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PR TR0

A omethod iz presented for the numerical merlwtdon  oof bhree-
dimensional , viscous incompressible steadv-state duct  F1ow. Thies

governing equations are solved in non-primitive variables: vector

+H

potential , scalar potential and vorticity, using & finite diffe-

F &I

technigue. The solution procedure involves a combination of
a potaential solution and an iterative cveling between the vorti-

city transport eguation and the vector potential @uation., The

nuamerical solution is abtained on a bodv-fitted coordinate ool

by the line sac sive overrelaxation scheme. The method is  ap-

plied to the calocwlation of flow in  a sguare elbow and i &
twisted square elbow. The results are comparecd with other mnumeri-
cal solutions, and experiments. It is concluded that the [ e s el
merthod could have useful applications in the simwlation of duct

Flows with Reyvrnolds number of about 100,

NOME ML AT URE

) _ Vector FPotential Function

Cps Préﬁﬁuwe Cuefficimnt

8] Umit V@wtmr Normal to Hmuhdawies
o] . Static Fressue

e Revinol da Number




V Veloctty Vector VYariable
vy Mean Velocity at the Inlet of Duet

W Vorbloity Veotor Variable

KooV al Cartesdan Coordinates in Phyveical Domain
&4 Body-Fitted Coordinates in Mumerical Domain
¢ Sealar Potential Function

a Ta Cobinit Mectors Tangential to Boundarles

w LSUR Pareamet e
Subgeripls

1adak Value of a Vardable at a Grid Point

i Mormal Component

Ka¥as Components of & Vector in Cartesian Svatem

T Tamgmmtial Component

Lo TNTROOUCTION

I recent vears, a number of numewimal'mmthmdﬁ have been de-
velopped For thr@@mdimensimnél Flow simulation. The accuwracy and
w%%icjwncy of a method with which various flow phenomena can hé
simul ated depend directly on the choice of a  mathematical model
and the dmgiqh of a numerical solution prmﬁedurmn Thir ee-ci mern -
gional methods can be tiaﬁmi¥i@d into two main categories acoor-—

cding to the choice of the calouwlation variables.

e e



Lo Methods wsing primitive vardables. In these methods, bhe
governing. equations are solved in terms of the velocity  and  the

pressure.  Two of the main difficuties inherent in determining the

velocity and the pressuwe sre, first, that the momentum  eguation
has to be solved subject to the continuwity eguation. and  second,
that there is no evolution eqguation for the pressue. The First

attenpts at resolving the

cdifficuties lead to ingtabilities in
the numerical caloculations of the complets Navier-Stokes  egua-

Licns,

Facently., & so-called "parabolic method" has be Cwtudied by
& rumber of iﬁvmﬁtiqatmw#,-%uch.mﬁ Fexare  and  Moore (1), Fratap
aﬁd Gpalding T2 and Briley {383, Im this mebthod, the MNavier-
Btokes eguations areg simplified by neglecting the diffusion  term
in the main flow direction and hence become elliptic in  the
trangverse plane and parabolic in the main flow direction. & for-
ward space marahiing tmmhniqmm can then be used, since It is  sup-
pased that the downstream effects are traﬁﬁmitt@d anly via  the
cross-section pr@%%uwm‘vawimtiﬁn. This method regulires sionifi-

cantly less compubter expences, but it ig limited by the assuming

) N
of a predominant flow direction. Consequently it is restricted

to the situations in which there is negliagible reverse f1low.

Z2e Methods using nonprimitive variables. O remarkable method
inm this class is known as the vaorticity-potential method, which

can bhe regarded as the thwaﬁwdimammimnal ganeralization o¥f the




two-dimensional vortici ty-stream method. The approach is based on

thie work of suoh awthors as MHirasaki ancd Hellums (4 and £53,

fd e and Mellums ek, The velooity is de

CINED 886 into two  perts:
a potential pacrt which ig expressed as the gradient of the scalae

ag  bthe  cwel

potential o and a rotational part which is expre
of the vector potential. The basic equations are then transformed
o decouple the pressure From the velocity field. This vields the
varticity as the main variable instead of velocity. In the past,
& mumber of developments on the numerical solutions  of  three-
dimensional flow problems using the vorticity-potential method

Frave bhean {3 G Ches

ptd. Flost of Chesse bhowever concern  rather  simple
Flow geometries. For example, Axiz and Hellums {63 have tested a
matural conveotion in & boax, Flow in a square duct has been  stu-
died by Areghesola and Burley 72 @md flow in the atraight duct
with an obstruction has been simulated by Lacroix, Camarero and
FTapucu {83, Furthermore., most of them encounted a cosmon  diffi-
culty in setting the boundary conditions on the vector potential

in the mast natuwal form.

The objective of the present study is to pursue this approach
with particular attention on two basic issues: 1) correct imple-
mentaion of the boundary conditions on the scalar and vector po-

tentials, &) the possibility of application of this method for

complicated flow geometries.




e GOVERNIMNG SYSTEM OF DLICT FLOW

The svatem of disensionless eouations describing a viscous

incompressible steadv-state flow in vector form is
(W23 = —gp b — Y (&)

whare Vo is the velocity, p ois the stabic presswe and Fe is  the

Favmolds mumnber.

The present method is based on the decomposition of the over-
all v@lwaitv Vodnto an drrotational flow part and a rotational
flow partsy

Vom e oxs ()
Wb e e le the scalar potential, A is the vector potential . Using
this mmkmntialmdmﬁmmmmﬁitimn and the varticity W, defined by

Wow 7 M (4
the aoverning system (1-3)  can be replaced by the following
sy s tem,

(VO I - (WY = oo VW (3)

Tp= 0 ' (&)

a0 : (7

Vi m - (&)

Hirasalky and MHellunms {43 have aiven & boundary condition sel

Foer syabtem (5




S s () ()

Mg, = 0. Ag, = O

W o= guy
wh&f@ nods the wit veotor normal to the boundaries, T, @and T,
ar@ Lhe unit vecotors tangent to  the bouwndaries, e whouwld be
painted ouwt that with fhiﬁ get of boundary conditions the sole-

oy

moddal condition Bg.{7) on the vector potential can be  removed

from the syetem (S8 (see Ref.d{42).
In this set of boundary conditions, the normal velocities on
the boundaries are satisfied by the potential velocity MY7¢> £ cim

¢

by SRR Y
on

and are not altered by the vector potential as can be seen From

where o is a geometry coefficient. This seems not natuwral . i the
noraal velocity distribution on a boundary is not  irrotational.
Typically, in a duct flow problem, the inlet szection is flat., and

the inlet velocity has a parabolic profile. In this case, the po-

e



tential solution process is difficwlt, because of the

inlet conditian.

A onew set of boundary conditions is  proposed  for

flow simulation, in the present method.

(i the solld walls and the inlet:
gm = () (o the walls)
S om vy ton the inlet)

ToH om0

rotational

the  duct

S o))

A = T (TxED
W =gy

at the outlet:

2P _

Jn

2
g’if‘; =0 | ' (11

*'w

5= 0

Cwhere vy is the mean velocity at the inlet of duct.

The veoctor B i introduced only for the boundary conditions,




and it satisfies the following equations:
Vs B, R Vie Con the inlet)

Be = 0 | (1)

Y ' (on the walls)
whiar & v? is the Laplace operator on a suwface. A detailled oisg-
cussion of vector B can be found in Ref.{S. For a +$lat inlet
section, the surface operator Vs becomes the usual two-dimension-
al Laplace operator. Foe ingtance, if the inlet is a rectangular
section in the s-v plane, the vecotor B can be solved froms

vz E‘z nm '“"'V,z e

By = O, Lég = ()

&-q = () Yo Y'Vw;m t Ymay

In order to remove the specification of the velocities on the
oulet section, an extrapolation technique is applied on  the
boundary conditions (11), which reguires that the flow must L6 D

going steadily along the flow direction in the outlet region.

b T CURVILTNEAR COORDINATE SYSTEM

In order to facililate the treatment of the boundary condid -
tionsg Ffor & general curvad duct, the Cartesian coordinate system
(Meyaz) ds trmh%%mrmmd to a body-fitted curvilinear coordinate




gygbem (€, 7,£8). The coordinate is selt along the
7 .

direction, ¢ mnd,q are the cross stream direction

fFltted grids are generated by the solution of a noa-

of elliptic equations, Ref. {9} N

In the curvilinear coordinate svebtem, the tran

ticons af (F), (&) and (B can be weitten in a commo

o nf:t 4 an - " _wmf v 40 o f

1" &ED: lz‘;,y’ la ,,?42 ;7&% . 22 &€&<

PTEN 0 RPTENS - SRR TL 5 Ao A

“23 agar( I "3? arl 33 28

20 5{ v20 'lfu( ‘95'

i3

where f may represent any one of ¢ ., Ay + A Fa. Wy

¢’ d

The copfficients Qo . d=1, 2. 5 d=1, 2, & are

the Laplace operator:

€y, (ax"(»y""(az)

S 28n, by ha, b 2bk

Gy v 0, G5 (e
? it oX Qx 93 J} ) 22

iedak i8 a perautation

" 24
Ca; = u.u(éx, Syt 5

Primary
8, The

linear

s o mef

moForms

« W, and

¢

obtained

10

+1ow

brachy -

syt em

€135

Nan

£ 1

(14)
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where § . &, and &, are present £, 1 and £ respectively.

o §

While the formulas of C'. G, C; and 8§ are listed in  the

following tables

¢ 0 }

LN I
¢} 0.5 Rev g 4y, %

7 SEPRRY Rth iy f e bl IR D i
’93 ¢\ Y1 e w W W )

2 92

whaere i represents one of the subscripts x, v and z.

4, FINITE DIFFERENCE AFPROXIMATION

With the body-fitted coordinate svstem, the calculation do-

main can be discretized uniformly, cdgul, de=1, dg=i, & min=},
omin=l and § min=l. In such a uniform mesh, the finite differ-
@ence approimation of Eg. (lé) is

(G o+ Cyy + C) F jeot G Gy c:;)ﬁ,,a. K
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(Cp + Cya b &;)f%mk L S T
u;,ﬂnc53+-m5>quﬂ oA, Oy - &;)qu_,+
i (15)

( e PR f’l‘ﬁ}k-l - ft'—v.‘ R+ '4'j'c‘-ld‘k—l) lraz +
<f;‘+.(;+| ' f;‘—y‘ﬂh = feeg-rkd Sy J*"‘) Caz = 8
where the subscripts i.J and k refer to the coordinates £ . q and

{ respectivelyv.

In the present study, the boundary condition for  scalar po-

/
: {
tential is treated dmplicitly. For § o= ¢, the discretiszing points

(ladek) of Egq. (16) include all boundary points. e fictitious
points, points outside the domain, involved in BEg.{lé) can  be
@liminated by the boundary equation, which has the following ap-—

proximation formy

ore O L aee 0P o 2 o :
xfﬁﬁi;l og - ,:..L‘.E-.Sz 01 "I'L’Cﬁnsos = (...'9::\4 C1lé)

o 2 &
Cw, = Q.ﬁ(n,;é + n53§ + nzsé)

— 2
Ga, = 0.50n, 37--- + o *} +ony 'Z“%)

(17
o8 a8

- 2
L O R + n c)

Ly xax T MNYyay t M3y

where (nx.nynnz)mn i the unit vector rmormal to the boundaries.
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The valuwes of the vector potential 4 on the walls and  the
inlet section are calouwlated explicitly., from an alqebraim'ﬁyﬁtmm
at wach bwundary‘puint for the tﬁwem mmmpmnéntﬁ of M. This svatem
can be edpressecd as

TPy ﬂ”ms + T2 A, = 0
T

23 '+twﬁw +t Tzfg o w oy, (180

%
Ca A, + Ca, (-‘-w# + Lag Az = Cay
wher e q, and o, are defined by the boundary egquations (10)
o, = T (g«f)
O, % T, (7 HED
c, and T, are the unit tangential vectors. The cosfficients Ciény

Cag o Ca5 and Cay are determined by the finite difference APPITON S -

mation of the solenoidal condition on the boundarios.

The approximation of the extrapolation candition on the sec-
tion next to the outlet olves:

ﬁ"kﬂ”‘-y = LR fomax-i ™ onﬂ»‘y—z (19)

»

The boundary values of the vorticity W is simply calculated
from Eg.(4) on the walle and on the inlet. The outlet boundary

condition is analogous to that of the vector potential.

vie @COLLTION PROCEDURE

S S e TR R
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ihe overall solution proceduare consistes of  the following

wherpney

(1). Generation of the bhody-fitted grid, the coordinate brans-
formation data, such as the Jacobian matrix, and the coefficients of

the Laplace operator.

(2. Bpeciftication of the inlet velocity profile. calculation of
the boundary equation coefficients for the scalar potential, and

and caloculation of the values of vector potential on  the inlet.

(3o Computation of the scalar potential from Eq. (&) to the de-

wired accuracy.

(4). Cyvcling ﬁhm iterative computations between the vorticity
transport equation (5 and the vector potential eqguation (&)

until a ﬁtmblé velocity field is reached.

(%). Visualization of the flow pattern by the vector fields of
the velocity and the vorticity, streamlines and contours of velo-

city componants.

Step (1) requires & body-fitted arid aeneration P oG am,
which creates the grid data from the boudary dgeometry, and the
transformation coefficients. In order to maintain a second order

accouracy in the entire procedure, all the derivatives involved

P,



are approdimated by the central or one-gide

In step

the mass

the scalar potential solution. Using

initial velovity field can be proposed such that,

is  perpendicualar ter the section suface  and

s congtant {rn one section the

Yo

‘whers i is the unit vector mnormal to the section.

v¢ el n

L ox P

of ©°

In step 5 and 4), a line relaxation scheme is

tain solutions of the scalar potential, the vector potential

the vorticity field.

the primary flow direction, the ¢ direction,

tion. Within each section, the relaxation is

n divection line by line, each lipe in é direction
implicitly as a block.

There are five sub-steps in step (4), the cycling

chi FFerrance

¢3)y a linear initialization technigque is
conservati on,

ite

continuwity,

= (v (area of inlet) /7 (area of sertion))

Therefore,

is o initialized through the Ffollowing eoguationss

used to

The direction of relaxation sweep
f
mection

performed in the

15

Formul as,
applied in
an
direction
its magni tude

iae,
(CAQ) ;

the

al)

ob— i
anc
is

along

by sec-

ig treated

sleps
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(a). Caloulation of new boundary values of vorticity from the

AN 61 L valowity values.

(. Computation of  the new values of the vorticity at
interior points from the vorticity transport  eguation

for a few iterations.

() w Computation of new values of the vector potential at
interior points with the cuwrent values of the vorticity

by @& few iterationg.

(d), Calculation of new boundary values of the vector poten-

tial +rom the boundary egquatiorns.

(). Fodification of the velocity from the current values of

the vector potential, and beginning a new cvele.

d. BIMULATION OF FLOW IN A SQUARE ELLROW

To teat the qenéral mapabiliti@s af the proposed method, the
First numerical empwrﬁmant is desiqnwd ﬁo gimulate the viﬁcdum
Flow in an elbow with sguare ocross %@ctimn, All the calculations
were performed on the IBM-4341-11 computer. Te investigete the

effects of Reynolds number, two cases of Re = 10 and Re = 80
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are compared, in each case the cmrrﬁﬂmmndinq'mean numbers, defin-
Ml A
Da = Fe ,,]H/I""»:M

e .3249588 and H0,.839484, where H = 1| is the radial distance of
the elbow, and R, = Z2.% ig the channel mean radius of curvabure.
The upstream and dm@n%tremm tangents (the lengtbhe of astraight
ducts attached to the cuarved duact) are 0.349H and O, 524H Wﬁﬁﬁﬁﬁ;
tivelv., The elbow is tuwrned by 60 degrees, a5 shown  in Figaela
Uniform 11311 grids are uwsed at sach cross section, and 23

whireamwise sections are required along the channel.

Fene cumputmtimn%l economy, the velocity profile at the inlet
is assumed to be parabolic with null transverse components, i.e.
Ve ®= 26,0 v = {l-y) (12}
Vﬂ w4 (Ed)
Vo | Y
which ie similar to the fully developed velocity profile, given

by Ham {10} in a sguare duct.

A gatisfactory potential solution reguires 300 iterationg and

10 minutes of CFU. This is identical to 7"97x10—4 meconds  per

iteration per point. The residual history i shown in Fig.2. The
first 20 diterations form a steep decreasing part with a mean re-—
cduection factor fe. defined as

(n4m)
& =2

s e Res (27

of QG.bbbd. Then it decreases with f, = 0,965 until the 2850-th

R
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iteration. The streamwise profile of the peotential velpeity at

(0 ig the angle of turning) 18 conpered

ﬁhﬁ location of ) =
with the analytical solution of free vortex motion in Fig.3,
whiah illuwstrates the accuwracy of the potential solution. The
distribution of pressuwre coefficient Cp caleculated from:

Cp o= 1.0 = IVI2/ vl (28)

To add the viscouws influence with Re = 80, &0 cycles of com-
putations between the vorticity transport equation and the vector
potential equation were performed. The ruan time is about B.66M10

waconds per cvele per point.

The results are presented invFiq%uﬁ to 8. e threa-dinen-
sional nature of the flow is presented by mménﬂ crf pwrﬁparétive
of the velocity field on two 1 = constant suwfaces in Fig.8. The
developmant of streamwise velocity profiles are presented in
Figeb. The curvatuwre has little effect on the streamwise veloci-
ties near the section of 8 =0. However the thick boundary laver
in thig region generates a rapid and strong secondary flow as
shown in Fig.8. As the flow progresses downstream, the radial
profiles bammma more asymmetric, which can be directly related
to the helical motion formed by the secondary flow as it moves
downgtrean. The helical motion draws 1ow momentum Fluid from the
side walls and convects it toward quimﬁm,adjacant to the suction

surface. Migh streamwise velocities exigting near the channel
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canter are moved accordingly toward the pressure surface as  in-

chicatad in Fig.ud. The presence of a Flat region in the center of

the vertical profiles near the exit is also a manlfestation of

the helical motion.

To assess the accuracy of the present ﬁmiutimn. the computed
fully developed streamwise velocity profile is compared in Fi e
7 owith other prediction of viscous flow with Re = 208 computed
by FEhalil and Weber {113 from parabolized Navier-Stokes equaticn,
and with @Hpeﬁimmntal measuranents obtained by Morl et al (123
Examination of this figuwe shows qualitative agreement. The dif-

T e e

s ohserved betwsemn the two computed solutions reflect the
difference in Reynolds nunber and as well as  the differences  in

these methoods.

Thw devel opment of secondary flow ls clearly illustrated in
Fig.8. The helical motion originatss at location = & fron the
beginning of channel twning. At the eit, the secondary flow
dogs not disappear entirely, becavse the downstream tangent im
relatively short, and it would regquire a length of O.07Re = H.é
foar the re-development of the flow. The centers é¥ the streamwise
vortices are symetrically located about the cmntral-plana.in tﬁe
umﬂtwéam part., fs the flow PIPC @BEEE , thésﬁ centers  move ﬁfmew
trically towards the pressure surface drawn by the strong radial

flow in the central plane.
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With the same flow parameters as above, and & ﬁinw mesh  Of
11x11x41, the flow is recomputed to test the response of the pri -
sant model to the arid size. A fine grid reguires more relaxation
sreeps Ffor the boundary condition to peanetrate to the interior of
thm domain., and hence the overall convergenee  speed dies lower.
Furthermore, the computer time spend on each sweep for the fine
mash i also oore than that for the coarse mesh. O the obher
Mhand, the fine mesh should give a more agwuawate solution since
the numerical error is mainly depend on the length of the segment
in the mesh. However, in the present case, the fire mesh does not
significiently improve the solution, because the solution on  the

coarse mesh is sufficiently accurate.

For the purpose of checking the response of the present model
to differences in Reynolds nunber, a molution ét Re = 10 was com-
puted. With this low Reynolds number, the parabolic velocity pro-
file at the inlet maintains the same shape as the flow turoing
along thé circular are due to the strong effects of the viscogi-—-
tyw This is shown in Fig., 10, Radial wmotion nearly disppearoes.

Actual ly, the transverse component of the velogity is less  than

v percent of the streamwise component.

Be SIMULATION OF FLOW IN A TWIKTED ELRBOW

The aim of this method ig the simalation of three-dinensional
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vigeous Flow in an arbitrary channel, so the second numerical
application is devobed to show the fully three-dimesional charac-

teristics of pregsent method.

The channel, shown in Figull, is a 60 degrees

tuwrning  elbow
with &0 degree twist around its central line. The ocross section
iw & squara. The body-fitted mesh points in the turning part are
obtained analytically by the fmllmwinq foarmtl ;e

2ow o uing

yor OO g

i
#
d

2 ' (24
and

s (o ) cos 8o (2~ 2] 8ingd + Ram

0w o~ Rp) sing ~ (& ~ =0 cosf + Zn
where R is the radius of curvatuwre of the central lime in  the
ﬁhannel. 2w i8 the location of surface £ = 0.5(f . + §w4a)iﬁ the
# direction at the beginning of the twning part. In order to ob-
srve the recovery of the streamwise velocity profile dmwh%tream
of the tuwrning, & longer downsteeam tanqént of  length 2.1H is
used in this test. The upstream tangent is 0.524H long. Here Hs=l

is the side of the cross section.

The 1ixll mesh is used again for each cross section, and  the
total number of sections is 31, including 16 sections in the
turning part. The increments of both tuwning and twisting angles

between two sections are 4 degrees.
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£ pmﬁabwli& velooity profile is applied at the inlel as  for
the previous test. The potential solution, obtained after 300
iterations with an mvmwwalanﬁtimn parameter 1.é, costs about 20
mimutes of computer time. The residual is less tham 10772, Thies
potential velocity an the boundary surfaces of the channel i
shiown in Fig. 12, One can observe that the-mmnditimn of tahthmy
s owell applied. As in the previous test, the potential pressure
cogfficient Op is plotted in Fig.l3 din contowrs of constant

vl e

A viscouws solution was obtained for Re=H80 atter 200 iteration
aeyeclaes, which cost about 10% mindtes, or QH?RMIQHB L geconds prear
cycle par point. The convergence bebhaviow  is  shown in Fig. 14.
It shouwld be noted that such long CPU time will not  reguired in
genaral. In the present case this wms_done to show that the solu-
tion process is convergent., Usually 60 cycles will vield suffi-
ciently accurate solutions for numerical prediction, and this
coasts about 27 minutes. The following results were all  obtained

after &0 avoles.
The velocity distribution is shown in Fig. 1%, which presents
the veloocity fleld iIn g =eonstant swrface with the chanmel confi-

guration.

The most interesting physical phenomena in  such a complex
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geome by ds the development of secondary flow, which is fr e en e

in Figeld, It consists of a vortexr paler formed at location arourd
6 = 15°%, The vortex paic remains parpendicular to bthe plane of
chanmel turning as it moves downstream. The twisting of the cross

section seemns €O Mave no effect on the location of the v b e,

because it dis gensrated by the twning of  primary  flow  only,
However twisting does increase the strength of one side of  the
vor-tes padr, and decreass that of obbhsr side. This indluence s
move evident after = 407 after the channel stops  turning and
twi%tihg at @= &HO°, the Flow heging to recover to  the straight
whannel Flow type. The vortes pairv dis felt up to 1L.7H  downstrean

of the wnd aof turning part.
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