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H ki S i KrtC 'l

(":i inBthad is pi-'" e sent e d •t':or- the nufner":i.c:a,l fsolutl on ' o'f three-

d i m on's» :l onsiï , visccn.t!» :i ncumpressïibl e stoady-'isitate duct flow» Tho

qoverni nc:f equa'U.onss. are ii&olved in non--primi •l':;i. ve var:i. ablE?ci>u vecfcor

pc:rt:Ki"rU. a.l , «aCâlar potential and vur t :i. e i 'l';'/, usina n\ fini.te diffe-

rei-i(;::(î,1 fc oc h n :i. que» T'hfâ sîolution procedurË1 j.nva.'l, ves s, combinat.i, on (:;?•{•'

a pofcc'îi-i'U, ai isol.ut.j.on and an itfôrative <:;yc:l :i,nq betwecîn 'fchs varfc.i--

e:ity fcr-an sport equafcian and the vectar" potenti c;ïl fâquatian,, Tho

numeric'etl "io.lutiun is ob'fcai.nfôd on a bodv-'f:! tfcod '(::oord;i natc-î orj.d

by 'U"io Une? fêu(:::cec!>f5>:k ve overr'fôl a;< at j. on s>(::: h cm e. î'h® method is ap-

p:lj.ed •l:.o fcho (::alcu:l.ât;lon o-{: flow in a fôquaro c-î.lbow is.ncl in <s

twistc-îd squarfô e?lbow. îhe l'-fôsiiu]. tisi ar'e e: D m pare d wi'U'i ofcher numeri ••"•

CcAl i3(:»l U'fcl Ot-Kai, c*nd o>;pe;r i. men'tîs » ïfc is concludod •l-.hiat thfâ praposod

mefchod could have use'(;u:t. appJ. i catl ans in t.'.ho simulation o+' duct

•(•'lowtu wi-fch Rc-îynoldsi number o-f abaufc 100.

NOMENCLATURE

A Vector Po+.entiffll F'uncti on

Cp Prc;"iSîLii"(£t Caeî-f-fic.ien't:

n Unit. Vectar Mormffl.l •t:o ËaundffiU'-ies

p SfcaUc: PreîSîSiure

Ri;? Reyno.ldffî NLunber"
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V V o}, a e i. t y V e<:: t e:) r V a r" .1. a b l e

Maan VfïïÏocity at the Inlet of Duct

Vartici.ty Vectar" Variablfô

Cartfôis;:i. an CoordinatfâiEi in Phyfiiica;!. Damai n

Body-Fifcted Caordinffl'hBîii in Mumerical Domcîiiri

Se:: a J. ar Potenti al FLinctxor't

• Unit Vockor'is. TangeîntA ai ta Boundarie?".

a/ L..SOR Picirafneter

Su bS e. r.i.pt'si

i,j<k Value* o'f a Var:i, abl e at a Grià Point

n Mcîi'-fnal C(::»ripaneirrt:-

>;,|Y,^ Co<np orient s of a Vectar in Cdrtesian Syistem

'C Tangen'U.ta:!, Camp an e'n t

J,. :l:MTRaDUCT:CON

In recen'l. years, a number ai- ru-tmer i e a î, methads have been de-"

volopped for" thre-îc-3--d:lmfâi-nsianéîl flow simulât ion, The accuracy and

cs'i'-fici encv o'f a (nc?tl"iad with wh.ich various •f;;low phenomfâna can be

si mû l at ed deîpfând dir-ecU y un i-hcî choice o-f a (nâthemfâtica.l, mude].

and '(:ho dosiqn of a numerical so.lution proceclur-e» Three-di mfân-

isiai-tdl me? t; t-1 od s? c<an bfâ cl as<Bif:l eîd into two main ca'l.eciorië'îî a.c:c:or-

dinçi to the choice oi- t'.he cal cul at;i on variableB.



l. Mfôthudiîi. usinci pr.-L m:lt.;l ve var-iableïs» In theîse mofchadsi. the

qovîiîrninc:! équations are sulved :i.n fcerfïiiiu of the vfâloc:::i, ty and the

pre3iSî»ur"{3. "Iwo of the mîA:ii"i diffi ct.it.ioi» .i.nhw'ent in detssrt'tiiriA nq +;.h(s>

ve:l oci fcy cind fchfô pr"(-îs»ffii,,ire are, •f:i r" «s •(•;., •I". h a •l;, -fche m D mon fcu m equaU on

hâiai ta b63 SCîlVïïïd Sil.SbJOC'l'. •(•;.<:> tho conliii-tu.l •l:.y eîqi.iat.i.on , and ffi. e e: on d ,

that there i <s no Bvolution oquation for thfô pr-eiïisure» The •<::u'-st

attompts at reisa.l vina thèse cli f'(;icut:i es; l e ad fca in'stabi, l i ti ea in

the numerical ça;!, cuisit ions of th© complfâto Mav:i, or-Stokes equa-

tiens.

Récent.Il y, a sa'-cal l ec:f "par'abolic method" hciffî be©i"i sifcuclied by

en nufitbor a-i: :i. n vo ••:»•{•;. :i.(:|a;toi"<.-n' £:n..ich <•;«;> Moor'fô and Moaro 'i::t:i-, Pi-atap

and Spaldinci •!:2} and Briley •C3Î » In this m e •I: h a d , the Mavifôr"-

Stokoîs equa.t'.j.oi-ts aro simpl A •f;i esd by neql. oc.'fc.l nç) thfô dif-fus.ion term

in fche? main flaw direction anc;f hc-'nce become eUipfcic:: i ri thfô

11" an s vor" se plane and pâi'-abalic in the; main •H.ow dirfôction» A for-

wïïi'-d space? marchi nc:i techniqufâ can then be us»e<::l.r since :i. t is sup-

pusïrad t h at t ho downstroam effectss are trariiofnitted on.ly via th(a

crass-s.ecti an presiiiiur'e variation. ThJ.ss method requires si.'t (;:|n:i. fi-

canfcly lc-î'sîs campufcor eîxp&înceis, but :t t is Umitïîd by the asssumï.nçi

s

o-{: <a prfâdafnAnant; flow direction. Consequently it As restri, ct©d

tu t-hs s»:i t n s» t ion s in which there i s r'tool iqible rovfâf-se flaw»

2. Mfâthods usine;) nonpri mi, ti Ve vari.ables. A remarkable nifôthod

in thifsi c.'l.ass ifs; knowr» as •t'.he vortic.i. •ll;Y-"potenti al mRïthod, which

can be re>(::)ar"(:;fed as +;he three-'diffiE'riii!»:!. onal qfârifâral isat.i an o^: the



twa'-di men(»>:i.ona.l, vorti citv-strBam met ho d n The approach is> base'd on

thfâ wor'k o'F isuch autl-tor-iai. rs.'s Hir<asaki and Hollums •;:4Î and •;;5:i'„ |
1

Aziz: anc:l 1-tel .1. umss •!;6:i'n T h e velocity As deicampased in t a fcwo p art s s

a potontj.al part which :i «s eKprfâfâsed as fche qradient of •kho ïîcâlar

potfântial, and a rofcationa.1 part whic::h i s e;.;preiii>sfâd as tha curl

of the voctur patont:!, al » "ll-io baia.ic equa'l:.,i on'c» iw<s then ti'"<sins3'{:ar"m(-îd

•ko de coup l fâ •t:he pressure from •l:he velocitv •{:ielc:L Th.is y i e l cl s the*

var't'.ic.i ty as •fcho «ia:i.n variable inst:(;?ad of volocity» ïr'i the-; pèast,

a number o'ï- clevel apmfôntiîi on the numoric.'al saï. \.,\ti ans o'f three?-

d:imens:t ornai f.lon probloms Uisi.inq tho voi'-ti.cii ty-potent:i,a:l. inethod

have been proposecL Mast of the<se hcîwfôver (:::oncer-n rafcher B>:i,mplfâ

•Huw qeumfâti'-.leîîii. For e;-!<a(nple., Azis: and Heïl lu f» t3 <'6:i- hffive tesi'tiïd à

n<atural c::unvË?c:t;i.on :i. n <a bo>!, flow in a square di..u;:;t'. haffi been s'l".Lr

dic-?d by ftreqbfôisola and Bur-.ley {;7:ï and •f-l.ow in fcl-na sïtri-Aiqht duct

wi'U-i an abstruction ha'» been fêi (nul afcfâc:! by L.acr"ai>; , C<amarero and

'ï'apucu (Qî « Furthe'r-marc-î, fiiosît- a-f thc-îm Ki">caui"ft:e*d a comffion diffi--

culty in SBttir'iQ the boundary conditions on the* vector potffnfcial

in the? moËii- nuit ur a l fur m.

The ab .;ifôc: t ive* o-f fchfô preser'tt istudy is to pur-su(=> this appro^ch

with part;i(::ulai'- ai-.tenfclan un kwo basic: issuess .1) carrecl: implea-

mon'l';, a :t on o'f fche boundary c;:ondi tions on the scalar and v^ctor pa-

teïrrLi a], ss, 2) the poss.ibi ;l i-ky of appl ic«at;i on C3-(: this msthud •f'ar

c:0ff)pl j. cated fl aw qeametri es»



2,, GCMSRMINB SYSTEM 0F &UCT FL.UU)

The isysiteiTi o-(: dimens:i. anless équations describi nq a visi.coi.is

incompresssii blé st.0i;idy-'i:»t:ate -flaw :i. n vecfcor" 'form is

V- V = 0 (J,)

(V^7)V •.-.: -..^p -i.. ,^-.Ç'aV (2)

wher'B V i% the velo(:::i fcv< P :i. s the stfïïifcic preis>si.irfâ and Re iffi the

Rov'noldîi numbfôi'",,

f'he presBnfc liïiethod is based ai") fche documposi tian a'ï- tho over-

al l veloc.i'l';y V into an irrotationa:!. •riow part <snd a rofr.ation.al

•How ptau'-ts

V s: . .....v<^ ,.1.. ^r^-rt (3>

whoro ;is» i-.he-:' iscalar patent.:;!. <al , A i s tho vec-fcor- patfânfci al ^ Ui3;lng

•fchis potenfci al-decomposîi tion <and the vortlcitv W, defj.ned bys

(/..l '••' V;.;V (4)

the QDve>r"ninci System <1-2) car» be replaced by the •(:ol .1 owing

System.

(VV)W ••••• (WV)V == ^I.....VÏW (5)
Re ^

Va<^ 0 (6)

VA =' 0 . (7)

VAA » -W <8)

Hirat-sal'ïY ancl HeJ.lum'iii •!:4.} hfflve qiven ffl boundarv condition Bet;

•(•or ïsyiatfôfn (5-8) a



^ -.n v
<?n

^An
^ 0 (9)

c?n

^r. •" û< Ar, œ 0

w =•-• v;.;v

wheîre? n i s t.he unit vector normal ta •(•;,ho boundari eiiii, ~c, and r,

are this un j. t v e et or- s t<iu"iq(3i"it, •fcu the boLindar.i.(:.?s>. :i:t ffihould be?

po.i.nted ont fchai w:i.tl-f this sîet;, a+ b ou n d ar y conditions •(•:.he soi e-

nu:i.d<a:l candi t:i. on (:.q«<7) an the ve'ctor patenti a l can be remaved

•f:r"(:;)(n •U"ifs? liiiv'iiitein (5-B) (s e e Ref.î4}).

:(n thiï» sîet at baundcîi-y conditions, -t-.he normal vfslocities on

the boundarles are satiefied by the pDtenticAl vfô.'lucit.y •••"V^> from

o>4>
...-,..) . v

o>n

and are; not altered by the vector potential as Ccin bfâ sfâen •f;rom

.(?^ra O>^T|
(V^). - c<^'- - .•^) - 0

where e i s a qeome'bry e aef'? ici ent n thii» seems not i"»atui'"a,l , i 4' th(s*

noro'ial vc'îl.ucity di sfcr-i bi.itAon csn a bciundcîry iis nut irrotat,ion>a:l. »

Typicallv- :i. n a duct •fîow prob.'t.effl, the inlet isection i s» 'fiât, and

tho inlet veloc:;i.ty ha% a parabo.'l ic: profj.le?. ïn th:i.Si cdîs.eî, the po-



tential solution pr"D(:;eiSii:i i is c:l.i f'fi eu], t, because of the r" ofc a 't;', ion a l.
i
j

j. ni. et e: on d i •l-.ion. !

f
]

A new set o'f boundary condj, t. ions J. s pr-opofSBd •(:or the duct |

f l. a w t» i m 1.11 a t j. on, A n t h e? p r- e i3 e n t m e 11") a d • j

On.the? ii:>D.l id walls and the i ni et s

(on t h e wa'Us)

(on the inlcîfc)

(10)

0)<
:r.

o>n

^ 88;
û>n

V ' A

pl ^ s::;

0

-v^

0

-C (VMB)

W a V X V

at thej oui', l e? fc s

^ as
o»H

^1A
<^a

o?w

^^

-v^

= 0

^ o

(.11)

where? v^ is the mean ve.loc:;i •l:y at the inlet of duct.

The? vector B :i a intraduced onîy ior the boundary conditions.



and it sati sï-H es fche 'followinq ©quationss

V^ By< " -n ^ -••• \4c (on t h e? inlet)

Bç =" 0 (12)

B "' 0 (on t h e waUs)

whesre <7^ i s» the LaplacB aper'ffltor" on a surface. A detai 11 ed disii-'

cuc8is>:ion of vector fâ can be found in Ro'f • i'.'5î » For" a fiât i.nl.et

section, fche surface operatcr v^2 bec::ame<s the (.isual two-'dimonaion-

al Laplacc* upfârator» For" insfcance, :i, •f the j. fil e?t j. s a rectanqular

section in the >;-y plane, thfâ vector B can b© solved •framii

^72B, = -V» +

Bx '= 0, B,j ==•• 0

&>Bz .. <
0 !•; "'"' ;•; yi^vn 'i î-i 'vM.o.y

«>'B» ...
•^Y" "0 y '" Yrr^» l Y m ^

In orcler ta rofnove the speci •(•'icctti on of fche velocit.i es an the

oulei-. soctioi-i, an oxtr-apol ati on teîc.-hnique is applied an <:he

boundary conditions <l.l), which requires that: the flow must k£3©p

goinçi steadUy la.long the flow direîction in fcho uutlefc région.

3. ajRVILIMEAR COORDINATE SYSTEM

In order to facilil aie t.he treatmeînt o'(; the boundary condi-

fcj.Ofi'B •('•or <a geîneral curveîd cluct, •t-.he Car t esi an coor'dinâto systeff»

<).(,y,2) is t;, r ans'forme d t.o a body-'+'i tfceîd curv:i. Une«i»r coordi na'fce



10

s'/isttom «^ T;<<) • The caor-d.-inate? ^ is set alonq tht? prim<5try -flow |

d a. r oc t :i, on, ^ wià •^ are the cross stream directions» T'he body- j
4

•(;;itfced çiricls t*re aenerated by •t-.hc-î iiiiolut.ï on o4; <-;» non-l inear System j

l
o'f fsï :l Apfci e equat-.ions», Re-fn'!;?.)- , '

l
l

In the? curvi :!; i near coardinate systBin, the fcranEî^ormect equa'- j
:1

fcionin of (5) , (6) anci ((:}) ci'An b(3 wr i 11 v»n in a common farms
l

l
c,,^ .. c,~t ->. c.^ ^'i,-^- v^ . ;

4C«^-+ 2c^i- •"2C^ + 2'-,,-îi + (13> j

2C. ^+2C'1^+2cs ^- s L

wh©f"o f may r-epr-esfânt any one o'f- <^ , A,, , A^, A^, W^, W and W,„

î'hfâ coo'C'ficients C{f , i:»;;.l, 2, .'ïii Ji~-l, 2, 3 ar"© obtained •(•"rom

thfô Laplace opfôra'fcors

e,- <^<-:f^ <^>-

C., „ o.25(.-^: ^ . ^ ^ . -"•& ^>
^ ...... "'^ ^^ - ^^ ^ • ^^ ^

(14)

•i , j , 1< i s e* p or mû 't', a •i: i on

^,»0.5<.^....^<..^,
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Mher'e ^ , <<, and 4» al'"e presier'fb ^ , ^ and 4 reffipectively.

WhUe i-l-io •f;c3rmulas o'f C^', C, .1 C, ând S are liisted in khe

+' 01 l. DM i n g t a b l e ;

•f

4

A ,.

Wc

ci

0

0

^•-0«5 Re<V^^ -i-
<9X ^.. ^/2 91 Re<- ^^

s

0

.-(, ^

-w,^̂ »^* a/S

whoro i rc-îpresentB one u-f the inub scripts M, y and s:.

4. FINUE DIFFERENCE APPROXIMATION

With +;ho bcîdy-fii-teîd c:aordin<at© sysî'fce'fft, the'î calculation do-

main can be di screti s.ed uniformly, d§"»l, dij^l, dEBal, 4 m,i na:,l ,

•^ mi n"'l and Çm;in:=l. In such a uniform niefssh, theî •(•'initfâ dif-fer-

©ncc? appr'OKimation o-(: E'q.(3.6> ji s

(C,. 4. C,, 4. C;)^ 4. (C,, .... 03, ..- C,-)^.^ .<-
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(C\, + C,, -t. C,)j^.,^ + (C,, -... €„ '••• Cpf.y.^ .l..

((:;„.<.. C:;33+ C3)^A.. + «:;„ - i:^ - C,)^., +

2 ( C,. + C,, + C,^)^^ + Cl 5)

<t^.^ """^j-^+l "~f^+'*-l +f^-i<;-,)cai •1"

<tt+l(^*)"".h+'^-l 't**-^<î+' •t-J-t>-^-p(.'^a -i-

<ft'+^+l n- f l'-l^' << - i-^+T ' ^"1~ f-«><-i^ <H) Ça? :ct s

where the subscr.iptïii .1 , J and k rfâ-Hsr ta thea coordi natesi ^ , ^ and

Ç r-espectivfôly.

:(n •k,he présent sfcucly, the fci ou n d a r y condition •for sscal <ar po-
/
l

t en-U. al is trsate-îd i mp:t i ci •l", ï. y. For f '" <p, the d},i3Ci'-£?t;:i :•: inq pc? in-t; ffi

(:i. , j , k) o-f- Eq.(lA) include al l boundary poin'bs, ]"he •(•'i ctifclou»

points, po.i.nt-.si outsido tho damai, n, invoJ.ved i n Eq n (là) can be

el im in «at ed bv the* boundary equa+;iun, wh.ich has the fol ;t. owi na etp-

p f OK j. (»i<a fc i on f ur m a

<?<
2Cs.^' + 2Cs,^^ -l"2C<s, =x == Cs^ (16)

'a

0»< •»{ .?<
Cis. " 0.5<n,^ + n^^- + n, ^.)

Cs, - 0.5(n^. + n^. < n^i.)
0>1.

n^J' -f nZ,,"2

(17)

C^ " 0.5<ri,^ .. n^ .<- n^|)

where (n^,ny,n )"n is the unit vector normal ta th© boundaries.
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The valUfâs of the vfôctar patent j. al A an the? waUs and thfô
l

inle't'. sec t :i. a n are cal c::u.l ated B;-;p,l ic.it.1 y,, •<:rom an alctebrai e syistem i

at eîach boundar-y point for" the throfô component® of- rt. "lhis> System

can be oxpres&fâd au> ;

!
rA + -c^/.^ + T,, A, ^: q, j

W\ 4" r»grt^ +1i:,2ftz »" q, (J. 8)

Ça, A^ -t- Ça, (^ "l- C.^ ^ =s Ca^ !

where q^ and q, are dofined by the baundary ©quatior'ts (10)

q, »•• r, (ç-ï(B) j

l
q» "" Ta ^'-(B) |

t, and -e, are fche* unit tanqenticîl vec'kor'is. Ths? cofâ-f'fl cients Ça,, .

Ça», Cc^ ai-td Ca^ are determined by theî -f j. ni te di f-f'fôronce appi'-u;<i-~

mation of the fiiolenaidal condji t j. on on the boundari©B» ^

The approïii («at ion o'(: t-he E3;<tr<;Apa:t.<sit:ion condi+:.ton on fche sec-

t ion ne}; t, to the ont l et q:i vos s

Aa^w<y =: 2A<,/^m«.y-| - A,^^y._, (.19) !|

Tho baundtiir-y valueî» at the vorticity W j,® simply calcul <ated :;

li
•from Eq. (4) on the WcitUis anà an i.t'ie inlet. 't"l"»© outlet. boundary fj-

l
]i

condition :i B âmal oqou'3 to t.'.ha't'. o+ thcï vecfcor potean't',ial. ^

5. SOLUTIOM PROCEDURE
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ihe ovoral :l soi uU an proc::edur"B c::onsi>i sts; D'(; the followj.nq

'skep'&s

< :U . Beneration o'{: tha bady-fi tted qrid,, the coordina'ke tr ans-

•f-ormstion data, œuch ars the Jacobian matr".i>; , and the <::c)Ë>ffic:.iE-3nt@ of
\

the? LaplacË* operator, ;

!
!

l

(2)» SpB(::;i'(:;i.c:at:i.on o+ the inlet ve:t. oci ty profile, (::«al cul at.i on o-f j

•U-U3 buundary (•"quafcion c:ucîffic::teants -î-or 'l'-h© scalar- pote?nfc:i al , «ancl j

<and ca;l,cu:t,»+;ion o'f fche values of veîctar patenfci al an the i ni et «

l
J
1
:1

(3). Ccîmpufcatic3i-) of the ss^a.lar" pot&'rrt:.:! al •(•rom Eq. <fe) to the do- '

ffiired accuracy.

<4) » CycUnq theî .iterative computations be'tween thfô vorticj.ty

fcransîport equatian (5) and tho vecfcor potenfcial equiafcipn (8)

un t il ffl sfctsib.le velocity fi el d is reached. l

1

(3). Vissual iî:£»tian o'(; tho flow pattern by the? vector fielde» of

the veïluc.'i ty and the vorti ci tv, 5ii+;rea»i.l i née and cuntoui-s o-f vélo'- ;

ci t-Y camponentfô. :

Stfôp (l.) rec|i..iir©s a body-fitt.ed qrid qsneratian progra(n,

which créâtes tl-ie qricl data frcim •(:ho boudary qeomefcry, .and the

transformation coef-Hcientis. In ordor to maintain a second orcler

ei»cc:ur<acy ;in the ("ntirfâ procedureî, aU the deîrivativeîfô involved
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are app r" (:;»;•! i mat ed by 'l:he centra;!, or" or» e "•-s ide d;i. •{;'{:fâi'"ei"K:::c"î formulas»

;(n s top (3), a Une<ar ini t.i al is.ïttion teîchniquo :is applied in

the scffl.lar potentidl soluti on. UEiinci fchfô masis conservât J. on, an

ini-bieA]. vcîl.acity fi si d can bo propo®ed iat-ich fchat.i itîs direîc'1'..ion

i ïï perpendicular" to the section surface and :i.ts magnj. fci-ido

i,s c.onatank in ans i»e>ct:i.on fco sns.ti sfy the conkinuity, .i.i.e.

^

V ~x n (y.»» (areia o'f; inlet) / <aroa o-(: s>(nctjlon)) (20)

whero n is tho unit vector normal tu •t';he soc •I: ion» The-îi'-eî-foreî, thc-'

siCialar po'tfâr>t,.n al :i.s ir'ii fci al i:îed throuqh the follon;J.nq equfflti oniiiHt

t

^<^> a -..V m

^ ^. '?.y '^t ^ -^ of.z o?.t
o?Ç o?S <Sîr o)^ o>^ ^ o?2

(21)

. c?.^ - .„„ ^.u - -., c?z.Ht of , 11^**
;s -- ......v .,... .-„•'... y -.. .-...

^vy ^vï <^v2

In step (3) and <4), a line rel axât ion sïchsme .ii s ueed fco ob-

•fcain solutions of t-he? scal ar pcîtenti cal , -t-.he vector pateîntial. and

tho vortic.'ity •(•'ield. îhfâ direcfcion o'f re.l ay.sti on sweep ji s along

fcho primary •f:law direction, the> ^ direpction, section by seîc-

tion. Wi'lhin each section, the? r (91 axât ion is perfurmed in thfâ

dir-ection Une by l i ne, sac:h ïine in / diroc-t'.ion As tr'ectted

i mpl ici 11 y as a b l oc k .

There ar-e five? sub-steps in step (4), the cycJ.ing si'tfôpî
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da) . Cdilculakion at new boundary Vct.l ues» of var" t. ici t y froffî the

current veî. oc j, t y val ue<s.

(b)« Compi.ft:r:At:ion of tho new valuea Q(: the vui-t.ici, •l-.y att.

l

:i. nt er-i or paints fr'am the vor"t:j.c:::i, •l:y tranisport, equa't-.ion j

l
fur a few iter at A on®» !

l
1

(e)» Camputation o'f new values of fche vector" potential at l

.interi.or points» with the curreînfc vaïuess o'f fche varti city '
l)

by a few iterations» j
!

(d),, Calcul at ion o'(: new baundary valufôffi o'f fche vtsctor poten--

•t', i al •h"om fche boundary equa'L-.ionœ. •

(e)» Modification o-f' -fche velacity •from the current valuee of

the vector potenfci al. , and bfôqirininq a new cyclte. i

6. S:(MULATIÛN 0F FLOW ÏN A SQUARE ELBDW ï

h
To tesi-b the? qei-ter'âl capabl l ities a-f the? fîroposed mothod, the j

•f;i,ri3t numer» c.'ct.l BÎ-! péri ment is (deslciner.1 ta fâ.'unuJ.ate* the vi';i>c:ous> ;

flow in an elbow with Sîquare c::ros;s secti.on» Al l the calcul cttionts ;;

were per'formed on the IBI''1-434J.-I l campufcer. To investi cfdte the ;|
il
v

eî-fffâc'fcfa o-f Reynolds number, 1:wo Ccaiseiis of Ke " 1,0 and Re-î " 80
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are comparée), :i.n eac::l"i Ccise fchfâ corrfôBpondinq Dean numbere, c:le-(:in-

ed m's

De = Re J H/R,>1

are 6.32456 and 50.5964, whore 1-1 =' :l is the radiai distance of

the? elbow, e"*nd R», œ 2,, 5 :i SE fchfô channe.I mean radi.uiB of cui'-vafcure.

The upstream and downst.re;!îm •l-.ânqentB (the .1. en q t-h s ai Sitrfflic;)ht

ducts fflttachesd to th® curved duc'b) are 0.3491-1 and 0«S24H i"e.î<3psîc--

tively. Thfô elbow is turnfâd by 60 degroeîË», sis shawn in Fi q.i»

Un j,'f'or m J.lxl.l ciridî» <aro LiËied afc each (::ros»i» secti.on, anci 21,

<i»'l~.t"'(ataïnwi me seîctions W"B required a.'l.onq the chanr'ifîîl .

l-'or c:ompi..rl':.afcianal. Kcranawy, the; v(;î:loc::.l fcy profile at. thc? inlet.

is assumed fco bo parabol i e:: with nul ;1, Iran s ver se componentis, i.e»

Vx a: 36.0 y z < l-y) (},-"z)

Vg ». 0 (2à>

Vz - 0

wh;i,c:h is s i mi la r to the fully deve.'loped vfôlacity prof j. le, give?n

by Han -l'IOÎ in a square'î duct.

A SfîrLiirifactory potential soi ut.i or» reqLdrefB 300 i ter at. ion si ancl

J.O m.inut:ei3 o-f CPU. Thisî is .i dont :i <:; a l t;o 7n(:J!7;-;10 ' laecands p6?r-

,i ter at ion por point. The résidu a;), h:iistor-y iîî shown ;l n Fiq.2» The

•firist 20 :i toratioriis iorm a steë?p decr'eaœinc;) part wifch a medn re"-

duction foAcfcor fp, de'(;ined ^3

Resct'+M^ .(^ Res1^ <27)

of 0.666. Then i, t dt-îcreaîses w.i fch ff a 0«96'5 unti.il tl"x" 2SO-t,h
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:i t fâr at i an» j'he sfcreamwiffifâ pro'file o'f the poteîntiaJ. velocity Bit l

fchfô laciafcian of & :3;32 <. 6 is tho anqle of turni nî}) i.s» compared i

with the analytical soj.utian of •free vorto; dtot :t .an m F,iq.3, !
,]

which i l lusfci'"ta'l';<:as> th© cic;c:uracy c»f tiie potRntial solution» Tho

i
diistributj.on at presisure cofôffj.cient Cp calculated frofns }

Cp - 1.0 - l VI2/ s^ (28) |

l
:j. s fohown in Fiq»4 by the contours o'f constant values» ;

l

To add the? v.i îïcous ,i n'f.'luertcfâ wi1:h Re " 80, 60 cycleiB o-f (::om-

putations betwet?n the varticA fcy tranEport ©quati.on and thfâ vsctor

pote?nt.:lcïl equffl'fcian were pfôr--f:or"m6i<:l. Tho run time i. s about 8.66x10 :

secondisi pe?r cv-cle per poirrt:»

The resultB are presented in Fi qiB. 5 fco 8. l'hfâ threfâ"-d:i.men- .

©ional natureî o-f fchc-î flow :ls pr'eïsented by mean» a'f perispîîi'-ctivo

o-f the Vfâ l, oc:: At y •He;ld an two f\ = cDnetant sur-(;<aces in Fig.S. The

develapmon't: a-F îî-kreamwi sie? veïocity profiles are preïseantfôd in ;

Fiç:)»6« Thfô curvature? hasî Uttle ef-fect on th© ïïtreamwise veloci- :J
l

tiea ncaar the ts>ection o-F & '"O. Howovor the fchick boundary layer '!
l;

in this reqion qenerateîs a rapict and stronq secondary <:low «AS

ehown in Fi ci» 8. As thfî fî.ow pr'aqressey dowt-KBfcre^m, t.he radiai

pro'filoio become more» fflsymmefcri e, which can bfô directly related

ta thf3 helical mafcion formed by the {3(3cand<Ary flow as it mavess

downstream. Thc"; holical motion draws ï. ow moment-.um -f l ui d from the

sddc-î WctUs ancl conve<::ts> ;t t- towar-d reîq.i OI-KB ad.jaceînt to kheî sîuction

s u r '(; «a e: e „ j-1 i e.;) h is t r e a m w .i s s v e l a e :i. t j. e «s o >; i <;» t i n q )"» fâ a r fc h e e, h a n n e î.
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conter arc-? moved accc'ïrd.ingly taward the? preswure sîi.irfacfî a<i» in--

c:tl c<a1:oc:l in Fiquô» 'f't"ie pr'£;'siE?n(i'fn of a fiât r'e'f-jion in thÊ* center a-f

t l-i e v es r -fc :i e a l p r" a -f i l e s n <-:* a r t l-i e e ;•; i t i s a l. se» a m a n i •(: e s •i: a fc i on o -f

t h e h o l i e a l nia t :i or') «

Ta a<!:>Sï©si.s the ci e;; e ur" a e y a'f the presrs.'nt giolufcion, thë coniputeîd

fuUy d(av(s)J.upei?d tatreamwiise veïocity profile.1 is cumparod :i.n Fi y» |

!

7 wj.'l:h afcher" predi ction a-<: viiscouss» •(•'.'l.cw witl") R(ïl ••c'~ '205 coiTiputed i

i
by KhcU j. l and We'ber •t l J, î frum parabol ized Navie?r-Sfcoke?s equa'fcion , |

ciind with e;-;per"i mental (yieâ<3ur(sa(»)(an+;.s ob't'.<;;une;d by Morl et al ïi2î. ,

EKcim;l nation o-f fchii't •fiyur't? shows qucî.'t :i. ksti vo iac|reî6îmf;;nt,,i The dif- î
)
i

fer" on <:::(» f» obser'ved betwefôm the two compu't'.ec) soluti.onffi reUocfc t,;he

d.ifforonce in Reynalds number and as wci'll aî» fches différence in . ;

•fchfôise? (nethoda.

The* devel opffier'i'l'- o'f œecoridary flow ;i. % clearly :i. l lustrate'cl in

Fi, g. 8. The hol.l cal mo't'.iun or Agi n at. os at loc.s.hion e'" Q •f'r'oin •t'.h(3 i

beginninq o-f channel turn.irx.:). At •bhe e;-;ifc, fche seconclary •f:low ï
l •'

doe's nat di 'sappfô.ïir entireîly, becauso tho dowi-tsîtream fcanyent is l

relatj.Vfôly short, anct it would require a lenq-U-) o-f 0.07Re ^ S. à j

•for" fche re-devol opfïiont raf the flow. "t"he e on ter s» of tl"iîa sstrîîckntwise ,i:

l

vortice» are? s»y(me?tri cal l y :toc:ated about the central pl&nfâ in the i
l

f

upffi'h'-erim part» As? the flaw pragr-tsfssîos, thèse* (::&?nters move fôyme-

tri cal l y t;, a w a r d a t h e p r" e s » n r" e s u r f a\ e e d r a wn b y t l") e fi» t: r" o n g r ad j. a l

flow in thc-î central plcanc'î.
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Mit h fchtï SianKï? f.iow param(i;?tei'"<iii as above, 13 n d a firiB meiiiih of

11>; :1, :l >;41, , tho •fl.ow .l's re'computed ta •(:e»t •l.he reiBpanse o-i: •l:he pr-e--
i

isent model to thB qrid sl:ïe« A •(•'ine qrid r'equirfôss more r e; ;l a;-; at ion

l:
îiwoopia far tho boundary cai-idi.ti.on ko pene'l-.rat.f? to the inter-.ior" of |

the domain, fflnd hence fche overall converqence Kpfâffîd .i. s lawer» i
t

Fur fc h or more, the c:omputer t:lm© sîpend on each sïweep 'For fcho •f:in(n i
l

me'&h As ffllsio more than thiïiit •for fche? caarsie mesh. On thfâ other '

hand, the 'fine mosh should çi,i.ve a niorfâ e:ic:cuar"a't'.e ssulut'.ion isince !

the nuinericcA.l error is ma j, ni y dépend un thfâ length Qf th© segmont j

;in tl-x-î mesh. Howfôvfâi", in tho pi'-BStî'nt castfâ, the -fi ne mfôëh daet» nofc |
f

siQni-ficientïy Amprove tihe solution, because the solution an the j
i

c:0î*i"î3<t» mosh :iis euif ic::isnfc:l y accur-a-tfâ^ '

For" the purpose o-f (:;;hfâc:;ki I"K::) t.hfô ro'sponse o'(; t;he présent modfôl

ta cii-f-fer onces in Roynolds numbsr, a so lut. ion at'. Fïo s" 10 wass coffi'-

putcîdr With •t'.h.iis low Roynoïds number , the par'abol :j, (::: volacity pro""

f i l e; &t •L-.heî i.ri.let fnain't'.ains» •t-.he same shapEî as thfâ •<;,low fcurning

^lonq the c:i,rcul iar uirc due ta fche stronq e-f;'(:ec-ts of the viscosi-

ty^ This is sîhuwn in F:lg« .1.0i< Radiai mafc.ion nearly disppeares».

A e tu <•!».). l y, thfs tr-ansve^rse component of the veloc:ity ,i s less than

5 percent o'f fche istreamwise? companent-.»

S. SIMULAT l ON 0F FLOW IN A •t"W l SIED ELBOW

Tho ai m o'(; thiœ ?£?t;l-i<:>d As» the sîii'nul cition of thrfô(a-d:lfnoriiKion<a.l
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vi fflcous •{•low :i.n an arbitrary r-hanno;!. , so t ho s oc:; on d numer:i ca.l

appl i.c:at:ion :ii» dc-îvo'fce'd tu isi.how thfô •ful.ly t'.hrefâ-difi'iea.lonal charac--

ter i st. ic:: s of présent method,,

Tho channel , shown j, n F:iq»:Lt., i s a &0 decfrfôis turning elbow

wi'fch 60 àcsqree twiîs'l: <around its central Une,, The cros» seî(:;t:ion

i ffl a square» Ihe body-'fi tted mfâsh paintsii in fche turning part are

obt:a:lneîd <analyfc:i cal l y by ths •f'u.l. :l.ow:i.nq formul asîs

>i ^ r 'si n 6

y "s r 'e: os fi

Z " Z ' (3^

a n d

r"' ••••••"• d- •- R^|) e os ff -• (z •- z^) sin^l -i- R-w

Z' ss (i- - Km) s.in(> -' (;•: - z^) e oi» (l -t z TU

wh er" e R lis t h e radiuis of curvature o'f t h e centra.l l in e in t h e'

channel , Zm is tt'x-sî locat.ion of s>urfacfâ ^ a;: 0"ïï<Smvn+' ^w^^) in the

x direction at the beqinninq o-(: the? turning part. ïn order to ob-

iserve tho recovery uf the etreamwieie velocity profile downotream

o-f the fcurniny, a lcangor dowrnstr'fôaffi tangfânt a'f length 2. 1H is

us»e.'d in thisi fc(iî<itt« Thfô upstrfâc-Am tangeîrfl'; j.is On524t"i lony. Hesr-o H",l

i s the side o-<: the cross section.

"l'he* .1 },;•!! l, m&îs'h ,1 s msfâd .açiain far fôach crosss s»£?ct.ion, .anct fcl-ie

tofcal numbor at sections is 3.1, i nc::;t ud.ing :là sections in- the

•fcurning parfc. The .inc:r"(î?mon'l':i3 of bath turnirig and twiisting angles

betwsen two isectjions are 4 deqreeis»
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A putrcïbol ic: ve.?}.oc:tty prafilc iîi applied at tho j.n.'l.et. as» •(:ar

tho previous test. The potential soi nt i on ,, obtair'ied a-fter 300

:i. •fce'rat.ionsî wifch an overreï, a M «ï t i on parametfôr ;t«ô, ca'ats labau'fc 20

m :i. nu t es (:;>•(• e a mp nt ©r" h i (ne. t'hfô roicùdual is l e s s h h a n 10~2 . "t'ho

puten't.ia.l velocity on t.he boundary sur'face-?"» of the channcsl i s»

sshawn in Fi q,, 12. une c::an observe that the conditian o'f tanqisnc.y

i-s w e 11 appl ;ie?d. Ai» .in tho prev-iraus te<st, the po't'.R;nti<al pr-easuro

coe-f-i-iciisint Cp i s plotted in l:::'i.g,,.13 in contours o-f constfônt

value?®.

A vi iiiicou!» Siiolution was obtained for Re-=80 a-fte;r 200 iteration

cycles», wh:i.c:l"i cosit abuufc 109 «tinu'l-.es, or 8- 72;.! 10 ~ seconds! per

c-'YcJ.fô pe?r po:i.nt. Tho cai")ve;rç|en(;::6î bohavj.our" isi liiihown in F"içj..,1.4»

11 shciuJ.d bo i-iatc-îd fchiat such lang CPU fcime w.i l. ï nai" required in

çieneral» J:n the proisen'l: case thiis was donc to show that t.'.he? aolu-

t.lon pruc<;?fâs :i 13 convorçie?nt« Uîsuctl l y 60 cyc.t.es wi, 11. yi(s?ld ssu-t'-'fi -

ciently acrcur'ate? so.'l.ufcionii» for numerical preîdict;). on, (iînd this

ccmtfs a-*bout 37 mj.nut'.esi». Thc-î +al lowinçi l'-^^is^..^lts> were? al l. obtained

a +1 e r 60 e: y e:: l e s „

The ve»l.oc:ity disifcri butian j. s s>l"iown in F'iq. J.5, which présents

the? vol oc i •l-, y •(;;leld .in ^ 5;:cant»t'.iîtnt fôur'faf-'e? with tho channol confi-

gur'at.ion.

"t"h© most ;inter©st;i.ng physiij; cal phenomona ,'ii n such a complex
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qoofïie'b'-Y :i.s the devîîJ, opment o'{; sfôcondary -flow, nhich is» prdiîisented

in Fj.çi» lu. l'-l:. e on s :i Si.tsi of a va r+;.<";•; pair" f or m cd at l oc:: at ion cAraur'td

Q x: i'3 . "l" h e vDi'-tiï'i-i pair r cm a l n s perpendi cu.'l. ar to t h e plane; of

e h an n©J. turnina as it moves dc3wn<»tre'fflm« T h e tw:i. 8it:i.nci of 't; ho ci'-osâiB

sieïc'U. an seerns ta h a v e n a e •f •f e e t on t h e ,'1, ocati on o'f '(".ho voi""l:.:i. cfâffi,

bffcauise :i. •(•; :l s genei-sted by the fcurrnnçj of primary flow on .1. y.

However" twi s'L'i, ng does. in e:: re? ça SB the ssfcrenqfch o-(: one 5:1 de a'f; the

vartfâK pair", and decrfâaiiae that of othor siide?,, Tl-u K influonce» lis

more évident a-fter" (? 2:: 40,. A-(:ter the channel siifcopis turning ar'tct |

fcwi.isUng at 0 ••s 60 , the flaw bogins ta recovot"- to the iatraAght j
j

(;::t"iam">BîJ. flow 't'.'.ype» 'l'he VDr'tfôi-i pair i cs f(;"ïl'l", up ta J. »'7 H dawnstream j

o'f: t h e? e; n d a f tur" n in g par" t.
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