to solve this problem.

A brief recapitulation of the princip

es of this method might be i
h

1'r--,s'| hntll -i

c+r -
(]

. . .
order. The continuous medium ori

d

nting tne origina: sneii,

ent
by a system having a finite number of degrees of freedom and governed by a
system of linear albegraic equations. Discretization consists of dividing
the shell into a number of finite elements and then selecting the displa-

cement functions.

3.2 Displacement functions

The chosen finite element is a cone bounded by circular nodes (Fig.
(Fig. 5). This choice allows use of thin shell theory to determine the
displacement functions.
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The nodal displacements are:

u : axial displacement

w : radial displacement

: rotation

2l

v : tangential displacement

The displacement are periodic, therefore, they may be developed into a
Fourier series.

@
(uix,8), wix,8), vix,0)3t = £ [T(n,0)1 {ualx), walxdy vax)37 (3.1]
n=0
n : number of circumferential modes
U,, W, V, are functions of x only. [T(n,0) ] is a square diagonal (3

(3x3) matrix given in Appendix A-3. (3.1) is carried over into (2.12). By
working out the derivation in conjunction with 6, three ordinary differen-
tial homogeneous equations are obtained. The left side of each of these
equations is a Fourier series and must be cancelled for all values of 6.
This is possible only if the coefficients of this series are all zero. For
all values of n, three ordinary linear differential equations with variable

and Vn are obtained, having the following proper-

coefficients in Un’ wn

ties:
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In each term, exponent x is equal to the number of derivations in
conjunction with x linked to Un’ wn and Vn' Solutions of these ordinary
differential equations are of the form [13]:

_ A
Un’ wn or Vn = constant x

A is a complex root.

In introducing this form, we obtain equations where the coefficients
have no useful dimensions. To avoid this inconvenience, we choose a new
non-dimensional variable determined by:

y = IX7Y (3.3)

L is the arbitrary reference length. This choice is dictated by experience
with axisymmetric problems.

We then follow with:

(unix) , valx) 4 wa(x)} = y2=3{a, B, C} (3.4)

A, A, B and C are complex.
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3.3 Characteristic equations

Replacing U_, V_and W_ in the (2.12) system with the expressions

n
i

given in (3.4), we get an algebraic system of equations written as:
T _
[D] {A,B,C} =0 (3.5)
where [D] is a square (3x3) matrix, the terms of which are functions of
parameter A and given in Appendix 1-3. The (3.5) system necessitates a

solution other than the trivial null solution. The determinant of [D],
therefore, must be null. The resultant characteristic equation is:

det(D) = 0

Deve]opgent of the determinant produces a fourth-degree polynomial
equation in A written as:

heh® + heh® + heA® + haAZ + ho = 0 ' (3.6)

The expression for h) is given in Appendix A-3.

The characteristic equation provides for eight roots having the
following properties:
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- if M is a root, its opposite (-A) is also a root,.

- 1f AN is a complex root, then the (3.6) coefficients are real and the
conjugate of A, (AC), is also a root.

So complex root A will give three other complex roots:

(-A), ACand (-AC)

and a real root will give a second real root:

=A

Two following cases will then ensure that (3.6) allows only real or
non=real complex roots

3.3.1 Complex roots

@ e oo o e T e o 1R € e o G

If the 8 roots of (3.6) are complex and non-real, they can as a
results, be assembled into two groups.

Ay = kg % ipy hs = ka * ida

Az = kg = ips he = kz = ina (3.7)
As = = ko + ins Ay = = kz * dda

he & = kg - iuy he = - kz - itz

kis p1s ko and py are real and positive.



19

Each root A; produces a displacement {Un(x)s Vn(x)9 wn(x))l@ The

solution is a linear combination of these eight displacements.

For Un(x) we then have:

8 A
Unl(x) = & Ai yhs-?

i=1
: . ; e i kg ida 4
= A[Yk‘—‘ ylﬂ‘ & Azykl—l ylul 4 Asykl i y Ha 4 AQY L3 y
. L Ko i ~kpey itz
Agykz-‘ ylnz 4 Aéykz_‘ y 1= 4 A,’y kz 8 y 18- 4 Aﬂy R=1 y

which can be expressed as:

un(x) = yki-l(AAYiIQa 4 Qay’iul) 4 y"ks—l(Aayiﬂl 4 Aay‘iﬂx) &
. . . . (3.8a)
ykz-a(guyluz + Ay ida) ¢ y‘kz-a(g7y1uz + fey 1M2)
and
valx) = yKa-a(Boyits & poy=itta) 4 y~Kacaqpgyina 4 Bay iMs) 4
. . . , {3.8b)
ykz-1(Bayliz + BoyTinz) 4 y~ka-a(p,yinz 4 peyira
Walx) = yKsca(Coyitta 4 goy~ite) o y Ki-a(Cgyits 4 goy~itta) 4
(3.8¢c)

Ykz—a(csyin:

<+

Loy itz) 4+ y~Ka-a(r,yinz 4 poy-itz)
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As for Aj, Aj, Bj and Cj are not independent. We usually express Aj

and Bj in conjdnction with st therefore:

ha = Hals (3.9

B, BsCs

2 amd B depend on the terms in matrix [D], and consequently, on Moo Set:

&y = By 4 i“g

3

B4 EA + 153

Since Ay is a conjugate root of Aj; we obtain:

B
®

Likewise, Az and A, being conjugates as well as As and Ag, A7 and Ag,
this will result in:

s Hg + 18, s g ~ 184

%

Bs - ifa

9

E:ﬁ + iq Ba

Bs



Nt

By = By + i, e = Hg - 18,
Ba = Bs *+ iBs Be = B - iBs
ﬁ7 = g? + i«n ﬁ@ = &7 hd i«a
B?'g Br + iBe Be = B> - iBe

Carrying over these formulas into (3.8) we obtain:

Ua(x) = yKa=a[(e,C, + UaCaleos uadn y + i (8,0, = ®z0a)sin 2afn vyl

+ oy kacap(agls + ®aladeos ualn y + i(«sCs - KaCadsin pafn yl

+ yK2=1[(xa0e ¢ waLadeos ualn y + i(8aLs - €.Co)Sin paln y)

+ yKa-i[ (w0, ¢ HgLe)cos pafn y + i (€505 - Hgle)sin pafn y)

Obtaining:

%y 0y + %202 = 8,0y + i4z0, ¢+ ;05 - i%a02

€, (Cs + Ca) + i%z(C; - Cg)

i}



Un(x) being real, the following real arbitrary constants are determined:

=3
o
1]

Ca + Lo

©3
N
2

i{Cy -~ C2)

We then obtain:

By ¢+ Bala = &, + %L,

(60, - #305) = 850, -~ &0,

which are real. In the same way, if we determine:

£s = 03 + Lo
EQ = i(cg % Cg)

e + Lo

€7
&
]

i(Cg + C&)

3
@
]

«3
=
9

£r ¢+ Lo

i(Cy ¢ Co)

o3
a8
i}

NI

[an]
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Un(x) will be given by linear combination with real coefficients for

the eight real constants‘fk.

To obtain the expression corresponding to Vn(x) and wn(x), respec=

tively, we must rep]ace'ﬁk by_ék

We then obtain:

{ unlx), Walx), valx) 2% = [R] {y

where [R] is a 3x8 matrix as demonstrated in Appendix A-3.
vector for the 8“Ek constants

{E}t 8 {EnQEggE;,Enga,E@,CTQCmg)

e o e b o m ez v am am @D D ED D e aD En o E D e o

(3.11)

{} is a column

In cases where the characteristic equation allows for complex and real

roots, these fall into two groups:

Ay = kg ¢ ing Ag = a,
Aa = ki = ipy Ag = @2
As = =k, + in, ) Ay = =3,

Ag = =k - i, he = -aa



where k, pj, a) and a, are real and positive,

The same procedure is used as in the preceding paragraph to cbtain the
[R] matrix corresponding to this case.

Displacement at point M(x,0) corresponding to the circumferential mode
n is then:

ulx,®), win,8), vix,e) 3= = [T] [RY (L3 (3.12)

This displacement in conjunction with the degrees of freedom {6ﬁ} and
[6:} is now expressed with respect to nodes i and j of the finite element to

{643 = { (LR N ‘)z!‘,;é,ﬁ vy 37
B
{84} = { Ugy B,y q)ﬂg, vy 37
o
f
{d;} &=

¥
o
b ey o o



Relation (3.11) produces g%s then x is replaced by Xy for node i and

by x; for node j. {5i} and {éj} can then be expressed as a function of
constants €, . This relation is written:

(d,3 = [A] {0} (3.13)

[A] is a square matrix of order 8 as shown in Appendix A-3 for both
cases of the roots of the characteristic equation.

Then obtaining:

{€Cr = fa~*] {d,}

Relation (3

{ugu,v 37 = [T] [R) [A-*] {d,} (3.14)

or
{ upw,v 3% = (NI {dyd (3.13)

with

[Nl = [T] [R] [A-*]
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[N] is a 3x8 matrix and a functiuon of coordinates x and @ from point
M; it determines the displacement functions for circumferential mode n. The
total displacement is:

{ ugm,v 3t =
n

B ™Mo

[ND €dy) (3.16)

3.4 Strain=displacement relationships

The deformation vector is determined in relation to (2.2). Using
(3.16), {e} is expressed as part of the nodal displacements.

®
{€y = & [T*] [B) TA-*] {d,} (3.17)
n=0

[Q] is a (6x8) matrix as shown in Appendix A-3,

with

(1l o

{121 =
o {71

o e wowm wme g
o o o wmoe ol

3,5 Stress=strain relationships

The resultant stress vector is also expressed in conjunction with
nodal displacements.
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Referring back to relation (2.4), (3.17) is written either:

®
{6y = {PY I (71 [81 [A-*] {d.2
n=0
or
@
(63 = & [T*1 IPY [R) [A-*]) {d,} {3.18)

n=0

In summary, this chapter has lustrated that the finite element

method made it possible to express shell motion relative to the nodes of the
finite elements and which also became the unknowns of the problem.

The
following chapter looks at the methods used to determine these unknowns.
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CHAPTER 4

MASS AND STIFFNESS MATRICES

4.1 Equations of motion in matrix form

To determine nodal displacements, the Lagrange equations are applied

to a finite element,

By definition we have:

f

U & | (€3 {g)dn (4.1a)
40,
r @ L] ®

Ta o= ] 1P(u® ¢+ w2 ¢ y2)tda : (4.1b)
dA. 2

where Ui and Ti indicate, respectively, the deformation energy and the
energy of E_i Ai is the area of the reference surface for the conical

element.

=1
Using relations (3.17) and (3.18) where {di} and {A } are constants
of a finite element, we botain the equations of motion for matrix form Ei.

[a){d,) + Cki{d,} = 0 (4.2)



[m] et [k] are called mass and stiffness matrices, and are given by:

[kl

(el

with

{61

]
i3
[

From their definitions [m] and [k], two symmetrical

"

(a-t1% [B] (A-1]

[A-2] [8] [A-*]

f
I E8Ys [T23% [P] [T7*) (R1da
Jhy

derived, and finite positive.

The static case is governed by the equation:

[kl {dg} = {‘fg}

PN
iz
£~

(4.4)

(4,3)

o~
Jm
e

ar
o

(8x8) matrices are

(4.7)



4.2 Meaning of terms [m] and [k]

For the differential element illustrated in Figure 3, using relations
(2.8) and (3.3) we obtain:

n

df 28%sink ySdyde

{4.8)

il

tdh = 268%sin& y®dydé

In relations (4.5) and (4.6), the circumferential variable o inter-
venes on1£ when matgices [T] and [T ] are diagonal and expressed by two
terms: cos n@ and sin n®, in which integration occurs immediately:

The non-dimensional orthogonal coordinate intervenes in:

- matrices [Q] and [R], when the general form of the terms is:

y*la coslgfny) ¢ b sin(ufny)]

- elasticity matrix [P], when the general form of the terms is:

yE By



Integration of the matrix products of the relations in (4.5) and (4.6)
in conjunction with (y), occurs with a term of near constant form:

)

j y*[a cos{pfny) + b sin(ggny)li(a'cas(u'gny)+b'sin(u'2ny)]dy

&

After manipulation and utilization of the trigonometric relationship,
integrals of the following forms are obtained:

f f
ly*ces(ufny)dy and lybsin{ufnyldy
J 4

and integration is immediate:

f

ly¥cos(pfnyddy = y**3 (g sin(pgny) + (k+llcos(ufny)) + constant {4.9a)
R (k+1)24p2

f

ly#sin{pfnyldy = kel {(k+i)sinl{piny) - u cos{pfnyl) + constant (4.9h)

J (k+i)®4p2

Matrices [G] and [S] and consequently [k] and [m] are then determined
analytically. However, we should specify now that this report does not
include analytical developments of the 72 different terms in [G] and [S]:
the time and space required for their development would have been prohi-
biture. the calculation was directly programmed from the relations in (4.5)
and (4.6).
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4.3 Global mass and stiffness matrices

Equation (4.2) relates to a finite element. If {d} indicates the
degrees of freedom vector for the set of nodes, shell motion is then
governed by an analogous equation which can be writen as:

2}
(M1 {d} +« EK3 {d} = {F) (4,10}

[M] and [K] are the mass and stiffness matrices of the whole shell,
They are obtained by assembling the element matrices [m] and [k] in accore
dance with the two following conditions [10]:

- there must be continuity of nodal displacements from one element to
the next:

(6.¢1) = {6,)

- the external forces and moments applied to a node must be respectively
equal to the forces and internal moments:

£43% = {§,} ? {£4412
Assembly is done by overlaying as indicated in Figure 6. If N is the
number of finite elements, then [M] and [K] are two symmetrical and semi-
finite square matrices of order 4(N+1). They are also two banded matrices

where half band width is equal to 8.

For the static equilibrium of the shell we of course have:

[kl €dy = (F} (4.11)
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4,4  Solution
The solution of (4.10) is obtained as follows:

The shell being subjected to a certain number, J, of boundary condi-
tions, matrices [M] and [K] then become square matrices of order 4(N+1)-J
and which are symmetrical with positive properties, which was not true of
the original matrices. With boundary conditions then being imposed upon the
displacements, their reduction produced by eliminating the line and column
corresponding to the fixed degrees of freedom.

We then set {d} = cos(ut) {d }

2
Relation (4.10) then gives ([K] - w [M]) {d} = 0
Given the A4{N+1}-J order, we then obtain 4{N+1)-J eigenvalues and

eigenvectors.
Analysis of the static equilibrium is performed in the following way:

{Fa} is the force vector applid to shell nodes
{Fd} is the vector for unknown reactions

{da} is the vector of unknown nodal displacements

{ds} is the vector of displacements specified by the boundary condi-
tions,

Equation (4.11) is written as:



Obtaining:

fda) = [Kaal™? ({Fa} - [Kapl {ds))
(4.13)

{F@} = U{@al {dﬁ) + iKg@] (d@}
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CHAPTER 5

THE ALGORITHM

5.1 Introduction

A Fortran V computer program was written and applied to the analytical
formulations developed in the preceding chapters for a number of cases. The
characteristics of the numerical solutions will now be given.

The original conical shell was subdivided into a certain number of
finite elements, This number was dictated by the convergence of the method.
It will be demonstrated that for the cases considered, a five-element
partition is sufficient. Geometric and mechanical characteristics can vary
from one element to another, and therefore one can deal with different

shapes of truncated conical shells.

These finite elements are replaced with elements varying linearly in
thickness with the x coordinate. Thickness proportionality factor in
relation (2.8) is chosen as:

tpm = é,xm
where tom indicates the initial thickness at the average point of the
element at coordinate e It is important to note that a change in thick-
ness will lead to an approximation of the shell’'s thickness the thinner the
mesh, the more accurate the thickness.

5.2 Program organization

Flow chart and a tree diagram of the program are given in Figures 7
and 8.
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5.2,1 Program organization

@ e o

i)

ii)

iii)

iv)

vi)

vii)

viii)

L T L L

Number of finite elements,

The geometry of each finite element: length, the apex angle and
coefficent 8.

The mechanical properties of each element: VYoung's modulus,
Poisson's ratios and the density.

The boundary conditions.,

The inverse of [A]. To achieve this, we must use the LINVZF
subprogram from IMSL wutilizing a Gaussian method of elimination
which searches for the maximal pivot per column and the CROUT
algorithm for memory stera
important., We must check the accuracy of the results of this
operation inverting matrix [A]. Indeed, with the [A] terms not
being of the same order, can be falsified results through trunca-
tion errors. The calculation is therefore double checked for

accuracy.

Matrices [G] and [S] determined by (4.5) and (4.6) (GCONE and SCONE
subprograms). The element integrals enter into this calculation as
given by (4.9) and are calculated by the RE11l and RE12 subprograms.

The elements mass and stiffness matrices. Steps i) to vii) are
repeated for each element.

The mass and stiffness matrices for the entire shell.
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ix) The mass and stiffness matrices are reduced through application of
boundary conditions,

x) Free vibrations and the corresponding modes.



CHAPTER 6

CALCULATIONS AND DISCUSSION

6.1 Introduction

For the present chapter, the methods described previously in this
report were then applied to a certain number of cases.

Initial calculations were done to demonstrate convergence of the
formulation chosen. Then, free vibrations in the four configurations of
each of the thin conical shells were determined, all of which have been
theoretically and experimentally investigated by the authors of references
[6] and [7] and used as exampies for comparisons with other studies.

& 9 N Aamissy e oo o
Vet

° bUHVCIgCHLC

The finite element method was used to obtain a solution to the elasti-
city problems. The solution has several errors in it which are usually
classified into two categories:

- One called discretization error, which historicaily in the replace-
ment of the initial physical problem by an approximate model. In
the present case, this error stemmed from the different simplified
hypothesis used to derive the shell methods and the model of the
continuous medium, i.e. The shell, having a finite number of
degrees of freedom and a choice of linear variation thickness.

- The other, truncation error, originated in the numerical calcula-
tions. Numbers in the computer are represented with only a finite
set of integers, which leads to limited accuracy of calculation.
Accumulated truncation errors can lead to erroneous results even if
the original equations are mathematically exact.
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Table 6.1: Characteristics of four models of shells

In the four examples chosen, the thickness of the shell 1is constant.
This solution method assumes a variable Tinear thickness with an orthogonal
coordinate. The thickness proporticnality coefficient is determined such

ot
o
-

3 " > £ daln [P )
ha found in the middle of the i

PPN or delad .
[11R] SHe s <UL LildL,

§ = 2h/(xa + Kal

The values for Young's modulus and density are not indicated in
references {6] and [7], and so we took:

a2l
]

3.10% Jb/in®

=
%

1 1b s2/in®

Only the finite element, bounded at both ends, was used. Rigid motion
corresponds to zero frequency and represents translation, rotation or a
combination of the two. For a shell of revolution subjected to axisymmetric
forces, there is only one vibration mode corresponding to rigid-body motion
[16]. The calculations were done for n = 2,
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From the nodal displacements obtained for the two nodes of the

element, boundary deformations were determined as follow:

For a number of circumferential modes n, we have:

ulx,8) = upix) cos né

HiK,8) = Walx) cos ne {(6.1)
vix,8) = valu) cos nd
By using (2.2), it becomes:

€x = cos né du,

dx
€6 = cos n® 1{ nvy, *+ u,Sink + waCO8% )

F

{6.2)

€xé = lsin nél dvy, - nu, - Yasink )
2 dx F r

kx = -cos ne df
dx



Py
N

ke = cos n@.1( nv, Cos% + n?w, - P sin® )
r r r

kx6 = sin né.1( 2nB + 3 dv, €os& *+ Au, COSK - 2nw, sin® - 3 v sinl« )
2r 2 dy 2r r 4 r

These formulas give us the maximal boundary constraints, by taking:

<
]

cos ng = 1 sin ng = 1§

It is evident from (6.2) that ex0 and kx® are zero when other compo-
nents of the deformation vector are maximal in absolute and inverted value.

The first derivations appearing in (6.2) were roughly obtained by:

du, = (Ual(2) = uali}) /il - %4)

gx

v, & (vel2) =~ vo(i}}/{ea - %,) (6.3}
dx

g = (B(2) - B(1))/(xa = x4}
dx .



where 1 and 2 refer to the finite elements two nodes. Table 6.2 gives the
calculatated values of Un’ wn, B, Vﬂ and W for the four models and corres-
pond to the first mode where n = 2. The deformation values are indicated in
Table 6.3, where it can be seen that one can only write four configurations,

obtaining:

{€) =0

and this gfcurs with maximal error equal to 18% and corresponding to ko =
18.274 10 for model 1 at x = x1.

The first convergence criterion is thus satisfied. This could have
been determined at the outset since the displacement functions chosen vali-

date Sander's equations and give us the zero deformations for rigid-body
movement. The difference, in conjunction with the null valuss in Table 6.3
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pomemrm o e 1 e oo ——— Fom e —————— P o e e 4
] g gy | L.0B7E-3 | 440 I 5.935kE-2 | -.190 | .562 |
I 2 } } | | | }
| ¥=%e | 1.611E-5 | 1.00 | b.730E-2 | ~.432 | i
R e ) Bt B e ——— 9
{ wEd, ) 2.633E-6 | 444 } 7.83%9E-2 | ~.156 | .449 |
I 3 | | ] | |

] ¥x=xe | B5.153E-6 | 1.00 ! B8.280E-2 | ~-.353 | |
poee + - N R B A From oo R 1
| ¥=xy | $.110E-6 )} 444 | B.345E-2 | ~.109 | .373 |
| 4 | { } | i i
! ¥=xe | 2.993E-5 | 1.00 | 9.08BE-2 | -~.246 | |
[ 8 & F—— B cam s e i e i e A o o e e e v e e s e b o o i . 5 o i e S —— 4

Table 6.2: First vibration mode for n = 2
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Table 6.3: Boundary deformation vector for n = 2 and corresponding to
the first vibration mode

6.2.2 Number of finite elements

Another aspect of convergence with the finite element mothod is the
behaviour of the solution relative to the number of finite elements used to
model the structure in question, that is to say, in conjunction with mesh
fineness.

Now, the results will be given the non-dimensional frequency as deter-
mined by:

v, = ¢ Ra(P(1-92)/E) /2 (6.4)
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with:

w: frequency rad/sec

Ro: large-base conical radius

p: density

j: Poissons's ratio

E: Young's modulus

and this applies to the model 1 conical shell, which is free at both ends.

[ 3 = T T -7 T T . 1
| Number of finite elementd 2 | 3 l S | 8 l 10 '
- 1 + D Sttt + tee—————— 1
I'Non-dimensional i +329E-2 | .332E-2 | .333E-2 | ,3I33E-2 | .33I5-2 |
ifrequency l i l l 1 j
Table 6.4: Frequency W, of first mode, corresponding to n = 2.
a, = 14.,2°

6.3 Free vibrations of simply supported shells

The results will be given for the four shells described previously,
and compared to the results Hu and Lindholm [6] obtained.
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The boundary conditions are:
u=sw=20 for x = xy and yx =
The analysis the authors of reference [6] did has these character-
istics:
- The stress-strain relations are as given by Naghdi ([17]).

- The equations of motion are 8th order. We consider the effect of
shear deformation and rotational inertia in the orthogonal direction
only.

Galerkin's method has been used to derive a matrix system where the

eigenvalues are calculated. The amplitude of displacements are expressed
as:

L
un = X aasin(a¥s/L)
a=1
B2
Vo = besin(eFs/L)
g=1
23
wo = X taSin(ars/L)
n=1
with
with g = tnl(xal/x)
L = An{xa/%y)
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mp, mp and my are integers chosen in with the level of accuracy
desired.

In the four numerical tests, the number of finite elements chosen is
equal to 5. The number of circumferential waves is taken in intervals
[2,20].

As was mentioned previously, for each finite element the thickness is
a linear variable which must equal the initial thickness of the model in the
centre of the mesh. The proportionality coefficient & then varies from one
element to another. Likewise, the arbitrary parameter & from the relation-
ship in (3.3) 1is applied as well to the orthogonal coordinate of the mid-
point of the element. It must be mentioned that if % is an arbitrary length
in this analytical formulation, it must in no way influence the results. It
is extremely important to the numerical phase of the work, since the order
of magnitude of the terms of matrix [A] depends upon it. A side from this
problem, the inversion of [A] is sensitive to the algorithm, where a loss of
accuracy could result if the difference between the terms in [A] is too
great. In fact, Gaussian elimination would lead, in this case, to almost
zero pivots. The initial results for the numerical values of different
matrices are used in the formulation. These results are qualitative for the
four models and the five elements, as thus are the results relative to the
first finite element of the first model for n = 10 which will be obtained.

Table 5 of Appendix A-4 shows the 8 roots of the characteristic
equation,

Table 6 shows matrix [A] and its inverse. Likewise, matrix [G] and
the elementary stiffness matrix [K] are indicated in Table 7. Matrices [s]
and [m] are given in Table 8.



48

These numerical values are comparable with results in the literature.
However, we can conclude that:

- The roots of the characteristic equation have the exact same form as
was indicated in Chapter 3.

- The elementary mass and stiffness matrices are positive symmetrical
and diagonally dominant:

L WY & I (I’J=1|8)

k;‘ & k‘; (1|J=l‘a)

which confirms the fact that the chosen solution becomes a stable numerical
problem.

The relative results concerning the non-dimensional frequency varia-
tions, as a function of the number of circumferential waves, are given for
the other models in Figures 9 to 12, where the theoretical and experimental
results obtained by Hu and Lindholm [6] are recorded. The numerical values
obtained with our method were observed to be valid experimental approxima-
tion of the whole set of n values. In fact, in our procedure, used in
reference [6], the number of terms (m;=4, mo=4, m3=5) used for the displace-
ments led to good accuracy for small values of n only. Free vibration was
observed to be minimal for a relatively large number of circumferential
waves, n > 6,

The vibration modes corresponding to this case (n > 2) are called
breathing modes by some authors. These modes have greater practical impor-
tance, and their characteristics are as follows:
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- The radial deformation mode is predominant.

- The corresponding vibrations are the lowest in the spectrum.

- The response to external excitation leads to maximal deformations.

Figures 13 to 20 indicate the variation in the normalized radial
vibration mode in conjunction with the orthogonal coordinate. It can be
seen that by using 5 finite elements we can correctly predict the structures
response. As previously mentioned, the deformations and constraints obtai-
ned are determined by an exact calculation of modes. It can be seen that
the radial deformation mode is strongly dependent on n, and the point of
maximal deformation tends toward the base of the cone as n increases.

6.4 Free vibrations of conical shells with free boundaries

A second series of calculations was performed to examine the free
vibrations of four shells with the following boundary condition:

The boundaries were free.

This case has been studied by several authors, who mostly used non-
extension shell deformation theory.

However, this method becomes ineffective depending on the number
values of the circumferential modes.

Hu, Gromley and Lindholm [7] used displacement functions allowing for
the non-extension of the reference surface which had these terms:

Un = A sin&® cos
va = (A + B x_)n cosX
X
Wo = A(NZ - sin2x) + Bn% x

X2
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They used Ritz's method to derive the characteristic equation valida-
ted by the frequency. The results they obtained are consistent with the
experimental results for low values of (n < 8).

The shell was subdivided into 10 elements for the present calcula-
tions. The umber of circumferential modes n varied from 2 to 20.

Figures 21 to 24 show the non-dimensional frequéncy variation as a
function of n for the 4 shell configurations. The normalized shear vibra-
tion is indicated for the 11 nodes used for model 3.

It should be specified once again that quantitative comparisons with
reference [7] have been made possible.

However, A look at the graphs, led to the following observations:

- The frequencies obtained correlate with our experimental results
through the entire n interval.

- The normalized shear deformation modes obtained are the same as the
experimental modes obtained by the authors in reference [7].

Thus, for low n values (n < 10) the conical generator remains
straight, and starts to depart from this configuration as n increases. This
transition corresponds to the changing concavity of the curve W= n.

The position of the circular nodes (“h = 0) corresponds to the first
vibration mode, which varies from the smaller to the larger cross section as
n increases. In this way, the maximum mode is always obtained by:

On the other hand, the circular node for the second mode is located
near the large cross section for the set of n values.



51

A divergence between vibration modes was noticed for n = 10. This
divergence can be attributed to the fact that it is experimentally impos-
sible to have a conical shell free from all boundary constraints.
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] n=2].361 [.204 |.261 }.080 |.091 |.119 |.143 {.171 }.202 [.237 |
t L I e S B o e e S
| p=1]1.710-3 {.009 [.016 [.018 [.040 |.057 |.078 }.093 |.122 [.14B |
L L R e R Bt e s S EEE S A 1
| R=21.023 1,025 |.043 [.067 |.101 |.121 |.149 |.171 (.199 }.231 |
b L B -mmen L e S e =mmme 1
| 8=11.003 i.008 ].015 [.022 }.036 [.052 {.072 |.090 |.111 }.138 |
IModeld  p-——----- e e B e Sy S Attt
| 8=2].008 f.016 1.041 |.064 1.099 [.113 |.142 |.1465 |.190 {.220 |
L 4 - 4 G A 4 A Y o e e e e e e P I 4

Table 6.5: Non-dimensional frequency w, for the 4 models with free
boundaries

6.5 Processing time

The computer program was executed on a Cyber 855 in the University of
Montreal Computer Centre. This CDC-type computer allows for an internal
representation of the number in floating-point mode with 60-bits single
precision (48 bits for mantissa, 11 for exponent and 1 for the symbol).

The prcessing time and memory capacity required for the following
typical cases will now be given.
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The model 3 shell is subdivided into 10 finite elements with free
boundaries at both ends.

CPU Time: : 48s
Memory space: 115 700 bytes
Price : 14%

It should be specified, however, that programming was designed so that
the actual mode must be compatible with an existing progam that deals with
cylindrical shells [10]. But an enhanced structure for these two programs,
such as by dynamic memory allocation, will lead to a code requiring less
time-consuming processing and memory space.
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CHPATER 7

CONCLUSION

A method based on Sander's equations for thin shells and using the
finite element method was formulated in order to study the free vibrations
of anisotropic conical shells with variable thickness. The bending and
stiffness of the surface of reference were investigated and calculated in
this study.

The finite element was conical. It was geometrically accurate, making
possible derivation of the displacement functions of the equations of motion
for the shell. Mass and stiffness were determined by analytical integra-
tion.

The convergence of this method was established. Rigid-body motion was
studied. The deformation modes and free vibration frequencies were obtained
for the four configurations of the different conical shells. In light of
the different sources of experimental error and the limited accuracy of
computation, it could be concluded that the numerical results obtained
reflected the real behaviour of the structures under study.

We can therefore suggest that an adequate method has been found to
predict the characteristic vibrations of thin conical shells, one that was
derived from the initial hypotheses.

The present theory was develop and has been applied to straight
circular conical shells as well as thin cylindrical shells [10]. It can
also, however, be used to analyze a shell with meridian curvatures by
assembling conical elements in gradual approximation of its geometry.
Nerverthelless, this theory cannot be applied to open shells.
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It would be interesting to apply this method to pressurized or liquid
filled shells [20], [21], [22].

It would also be of interest to study the compatibility of the finite
conical shell with the finite cylindrical shell by considering the case of a
truncated shell that has both these geometries.

The Tlogical extension of this method would be to consider the
geometric non-linearities of the walls. 1In this connection, Sanders-Koiter
non linear theory could be used.



55

REFERENCES

Cohen, Gerald A., "Computer Analysis of asymmetric Free Vibrations of
Ring Stiffened orthotropic shells of Revolution", AIAAJ., Vol. 3, no.
12, Dec. 1965, pp 2305-2312,

Cooper, P.A., "Vibration and Buckling of Prestressed Shells of Revo-
Tution" NASA TN D=-3831, 1967.

Saunders, H., Wisniewski, E.J., et Paslay, P.R., "Vibrations of
Conical Shells" Journal Acous. Soc. Am., 32, pp 765-772 (1960).

Grigolynk, E.I., "Small Oscillations of thin Resilient Conical Shells"
NASA TIF-25 (1960).

Hu, W.C.L., “Free Vibration of Conical Shells", NASA TN D-2666,
(1965).

Lindholm, U.S., Hu, W.C.L., "Nonsymmetric transverse vibrations of
truncated conical shells", Int. J1. Mech. Sci., Vol. 8, pp 561-579,
(1966).

Hu, W.C.L., Gormely, J.F., Lindhom, U.S., "An Experimental study and
inextensional analysis of vibrations of free-free conical shells",
Int. J1. Mech. Sci. Vol. 9, pp 123-135, 1967.

Zienkiewicz, 0.C., "The finite element method in engineering science"
1971 (Mc Graw=Hill).



56

Goldberg, J.E., Bogdanoff, J.L. et Marcus, L., "On the Calculation of
the axisymmetric modes and frequencies of Conical shells", Journal
Acous. Soc. Am., 32, pp 738-742.

Lakis, A.A. and Paidoussis, M.P., "Dynamic Analysis of Axially Non-
uniform thin Cylindrical Shells" J. Mech. Eng. Sci., Vol. 14, 1, pp
49-72.

Sanders, J.L., "An improved first approximation theory for thin
shells" NASA - TR - R24, 1959,

Ambartsumyan, S.A., "Theory of Anisotropic Shells", NASA TT F-118,
1961.

Flugge, W., "Stresses in Shells", Z"d Edition, Springer-Verlag,
Berlin, 1973

avive

Love, A.E.H., "A treatise on the Mathematical theory of elasticity",
4th Edition, Dover, New-York, 1944,

Leissa, A.W. "Vibration of Shells", NASA SP-288, 1973.

Cook, R.D., "Concepts and Applications of finite element analysis",
John wiley & Sons, Inc. 1974.

Naghdi, P.M., “On the theory of Thin Elastic Shells" Quartely Appl.
Lakis, A.A. and Paidoussis, M.P., “Shell Natural Frequencies of the

Pickering Steam Generator". Atomic Energy of Canada Ltd., AECL Report
No. 4362, 1973.



[19]

[22]

[23]

(24]

57

Lakis, A.A. and Paidoussis, M.P., " Free Vibration of Cylindrical
shells partially filled with liquid". Journal of Sound and Vibration
Vol. 19, pp 1-15, 1971.

Lakis, A.A. and Paidoussis, M.P., "Prediction of the Response of a
Cylindrical shell to arbitrary of boundary-layer-induced Random
Pressure field". Journal of Sound and Vibration, Vol. 25, pp 1-27,
1972.

Lakis, A.A. "Theoretical Model of Cylinrical structures containing
Turbulent Flowing Fluids". Z"d
methods in Flow problems, Santa Margherita Ligure (Italy) June 1976.

Int. symposium on finite element

Lakis, A.A. Sami, S.M., Rousselet, J., "Turbulent two phase Flow Loop
facility for Predicting Wall-pressure Fluctuations and Shell Res-
ponse". 24" Int. Instrumentation Symposium Albuquerque (New-Mexico)
May 1978.

Toledano, "Analyse non-linéaire des coques cylindriques minces".
Mémoire de M.Sc.A. Ecole Polytechnique, Département de Génie mécani-
que, Aoiit 1982.

Boisnaud, P., "Analyse des coques coniques anisotropes", Mémoire de
M.Sc.A. Ecole Polytechnique, D&partement de Génie mécanique, Juin
1978.



55

APPENDIX A-1

SANDER'S SHELL THEORY

a) General equations of equilibrium

The development of equations with respect to static equilibrium has
been the subject of several books and published articles. We shall
therefore restrict ourselves to the five final equations of motion
given by Sanders [11] in the form (Figure 1).

N+ W - + +A 3 [(L -1)F.1=0 (a)
aAZNl + aA]le + NIZ Eﬁl N2 352. A]A2 Q] —;-:t—-[(ﬁ} s 12
N N. 0] = (b)
aAZN]2 + aA]N2 + aAz N].2 - ﬁ N, + A,.A2 QZ + f\_g_ 3 [(Jﬁ - %__]) Mi12 0
ac] azz ac] 3;2 R2 2 a;] 2
| '
- ( ) = (c)
3c] acz 1 R2 |
— — i i ;
aAZM] + al\]M]2 + M]2 Efl.- M2 Eﬁg A] A2 Q] 0 (d)
. =0 (e)

aAzﬁiz +ah M, + M, 352.- M, 9A; - Ay A, Qp =

3L, I 4 ‘325

avec (N, = 1/2 (Nyp + NZI)

Mg = 1/2 (M + My)
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b) Deformation vector

In addition to the equilibrium conditions, there is a second group of

n 'nnc determining the state of constrain
\1\‘ 1w AT ARV e v Wil suvuve Wi AL VAR RS IR BN ¥ oy

ct

in +h 11 +ha Taw nf
Vit i i

i Ly LIIT 1QW U

elasticity. To this purpose, deformation vector {e} was developed:

G
1 ;.' 172 352

‘2,'_1302* laA u]+w
Az 3(2 A]AZ 3C] RZ

’&2 = 1 (Ay3U, *+ A 32__- Efl.u - oA, U,) (A-1.2)
2 W TS 3, 3%, ac]

Ky = —l 882.+ 1 aAz B
AZ aCZ A]AZ aC]

:12 tl [A, 38, + A} 38, - 3R, By - %A, B, * 1? (l - 1_) (2A,U, - 2A U])]
2A]A2 ac] a;z 3;2 ol R2 R.I a;] acz
With B] = .l_o'l" ——].i‘i
Ry Aoy
27l 13
Ry Ay 31,



c) Boundary conditions
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The boundary conditions are given by:

-7

MrN N

Ry

Mg * (3- Nk, =

Q + 1M, =V,
LPRET

M= H

T2

or

or

or

or

<l

U, =

159
u, = T,
W=W

M = oM
%y ¥

For a a glconstant boundary, the double-barred quantities correspond

to boundary values.

d) Parameters for a conical shell of revolution (Fig. 2 and 3) the

quantities are:

;].—.x A]=r=

Ca:e A2=r

with 1M (“¢ d¢) = dx

r..,w

¢

and dr=r_cos ¢
dé ¢

2 o U]:U
U2 =V
H= W

(A-1.3)

(A-1.4)
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Carrying these parameters over into the five equations of equilibrium
(A-1.1), we obtain:

“a(r Nx) + aNxe - Ne ar - 1 3 ﬁ;e = 0 (a)
X e = Z% ()
a(rN‘xe)+aNe +N’xe£+_:oe+:_i?4_’£e_=o (b)
X 96 ax T 2 93X ro
a{rQ)+23Q -Nr=20 (c)
X e B (A-1.5)
X 8 r
8
afr Mx) + aMxe - Me 3: -r Qx = 0 (d)
X X ax
= 0 (e)

— T i
afr Mxe) + aMe Mxe or - r Qe
3xX 20 X
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APPENDIX A-2

EQUATIONS OF MOTION

This appendix contains the equations of motion for a thin conical
shell, mentionned in reference to different chapters of this analysis.

Pyy [x sin a 3% + sina U] + Py, [ 3°V_+ sin o 3U + cos a 2H]

-a—xf ax 3X 20 3x 3x
- Py, [xsina a3w + sin a aZWJ + P.. [-cot a 3V + cot a azv + 1
14 3 2 15 ")) x ox 38 _2
X X X" sina
c3% -1 % - sina Ml + P (2% + 1 2u-1av)
ae2 X sin a % ae2 ax 3x° 98 X sina ae2 X .
- Py Sinadl+ Py sinad W+ Py [-__ 2 2% +3cota d%y
X ol X sina .. ..2 X 93X 26
X _ oX o6
- cot a BZU + 2 32w - 3 cot a 3V] - P22 [1 3V +sinal+cos aW]
2x2 sin a aez xz sin a 392 2x2 36 X 26 X X
+ P, [~ cot a 3V + 1 2% + sin o W] - P, [cot a 3%V + cota
25 T .2 a8 P P X 3ax 63 2X  3X 26 2
X X~ sin a 30 2X° sin a
. EEQ_+ cot a 3!] + PGG [ cota 83N -3 COt2 a 82V + C0t2 a 32U
202 2x2 x2 sin a 3x 20° axé W 43 ina 200
- cota 3%+ 3cot’a avl= 0
x3 sin a 20° ax> 20

Pyy 22U = Pyy @M +Py [ 1 3% + 13U+ cotadn]+ P, [ cota
96 X 20 axz X sin a ae2 X 99 X 96 x2 sin a
. 3%V - 1 2% -1 oW1+ py [-2 3% +3cosad®V-cota
X 38 ax ool 2 ol

2y

W - 3cos aaV]+ P5] cot a 32U + P52 [ cota 23 !

. 4 3
a6 ox .2 36 X oX X 98 ox x2 sin a 38
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+ cot a U] + Bas [x2 sin a BZV + X SZU +2xsina 3y + 23U - 2 sin a v]
a0 3 2 96 9x X ]
x .
+ B36 [-2x2 a3w + 3x2 cos o gfl + x cot o BZU - 4x azw + 6x cos a
20 ax2 sz 96 9x 96 9x
. . P m  oum 3 - Y | - 2 - 4.3-. . ™ ~ .2
V+2cotadU+4W-06cosaVj-BygXx cOta oW B [COL a
X ] a6 26 aXZ sin o
. 2%V - cot o M -x cot a 2%u ]+ Be [-6x cot a 3% - 3% cot « W
392 sinz o 393 96 ax 96 9x 28 ax2
x? 2 2 2 2
+ 9x cos a cot @ 3V + 9X" cos @ cot a 3V - 3 cot” a U - 3x cot” a 37U
2 ax & a2 B 4 30 3x
+6cotadW-9cosacotaV]= 0
8 2
' . 2 _. 2 3 _. 3
-By, X cos a 3U + By, [6x sin @ 3U + 6x" sin a 3°U + x” sin a 3°U]
ox ox ax2 ax3
+B. [_x 3% -2xsina3au-x‘sina3dy]-B,, [cot adV+cosal
15 e 2 x N2 22 28
96~ ax 9X
2 2 ,3 : 2 i 2
+ cos a cot a W] + B,y [4x 3°V +x° 3V +4xsinadU+ x sinad U
36 ox 8 2x2 ax axl
+ 4x cos a oW + 2x% cos a QEE_+ 23V+2sinal+2cos aV]
X 2 9
ax
+Bys [-cotPaav+ 1 %+ _1 W +2cota 9% -ov-x oy
06 sin2 a ae3 sin a ae2 sin a ae2 96 98 ax
- sinaU-xsinadU-cosaW +By [6x 3V +28 2% +_4a 5%
X 96 3x 20 ax2 sin a ae2
+ 2 2 -4 Vv - 2x 2%y ] - By, [12x2 sin a gfy_+ 8x> sin o giﬂ
sin a ae2 ax a0 906 9x axz ax3
+x sina gfy] + By [4x cot a 2oV + x cot a v - _Ax 33w
ax4 96 9x 26 axz sin a ae2 Ix
- 2% o™  -exsinaaM+2cotadV - _2 3% - 3x% sina 3%

sin a 862 axz oax 20 sin a ae2 axz



61

- W+ 2¢

ae4 X sin a ae2 ax
3

ot @ 3V - cot a 3%V - 2 2%
x3 29 / x2 98 3x %3 sin Y-

——"

ax2
2

+ 1 W - sinadW + sina 32 ] - P21 cos a 3U - P22 [cot a 3V
X

2 2 X X X 39

x2 sin a 20° 3x X
+ cos a U+ cot a cos o W] + P24 cos o 3 W+ P25 [ - cot2 a Y

X N
X ax2 | 2 a8

X

+cota W+ cos adW]= 0
x2 sin a 662 X X

b) A conical shell with variable thickness (2.12):

2 2

811'[2x sina 3U + X~ sin a 3°U] + 812 [x 32V + xcos o W +sinal
2 90 9x X

X Ix

+ cos o W] - 814'[3x2 sin o 3% + x3 sin o gfﬂ] + By [x cot a 2%y
\ 3

ax2 ax 38 ox

-_X %W - 2x sin a 3W - x% sin a QEE +cota 3V - 1 QEEJ
2

sina aa2 X oX ax2 96 sin a 56
- 322 [3V +sina U+ cosalW]+ 824 [x2 sin o asz + 825 [-cot a g%

96 8x2 '
2 . 2 2
AW+ XsinadW]+Byy [x 3V +_1 2% - av]+ Bag [-_2x

1
sin o ae2 ax 90 8x sin a ae2 Y] sin o
3

‘M +xcoto 9Y -cotad®+_2 3% - cotaay]
392 " 98 9x sin a 392 sin a 362 96

2

+

2

+ Bge [x_cot a 2w - g;(__cot2 a azv + cot? @ 3% - cot o 2%W + 3 cot
sin a ae2 ax 4 90 x 4 sin a 362 sin a ae2 4
.¥]l=0
a6

x 2%+ B, x cot a_s + By, [_ 1 3% + 30 + cot a au]

36 ax a0 9x sin a 362 a6 a6

-1 %-x 9% + cotfa M

2 sinz a ae3 90 3x a6

=12

d W + B, [2 cot a 3
25 :
sina .o
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+cota U] + Byy [ sina v+ x 2% + 2xsina v+ 22U -2 sinay]
a9 3 2 90 9x X a6
X
+ By [-2x2 2%+ 3x% cos'a gfy + x cot o 220 - ax 5% _+ 6x cos a
26 axz ax2 96 9x 96 9x
*3V+2cotadU+43W-6cosalV]- Bss x2 cot a a3w + 855 [cot2 a
aAx 28 a8 an o 2 sin o
ax 38 30 20 x sin a
. 2% - cot o 3% -x cot a 3% ]+ By [-6x cot a 3°H - 3« cot o _a%W
20°  sin a 20° 38 3x 96 ax 303X
+ 9x cos a cot a 3V + 255 cos a cot a 3%V - 3 ot? a au - éé.COtZ a 3%
2 ax 4 a2 % 4 38 ax
+6cotadW-9cosacotaV]l= 0
96 2
. 2 . 2 3, 3
-By, X cos a 3U + By, [6x sin o 3U + 6x” sin a 3°U + x” sin a 3°U]
9X X 2 3
X ox
+B. [Lx 30 - 2xsinaau- % sina 2] -8, [cot adV+ cosal
sina 402 o X ax2 08
2 2 .3 . 2 . 2
+ cos a cot a W] + By, [4x 3"V + x" 3°V +4xsinadl+ x sina3d U
: 96 9x 28 8x2 ax 3x2
+ 4x cos a oW + 2x% cos o 3% + 2 V+2sinal+2cos al]
aX 3 2 a8
X
+ By [-cotfaav+ 1 3%+ 1 24 +2cota 8 -ay-x 2%
26 sin2 o ae3 sin a ae2 sin a 362 8 98 ax
. . 2 2 .3 2
-sina U - xsinadl-cosal]+ Bag [6x 3"V +2x~ 3°v + 4 23U
X 98 9x 30 ax2 sin a ae2

+ 2 2% -4V -2x 3 18, 1267 sina 2%+ 8 sin o 3%
sin a ae2 9% a0 36 9x axz ax3
+x* sin o gﬁg] + Byg [4x cot a v+ x? cot a v - _ax 23w
aX4 96 ox 28 axz sin a ae2 X
- gxz a“w -6x sina W+ 2cotadV - _2 QE!'- 3x2 sin a QEEJ
sin a ae2 axz ox 0 sina ae2 axz
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Bge [cota 3V + X cot a 3oV - R 2% - 2x sin o 3W - xz sin
9 80 8x sina .,2 X
20
cot addy+_ 1 3% B [- 8 oW - &F o'
sin‘e 26°  sin> a 207 Sina 502 5 Sina 42 5.2
2 3

6x cota oV + 3x2 cot a 33V

8

2

—————

39 9x

sin a ae2

-2 cot a 82U - xcota 37U

90 9x
W -6 cot a Q!J = 0

a6

2 sin o 28

2

sin a an X
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APPENDIX A-3

B N T T

3 1 oo e
This a ces cite wWitn rererence

ot T
~-h

articles in the course o

the analytical developments.

These matrices are classified as follows:

(D] (table 1)
[R]; [Rr]; [T] (table 2)
[} [or); (table 3)

The symbols r, i, j assigned to the matrices correspond, respectively,
to the following cases: The roots of the characteristic equations are real-
complex; coordinate x = Xs 3 coordinate x = xj. There could be combinations
of these different symbols.

Case of complex roots:

M2 TRty 3,47 T Y
2g,6 = K2 T N s 27,8 = K2 T v
/
Case of real and complex roots:
M2 T Iy e T Sl IS
5.6 -1 P8ty
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The quantities 3%,‘Ep, p=1,2...,8 are real or imaginary parts of a
and Bp determined by equations (3.9) such that:

e 1 = 1 3 R 7

1 - A g g g

j=2,4,6,8

2
]
al
al

4+ 4
- i

L,y J’

and the same applies to Bp.

X X
¥; = 4 —% and yj = v -]% correspond to the values taken by the
y =+ -% variable at boundaries x = X; and x = Xj respectively.



cot™ a
4 sin a

TABLE 1
Matrix [D]
3x3
_ _ -
A dyy 4y dy3
[p] $Bp =1(O0) » [l =] dyy  dyy  dys
3x3 d d d
¢ | 437 43 433
with
do. = M2+
1N
di, = RA+T
d 5 = FAS + GA2 + Ha + 0
dpy = -RA+T
_ 2
don = M2+ NA+P
23
= . 3 2 - +
dj; = -FAT + G Hx +4J
doo = MAC - NA+P
32
PN S
d33 Qr + SA + 2Z
and
A = EJJ_ Sin a .
r
_ . 2 2 . 2 2
C = 812 sina +n B36 cgt a-n 833 - 822 sina - n 866
sSIn a <
SI1n a
2
R= nB,,+nB,.cota+nB,, +nB, cota-3nB.. cot” a
o127 2B 5337 373 =g 66

66

- By

3

sin a
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9_812 + Q,BIS cot o - n By, - N B,yg cot o - 3n Bqq - 3n By cot
2 2 2 2
+9n B, cot’ a
“B8 66
0n ein
:-:ﬂ'wﬂl Yty
8
%-841 sin a - E_l;'s1n a + 252_51n o
4 4
B., cos a t+ n2 B + nz B., +B_, sin a - nz B.. cota-B,, sin a
_21 51 63 52 66 42
A 2 sing Sin o 2 2 sin a
+ Eﬂl.51n o
8
B,, cO0s a *+ n2 B +B., sina - B,, €05 & - n2 B., - B., Sin a
12 51 51 = 22 52 52 5
2 Z $in a 51N o
. . 2 2
- 3B,, sinha+3B,, sihao~-3n B., + 3n" B cot a
) 41 T sings 03 66 5 in =
E§§ sin o + %’836 $in o + T%~566 cos o cot o
3
. 2
"3,333 $in o - §;~B36 cOS o = §%=866 cos a cot o - 2n 852 ESE ?
o &) L BEy S 888 W
- n? By cot’ a - 0’ By,
SIh e Sin a
nB,, +nB,. +nB.,cota+3nB.. cota
'y 24 1 36 i 54 7 66
=N 824 + %=BZS - n 854 cot a + 5’855 cot o
-n B,, cot a - n3 B, ~nB,. -nB cot2 a+3nB,, -InB
}22 25 7 25 52 “z 24 = 36
S’in2 a ‘
3
+3n B, cota-n Bgg Ot o - n Bgp cot o - ZZH-BGG cot o
4 . 4
SN o
-B,., sin o
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2 2
S = B4zco§qu%84531na+n 866+" 854'}8555120*’384451"“
sin o Sin a
2 2 2 4
sina sin a . 3 4
$Ih «a
2 . .

- B,, €0S a cOt a + 3 B,, €COS a + _ 3n Bey, - _9B,, sina+ 3B, sina

22 5 42 3 eins % g 44 7 45
Characteristic equation (3.5) is in the form:

8 6 4 2 -
h8>‘ +h6)\ +h41\ +h2A +h0-- 0
AYQ + F2Y
2 2 2

ALQ + CYQ + AYS - AM™ + R? Q - 2RFM = G°Y + 2HFY + FL

| 2 _ w2 - 1%Q 4+ RZS - 2RFP - 2TFN
CLQ + ALS + CYS + AYZ — 2AMP + AN® - M°C - T°Q +R™S - 2R

dij

I
n

(@]
i}

+ 2RGN + 2TGM - 2RHM - 2GJY + HEY — G6°L + 2HFL

[ I
YWioed 7

1
[

- 2THN + 2TGP - J

CLZ -

7 4 Y7 ~AP? — 2cMP 4 CNZ — T25 + R%Z + 2RIN + 2TJM - 2RHP

2y — 26JL + ML

2 _ 927 ~ 3% + 210p

P

i
e

cp

The particular case of isotropic material in this case, coefficients

of matrix [D] and coefficients hj of the characteristic equation are the

same form as previously (anisotropic material). The coefficients that
change form are the following:

sin o

4

- svn sin a (5 - 4v) - n {1 v) [1+k cot a]
4

2 sin o
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1]

1
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n [0+ ) -3 (- V) k cot? a]
3 )

n[(5v-7)+9 (1 - V)kCOtzm]
4 4

6 = 0

cos o [v - n?“kﬂ - v)]
2 i 2

Z sin o

cos a [(v-2)+30%k (1 -]
2 2 sin® o
(1 - ) sina [1+ 9k cot? o]
. a |
: 2 2 2
96 - 1) sinafl + 9k cot” a] - _n (1 + k cot® o)
8 4 sin o

(3- W nkcotao

(1 -2W nkcotea

)
i m———~

3
-n cot o [k (31 - 33v) + _n%k_+ 1]
8 Sinéa

-k sin o

6
k[(7 -6 sina+ _n° ]

B T 5in &

kK [(12v-13) sin a + (12v-11) 0 - % 1- cos’

sin a 16 2 sinz - Sin o

Stiffness:
As we set t = & x for an isotropic shell, we have:
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k 8 <= =

12

ol<

with D = _ES x membrane stiffness

(1-v7)



3 2
= —E8 X" pending stiffness

E is Young's modulus

v is Poisson's ratio
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matrix determined by
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NDirection of resultant constraints

Direction of vresultant moments

~ Figure 1 Differential elements for a thin shell



Figure 2 : Differential elements for a conical shell
(a) Resultant constraints and displacements
(b) Resultant couples and load factor
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Figure 3 : Geometry of the surface of reference of a
conical shell
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Figure 4 : Shell composed of an odd number (2v + 1) of anisotropic
Tayers



Figure 5 : Displacements and degrees of freedom at a node
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Start

Read and print data

Calculate coefficients of characteristic equations

Solve characteristic equations and coefficients o and B;

Compute matrix [A] and its inverse

r.

Compute matrices [G], [k], [S] and [m]

Assemble mass and stiffness matrices for entire shell

Reduce [K] and [M] by application of boundary conditions

Determine eigenvalues and engevectors

End

Figure 7 : Condensed flow chart of computer program
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Figure 9 : Non-dimensional frequency for model 1 with
W=V — 0 at boundaries. m = axial mode

wy =Ry (p(1-v7)/E)""
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Figure 10 : Non-dimensional frequency for model 2 with
w—v — 0 at boundaries. m — axial mode

wy — wRy (p(1-v2)/E)"®
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"FigureA12 : Non-dimensional frequency for model 4 with
: w = Vv = 0 at boundaries. m = axial mode

w, = wR, (o(1-v2)/E"3
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RADIAL DISPLACEMENT, W/wmax

Fiédréjlé : Normalirzed radial deformation mode. Model 1 with
w =V = 0 at boundaries
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"Figufe’14 : Normalized radial deformation mode.

w =V =0 at boundaries

Model 1 with
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MODEL 2

'F%éu?é 15 : Normalized radial deformation mode. Model 2 with
W=V =0 at boundaries
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w =V =0 at boundaries
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‘Figure 20 : Mormalized radial deformation mode, Model 4 with
w=1Vv =0 at boundaries
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- Tigure 25 : Normalized radial deformation mode. Model 3 with
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" Figure 26 :
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Normalized radial deformation mode. Model 3 with
free boundary conditions
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" Fiqure 27 : Normalized radial deformation mode. Model 3 with

free boundary conditions
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"?1gure'28“: Normalized radial deformation mode. Model 3 with
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“'Figure 29 : Normalized radial deformation mode. Model 3 with
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Figure 30 : Normalized radial deformation mode. Model 3 with
free boundary conditions
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