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ABSTRACT

This report présents an analysis of the static and dynamic equilibnum of
thin anisotropic and non-uniform conical shells, subjected to différent

boundary conditions. The procédure used was a hybrid one, based on Sander's

shell theory and on the fi ni te élément method as applied to thtn shells
having variable thickness and anisotropic elastic properties, but limited to

cases of linear elasticity.

The displacement functions were derived from Sander's équations. The

stiffness and mass matrices were derived by exact analytical intégration.

The free-vibration problem of conical shells was reduced to an eigen values

and eigen vectors problem.

The convergence of the method proved to be satisfactory and the frequencies

and dtsplacements were compared wtth extsting resutts.
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CHAPTER l

INTRODUCTION

1.1 Général

Thin shells are structures that are used in van'ous fields of engi-

neering» Some of thèse are: the aerospace and aeronautical industry

(aircraft fuselage, space ship intermediate connections)s the nuclear

industry (reactor vessel walls), the naval industry (submannes and ship-

building), the petroleum industry (tanks, piping) and civil engineering
(domes and thin wall construction). Knowledge of the free vibration charac-

teristics of thèse structures is just as important for the researcher, who

is seeking to understand their behaviour, as it is for the concemed engi-

neer, who is trying to avotd a11 destructive effects durtng their indust-rial

life.

The following classification factors are normally considered 1n

studies of thin she11 vibrations: curvature, anisotropy, residual stresses,

thickness variations, large displacements, rotational inertia, influence of

surroundings, the form of the shell edges and the type of boundary condt-

tions involved.

It is generally difficult to obtain an analytical solution of the

équations of motion for thin shelts; hence only approximating methods are
used. Among thèse we could fîfântion interactive methods of the Stodola type

[l], the fim'te différence method [2], Rayleigh-Ritz's method [3], [4 ],

Galerkin's method ([5], [6]), the finite élément method [7 ], as well as
numencal intégration methods where the problem of shell équation of motion

is reduced to an eigen value problem [8].



In the finite différence and numencal intégration methods, the

initial frequency value is assumed. Thèse two procédures require lengthy

processing time. Further, it has been indicated [l] that interactive
methods do not défi ne the complète vibration spectrum. the same applies to

the interactions of the Galerkin's method, which décline in accurary because

of the shell's high frequencies.

The best test of a method would be that it be able to détermine both
the frequency set and vibration modes with the same accuracy and within

reasonable computing time. The Rayleigh-Ritz and finite élément methods

both meet this criterion. The vibration problem then becomes an eigen

values eigenvectors problem.

Rayleigh-Ritz's method, however, has the following disadvantages

([5]):

(l) A large number of terms must be retatned to express the displacement

functions.

(2) There is a lack of consistency between the accuracy of the di'spta-

cernent terms and of the energy and déformation terms.

(3) The choice of displacement functions must be related to the boundary

conditions.

The finite élément method, on the other hand, satisfies thèse prere-

quisites. The foregoing is only a bn'ef overview of the available thin

shell methods, since more complète bibliography on the application of the
she11 method cannot be feasibl.y included in this paper.

The sheli is described by an assembly of finite éléments. The accu-

racy of the method is dépendent on both the nature of thèse éléments and the
degrees of freedom used to simulate shell behaviour.



Thus, for triangular and fiât quadrilateral éléments, polynomial

functions are chosen, and plate theory is used to dérive the équations. To

increase accuracy, curved éléments which better reflect the shell geometry

are chosen [8]. The analytical formulation of thèse éléments is very
complicated. The same applies to the numencal choice of référence condi-

tions.

The methods used in this work were part of a research project, direc-

ted by Dr. Lakis, which has been the subject of several publications. In

this context then, référence [10] is a report on the free vibrations of
non-uniform cylindncal shells subjected to différent boundary conditions.

In référence [18 ], the natural frequencies of the Pickenng steam generator

were numerically studied. In [19], the free vibrations of cylindrical
shells partiaHy or completety filled with a liquid, under steady-state
conditions, were analyzecto The effects of laminar flow and turbulence and

ons or two phasss in ths cyltndricâl structure containing flowinç flutds

have a1so been analyzed [20], [2l], and [22]. Géométrie non-lineanties in
an enpty cylindrical structure were investigated in référence [23]. Refer-

ence [24] provided the numerical solution of the charactenstic équation for

an amsotropic conical shell.

1.2 Research objectives

The présent project investigated the static and dynamic equilibnum of

thin conical shells, as well as effects upon the membrane anct on bending.

It was hypothesized that:

- The cône was incomplète: the cône apex and its surroundings were not

analyzed.

- The cône was closed: it was without openings.



- The cône was circular: the référence surface of the shelt was created

by the rotation of a generator around a fixed axis keeping a angle

constant.

- Tîie cône was straight: the base of the cône was circular. There were

no results for non-circular comcal shell bases.

- The shell thickness was variable and was assumed to be a linear

function of the actual coordinates along the generator.

- The she11 was composed of one or more isotropic or orthotropic layers.

- Displacements were sufficiently small to give geometnc linearity.

- The rotational inertia terms were negligible.

- The static equilibrium constraints were zéro.

- The shell was assumed to be empty: later expérience revealed an

interaction of the fluid structure with the normal atmosphère.

- Several cases of boundary conditions were considérée!. The method used

combined thin shell theory and the fim'te élément method. The basic

équations of she11 theory, based on Love's First Approximation and

given by Sanders [il], were reduced to three differential équations,
as a function of axial, radiai and circumferential displacements of

the référence surface.

The f im te élément chosen was conical and bounded by two circular

nodes. There were four degrees of freedom for each node: axial, radiai,

circumferential displacement and rotation. The geometry of the finite



élément allowed for use of the complète form of the équations of motion to

détermine the fonn functions in terms of nodal displacements. This method

was more accurate than the usual choice of pol.ynomial functions. The mass

and stiffness matrices were then determined and by assembly of éléments,

matrices for the entire shell were determined. The free vibrations of the

she11 involved solution of an eigenvectors problem» The vibration modes

were also determined.

1.3 Contents of the report

The foltowing is a descnption of the seven chapters of this paper.

In Chapter 2, the three équations of motion, thogether ^ii'î~

displacements and elasticity matn'x are descn'bed by me

équations for their stress-strain.

In Chapter 3, the format of the disptacement funct
starting with solution of the charactenstic equationo Thè
tions, the déformations and stresses linked to nodal displacemi

detennined.

Analysis of the mass of stiffness matrices as we11 as the

tton is done in Chapter 4.

In Chapter 5, the algonthm used in the solution and in tht

tion of the computer program are descnbedo

The différent tests which were used to validate this me

outlined 1n Chapter 6. Compansons between présent results and

obtained by other authors are also discussed.

Finally, conclusions and recommendations regarding this metl

given in Chapter 7.



CHAPTER 2

BASIC THEORY

2.1 Equations of motion

To study the equilibrium of a conical shell and consider the effect
both of the membrane and the extension of the référence surface, Sander's

[il] équation of motion were used. As was mentioned previously, thèse

équations are based upon the First Love Approximation [14]. Zéro deforma-
tion in the rigid-body motion was obtained with this méthode which is not

the case with other formulations.

The geometry of the référence surface of the shell studied and the

coordinates used are indicated in Figure 2,

By eliminating the shear forces Q^ and Q^ by means of équations

(A-1.5d,e) in Appendix A, we obtained, in the absence of external forces:

r^Nx + NxSintt + àN_»^- N»sinK - cos« ^H«» = 0
ÔK N 2r ^

râNx» + 2N«»sinK + ^M* 3_ COSK <[«»,_ + j ""H "«• ^ cosl iH±. a 0 (2'1)
ïxW 2 ^K 4 r r ^

r^sM»+2sinK+<)M»+2 i2H,<,»+2 sinK ^«•^1 ^2H®-sint( ^-N®COSK ^ 0
^2 ^ ^x^e r ^e r ^e2 ^x



where N^, Ng, M^, Mg and M^g are résultant constraints. x and 9 designate

the axial and circumferential coordinates, a is the hal f-angle to the cône

apex.

The displacements of a point on the she11 are indicated in Figure 3.
They are connectée! to the déformation vector for this relation»

^L
^
l <)v + u sin« + N COSK
r <)@ r r

i
{€} = l ^v -s- l <)u - v 5in« ; (2.2)

./ Ï7 r'^T F \
'\

i - èsM :

i ^ ^ ^ \
ùv COSK - l ^ZH - <)w sinl l

; ^ ra ra ^e2 ^ r i
l

- 2 â2N + 3 C05Ktf)V - ^u cosK + ^w 2sinK - 3^ sin2K»v|
\ r ^^ 2 T ^ ^ 2r2 ^ r2 4 r2 ;
\

with

{€) =(€.,€», 2€,» , k, , k», 2k,» }T (2.3)

where K^, Kg and 2k^g express the bending of the référence surface, e^, eg

and 2e g account for its elasticity, and ui» v and w are the axial, tangen-

tlal and radiai displacements, respectively. The déformation vector is
linked to the stress vector by

(0 = CP] {€) (2.4)



[P ] is the elasticity matrix which is designated by the général term p^..
The équations of equilibrium in conjunction with the displacements are
obtained by using (2.2) and (2.4). They are expressed as:

Li <u,v,w,pt^) = 0

L2<U|V,w,ptj) = 0

Ls(u,v,w,p».») = 0

(2.5)

where (Li) i=l,2,3 are three linear differential operators, the form of

which is fu11y explained in Appendix A-2.

2.2 Matrix of elasticity and she11 thickness

The matn'x of elasticity [P ] dépends only upon the mechanical charac-
tenstics of the matenal of the shell. When dealing with anisotropic
materiat, however, and limiting it to the more fréquent case of anisotropic

révolution called orthotrophy, the mechanical properties are invariant when

rotating around a fixed axi's.

In général [12 ], [P] can be written for anisotropic matenal as:

[p] =

p».

p^>

0

p<>

PB»

0

Pia

Paa

0

P-12

Pe»

0

0

0

Pss

0

0

P*s

p.<

p^

0

p^

P84

0

Ptt.

Pa»

0

P-»8

PBB

0

0

0

Psé

0

0

p^

(2.&)



For an isotropic com'cal shell, having a constant thickness t, we

obtain:

[P3 =

D

^D

D

0

0

D

àD

D

0

0

D

a

0

0

(1-Ù>D
2

0

0

0

0

0

D

K

^K

0

0

0

0

ÙK

K

0

0

D

0

0

0

(î-à)K
2

(2.7)

with

D = membrane stiffness

K = bending stiffness

D s Et
i-àa

K s Et3
12 H-^2>

For shells of variable thickness [P], however, (Xge) will be the
funct1ona1 coordinates. If thickness is independent of 9 and proportional

to x, set;

t = 5x (2.8)



The [p] matrix then takes the form:

10

[p] =

xBt»

xBa*

D

x2B,»

î(2B8t

0

xBia

sBas

0

K2B42

S2Ba2

0

0

0

xBss

0

0

i<2B<.3

xaB»«

X2B24

0

x3B^

xsBs-,

a

K2B,8

X2B2B

0

xsB-»s

K^Bss

0

0

0

K2B,,.

0

0

x3B^

(2.9)

Below, the expression of^B^ from référence [12] is given for a she11

composée! of a number of svmmetnc isotmpic or orthotropic- layers, as

indicaded in Figure 4.

For an even number of layers 2n, we obtain:

Btj s 2 E Zt^îSr - &•*»> j i = l to 3 and j = ito 3

s=i

Btj = 2. E Z?-s.,-s(SS - S.^.»ji s 4tû6 aad J

3 s=l

4 to6 (2.10)

B» j = 0 ( i = l to 3 and j = 4 toà) and(i = 4 to 6 and J = l to 3 )
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For an odd number of layers 2n + l:

r " -. i

B,, - 2 j Z^IS^» + S: Z^ (S. - £_.» !
5=1 l

i = l to 3 and j = l to 3

'"•?.i e:.,-, e, * '= z'-...-,lt:- l:..' 1
31 5=1 1
>. J

1=4 toà and j = 4 to&

Btj s 0 (i = S to 3^ j = 4 toé) or (i s 4 to & je ito 3)
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with

<. - EB/(i - < <}

.-. - Es/(l - VB f")
aa a » a

z". = îm. s E" »>"/(! - t>" V")
ta as, is i s

z:> - , 6:.

where

EÎS vî (E|, v|) are young's modulus and Poisson's ratio in conjunction with

direction x (and 9), respectively.

G\2: modulus of elasticity in shear

ô^ is the coefficient of proportionality of thickness t., at the s'

1ayer with x.

ts = ôsx

t_ is measured relative to the référence surface.
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Substituting (2.9) in (2.5), we obtain a new fonn for th eequations of
motion, which are descnbed in more détail in Appendix A-2,

S»(u,v,w,Btj) = 0

Sa(u,v,N,Bt^) = 0 (2.12)

Ss(u,v,N,Bt,) = 0

The next chapter will demonstrate a cohérent method of obtaining
displacements u, y and w, in t.erms of nodal disp1acements=
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CHAPTER 3

ANALYTICAL FORMULATION

3.1 Introduction

The equilibrium of the conical shell as a continuous medium has an
infinite number of degrees of freedom and is governed by équations (2.12).
They constitute three partiaHy den'ved linear équations with variable
coefficients that make for difficult analytical solution.

The finite élément method was chosen to solve this problem.

A bn'ef œcapitulation of the pnnciples of this method might be in
order. The conttnuous medium, representing the original shetl, is reptâced

by a system having a fi ni te number of degrees of freedom and governed by a

System of linear albegraic équations. Discretization consists of dividing

the shelt into a number of finite éléments and then selecting the displa-
cernent functions.

3.2 Displacement functions

The chosen finite élément is a cône bounded by circutar nodes (Fi g.
(Fi g. 5). This choice allows use of thin shell theory to détermine the
displacement functions.
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The nodal displacements are:

u : axial displacement

w : radiai disptacement

: rotation

v : tangential displacement

The displacement are périodie, therefore, they may be developed into a
Fourier séries.

{u(x,ê), N(X,O), v(N,ê)>^ = E [T(n.^3 îu»(x), N«(><), v^(x)}^ (3.1)

n=0

n : number of circumferential modes

un ' wn9 vn are functions of x only. [T(n,e)] is a square diagonal (3
(3x3) matrix given in Appendix A-3. (3.1) is carried over into (2.12). By
worktng out the derivation in conjunction with 9, three ordinary differen-
tial homogeneous équations are obtained. The left side of each of thèse

équations is a Fourier séries and must be cancelled for a11 values of 9.

Thi's is possible only if the coefficients of this séries are a11 zéro. For

a11 values of n, three ordinary linear differential équations with variable

coefficients in U , M and V are obtained, having the following proper-

t les:
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In each terrn, exponent x is equal to the number of denvations in

unction with x linked to U^ , W^ and V.

differential équations are of the form [13]:

conjunction with x linked to U^ , W^ and V^. Solutions of thèse ordinary

U , W or V = constant x

\ is a complex root.

In intrôducing this form, we obtain équations where the coefficients
have no useful dimensions. To avoid this inconvenience, we choose a new

non-dimensional variable determined by:

y = 1x7; (3.3)

A is the arbitrary référence length» This choice is dictated by expérience

with axisymmetric problems.

Me then follow with:

(Un(x) , V^(M) , Nn(K)) = y^-Kfi, B, C} (3.4)

\, A, B and C are comptex.
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3.3 Char-actenstiçeqyati ons

Replacing U , V,, and W in the (2.12) System with the expressions
given in (3.4), we get an algebraic System of équations wn'tten as:

[D] {A,B,C}T = 0 (3,5)

where [D] is a square (3x3) matnx, the terms of which are functions of
parameter X and given in Appendix 1-3. The (3.5) System nécessitâtes a
solution other than the trivial null solution. The déterminant of [D],
therefore, must be null. The résultant charactenstic équation is:

det(D) = 0

Development of the déterminant produces a fourth-degree polynomial
2

équation in X written as:

h.X- + h*Â* + h,X4 + haX2 + h® » 0 (3.6)

The expression for hi 1s given in Appendix A-3»

The characteristic équation provides for eight roots having the

following properties:
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- if À. i s a root, 1ts opposite (-X) is also a root,

- if Xis a complex root, then the (3.6) coefficients are real and the

conjugate of \, (XC), is atso a root.

So complex root \ wiH give three other complex roots:

(-À), îkCand (-ÂC)

and a real root will give a second r'eal r'oot:

-\

/

Two following cases will then ensure that (3.6) altows only real or
non-real comptex roots.

3.3.1 Çomple>L[OOts

If the 8 roots of (3.6) are complex and non-real, they can as a

results, be assemblée) into two groups.

X» ^ ka * in» Âa s k2 + îila

X.-k»-^ ^-^-^. ^^^

À, ^ - k, + in* XT= - ka * IHa

^ s - k, - i^i Â«s - ka - ina

ki» P.I» 1<2 and p-2 are real and positiveo
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Each root Xi produces a displacement {U (x), V^(x), Wn(x))i. The
solution is a linear combination of thèse eight displacements.

For U^(x) we then have:

u^(i<) = E Ai y

i=i

Xt-t

,k ... yiii» 4 fi,y^-* y1'1* + ft.ykl-1 yit11 + ^ykt-1 y111'= A»yKi-a y1111 4 «2y

kz-i u-lda
^yka-» yU» + A^yk»-1 y-1'12 * Ary-k2-1 y1118 + A«y-K2-1 y

ABY

whi'ch can be expressed as:

UntK) s yk»-*(fi»yi»1* -t fiay~illt) + y~(< l-> (Aay1 •ll + A<»y~i»11) +

(3.8a)
yk2-*(fiByi112 + A<,y~i*12) + y-l<2-»(AyyiHa 4 fi«y-i»la)

and

¥„(>;) = yk»-t{B»yi*1* + Bay~i*1») + y~k »-* (Bsy1 tl* + B^y"1'1') +

(3.8b)'
yka-I(BByi>la + B*y""illa) + y~ka-» (Byyi»12 + B«y~'i»l2)

N»(%» s yi<t-*(Cîyu* •» Cay"1»1*) 4 y~k *-* (Csy1*1* ^ C^y"1'1*) +

î3.8c)
y!<2-»(Csyx»la ^ C*y~s^) + y-^s-x (CyylHa ^ C.y~illa)
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As for À.,, A,, B, and C, are not independent. We usuatly express A,
J

and B, in conjunction with C,, therefore:

A.» = KiCj
(3.9)

B, = P.C J

a. amd p^ dépend on the terms in matrix [D], and consequently, on À,,. Set

Kg s Rt + xKg

i» = Pt + il

Since Â,2 is a conjugate root of A.i we obtain:

8ç s K. - i.K

iBa

Likewise, Xy and ^.4 being conjugates as we11 as ^5 and Xg, ^7 and \g,

this wi11 resutt in:

K, s Kg + ia,, K^ s Ks - i«^

Pa = Ps + l?-» B* = Ps - i8*
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(XB s «g + i«^ »«, = Kg - il

îs = PB * iP* B* s Ba - il

Ky S Ky + ÎKa «B s Ky - i«,

Bz: s Br + i@» B« a Py - iBi

Carrying over thèse formulas into (3.8) we obtain:

Un(îS) s yk*-*t(KtC» •«• KaCaîCOS n»!n y + i(e»Ct - KaCa^sin n»Xn y3

+ y-k*-*[(KsC3 •» K,C,)CDS dtin y + i<«sC» - K^C^Îsin (t»An y]

+ yka-tt(«g,Cg * «éC*)cos tfaXn y * i (KsCa - ®AC^»sin »»aJ

+ y-l(a~*[(KyCy ^ «•C«)cos daAn y + i(KyCy - ««C«)sin dajîn y]

Obtaining:

a»C» + s K»C» + iSaC» A KtCa - iKgC;

= K»$C» * Ça) + âaa(C» - Ça)
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U^(x) being real, the following real arbitrary constants are detennined:

C* = C» + Ça

Ça s i(C» - Ça)

Me then obtain:

«tC» + êCgCa = KtC» + «aCa

i(«iCsi ~ KaCa) a; «aCg - «zC»

which are real. In the same way, if we détermine;

Cs s Cs * C«

Co s i (Cg 4. C^î

CB s Ça + C*

G* s i (Cs + C*)

Cy = Cy + C.

C« s UCy + Cg)
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IL (x) wiH be given by linear combtnation with reat coefficients for
the eight real constants G|,.

To obtain the expression corresponding to V^(x) and W^(x), respec-

tively, we must replace a,, by pi

Me then obtain:

( Unix), NniK), V»(x) }fc = CR] (C) (3.11)

where [R ] is a 3x8 matnx as demonstrated in Appendix A-3. |C} 1s a col umn

vector for the 8 Ci. constants

{C)t = {C,,C2,Cs,C,,CB,C*,C7,C,,}

3.3.2 Comglex^and^rea^rogts

In cases where the characteristic équation allows for complex and reat

roots, thèse fait tnto two groups:

Àtski*iiit ÀBSa*

Xa = ki - in» ^* s Sa

Xs = -k» + in» . ^y s -^i

X« = -k* - su» ^» = ~âa
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where k^, 1.1^, ai and a 2 are r'eal a.nd positive.

The same procédure is used as in the preceding paragraph to obtain the

[R ] matrix corresponding to this case.

Displacement at point M(x,9) corresponding to the circumferential mode
n is then:

{ U(»<,ê), N(M,ê), V<X,ê) }fc -- ET] tRÎ {0 (3.12)

This displacement in conjunction with the degrees of freedom {ô, } and
{ô,} is now expressed with respect to nodes i and j of the finite élément to

a.ilhfS/^h nr»^ ni f* M K(f"ï1 rtnne*
Tïtl 8 ^1 l pV 8 (f ^ l'I U'^- l VK^^î g

giving

(S») a i U|, Nt, ([Wt , V » } '

^

{Sj} s { Uj, «j, ^t_, v» }T
ÛK

r l
!*} ^ l S» l

l Si l
l J
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Relation (3J.1) produces -^7, then x is replaced by x, for node i and
1

b.y x^ for node j. {ô,} and {ô,} can then be expressed as a function of

constants C^. This relation is written:

(diî = tft] {Cl (3.13)

[A] 1s a square matrix of order 8 as shown in Appendix A-3 for both
cases of the roots of the characten'stic équation

Then obtaining:

(C) ^ EA-*] îd»}

Relation (3sl2) 1s then written as:

{ U.N.V }T ^ ET] [RI tfi-»] {d»} (3.14)

or

{ U,N,V l* -- EN] {d»} <3-15>

with

EN3 s [T3 ER3 EA-*]
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[N] is a 3x8 matn'x and a functiuon of coordinates x and 9 from point

M; it détermines the displacement functions for circumferential mode n. The

total displacement is:

( u,w,v }fc = E [N] {dtl (3.16)
n^O

3.4 Strain-displacement retationships

The déformation vector is determined in relation to (2.2). Using

(3.16), {e} is expressed as part of the nodal displacements.

B
{£} s E [T*] tQ3 [A-*l {d,.} (3.17)

n=0

[Q] is a (6x8) matrix as shown in Appendix A-3,

with

l ETÎ o l
[T*l = l !

l o CT3 l
l J

3.5 Stress-strain relationships

The résultant stress vector is also expressed in conjunction with

nodal displacements.
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Refemng back to relation (2«4), (3.17) is written either

(F) = {P} E [T*ï [8] [A-*3 {d*}
n^O

or

(D = X: [T*3 tP] IBl [A-*] {d*} (3.18)

n=0

In summarv, this r-hapt.er has iUust-rat.ed that the f1 nt te élément

method made it possible to express shelt motion relative to the nodes of the

fi'mte éléments and which atso became the unknowns of the problem. The

following chapter looks at the methods used to détermine thèse unknowns»
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CHAPTER

MASS AND STIFFNESS MATRICES

4.1 Equatwns^o^^^^^^^^ in matrix form

To détermine nodal displacements, the Lagrange équations are applied

to a fi ni te élément.

By définition we have:

f
U* s j <€}fe (g)dfi (4.îa)

JA»

T* " | lf(ùa * N2 * v2ïtdâ ! Î4.1bî
JA»2

where LL and T, indicate, respectively, the déformation energy and the

energy of E, A, is the area of the référence surface for the conical

élément.

Using relations (3.17) and (3.18) where {d^ } and {A } are constants

of a finite élément, we botain the équations of motion for matrix form Ei.

[•3(d*} -s. EkîCd»} = 0 (4.2)
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[m] et [k ] are called mass and st'iffness matrices, and are given by:

[k] s tft-*]* ER2 Ffi-*]

[a] s EA-*3 tS] [à-1] (4.4)

with

f
i3 s l tB3t CTÎ]t tP] [T*] tfi]dA (4.5)

Jfi*

r
ÎS3 £ !! PEPJ* ETÎ* [T2 ERltdfi

ZJAi

From their définitions [m] and [k], two symmetrical (8x8) matrices are

derived, and finite positive.

The static case is governed by the équation:

tkl îd»} ^ ««} (4.7)
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'''*'*2 ^a!ll!19-^£_tÊr"llJLBljM^

For tlie differential élément illustrated in Figure 3, using relations

(2.8) and (3.3) we obtain:

dfi = 2A2BinK ysdydC
(4.8)

tdfi = 26i3sin« ysdydC

In relations (4.5) and (4.6), the circumferentia'1 variable e inter-

venes only when matrices [T] and [T ] are diagonal and expressed by tiw
terms: cos n6 and sin n9, in whi'ch intégration occurs immediately:

f2T F2T
j cnean6 dé s ! sin2nft dt 5 T

jo |o

The non-dimensional ortliogonal coordinate intervenes in:

" matrices [Q] and [R], when the général fonn of the terms is

yhta cos(»iiny» * b sin((ilny)3

elasticity matrix [p], when the général form of the terms is;

yk B l A
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Intégration of the matrix products of the relations in (4.5) and (4.6)
in conjunction with (y), occurs with a ter'm of near constant form:

r
i y-tâ cos(»i|ny) + b sin (»ilny) ][ (a •cos (n'^ny)+b'sin (d •Iny) 3dy

After manipulation and utilization of the trigonometric relationship,
intégrais of the following forms are obtained:

f f
ly-cos (ii|ny)dy and |yhsin (»itny)dy
i i

and intégration is immédiate:

|y»tcos(tf|ny?dy = _ltlll__< n sindifny) + (k+Dcos (ntny) S + constant (4.9a)
J..-- (k+l>a+d2

r
|y8tsin(n^ny)dy =__lHl__( (6(+1 )sin tnlny» - l co'»(d!ny»l + constant (4.9b)

(k+Dst+d2

Matrices [G] and [S] and consequently [k] and [m] are then determined
analyticalty. However, we should specify now that this report does not

include ana1yt1ca1 developments of the 72 différent terms in [G] and [s]:

the time and space required for their development would have been prohi-

biture. the calculation was directty programmed from the relations in (4.5)

and (4.6).
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4.3 Global mass and stiffness matrices

Equation (4.2) relates to a finite élément. If {d} indicates the
degrees of freedom vector for the set of nodes, she11 motion 1s then

govemed by an analogous équation which can be wn'ten as:

N

CM3 Cd} + tK3 (dï • {Fî (4.10)

[M] anct [K ] are the mass and stiffness matrices of the whole she11.
They are obtained by assembling the élément matrices [m] and [k ] in accor-
dance with the two foHcwing conditions [10 ]:

- there must be continuity of nodal displacements fr'om one élément to

the next:

»**!} e {g^}

- the extemal forces and moments applied to a node must be respectively

equal to the forces and internai moments:

({}e = {f^} + {ft+1}

Assembty is done by overlaying as indicated in Figure 6. If N is the
number of finite éléments, then [M] and [K ] are two symmetrical and semi-

fim'te square matrices of order 4(N+1). They are a1so two banded matrices

where ha1f band width is equal to 8.

For the static equilibrium of the she11 we of course have:

[K3 <d) = CFÎ
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4.4 Solution

The solution of (4.10) is obtained as follows:

The shell being subjected to a certain number. J, of boundary condi-

tions, matrices [M] and [K ] then become square matrices of order 4(N+1)-J
and which are symmetrical with positive properties, which was not true of

the original matrices. With boundar'y conditions then being imposée! upon the

displacements, their réduction produced by eliminating the Une and column

corïesponding to the fixed degrees of freedom.

We then set {d} = cos(faA) {dy}

Relation (4.10) then gives([K]"u~[M]) {d} = 0

Given the 4(N+1)-J order, .we then obtain 4{N+1)->J eigenvâlues and

eigenvectors.

Analysis of the static equilibrium is performed in the foHowing way:

{F.,} is the force vector applid to she11 nodes
{F^} is the vector for unknown réactions

{d.,} is the vector of unknown nodal displacements

{d^.} is the vector of displacements specified by the boundary condi-
tions.

Equation (4.11) is written as:

r
l
l
l
l.

K^

KBA

l

l
j

K^

K».

1
l
l
l
J

d*

d.

F^
s

F,
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Obtaining:

(d^) ^ [K*«]-« ((Faî - [Kn.3 (d»})

(4.13)

<F»} ^ tK.^1 (d^î + (d»)
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CHAPTER 5

THE ALGORITHM

5.1 Introduction

A Fortran V computer program was written and apptied to the analytical

formulations developed in the preceding chapters for a number of cases. The

charactenstics of the numerical solutions wi11 now be given.

The original com'cal she11 was subdivided into a certain number of

finite éléments. This number was dictated by the convergence of the method.

It wi11 be demonstrated that for the cases considered, a f1ve-e1ement

partition is suffi cient. Géométrie and mechanical character-ist'ics can vary

from one élément to another, and therefore one can deal with différent

chanpç nf t.runcated comcal shells^

Thèse finite éléments are replacée! with éléments varying tinearly in

thickness with the x coorctinate. Thickness proportionality factor in

relation (2.8) is chosen as:

tpm = ô*xm

where t^^ indicates the initial thickness at the average point of the

élément at coordinate x^. It is important to note that a change in thick-

ness wi11 lead to an approximation of the shell's thickness t'ne thinner the

mesh, the more accurate the thickness

5.2 Program organization

Flow chart and a tree diagram of the program are given in Figures 7

and 8.
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t>*^*^ Ero9Cam-o£2âîllSaÏ12î

i) Number of fi ni te éléments.

n) The geometry of each fi ni te élément: length, the apex angle and

coefficent ô.

i ii) The mecham'cal properties of each élément: Young's modulus,

Poisson's ratios and the density.

iv) The boundary conditions.

v) The inverse of [A]. To achieve this, we must use the LINV2F
subprogram from IMSL utilizing a Gaussian method of élimination

which sear'ches for the maximal pivot per column and the CROUT
a 1 nrïr>^ •}* hm 'Fnr> moiTmE^^/ et'nr'âria Th l e nhâe^ "î n •^•hiQi nrî>/^rf°< ^s, e» e° "l ri a ^ e' ^t^\y\t
uiyvf tvuiit t^ï iitt.-<titw ijr ^v'^n^'y^® i8)t^ ^11^^»^ tii t^ia^-B, |^fw^.ls^^^suy t ^3i Vï-IJ?

important. We must. check the accuracy of the resutts of this

opération inverting matr'ix [A]. Indeed, with the [A] terms not
being of the order, can be fat si fi ed results through trunca-

tion errons. The calculation is therefore double checked for

accuracy.

vi) Matrices [G] and [S] determined by (4.5) and (4.6) (GCONE and SCONE
subprograms). The élément intégrais enter into this ca1cu1at1on as

given by (4.9) and are calculated by the RE11 and RE12 subprograms

vi i) The éléments mass and stiffness matrices, i) to vii) are

repeated for each élément»

viii) The mass and stiffness matrices for the enttre shell.
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ix) The mass and stiffness matrices are reduced. through application of

boundary conditions.

x) Free vibrations anci the corresponding modes.
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CHAPTER 6

CALCULATIONS AND DISCUSSION

6.1 Introduction

For the présent chapter, the methods descnbed previously in this

report were then applied to a certain number of cases.

Initial calculations were done to demonstrate convergence of the

formulation chosen. Then, free vibrations in the four configurations of

each of the thtn conical shells were determi'ned, all of which have been

theoretically and experimentally investigated by the authors of références

[6] and [7] and used as examples for compansons with other studies.

E 0 f*
u»<_ i^unvei ycm-c

The finite élément method was used to obtain a solution to the etasti-

city problems. The solution has several errors in it which are usua11y

classtfiect inta two catégories:

- One calted discretization error, which histoncalty in the replace-

ment of the initial physical probtem by an approximate model. In
the présent case, this error stemmed from the différent simplified

hypothesis used to dérive the shelt nethods and the model of the
contmuous medium, i.e. The shell, having a finite number of

of freedom and a choice of linear variation thickness.

- The other, tmncation error, originated in the numerical calcula-

tions. Numbers in the computer are represented with only a finite

set of integers, which leads to limited accuracy of calculation.

Accumulated truncation errors can lead to erroneous results even if

the original équations are mathematically exact.
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i t h l
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-{—-——--[•

Ra(in»l ^ l
.^._____.._—.^..

Modêl | a en d* l
l l

l i
4 a <^ l

l j 11. <t l

2 l 30.2

3 S 45.î

60.5

n <^ •T i A A a .t <
Àa^^ leVVI.OO

l
2.27 1.00127 ! 7.95

.J..

2.25 I.OOH2 l
j l

l

-+- -—+——
l

l m ! AT lHilTC-â l
^@V^ B Vo^ SWe^AVfc» ~ê- |

i.3
l

1.869E-4 j

. JL^> ^.^. ^.^ ,^ ^ ^ ±^-,^^.

8.96 l 0.3 H.098E-3 l
l l l

10.00 l 0.3 H.2Î7E-3 l
^.^.^-.^»»™^™J»»»^.«^™.«».«~<^^—J

Table 6.1: Characteristics of four models of shells

In the four examples chosen, the thickness of the shell is constant.

This solution method assumes a variable linear thickness with an orthogonal

coordinate. The thickness proportionality coefficient is determined such
4.1, a+. +.hn •Sm+'-îal 4-tfi<~^nra<-<~ -SK •fm.nrt •i " 4.t>n m'î^^ln ^-F *kn -t»^11 „„ A.t.^A.
UIIU^ ^It^ III i L. IUI toKI^IMt^^^ S^ l VU UU Ul ^KC: DKUUSC Uf UIIC; 3ttCtî^ àU l/liaUe

S s 2h/(xa + Xtl

The values for Young's modulus and density are not indicated in

références [6] and [7], and so we took:

E = 3.1Ô* Ib/in2

P = l Ib %s/in*

Only the finite élément, bounded at both ends, was used. Rigid motion

corresponds to zéro frequency and represents translation, rotation or a

combination of the two. For a shell of révolution subjected to axisymmetric
forces, there is only one vibration mode corresponding to ngid-body motion

[16]. The calculations were done for n = 2.
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From the nodal displacements obtained for the two nodes of the

élément, boundary déformations were determined as follow:

For a number of circumferential modes n, we have:

u(x,&) E Unix) cos n^

w(x,^) s Nn(x) co§ ne

v(x,ê) = V»(KÎ cas nO

By using (2.2), it becomes

€s = ces ne du,
dx

€ê = cas ne i( nv» * UnSinti + WoCOStî )

r

(6.2)

€x8 s îsin n^( dvn - nun - VnSinK )
2 dx r r

kK s -C.QS ne dB_
ds
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kê s cas n@.l( nvn COSK + nawn - g Bin» ï
r r r

is sin ne.l( 2nP + 3 dv« •» nu» COSK - 2nNn sinK_ - 3 v sm2«_
2r 2 dx 2r r 4 r

Thèse formulas give us the maximal boundary constraints, by taking:

cos nv = l '-"- sin nv s l

It is évident from (6.2) that ex9 and kxe are zéro when other compo-

nents of the déformation vector are maximal in absolute and inverted value.

The first denvations appean'ng in (6.2) wer'e r'oughly obtained by:

tlUn = ÎU»(2) - Un(l))/(gs - Xs)

àx

dVn ^ (V«(2) - Vn<D»/SX2 - 8|) î6.3i
dx

dP ^ {?(2) - B(l))/(>(a - X»)
dx
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where l and 2 refer to the finite éléments two nodes. Table 6.2 gives the

calculatated values of [)„, W^, B, V^ and M for the four models and corres-

pond to the first mode where n = 2. The déformation values are indicated in

Table 6.3, where it can be seen that one can only write four configurations,

obtaining:

{€) = 0

and this occurs with maximal error equal to 18% and corresponding to

18.274 10 for model l at x= xi.

The first convergence cnten'on is thus satisfied. This could have

been déterminée! at the outset since the displacement functions chosen val i-

date Sander's équations and give us the zéro déformations for rigid-body
Tkn ^•S -ff L. -a - /~ ^ïïiovenieri'c. ins QiTTersnce, in conjuncîion wiîn îne nui i v'âiues in iauië b.o

arise out of the tmncation error inhérent in the numen'cal manipulations.

f——
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l
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l
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xcx

x=»<

t
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t

a

l

a

l

2

•T"

t

,A,

Un
•+-

^ c^r' . ^-1

2.mE-4

1.057E-5

1.6Î1E-5

2.633E-6

5.153E-6

i.lllE-6

2.993E-5

î.

î.

l.

l.
,J,,

Nn

^ ^ A•tav

00

440

00

444

00

444

00

'T'

.^.

'T'

B

3.471E-2

4.590E-2

5.935E-2

6.730E-2

7.539E-2

8.280E-2

8.345E-2

9.088E-2
.A,

Vn

-.21B

-.484

-.190

-.432

-.156

-.353

-.109

-.246

'T'

|N(râd/s)l
•+•

l . ¥ J B

.^.

,562

.449

.373

.J..

Table 6.2: Ftrst vibration mode for n = 2
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{•————r—————{——————r————^—————f————[————-^
l Hodfil l €. l €• l €«• l k. t k* l k^ t
^———^————+————4.————^————^————+————^

l
X=X t

X=Xa

x=x»

X=Xa

X=X t

X=Xa

X=Xi

X=Xa

3.253E-6

3.253E-6

6.2&5E-7

6.265E-7

3.5B6E-7

3.586E-7

4.515E-6

4.515E-5

1.122E-4

1.053E-4

8.173E-4

3.558E-4

3.53BE-4

-1.392E-5

1.433E-4

4.496E-5

-5.364E-5

-9.720E-5

-4.220E-5

-1.929E-5

-1.439E-4

-6.42&E-5

-5.816E-5

-2.B73E-5

-8.199E-4

-8.199E-4

-8.991E-4

-8.991E-4

-1.054E-3

-1.054E-3

-1.164E-3

-1.164E-3

1.827E-1

8.122E-2

1.082E-1

4.721E-2

B.469E-2

3.707E-2

6.815E-2

2.967E-2

-4.246E-3

1.817E-3
l

-2.212E-3

1.009E-3 l

-1.B39E-3

8.278E-4 |

-1.588E-3

7.662E-4 l

Table 6.3: Boundary déformation vector for n = 2 and comesponding to

the first vibration mode

6.2.2 Number of f im te éléments

Another aspect of convergence with the finite élément mothod is the
behaviour of the solution relative to the number of fim'te éléments used to

model the structure in question, that is to say, in conjunction with mesh

fineness.

Now, the results will be given the non-dimensional frequency as deter-

mined by:

u s u Ra(P(l-^a)/E» t/2 (6.4)
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with:

h): frequency rad/sec

RZ: large-base conical radius

p: density

j: Poissons's ratio

E: Young's modulus

and this applies to the model l com'cal she11, which is free at both ends,

f———————————T——~~~~~T——~-~~—T————I————T———1
•Number of finite éléments? 2 l 3 15 l 8 l 10 l

l'Non-dimpnsiônal l .329E-2 l .332E-2 l .333E-2 l .333E-2 l .335-2 |
î frequency il l l II

Table 6.4: Frequency ^ of first mode, corresponding to n = 2.

a, = 14.2°

6.3 Free vibrations of sjmply supported shelts

The results wi11 be given for the four shells descn'bed previously,

and comparée! to the results Hu and Lindholm [6] obtained.
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The boundary conditions are:

u = N * 0 for x = Xi and x = Xa

The analysis the authors of référence [6 J did has thèse character-

istics:

- The stress-strain relations are as given by Naghdi ([17]).

- The équations of motion are Q"" order. We consider the effect of

shear déformation and rotational inertia in the orthogonal direction

on1y.

Galerkin's method has been used to den've a matrix System where the

eigenvalues are calculated. The amplitude of displacements are expressed

as:

a»
Un = E a.sindrs/L)

•=1

•a
Vn = H b«sin(B?s/L)

B=;

•a
«n * E c»sin(«ls/L)

B=l

with

with s = Xntxa/x)

L = (n(xa/x»)
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mi, m2 and m3 are integers chosen in with the level of accuracy

desired.

In the four numerical tests, the number of fim'te éléments chosen is

equal to 5. The number of circumferential waves is taken in intervals

[2,20].

As was mentioned previously, for each finite élément the thickness is

a linear variable which must equal the initial thickness of the model in the
centre of the mesh. The proportionality coefficient ô then varies from one

élément to another. Likewise, the arbitrary parameter Ji, from the relation-

ship in (3.3) is applied as well to the orthogonal coordinate of the mid-
point of the élément. It must be mentioned that if A is an arbitrary length

in this analytical formulation, it must in no way influence the results. It
is extremely important to the numen'cal phase of the work, since the order

of magnitude of the terms of matn'x [A] dépends upon it. A side from this
problem, the inversion of [A] is sensitive to the algorithm, where a loss of
accuracy could result 1f the différence between the terms in [A] i s too
great. In fact, Gaussian élimination would lead, in this case, to almost

zéro pivots. The initial results for the numerical values of différent

matrices are used in the formulation. Thèse results are qualitative for the

four models and the five éléments, as thus are the results relative to the

first finite élément of the first model for n = 10 which will be obtained.

Table 5 of Appendix A-4 shows the 8 roots of the characteristic

équation.

Table 6 shows matrix [A] and its inverse. Ukewise, rnatrix [G] and

the elementary stiffness matnx [K ] are indicated in Table 7. Matrices [s]

and [m] are given in Table 8.
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Thèse numerical values are comparable with results in the literature.

However, we can conclude that:

- The roots of the charactenstic équation have the exact same form as

was indicated in Chapter 3.

- The elementary mass and stiffness matrices are positive symmetncal

and diagonally dominant:

•t» '£. "tj <i,J=l,B)

kt» ::; k»j (i,j=l,8)

which confirms the fact that the chosen solution becomes a stable numen'cal

problem.

The relative results conceming the non-dimensional frequency van" a-

tions, as a function of the number of circumferential waves, are given for

the other models in Figures 9 to 12, where the theoretical and expérimental

results obtained by Hu and Lindholm [6] are recorded. The numerical values
obtained with our method were observed to be valid expérimental approxima-

tion of the whole set of n values. In fact, in our procédure, used in

référence [6], the number of terms (mi=4, m2=4, m3=5) used for the displace-

ments 1ed to good accuracy for small values of n only. Free vibration was

observed to be minimal for a retatively large number of circumferential

waves, n > 6.

The vibration modes comesponding to this case (n > 2) are called

breathing modes by some authors. Thèse modes have greater practical impor-

tance, and their characteristics are as follows:
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- The radiai déformation mode is predominant.

- The corresponding vibrations are the lowest in the spectrum.

- The response to external excitation leads to maximal déformations.

Figures 13 to 20 indicate the variation in the normalized radiai

vibration mode in conjunction with the orthogonal coordinate. It can be

seen that by using 5 finite éléments we can correctly predict the structures
response. As previously mentioned, the déformations and constraints obtai-

ned are déterminée! by an exact calculation of modes. It can be seen that

the radiai déformation mode is strongly dépendent on n, and the point of
maximal déformation tends toward the base of the cône as n increases.

6.4 Free vibrations of conical shells with free boundanes

A second séries of calculations was performed to examine t-he free

vibrations of four shells with the following boundary condition:

The boundanes were free.

This case has been studied by several authors, who mostty used non-

extension shell déformation theory.

However, this method becomes ineffective depending on the number

values of the circumferential modes.

Hu, Gromley and Lindholm [7] used displacement functions allowlng for
the non-extension of the référence surface which had thèse terms:

Un s fi sin« cas»

Vn = (A + B x_)n COSK
2

Nn s A<n2 - sin2KÏ + Bn2 x_
X2
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They used Ritz's method to dérive the charactenstic équation valida-

ted by the frequency. The results they obtained are consistent with the
expérimental results for low values of (n < 8).

The shetl was subdivided into 10 éléments for the présent calcula-
tions. The umber of circumferential modes n varied from 2 to 20.

Figures 21 to 24 show the non-dimensional frequency vanation as a

function of n for the 4 shelt configurations. The nonnalized shear vibra-
tion is indicated for the 11 nodes used for model 3.

It should be specified once again that quantitative compansons with

référence [7] have been made possible.

However, A look at the graphs, led to the following observations:

- The frequencies obtained correlate with our expenmental results

through the entire n interval.

- The normalized shear déformation modes obtained are the same as the

expérimental modes obtained by the authors in référence [7].

Thus, for 1ow n values (n < 10) the conical generator remains
straight, and starts to départ from this configuration as n increases. This

transition corresponds to the changing concavity of the curve w^ - n.
à

The position of the circular nodes (u = 0) corresponds to the first

vibration mode, which varies from the smaller to the larger cross section as

n increases. In this way, the maximum mode is always obtained by:

On the other hand, the circula? node for the second mode is located

near the large cross section for the set of n values.
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A divergence between vibration modes was noticed for n = 10. This

divergence can be attributed to the fact that it is expérimental 1y impos-
si blé to have a com'cal shell free from ai 1 boundary constraints.

r————T———T——7——T——T——T——T——T——T——T——1
l n l 2 1416 |B 110 112 114 116 11B 120 l
^———+———+——+——^——+——+——4——+——4——+——1
l •=1|.002 1.015 1.029 1.044 1.055 1.077 1.104 1.135 1.172 1.215 I
IHodell ^———+——+——^——4——+——^——+——+——+——^
l 11=21.004 1.033 1.057 1.069 1.090 1.114 1.143 1.179 1.222 1.272 I
^———^———^——+——+——+——^——+——+——4——+——H
l «=11.0018 1.010 1.033 1.030 1.041 1.064 1.079 1.108 1.135 1.165 I
IMod e 12 ^———+——+——^——+——+——+——+——+——+——4
l n=2|.361 1.204 1.261 1.080 1.091 1.119 1.143 1.171 1.202 1.237 |
^———+———+——+——^——+——^——+——+——+——+——^
l n=l|1.7l0-3 1.009 1.01& 1.018 1.040 1.057 1.078 1.093 1.122 1.14B t
|Hodel3 ^———+——+——+——+——+——+——+——+——+——4
l •=21.023 1.025 1.043 1.067 1.101 1.121 1.149 1.171 1.199 1.231 I
^———^———^——+——+——+——+——^——+——+——+——4
l •=11.003 1.008 1.015 1.022 1.036 1.052 1.072 1.090 1.111 1.138 t
|Hodel4 ^———+——+——+——+——+——+——+——+——+——l
l «=21.008 1.016 1.041 1.064 1.099 1.113 1.142 1.1&5 1.190 1.220 t
l————4.———A——J.——J.——J..

Table 6.5: Non-dimensional frequency u^ for the 4 models with free
à

boundaries

6.5 Processing time

The computer program was executed on a Cyber 855 in the Um'versity of

Montréal Computer Centre. This CDC-type computer allows for an internai

représentation of the number in floating-point mode with 60-bits single
précision (48 bits for mantissa, 11 for exponent and l for the symbol).

The prcessing time and memory capacity required for the foHowing
typical cases wi'H now be given.
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The model 3 shell is subdivided into 10 finite éléments with free
boundan'es at both ends.

CPU Time: : 48s

Memory space: 115 700 bytes

Price : 14$

It should be specified, however, that programming was désignée! so that
the actual mode must be compatible with an existing progam that deals with
cylindncal shetls [10]. But an enhanced structure for thèse two programs,

such as by dynamic memory allocation, will lead to a code requiring less

time-consuming processing and memory space.
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CHPATER 7

CONCLUSION

A method based on Sander's équations for thin shells and using the
finite élément method was formulated in order to study the free vibrations

of anisotropic conical shells with variable thickness. The bending and
stiffness of the surface of référence were investigated and calculated in

this study.

The finite élément was conical. It was geometncally accurate, making

possible derivation of the displacement functions of the équations of motion
for the shell. Mass and stiffness were determined by analytical integra-

tion.

The convergence of this method was established. Rigid-body motion was

studied. The déformation modes and free vibration frequencies were obtained
for the four configurations of the différent conical shells. In tight of

the différent sources of expérimental error and the limited accuracy of
computation, it could be concluded that the numerical results obtained
reflected the real behaviour of the structures under study.

Me can therefore suggest that an adéquate method has been found to
predict the characteristic vibrations of thin com'cal shells, one that was

derived from the initial hypothèses.

The présent theory was develop and has been applied to straight

circular com'cal she11s as we11 as thin cylindncal shells [10]. It can

also, however, be used to analyze a sheil with mendian curvatures by

assembling com'cal éléments in gradual approximation of its geometry.

Nervertheltess, this theory cannot be applied to open shells.
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It would be interesting to apply this method to pressunzed or liquid

filled shells [20], [2l], [22].

11 would a1so be of interest to study the compat1bi1ity of the fi ni te
conical shell with the fim'te cylindrical shell by considering the case of a
truncated shell that has both thèse geometries.

The logical extension of this method would be to consider the
geometnc non-lineanties of the walls. In this connection, Sanders-Koiter

non linear theory could be used.
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APPENDIX A-l

SANDER'S SHELL THEORY

a) Général équations of equilibnum

The development of équations with respect to static equilibrium has
been the subject of several books and published articles. We shall
therefore restnct ourselves to the five final équations of motion

given by Sanders [il] in the form (Figure l).

3A^,aA,N,;^N,^-N^4A^Q,^^_[(^-^)R,2]'0 (.)
Tt^~ ~^~ 3^2 3ÇT 'TT -2H2 "1 "2

iA;N^ . 3A^+ ^N,^ - BA^N, . A,A; Q; ^ ^ _î_ [(^ - ^) W'1 ' 0 (b>
.-iç^ ~iï2~ iiT 3Î2 ~R2— ~2^} "2 "1

°^+»^-'N1+N2'A1A2"° (A-1(îi
~Ï^~ ~9Çg R1 R2

3A^ + 3A,M,g +M^3A^- M^8A^- A^ Ag Q, = 0 (d)
~Ï^~ ^2 3^2 3Ç1

3A^M + 3A^ +M^3A^- M, 8A^-A, A^ Qg = 0 (e)
~3ÇT— 3Ç? 3îl 3î;.1 <"'2 "'•l

avec N^ = 1/2 (N^ + ^

M12 = v2 (M12 + M21)
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b) Déformation vector

In addition to the equilibn'um conditions, there is a second group of

équations determining the state of constraint in the she11, the law of

elasticity. To this purpose, déformation vector {e} was developed:

1 SA,
-1

l au, + l SA, u^ + _w
B^'AAîîI ~î Rî

E2 " 1 au2 + l, SA2 U1 + _ï
Agîç^ A^iç^ Rg

T » 1 (Ag 3U^ + A, 3U^ 3A^U, - SA^U;,) (A-1.2)

5s7i Sl.l 3C- 8ç, 3îi

'^ = 1 8g, -S- 1 . SAy Pg

A^8ç~j' A-|A2 8Î2

;g = 1 96g + 1 8A^ 0^
Âg 3 Ç g A^ S l; ^

:12 1 [A^ ^ + A^ 8B, - 3A^ - 3A^ B^ + 1^ 0 - 1_ ) (aA^ - 3A1U1)]
aiT ii^ ii7 m" ^ R7 Ri ~aîT 3Ç2'}n2

with 8, = U, -

BZ-U2-

1
AT

1
A2

3M
si-1

3W
îi-2
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e) Boundary conditions

The boundary conditions are given by:

"L
R7
N12

"1

N1

+N1

+ (
R

+ 1

S2

-M,

SN1

3 -

2

3M12
~^î

1
"T

)M12
T

V1

-Î12

or

or

or

or

"1

"2

w =

3W
^1

"1

•"2

w

= 3W

^

(A-1.3)

For a a ç,constant boundary, the double-barred quantities correspond

to boundary values.

d) Parameters for a conical she11 of révolution (Fig. 2 and 3) the
quantiti'es

Ç1sx

ç2=e

are:

A1°

A2-

r*'~

r

R1-

R2-

r«"

re

"1

U2

« u

= v (A-1.4)

W = M

th1im (r^ d<()) = dxWl

^—
and dr: = r^ cos 4>

dï *
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Carrying thèse parameters over into the five équations of equilibnum
(A-l.l), we obtain:

8(r Nx) + 3Nxo - Ne 8r- 1 a M^ = 0 (a)

ax ae ax 2 39 ' r,

3(r ÎLJ + 3N9 + N'xe 3r + r Q, + r 3 M^ = 0 (b)
3X 39 3X Fg 2 3X ' r^'

^V^-N.r.O ^
8X 39 r,

3(r MJ + 3M,, -M, ar - r Q, = 0 (d)

9X 3X 3X

3(r M,,) + ^ + ^ 9r - r Q, = 0 (e)
3X 38 3X
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APPENDIX A-2

EQUATIONS 0F MOTION

Thi's appendix contai ns the équations of motion for a thin conical

shell, mentionnée! in référence to différent chapters of this analysis.

Pn [x sin a 32U + sin a 3UJ + P,, [ 32V + sin a 3U + cos a 3W]
~^ '3X' 1& 3X 36 3X' ÎZ

- Pi^ [x sin a 33W+ sin a 32W] + P,c [-cot a 3V + cot a 32V + 1 '
8X3 3X2 " ^^39 -^^9 ^^

. 32W - 1 83W - sin a 32W] + P,, [ 32y + 1 32U - 1 3V]
ae2 x~sin-ïs7^2- a? ^ 3F^9 x^in-aa92 Ï3^

- Pc, sin a 3U + P^ sin a 32W + P,c [- 2 33W + 3 cot a 32V
3X '•'' .,2 "'' X si'n a ,„ ,,2 x 3X se

OA

COt a 32U + 2 32W ' 3 cot a 3V] - P,, [l aV. + sin a U + cos a W]
2xz sTn a 992 ?^n a 362 2x2 8e " x ^ ^r- —)r

+ P,R [- COt a 3V. + 1 32W + Sin a 3W] - Pg, [cot a 32V + COt a
~^~M 7~^MS -—ir "-^—"^ zx2 sin ,

. 32U + COt a 3V] + ?rr C _COt a 8 W - 3 COt2 a 32V + COt2 a 32U
36& 2x" ou X'- sin a SX 39e 4xt- 0" OD ^ sin a 39<

- cot a 32W + 3cot2 a aV] = 0
x3 sin a 392 4x3 39

Poi 92U - Pc/, 3 W + P^ [ 1 32V + l 9U + cot a ^W] + P^ L çot a
w^ "38-»2 "->rwï3e2 7? -—ae' "?^7a

. 32V - 1 92W - i_A' 3 + Poc [-2 33W + 3cos a 92V - cot a
ae2 7^,Ta^ îw? "~ w~^2 ~s~ ^ ~s~

. 92U - _4 3W - 3 cos a 3V] + P^ coJL^ A + Pc-, [ cot a 32V
WW x289 2X ax *"x 36 3x *"- x2 sin a 392
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+ cot a 8UJ + B,, [x*" sln a 8^V+ x 8t"U + 2x sin a 8V + 2 8U - 2 sln a v1
38 8x'

89-9x 3x se

+ Q^ [-2x2 83W + 3x2 cos a 92V+ x cot a 92U - 4x 92W + 6x cos a
"36 L'" 3^17 '"'" "î? """3Ttx " ^'36

• 3V + 2 cota 3U + 4 3W - 6 cos a v] - B^,; x*' cot a 8'JW + Bec [co^_a
3)[ 39 39 "*' 3e-^x2 '"' sin ct

. 32V - cot a 93W -x cot a 3 M ] + B^c [-6x cot a 8 W - 3x cot a 33W
a7 siT^ae3 ae-a; °" ie^î gg-gj

+ 9x cos a cot a 3V + 9x2 cos a cot a 3V - 3 cot2 o 1U - 3x cot2 a 32U
8x 8x 39 39 3x

+ 6 cot a 8W - 9 cos a cot a V] = 0
ai ?

-Bio x cas a 9U + B^ [6x sin a 9U + 6x2 sin a 92U + x3 sin a 83U]'12
3X 3x 3xl 3x'

+ B,c [_x_ 33U - 2x sin a 3U - x2 sin a a2U] - B^ [cot a 3V + cos a U
-ST"^ae2^ sî i7 " 3e

+ cos a cot a W] + K^ [4x 92V + x2 33V + 4x sin a 8U. + x sin a 32U
se^7 3i a739 9x

+ 4x cos a 3W + 2x cos a 82W + 2 aV + 2 sin a U + 2 cas a W]
3x 3XI 36

+ Boc [-cot2 a 3V + _1_ 33V + 1 A. + 2 cot a 32W - 9V -'25 x 82V
89 ^^2 ^ g 3 sin a gg2 sin a gg? 86 99 9x

- sina U -x sina8U- cos aW] + B,c [6x 82V + 2x2 33V_ + _ 4 82U

sinfc a 99J 31" u 36'- a"' u 39e

2x
sin a 362 8x

9^ J" 99-9x ^o ^..2 iîrTaZJ

£

36 9xfc 31" " 39'

J,8JU - 4 9V - 2x 3^V ] - B^ [12xc sin a 8<-W + 8xJ sin a 3JW
89 99 3x

'44
8x' 9x'

+ x4 sin a 94W] + S^ [4x cot a 32V + x cot a 33V - - 4x 83W
3X4 " 393X 99 3x2 sinot 362-3x

- 2x2 34W - 6x sin a 8W + 2 cot a 9V_ - 2 92W - 3x2 sin a 82W]
sin a 392 8X2 9X ae sin a ae2 3x2
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. 94w - l a3w + 2 cot a 9V - cot a 82V - 2 32W
se4 )rsînaa92^ --x3--39 -xr^^ TTiT^ae2

/

+ 1 8 W - si n a 8W + sin a 32W] - P,,, cos a 3U - P^ [cot a 9V
x2 si n a 39^x ^~ ^ -Y- 8x2 fc > 3X' " -~~^~ 9i

+ cos a U + cot a cos a W] + P^^ cos a 9t'W + Poc [ - cot<" ci 8V
~>~ —x— - ^ ^J " - —2— ie

3xt- X*

+ cot ci 32W + cos a 3W] = 0
x2sina8e2 ~^~w

b) A com'cat shell with variable thickness (2.12):

Bu [2x sina 3U + x2 sin a 92U] + B,, [x 3 V + x cos a 8W + sin a U
3X g^2 1& 99^ 9^

+ cos a W] - B,y, [3x2 si'n a ^W + x3 sin a 93W] + B^ [x cot a 3V„„.... .,.,-^... .....^ .^5,....»^^

x 93W - 2x s in a 3W - x2 s in u 92U + cota 9V - l 3 W]
s1rnx992-9X 3X 3x2 " sina382

- B.,, [8V + sin a U + cos a W] + B^ [x2 sin a 82W] + By^ [-cot ex Sy.
"39 - CH - ^ ça - -gg

+ 1 32W + x sin a 8W] + S^ [x 92V + _J_ 92jJ - 8V.] + B^ [- 2x
sin a ~^2 W 86 8x sin a .^ 36 sin a

• 33W + x cot a 3^ - cot a 92U + 2 92W - cot a 9yJ
•^T^ WW nn-aggZ iin-a-gg2 Te-

+ Bec [x cot a 93W - 3x_ cot2 a 82V + cot2 a 3 U - cot a 82W + 3 cot2 a
sin a ggZ ^ 4 90 3x 4 sin a gg2 sin a gg2

. 8V_]
36

,B,, x 32U + B,c x cota 32U + B^ [_J__ 92y + 8U + cot a 8W]
89 8x '*' 89 3x '-'- s in a ^2 39 36

- B^ x2 33W_ -•• BQC [2 cot a 92V - l 33W - x 82W + cot2a 8W
89~3x2 " ^Tn~a-992 s^2-a3e3 "~^ "
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+ cot a 3U] + B,, [x*" sln a 8^V + x 8*-U + 2x sin a SV + 2 SU^ - 2 sln a y]
39 a? 39 3x 3x M

+ B,c [-2x2 33W + 3x2 cos a 32V + x cot u 32U - 4x 32W + 6x cos a
99^x2 S? 36^ 96^3e-9x

2• 3V + 2 cota8U+ 43W- 6 cas otV] - B^ x cot u 33W + Bec [cot2_o
ax 3» M 38 BX' si" a

. 82V - cot a 93W -x cot a A J + Bec [-6x cot a 82W_ - 3x2 cot a 93W
39" sin" a 99' 89 Ix 39 3x 36 8xl-

+ 9x cos a cot a 3V + 9x2 cos a cot a 3V - 3 cot a 3U - 3x cot2 a 82U
~2 Jx ~~T TJ 2 ii ~4 WJy.

+ 6 cot a 9W - 9 cos acot a V] = 0
JQ ?

^-Bi., x cos a 3U + B^ [6x sin a 3U + 6x sin a 32U + x3 sin a 33U^^^^»^.-,,^-..,-^.^ -"-^ " -"-^

+ B,,. [ x 33U - 2x sin a 9U - x sin a 32U] - B^ [cot a 3V. + cos a U
5x ,7 " 38sin a 392 8X

+ cos a cot a W] + B^ [4x 32V + x2 83V + 4x sin a 8U + x2 sin a A[
WSI ae^7 sx a7

+ 4x cos a 8W+ 2x2 cos a§^+ 23V+ 2 sin a U + 2 cos a W]
3x 3x' 36

+ B^c [-cot2 a 3V + _1_ 83V + _1_ 3^+2 cot a 92W - 9V - x 82V
sin'- a 96'3 ;>1" u 89<- s"1 u 36'

'25
36 .2 3 sin a gg2 sin a gg2 39 se 3x

-si'naU-xsina 8U - cos a W] + B^c [6x 92V + 2x2 33V + 4 82U
3x 36 393x ôesx2 s?na se2

•

39'

+ _2)^ JJU_ - 4 8V - 2x 3<-V ] - B^/| [12xfc sin a 3CW + 8xd si'n a 3JW
iïn-ai71; " w^ " i7 te3

+ x4 s in a 34W] + B^ [4x cot a 92V + x2 cot a _93V - 4x 33W
3X4 " " &x 99 3x2 sin a 392 3x

- 2x2 94W - 6x sin a 3W + 2 cot a 3V_ - 2 92W - 3x2 si'n a 32W]
sin u 862 3X2 3x 36 sin a gg2 3x'
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D55
F--JL -. >»»» • »» __JL -. n*-»»a d* "•• A coi a o <

se 39 9x i7rrï392
•l.l 0.. -.t- — tl.t _ ..*- •4- — t*-Uw - tX s in s o'" - x si n s

3x a7
- cota yy +

Sin'-a 39'

1 84W:
s in" a 39"

+ B66 E- ^î
sin a

A
962 3x

4,
sin a

34W
89'- Sx'

+ 6x cot a 321_ + 3x2 cot a 33V - 2 cot a 32U - x cot a 33U
39 9x 86 8xl sin a ^2 sin a 392 3x

8 9^W - 6 cot a 3V.] = 0
Si n a ^2 39
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APPENDIX A-3

This appendix contains the matrices cited in connection with référence

articles in the course of the analytical developments.

Thèse matrices are classified as follows:

[D] (table l)
[R]; [Rr]; [T] (table 2)
[Q]; [Qr]; (table 3)

The symbols r, i, j assigned to the matnces correspond, respectively,

to the following cases: The roots of the charactenstic équations are real-

complex; coordinate x = x,; coordinate x = x,. There cou1d be combinations

of thèse différent symbols.

Case of complex roots:

À1.2=K1 + 1V1 ; À3.4=-K1 + iv1

À5,6 = K2 + iy2 : À7.8 = -K2 + 1y2
/

Case of real and complex roots:

À1,2 = K1 î 1y1 ' À3.4 =-K1 + 1y1

À5,6 = + a1 • À7,8 = î a2
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The quantities a,,, ?„, p = l,2...,8 are real or imaginary parts of

and p^ determined by équations (3.9) such that:

ai,j=(xi ±iaj ; '• =l'3a5>7

J = 2,4,6,8

and the same applies to ?„.

X, X,
y^ = / — and y, = / — correspond to the values taken by the

y = / ^ variable at boundaries x = x^. and x = x. respectively.



TABLE l

Mat n x [D]
3x3

66

[D3
3x3

= {0} • [D] =

'n

Ld31

'12 °13

]21 a22 '23

Ï32 "33

with

d^ = AX2 + C

d^ = RÀ + T

d^ = FA3 + GX2 + HÀ + J

d21 = ~RÀ + T

dgg = Yx2 + L

d23 = Mx + NÀ + p

d^ s -Fx3 +GÀ - HÀ+ J

d^ e MA2 - NÀ+ P

d33 s Qx + SÀ z

and

A =

e =

B^ sin a
~4~

g
B^ sin a + n" B^ cot a - n''B-,, - B^o sin a - n<' B^^ cot& a-36^ ^ -22 -..."-" "66 f^ Bu s in a

R = n. B.,5 + ji B.K; cot a + n. B-,., + n B,,c cot a - 3n B^c cot a
2" lc 2 1:) 2'
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T e âB]2 +5>B15 cot ° " n B22 ~ " B25 cot a ~35-B33 ''3S- B36 cot a

+ 9n B^ cot*" a
~8

F-_R__ ç-în~T -- "4] •'"•*•

ï
G = 3 B^, sin a ~ Bei " sin a + B»^ sin a

8 4 4
2 « . 2 » . ~ 2

H = B^i cos a + n" Bri + n" B^-, + Br« sm a - n" B,.,- cot a - B,^ sin a

2 2 sin a sin a 2 2 sin a

+ Boi si'n a

r
g g

J s B^ cos a + n" Bg^ + Bg.j sin_a^ - Bgg cos a •- n*' Bgg - Bg^ sjn_a^

2 2 sin u 'T sin a

- 3 B<, sin a + 3 B^^ Sin a " 3 n" B^, + Sn" B^^ cot a'41 •"" " " ^ "42 "'" " ^— "63 ' "" "66
g •tl 4 •Tfc sT"~a "*' uv ^ s in" <s

Y s K^ sin a + 3 B»/. sin a + 9 B/.^. cos a cot a'33 •""" ' T "36 •"" " ' -^ "66
~^

L = -9 K^ si'n a - 27 B^ cos a - 81 B^ cos a cot a - 2rT B^^ cot a
t- JJ ^ -5-J& T7- &0 5^ •rZ
4" q.-^ .iu- " Sin a

2 ^ .2 2- n" Brr cot" a - n" B,
'55 ^—^ _J122

S1" ° siïï~u~

H = n Bq^ + n B^c + n Bc^ cot o + 3n B^c cot aj "24 • j "36 • j "54 — • ^ "66

N = -n B^ + in B^g - n Bg^ cot a + n^ Bgg cot u

P s -n B^ cot a - n" B^c - n. B^c - n Bco cot" a + 3n B^< - 9n B.'22 *""'" " " "25 ^-

sm" a

+ 3n Br^ cot a - n" Bec cot a - n Bec cot a - 27n B^ cot a'55 "w*' " ^- "56

sirT u

Q = -BAA l!"-".~w



68

S E B^, CW_a - l B^c sin a + n2 Bce + n2 Bc» * Bec sin a + 5 B^ s1n a

sin a sin a

Z = -_9n"__ B^c - 2n" Boc çot_a_ - B^c cos a - n" Bec - rT Brc - Bcr sin u"66 "" "25 iTTÏ "25 .l"VJ " - ^55 " l-^55 ~ ^5
sin n ^ . 3

sin" a

.2
- B,,,, COS a COt a + l B^^ cos a + _ Jn"_ _ B^^ - 9 B^ sin a + 3 B^ s1n a

sin a " ' 16 "' 4

Characteristic équation (3.5) is in the fonn:

hgÀ8 + hgX6 + h^Â4 + h^x2 + hp = 0

wh e re

hg - AYQ + F2Y

h- = ALO + C.YO + AYS - AM2 + R2Q - 2RFM - 62Y + 2HFY + F2L
6

h, = CLQ + ALS + CYS + AYZ - 2AMP + AN2 - M2C - T2Q + R2S - 2RFP - 2TFN

+ 2RGN + 2TGM - 2RHM - 2GJY + H2Y ~ G2L + 2HFL

h. - CLS + ALZ + CYZ - AP2 - 2CMP + CN2 - T2S + R Z + 2RJN + 2TJM - 2RHP

- 2THN + 2TGP - J2Y - 2GJL + H2L

h = CLZ - CP2 - T2Z - A + 2TJP

The particular case of isotropic maten'al in this case, coefficients

d^. of matrix [D] and coefficients h^ of the characteristic équation are the

same form as previously (anisotropic material). The coefficients that
change form are the following:

A = sin a
T

C = - s in a (5 " 4v) - n2_0_-vl [1 + k cot2 e]
4 2 sin u 4
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R e n [(1 + v) - 3 (1- v) k cot2 a]
î 4

T = n [(5v - 7) +9 (1 - v) k cot2 a]
4 ' 4

F = G = G

H = COS_a [v - n k[l_-_v)]

2 sin" a

J = COS_a [(v - 2) + 3_tA_U_J]
2 2 si'n2 a

Y = (}_-_v) s in a [1 + 9k cot2 a]
~8— ~4-

L = 9 ^ - 1) sin a[1 -î- 9k cot2 a] - _n2_ (1 + k cot2 a)
8 4 sin a

M = (3__y) n k cot a

N = (1 - .2 v) n k cot a
T

P = -n cot a [k (31 - 33v) + n2k + 1]
"8 ' ^ ~ZT

Sin~a

n = -k s In a
T6-

S = k [(7__^_iv) sin a + _n2__J
8 2 sin a

Z = k _ [(12^-13) s in2 a + (12_v_-JJJ n2 - ^ n4 _ J - cos2 a
sin u 16 2 _2 _ sin a

a

Stiffness:
As weset t = ôx for an isotropic shell, we have:

=Ô2=K
~ 12 ~ '0

^ith D =—E^— x membrane stiffness
d-v')
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Eô3 x2
K = _Li_q_ A bending stiffness

4(1-^)

wnere

E 1s Young's modulus

v is Poisson's ratto
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Matnx [R]
3x8

U (X, 9)

y ?" s\\n » 9/

v (x. e)

T&s

ne0
[T]
3x3

r RI
t. "J

3x8 J

'1

»„• ^ t h m

8x1

R (1, l?

R (1, 2)

R (1, 3)

R (1, 4) =

R (1, 5) =

R (1, 6) -

R (1, 7) =

R (1. 8) =

R (2. 1) =

R (2. 2) =

R (2, 3) =

R (2. 4) =

R (3, 1) =

R (3. 2) =

.Kr}.-
= y ' [a^ cos (p^w.y) - og sin (v,Any)]

^-1
C'a^ cos (v.^Sny) + a"^ sin (v^Sny)]y ' [a^

-K, -1~K1~'1 ,-

s y ' [u^ cos (v^tny) - a^ sin {^îny)]?3

B4
-Kr1 .-
y [ag cos (u^y) + a, si'n (u,îny)]

0 l
K^i-1

•y " [a^ cos (pgSny) - aç sin (pgtey)]
K2~~î r-

[ag ces (v^lhy) + ag sin (v^y)]
KO-l

y ' • [ag

-r—1

[ay cos (^Any) - ug sin (v^&ny)]
ts?K^EÏa

y

'cos ne 0 0

0 cos ne 0

0 -0 • sin ne.

2 r—
[ag COS (v^S.ny) + ay sin (p^&ny)]

K.j-1 (ç ]
y ' cos (p^rnj) ; R (2, 5) = y 2 cos (v^Srty)

K1~1 . . « . . . K,-1

y ' sin iv^ny) ; R (2, 6) =.y^ sin (v/"y)
-K,-1

y ' cos (vi&ny)
-Kl-1

; R (2. 7) = y2 cos (vgtey)
-(Ç^-1'.K1~' ., . , ... . -K'?-1

y • sin (v.,Sny) . R (2, 8) = y € sin (pgtoy)

Kr1 .-
y ' [^ cos (v^Any) - ^ sin (v^ny)]
Kr1 ..-

y ' [pg cos (v^jiwy) + ^ sin (v^Sny)]
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_-j

R {3, 3) c y [i'3 cos (y^ny) - «4 si" (y-^.Î.My)]

R (3. 4) = y r [^ cos (v^ny).+ îg sln (v^ny)]
K»»-1

R (3. 5) - y £ [îg cos (vg&ny) - iç sin (v^ny)]
1

R (3. 6) = y 2 [Bg cos (v^ny) + iç s1n (vgîny)]

R (3, 7) = y 2 [îy cos (pg&ny) - pg sin (vgfoty)]

:K2~1
R(3s 8) = y ^ çQg (vg&ny) + iy sin (vg&ny)]
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Mat n" x [R ]
3x8

U (x. e)

W (x. e)

V (x, e)

£_ [T] [RJ {C}
n=0 ^ - ~ r'

3x3 • 3x8 8x1

Rr d. J) £ R (i, j)

Rr

Rr

Rr

"r

"r

»L
r

"r

Rr

. (1

0

(1=

(1,

(3,

(3.

(3,

(3,

.•5) -

. 6)'=

. 7) -

8) =

5) -

6) -

7) =

8) =

°5^

%y

"7 y

e8y

B5^
e

Pgy

By y

e» y

al-'

-2-1

-ar1

'â2~1

>,-1

•2-1

8,-1

Bo-1

for- |1 s 1, 2, 3

f J = l. 2, 3, 4

a,-1
Ry. (2, 5) -/T

a.,-1
Ry. (2. 6) . y~z

-a,-1

Ry. (2, 7) - y "?

-a^-1
R. (2. 8) = y ~2



TABLE 3

Matrix [Q]
6x8
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{£} = E
6x1 "=c

[T] [0]
[0] [T]

6x6

[Q] (C)
6x8 8x1

; [T] =
cos ne 0 0

0 cos ne 0
0 0 sin ne

Q (1. 1) =

Q (1. 2) =

Q (1. 3) =

Q (1, 4) =

Q (1. 5) =

Q (1, 6) -

Q (1. 7) =

Q (1. 8) =

Q (2, 1) =

Q (2. 2) =.

Q (2, 3) =

{a^ cos p^fcny - a^ sin v^ny]

K,-3
{a^ cos ^tny + a^ sin v^ny]

-K.i-3

^_^_ {a^g cos p^&ny •- a^ sin v^iy}

-K,-3

^___ {a^ cos .p^iy + a^ sin v^foiy)
~2t

K--3

]_^_ {a.,ç cos v^Any - a^ç sin v^toy}

Kini™

^____ {a ^ g cos y^?y + a^ç sin v^&ny]

-K^-3

y____ {a ^ cos p^îny - a ^g sin p^y}

-ic^-3

j__ {a ^ g cos p^ny + a^ si n v^iy)

K,-3
{a^ cos M^Sny -a^sin v^foiy}.

Ki-3

{a^ cos p^Sny + a^ sin p^Sny}

-K,-3 ^ . ^ .

^__ {a^3 cos p^xy - a^ sin v^tny}T
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Q (2.4) »

Q (2, 5) -

Q (2, 6) =

Q (2. 7) =

Q (2. 8) =

Q (3, 1) -

Q (3. 2) -

Q (3, 3) -

Q (3, 4) -

Q (3. 5) -

Q (3, 6) =.

Q (3, 7) =

Q (3, 8) -

^r1_ (a cos v^tny + ^ si n v^&ny}

___ {a25 cos y2s'ny ~ a26 sin IJ2sny}

Ki-5
(a cos v^J + ag5 sin V2&ny}

Ï^L. <a27 cos P2^y - a28 sin N2^y}

-K_-3 . . „ _,_

y_j_ Pgg cos pg&iy + a^^ sin pgXny}

.,-3
{a cos v^tny ' 83^ si'n v^

_1_ {a cos v^y + a^ sin i^&ny}

^__1_ {a cos v^SM.y - a^ si n p^n,y}

-K,-3

^_1__ {a cos v^îwy + a^^ sin v^Any)

K2~3

{a35 cos V2!yiy " a 36 S1" v

K^-3

y___ îa^g cos v/rty + 835 sin y
"t

-K2"3
I_-__- {a ^ cos v^ny - a^g sin v^ny)

"•t

iÏ-T'

K,-5

• 38 cos iigtny + a^j si n v

Q (4. 1) - '^1 {a^l cos P1îny - a42 si" V1an'y}

Q (4. 2) =

Q (4, 3) =

8Ci-5
1' {a cos v^y + a^ sin ^Xny}

4^
_,ç 5

^fl__ (a cos v^Sny - a^ sin ^Sny)

4r
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;K1-5
{a44 cos v]fny + a43 S1" ll]Any}Q (4. 4) -

Q (4, 5) =

Q (4. 6) =

Q (4. 7) -

Q (4. 8) = JL_- f a^g cos p^Kny + a si'n p^Sny}

4T
,,K2-5

.̂-R

4̂£"
..-K2-5

{a^ cos v^tny - a^ç s in pg&ny}

{a cos pgîny + a^g s in pgxny}

{a cos vgîny - a^g si'n pgXny)

•K^-5

4£f

K,-5
^- {^51 cosp,My-a^sm^

{a cos i^ Aiy + a^ sin v-jAny}

Q (5, 1) -

Q (5, 2) =

Q (5> 3) = 1-_^_. {a53.cos y]W - ^4 sin v^ Any}
£2

•"K--5

Q (5, 4) = X_}_ îa54 cos *J1.J?W + a53 si'n p^ tey}

Q (5. 5) -

Q (5. 6) =

Q (5> 7) = 1_2_ {857 cos »ig.»îy - a^g sin pg'ftiy}

Q (5, 8) =

r
K,-5

-f--S

££
Ki-5

K»»-5

££
-K^-5

r
.-K2-5

fa cos v^fny - açg si n pg fiiy}

{a^g cos pg»iy + âgg si'n pg ft'iy}

Q (6. 1) =

Q (6. 2) =

K,-5

«?t

Pgg cos pgîny + a^y sin Vgîny}

{a^ cos p^ My - à^ si n p^ îny}

{a^ cos i^ Any + a^ si'n y, iny)
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,-5

Q Î6> 3) s l_^_ <ag3 cos v^&ny - &gg sln v^Sny}
t2

-r,-5

Q (6» 4) a L^_ <ag4 cos p^ny + âgg sin v^Sny]
"7:
K2~5

Q (6» 5) = i_^_ {flgg cos p^ny - âçç sin v^nMy}

K^-5

Q (6> 6) = ^_^_ îa6g cos vgîny +ag5 sin pg
t1

~~Kf,~

Q (6» 7) s ^__^_ {agy cos pgNy - agg sin v^
£.'

-K,-5
Q (6» 8) = y € {a,

fety}

t
cos vg&iy + a'gj sin p^ftiy}
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Matrix [Q ]
6x8

{e} =
6x1

"r

<r

"r

"r

°r

tr

"r

d

(1

(1

(1,

(1.

(2.

(2*

w
£

n=0

.j) s

,5) =

.6) =

J}=

,85 -

5) -

6) -

[T] 0

0 [T] l
6x6

Q (i,j)

a^-3

^-3
I__ 81_2T

-a,-3

i__<»i"2T

-an-

y " a.
-2Z'

[QyJ (C)
6x8 8x1

*
15"

*
16

*
7'

*

a,-3
g *

.."z-3
a, *

Q, (2.7) • iÇ_°27*

Or t2-8' - ï^- V

for i a 1 » ...,

J = l 9 ... »

a,-3 .

Qr (3>5) = 1^__ a,,*

'36'Q. (3.6) = j1
a^-3

t

-a,-3

l.

Q. (3.8) = ^
-a^-3

a37*

'2

Qy. (4,5) =

Qy. (4.6) =

€

a,-5

77"

,a2-5

-38*

a45*

a^*"46

«r (4.7) = L^_ °,7*
4£&

0, «.8l- ^_V
4££



»51 nfc_ + n i^ cot a + (1-»^)

s 1 n"..a s in a

a52 s n B2 cot ° ~ V1

Sin a

n"__ + n IL, cot a + (Ki+1)

a

sm" a sin u

'54 s " P4 cot ° " »*1

sin a 2

>55 s—"^-+ " ^5 cot a + 0-K2)
sirT a sin a 2

Qi-f = n P<- cot a - y,

a

sm a

58 _n*__ + n ^ cot a + (Kq+1)

sin" a sin u 2
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a58 '= n e8 cot a ~ V2

sin o 2

a61 s " °1 cot a + ï cot a ^e1 ^K1~3^ ~e2 ll1^ + " ÎKl~3î
2 s in a "' sin u

a62 = na2 cota +f cot " ^e2 ^Kl~3^ + 0l pl^ + n pi
2 Si" a, s 1 n

a63 s " a3 cot ° " i cot ° ^3 ^K1+3Î +04 v^] - n CK^+S)
2 sin a s1n a

a64 = " a4 cot a ~ l cot a IB4 (ic.j+3) - ^3 V]] + " F]
2 sin a " . sin a

a65 s n»5 cot "+1 cot a [05 (^g-3) - ig Vg] + n.(K^-3)
s1n a sm u

a66 E " °6 cot a "*" Ï cot a ^06 ^K2~3^ 'i" @5 lj2^ + " V2
2 sin u ~r • sin u

âgy = n a'y cot a - ^3 cot a [py (x^+3) + pg v^] - n (ic^+3)
2 sin a s1n a

a68 = " °8 cot a - l cot a Oi8 ^K2+3^ " e'7 P2^ + " VZ
2 sin a sin a
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"r

"r

"r

(5

(5

(5

,5) -

.6) =

J)=

a,-5

r

^-5

t

*a55T'

aM

V

Qy. (6

Qr î6

Qy. Î6

.5) -

,6) -

J) =

a,-5

Ï-Tt
a,-5

ï^-
r

^

•65*

V
a67*

Q.. (5.8) = l_l
a«-5

*
'58-

r
^ '6.8' • ï-^- V

t

S15* = a5 (a1-1)

a16*-= °6 (a2-1)

* = __ ,2 4-t\a17* = -a7 {a1-i-1î

a18* ' -°8 (a2+1î

a25* ss °5 + cot ° + " eî

* s

*26* = •a6

s ni a

+ cot o + n e,

sin a

* s
'27 ~ "7a-, + cot a + n g'7

sm u

a.,o* = "o + cot a + n pc

•35-

* =a36" =

* =

-" °5 + e5 (a1-3)
sin a 2

-n aç ^ pc (ag-3)
'K-T!""
a i ii u ^

'38 *̂ =

-n oiy - By (a^+3)
si n a 2

-n oig - pg îa2+3^
sin a 2

sm a

a<c =

* s
'46

a47*-

* =a48w =

-(a

-(a

-(a

-(a

,-D

2-1)

1+1>

2+1'

(a

(a

(a

(a

,-3)

2-3>

,.3)

2+3)

_* sa55w s

a56*°

n__ + n 0g cas u - (a^-1)

sm- a sin~ a

n__ +n Pgcos a - (âg-1)
TTsm- u SI IT a



81

*a57' "fc___ + n PT cos o + (ai+T

sln" a
s-irT a

165'

V
-67*

*a68T'

n'' + n po cos a + (a^+1)
-y

S1n'° "Tm2'7

n cic cos a + (a,-3) (n + 3 Pc cos a)

.2 _ sin asin a

n a.c cos a + (a.,-3) (n + 3_ Pc cos u)

TsïTT ~sîn-ï

n a., COS a - (a,+3) (n + 3 ^ cos a)

TsiTT" ~wra

n oo cos a - (a^+S) (n + 3 Po cos u)

2 sin" a Sin a
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a1] B S] (K^-1) - Og V^

a12 s a2 (K1~1} +a1 p]

a13 s -a3 (K1+1Î - a4 P1

a14 ^ "a4 ÎK1+1) + a3 P]

a15 ' a5 (K2-1Î -e6 P2

a16 5S a6 ^K2~1^ + °5 P2

BU s -a, (K^+1) - afl p.

-"o (i<<9+1) + a, p,

!21 s a1 + cot a + n

a22 s S2+ "

sin a

io-» sa 8-î + COt a + n

'24 ~ U4 ' " P4

Stn a

®c + COt a + n e•25

'26

J5

sm a

a6 + n__B6_

s1n a

a^^ ss a-, + a + n

sin a

an + n e'28 - "8 '8

!31 e B1 ÎK1~3Ï ~ ^2 P1 ~ n ^"1
2 -"î sTrTa

a32 = e2 ^ic]~3^ + el vl ~ n "2
I ~~2 • iFfrTa

'33 s-h ÎK1+3) - e4 P1 ~ " ^3
T '=2 ïW~a

S34 aî~B4 ^K1+3^ + e3 y1 ~ " °4
2 2 sin a

135 ' P5 ÎK2~35 •- B6 V2 - " U5
~2 sin a

Ï36" P6 ^2(K9-3) + pe vg - n ^5 V2 ~ 'LU6
2 sin a

sm a

a37 s~e7 ^K2+3^ *" e8 P2 ~ " a7

2 2 s in'a

a38 s-e8 (K2+3) +B7 V2 - na8
2 2 sin a

a4] s y] " CK]~''ÎÎ CK'-B)

a42 s ~2P1 ^K]~2Î

a43 != pî ~ ÎK]+1Î ÎK]+3)

a44 s 2P1 (K1+2^

a45 s P2 ~ ^K2~1^ ^K2~3^

a46 = '"2U2 ^2~2^

a47 = VÎ2 ~ (K2+1) (K2+3)

a48 = 2N2 ^K2+2^
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J^gJJl__QAXA_—_—„_..'„-..—__-____-—_____,_- -_ _..-..... — .-..— -_-_.__——._-.

-§g'C'yT(p}—^[)Mffç'g--—-——-•)•-•--•—-• "ï""~ "". • ' "' 3

"SU"S.S ur'C'!!LUS P1' EL4STICITÏ Ê3LH/(IN».SOl]*REÎ ,iOOOftF«-g1 .100nftC»OS giOflonÇ+01
PglSSON.3 q*Tlp ^ ^Ft , ._ .___ ,5900nE<>nP .3<i2onE»ur, ,IRÎÎ"E*O.~
lS|x^^E^^âti^u^£i^i6^_LaM-^---^^ 0_li^i.ali'.fl.i—12 à r MÇAO &-.rdrFT'bTC7^ST7ï7^~?WCT'Ti^^7NT~~~~~~~~^^ 5? F»o î^ ?&feb a E-i S""" ^ ? a s j Ç« 6 s^
[.çNr,TM''QF ' AM iNoivioutL'5HçL^'çLçt<ç.M_^r»TN._ ;i5èuàp*oi ;n&a8ç*ot ^is&uN^oi
MlgS'Pç4^ i.iMtT'V"CIIWF'OF ™E''5WEIL_?IÎMÇNT ~»So. ;ioflnnE*st •ioço?C+f»l »lr'ftnnÇ'tfti

_UEFU-ClEAU-J^_J.yElX.£M-*îlDNiOA£At/Xi^y.U_^*2J__^?i9-Q.?F»aî^-^M?.Ï^E-03.-.-.?b3?8^
T.î(f* ~i~a*~îT^î'»(~ï»wW*ïï"~~»n i'99l»n?~"7l35??£wo3 ^ • ?S"5?Ê- !
3«ALL K sT**2/l2*n*»»2 ;&09flçE«f»7 ;U@9?7E«07 .U019&E-0'

SECTÎQN" NÙMHER ' 7 .. " a ' 9.
_iaUM£«A-^ailuLUâ-aL-£LÀMIUIJ_|al^ill^^MlLR£J_^_,4-ûjOÛOÊ*(U_..
POÎSSON.S BATin . •uii . ._ ___. .50ÛOftE*flft •3090ftE*9tt »ÎÇ20"E'S'"?
*?EX>'ÏNftCF FIF'SHÇI.L ^'l.fMÇ^T (^0) IP'^U'C+00 ^euNtië»$o ^â?8ùE«,oo
COÉP.,ORLT»(«T^)'ÔP'5MP|,;L ELlrwçfxT _ .5çafe3C»o5 ;8723dE-05 .9U19UE-03

-L€icltt-&F-AM_UtU-V.laU.U_iMELl_tÙ-M£^^_<.ilbfl.BE*-Ql-_»UU86*O.L
wss PC«( iiMiT'ynt.dMç OF Tue SMÉLL EI.ENÉ^T RRO ;ti)onnç*»»i ,S9îooC»Oî .î.?"çftE*ni
COEFFIÊIÇ^TS î^ SHEH.-C'îU*fîOy-6àç*T/(taNU*»2» ,5SdçaF«oS .3l?OfeE«OS Bg87?5E-n?

H »C»T**Wî ?*< i«NU«*?) ^?S?P-<6»Ïfl ^?8?9tE«îS »?uo3TSaln
- .-_-_^^ L LKlattAi^ U.^ii5i_^^ Ï2M É«,ûi-_^I-ài9 2 &a ^

N,B, onps(Lg/tN^SEC»*2V(îM*<'î)

Ç-

»0

, îftnoçÇo'fll

.îf»oof)E*ni .îoonpç+oi
5ftfteftF*ftft ;5BÇOOÇ*on

IAÛ.J-J
bîaeçç-o

;t îfcâ(g^0<
,1QOO«E*ft1
.,(i1>7Sfîî-03.
•?"2?&S°Î5Ï53WÎ-Ô7•--•^g-

lO.O.O.E-o.t
•ÎOQQOE4'??;2ay8ae<'éo
^Stèf^E.-os

-1Ï.3M$6*Q1_—
a1009çE*ni
.aboirç-03
;20l7aç-iç

_!iAàiJl<Q.L_—

~"6'"~
»;SoîftoS«'oo

LaiÉ.to.t

•01
*n:
,5.Q3_.

Jame_j(_: Example of data required for the program 00
(^1



NATURât. VTB'UTinN 0^.Mn^UMIPOBM THrN CONTCâL SHELI.S.RV ?INITE-ELEMENTÎ MeTHOO

TMç MUMBSR 0F CIBCIJMFERÎNTTAL WAvrS IS M • |0,

SECTION
._<6.«.a.i

NIJMBER s

,*••»«•«.—•--»»......CMAH ACTES l 3TTC ÇUUATION..,,.

L»WAt
,*NOâ?

lDAi_».

,?o5t7Ç*n? .l65?lE*f>? 'I
.?o5l7E4.o? •;l6S?ls*n? »

-«^2.QAJ-IE.*.OA—«.l-h5îlEtft2_'_
LàMDAd a -"3nÇt7FAn.t -, ; < feç?*, î '."g

I.ANOA5 a
»NOâ& a

AMÛA?_-M-
LA"nêS a

.j9ç?8E«.05 ,îÇ8(tOE*03 '
,,l«H5?flE«'03 ».l5809E«.03 '

_-^5î8i*.O.S__»l5ftM^O^ -; 1----T?s&R-:iE^oT—^;|5S'8!T»ûl ~' F

XÀUl-^£_IllE-_A_ïALil£a_sLA^M-_AIELOlS_QM__MLUllûM-
i^p çrauATînMS nF MnTinN» àwo TMC CPI<PLÇTE 'SOUITTnN
fS fwç SIIM nr'*(.L TMFM'WtTH ft ÎNÔÇPC^ÔEMT ài?TS 0F
COMST^fS Î(JÎ~» 8(J) , C(J}'a

ÏTJf-ï—CCiNiTAiTfT7TF-nT^-T?Tï(7^TyN.~^ÉÏ^^'^OUiTr9N
RÇJ? a COM3TÂNT9 OF V a TANGÇNTÎ&I, 0 l âPt. àeFflEk»T COUâTÎON
C(JÎ • COM3TANTS O? M a RéOîâL D!9PLÂC?"ç^T EBUâTlON

-§TTpT-T-ffTT~r-TTjT-r-

~ÎK

âND»
.aas^v.».__.._.

B(J)
TCvmrjT-i-TTjr
BKTA(J'Î X C(J)

^w;PHA-

.3&?&oç.,n( ..sMaBE-ftl »!
^ii5Ai.|.»jc-L-B^.2A?. u£jE.di_^L
uû!Z(>5-i?' .<""13£*"i ;
î^îTèÉ-n? ;inytoe»ni

BEÎâd

~:ï •ni

••??s??fBOi s?^"2Ç-0? :!

.ln?6?S.O
;iftfrft^e-o

Ot6 f

"DTOCTC?*-» gMTT"ÙWÎTm—MTfffrST -rT-7»—7T2-T&TFTff2"

Table 5 : Exa.mple of ront-s of characteristic équations for
coefficients ai and gi in relation (3.9) 00

4ï>



NMUBâL VT8ff*TïnN OF MOMUNIPQRM THIN ÇONÎC»l. SMELLS.RY ifîNlTE-ELEMENTS METHOO

T"F NUM8ER 0F Ct»CUMFC»ENTIAL WàVFS IS N a 10,
^®®,^®®^W®>®>®®^^W<®®,®®^^®®®®?®^^i^^®i^^^^®^®^f®^^^?..ZZZ^^ZZZZZ^^^ÏZ^Z5oî'?0?~~^î?5îSE5ÎZ^^ïZL

THp MATRTX
•'.î?<»OftE.

» (

-«.qçgQ.îEton.-:fe?9Ç-,'£4.5î
oy?p>»(

>«»E-o?::^S5|:^
_^.iSAan£Ï.nÏ_.
;t,<S7ne<.^

.':ISUSS£*fft

1,8(8 î_ ÎS
•:??7UbC..O?

.».2&A35Ê*t».n. -..^TiTSÎÇoio
.?7bU'jÇ«ol

»;Sl?TbE-fii
JL7-'M.2.a£.*.ai_
^K^SiE-t'll

•'.îoSfttE-nl

;îsl37E-"î
'<tlÇ*QÎ

-.,'tmM£*o'î
-.tb752Ç'»0(»

^iHnà'feE-ni
-.-^AUsàÈ-t.oà..

•»5êi??'E*on
«•;'a7»ç9E.ft1

>.&fcl95E-'»i
•-^?^SUIt09--'1<8aC*nT

lîlW-m
>:îî7oy£®o?
L^2M.3|AEAaû_-

i l l^OË>4'of)
..2ÇWE-P»

.'.WÎOE.-nfl
^îï.SSlÈ-ot»..
•lîi'So'SE-fti
.Tîft'SSÇ-Od
^?çafeUE^oï

»^.ài52SE»OZ.
aifeCgir.j.tit

,^S906E*OÏ

>«î?fl7?E-na
-•50K13Ç-02.^^M?E»OÏ'
^8?!8I-^;306Ç5E*00

^2^ME*01-
•- as anx|»na
.12aS«C*01

-gWTgÇ^St
«UMfl6*Ot

-;?Ç(llaE*o?
°«S80lii*os^Ifct^E.êâ

.-.»iaztftE-sos..
;52flfe"E-Ot
;<îîiçnE-oa

,|3?i»Ç«>01
-a.M2ê5!l*03..
•,368dSE*oa "
•W?35'W.^pàfg-oa

'..M2QM-A2-
•25]?J5J»0'f

••?BBZIE"UU

'r'ni'"T » (NS F n'qm"ffo'ff " « îfwr
,9;>5<l3E*n
;'3b|T?g*Ol~
,.|.jtBft£*AA-.

:^^1^
•;3

:*OÎ
>53Ç«.13

t3?u<lE«D3
3?2?j-E-aa-
ÛB'»UiE«n?

•,?î?t<E*')l
.l??t«IE*')rt

^.-.^a'îà^E+.a.a-
•s??<*M*fto
^U^^£»'H

-.IhS^SÇ-OU
.!<2-?-1.13|»-32

3?»>1 <lÊ»1?

rpfWâ'r-OP-t-'
-.???!èÇ-OI

.î25açÇwf>î
.-_ylî-î-ifa^«ût_-

,??qOXÇ»Oî
^îlê2ftE-OU

-2m»à76-('s
-..-.^31-265È-ttî-

•';'6b«»ç?E«n(t

,2<?§8<»E<.o<
;25Ï95E*ni

^ &.*(».(.
;»«n'^màE.fl?

•Z.Î^SI^E-PS
•l2a6.^Ê?oiL.'^?3UçnÊ»?ir

,1 5<»ME*o;>
;g39içg<,fl2
^|5.îg3E»otr25"8ai*fli-
^2i?E-°?
^783}Ia<î2
^32?SéC-62-

>3?77E.n5

^ao2?BE»(»n
•»5S?<tbE«>on

'*t052?E*00
.^a6^;E-0?
>;?S8fe8E»Q?
^S»tM7|-0«
.:Bi?Ê.*9S

•?S*?SS-0!
•?<t?8.5S°Ot..

;liil
;<l&6?E«Oi

9feflsîe<>ot
!0?y3E*ei
2535BE*0.t
'fl36?e«>oi

1-of
>7<ie-ôt
?»60E-8i

iaaaoE-0

Ia!)leL6 : Example of Matn'x
its inverse

déterminée! by relation (3.13) and

oo
U1



TWULtE^A-LIltû -MDS.QlyA.lE
.aujp^e-ox -.?un6ÇE-ou

-Z'I^bçE-Oti ;1'HSS7E«(H
^HimE-os .sninnE-fiç
...SBl.OftE-.e-S—

nipe.Qi
l(»ç?ftE-2;»

•.59?B<E«"3
.-•-..ça-îu 3£«/»-3--

.a.Ti£M.Eaa..Qf _TH£_E
tfr-â<ç-(»|T^èiQne-nç•ni
;'?bAÏ?E-oi

»..il.lAt.£-».aS—.. .,:l5S2'l£-«ott_..
-.Î7?n-ftl •.'58tQ?§a"?
•.Siusue-'»? •SouT?Enn?
;tWi£-"? ^'325ftlB"'i
,-a5lÀt'É*UZ_•^tJ9S7.E»ûi-.-

^7^j-?-|-L-u8^'^I.S's""'—;nnftr-6-?-
•:iliU»E-o^

;<55?<<E-o<i
_..Zjl2Jia7E-ei.
"-'^uièHg.ox

.UIftOfeE-n?
;3l7<t&E.ft1

.•.^.i.ô.g ole «m..

-:iîî55Ê-ot
-;385pE-oà
•:J3^feE-a.s•as

;*n?.
;*00

>56(E-o3
--.•^6Sî72E-oâ

;5ingui:g47N|

-;5lalSÊ-o?
;S6e79E«o?

,;asçofc|-o2.
'•9<?!2?S^n";ySTJJ|io?

*,,85t75E-0«
.»,;3UbOE»a3

"-•W?l-ï?~"îfTl52E-o|
.îiBçaç.oî

-..-îlTUfcE-Pl

,)Oft&nE*o3
A»J!IOM(»E<-OI-

I-OT"
•WftiE-02•ÎÎI'WE-OÎ

•*l2B25Ê-°l
»,

^âo<3hE*01
5l^?î-oa

IbftÇ-ÔS
..8.8 9A7 ÇA 02..

Tff*N8FOff"< rt»Tr*tX G . î0 TUE OÇ8T»EO NOO*L POINT STIFFNpS.S
K _s (TRAMS^PUSE 0F ..Î.1 VER SE.-O.P-. AI, X_BJ< t ..I.NVEBSÎ .PF-ê ..)

.}5b6S£+"

.}?ftn?e«3^
à <a "a „ C „ «

-^a?9.ii|-o+.
»îo7î<!E«'>l

16&8ie-3-<
«;t0^fe9E«,o5
•.-^ÎMitlEn/H-.

?9nft?E«.'»1
^uml-n?

^U^'»SÏÊÎ_^«
• a"f 22 "s-'' -

_. ..4.05.71 E»Ai—
'«'q"fnynE«nT
-;?9n92S-iy

^????^E»nS
.-^<1.50U?£^,li-....

•y?53?Esft^i9??ÎE-n
^^^•grt^'<».A

,jOfiU?f}E-Oti
:ife<»51<Sc-n<i
^^'?^^A-^— faë"

^fisiaE.o.ài—
•*'!2!8§S-n5
-î?$57ÎSB"'

^3|^^7^®(|^ <®^^^^â3È«®fïy
..-^a.iSittÉ--Oti_-..-.».^24.8iâÉ»o?

.ftt
>ni

iSSÇt.&n-?5?3UI-nï'
(iq3!3S-M
as73SE-nu

,SUCM TMAT

•iaîtflE-(r
;^ftao|-d:

V .9
UEtOt.
?g*o»»-:f!^

•^•îiugjg-i)
M3ul?EBoCsWtÈ-à0:

.ai

•8b68l£-03-ïj^^él-ou
•aott'tc-ne

^a<»si5|<oi..
»;l5tU8E-0?

.~l't2^5C-Ot.

••-192fc<?E-0;
';|?f78E-0(

« amc-ni
® •»? a _Ï.'^ ' fc"™"y%'

•ZîmiiS-oi
.l?8t?E»0'

••86fla9E»o'^lïtttE-oa
•,73feOlE-0.3.

'•f26?nr*oi
W?82S-Oi

(3 à ^©rtr^^^î

•lilBl2E»02_::t?liJ
.:^t

•or
l-Ç!:-6:

,t3fe87E*on_
i6fl1

THI3 Màrtnx K TS TKg ^TtP-FNpSS MATnîX O»' âNV FORM 0F STBllCTURAL ELEMENT

îVE~^oo-»t--nTs^-âCE~M7^Ys~~^e~fM^H^rXTo^
(U»M,9ÉT*,y) *T ^flî-^TS [(g«0i ANO '-J(XSLEÏ »esPECTIVpLV

•-By.E-..BYE..O.At^*T-...**

* DEBUT DP riATMtr **

Table 7 : Example of Natrix JG| and the elementary
matrix determined hy (4.3) and (4.6Y oo

o-i



NâTIJfUL VT»I»*TIOW OF -inM tJNtPOftx THIN CflNICAl. SHLLS.RY rîNÎTE-ELEHENTS METHOD

Thie ^ijKtiçt» o»' CI^CUKFCRE^TÎtL wâvçS IS M B 10^
m®®<?es®w®w<s®®®«i<asBCT®®<®®®®?t9«a®<^®®®®ee»®<®®®9<w®®®®TO^'sêSîîoB~"NOS8Ê5"î""'"'~~''~~~"~~""

.— —»®i®ss fâk ® d&-® ©Ojt ? 6B ^ B> ®k89® ®â® ®i— 1—.™.*».—— .... -.————.. ... r™-T. . •»_ —..»

.9--«-.»^-««—.——o—.—OUTPUT Ma TRI CES.

THE_GENFt?»UZEO COOROÎNATE
.7?99?Ç«.9( .î?bT<»e-<H

.. ._y(-î.à.7jg£«s.i_-^AfeX3..îE-.tt2—
;ç8(191Ê-ni
^liWê-tn•!ÏiftnEim

:?5?Ï^E-03
<<*t>'ÎQ?E-0?

-^ha^Pë+on
.•;-.j.l.nSaE.*.y..i.-.—«;5.y<Ai£.'i'.aji—;^(,-f,'-Çç|;-g',——~^

.(i9<>»^E*nt
.S^soiE+Qn

».?<>» n£4'»n

M^SS 0F TMF
.çBanss-os

...^35 ?.lh£.«o^—._^A3î 7 Ç.»(7TÎ5uuE-ST-~'^TÎli?}|-(
-îiâ^sg-ot -^68^îë-<
•!-çluqjë*Bft »!
»^i«2'î5|*U-.-.^.i.?
•.i^unuE+m ,5]
:lb2<»uE*f»t -;82783E*o»»

FLEMçNT SCT
,|fcj3aE-fti

,w0.2_-
'01

!"5<)?etnft
•l.?-?i??t»E*On

»a?8i is.
-.15B?SE^(t1

_.-»»S&U.98E't.on-
--^5u9êl*0"
•22i5u7E<'oo
!hçça?ëfo?

.._.;bb38bE*o2..
';î2Ï3SE-oi
^î5Ô56E«o3

^^.ËltaJa ÎS®
;<içn8»l6*!3'»

••'SWE.^on
-.^i.sSflJt-A.Ï-

.s^as^ç.g?
^aq&ç^ê«.ftf»

-:S^TI-i
^27'lTnE-oi
.;ltJ3A|«.à.2-._Zil
-;Î?&<<OÊ-^
». l My'jE-ftl

+•00
,257

•???^Ê<SSSI^? ^?^?^^S^Q^ ®aô^Sô^Ê4>QÔ
Î27?t2J-rî? •^Ç?02§+HO '^ft&bil+OO
^U?a^|-01. -_.»^ L9S3|gsAL.._..._:3^-iî|-OL..-.^B(i^|.oî'~'^?'2îJ3Ê-o ?"'"'" •^Bfy^l.oi"

<sT^'5a'J'^:-/1Sv^rfar 'B'®

fct'È-O? '.îîbÏbi*'f>ft •^7ÙUOÊ400

•.1108?Ç^01
..•;Sf.fc?l&^oo.
•;SU?<SE*Oft
••l??i«E*"ft';Àfc3A(>|ici?

..^11.7301*03;{^uoj«M
,î0353E«(n

"TH'AT" -•- ~"

..?5S07E«01
.:-;iLH52E^2

•11?8?E-M•îi'*lsil-oi'
'Î5g9ltl-oi

-..-îf-S?^!È-02."'-ÎSJOTÇS-O'
•:â391»êE-n<

'•a?!^5S*oo
.«.LUOlgAflû
••l?a9aS*01';^iî§E»eo
îijfise-oï

..1S2«OS-03^6iRÏ(î*n?
•,hc»1(>ne<K)3

,2^aç&E-0?
•<,i2é8<>E»03.
•mMJI-oa-
.:IIJI
•Î52ST5È-0.3-
;y^fiaçE-oâ-
;<lÔ7a3E-02

.<KKbl8E>00
i.»2frll-egMO_
,î<»2<»<iE.»01

,;jgf95S*on
;1ÇOflè|-01
.jgzssg-oî..
.6»}6nE*n2
,2285<E*03

.aa&StiS+oo
•*.l?9^aÇ--01 -.
°el?î&ÎÊ°0<:33&?6E*oi
9:57fldpE*on
'J.aSMBE-î^diS7"ïS-8t"
;ft502ÎC<.00

THÏs'-fnfqTx"S-T?3 " tM'r—>rfs1T -nïffYr~nr-»-NT TB»?r-ffF-sfRi)CTiw*'L ELEMENT --"

TME NOOâl. nrS'ïl.AC^h«FklTS *BF- IN THç F'OLl.nwlMl; ORREH «
(U.^X»AET.A.,^.ï_XL_P.r-l.fiTA_.I.tX80i..-_AyO-_JLX»LU.._e£SP.U:JîveLX.

Table 8 : Example of matrix |S| and the elementary mass
matrix determined by (4.5) and (4.7) oo

•^4



88

D1rectfon of
res"^t const.Mnts

Section of
resuHan t moments

Fi
nswej- B1ff^1 e,e^t

5 for a tMn sheH



89

"^

h (a)

(b)
Figure 2 : DifferentTal éléments for

a com'caî sheU
La) tes"'.ta"t constrai"^ ^"d displac^nts

Résultant couples and load factor"



90

Fj^ureJ_: Geometry of the surface of référence of a
conical shell



91

Figuré 4 : Shell composed of an odd number (2v + 1) of anisotropic
}ayers
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Fjcjure 5 : Displacements and degrees of freedom at a node
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IStartl

Read and print data

Calculate coefficients of charactenstic équations

Soive characteristic équations and coefficients a, and ^

Compute matrix [A] and its inverse

Compute matrices [G j, [kj, [S j and [m]

Assemble mass and stiffness matrices for entire shell

Reduce [K] and [M] by application of boundary conditions

Détermine eigenvalues and engevectors

End

Figure 7 : Condensed flow chart of computer program
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Figure 8 : Tree-diagram of computer program
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