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The Jacobian Matrix for a Flexible Manipulator

Jean-Claude Piedbeeuf*
July 30, 1993

Abstract

This paper develops the exact first order endpoint Jacobian matrix for a general
n degrees of freedom tree-like robot with flexible links. The Jacobian is developed in
terms of the joint axis, the link deformations and the relative position vectors using
cross products. To have the correct first order endpoint Jacobian matrix, the second
order kinematics is used to describe a flexible link. Using two local Jacobian matrices
permits one to write the endpoint Jacobian sub-matrix associated to a flexible link which
is similar to the column of the Jacobian associated to a joint. An example with a one
link flexible arm rotating in a vertical plane illustrates the uséfulness of the endpoint
Jacobian in calculating the torque required to apply an endpoint force and the link
deformation resulting from this force. An experimental verification proves the validity
of the developed Jacobian and suggests that the use of only the first order kinematics,
results in serious errors in the prediction of the beam’s curvatures and deformations.

1 Introduction

In robotics the Jacobian matrix relates the motions or the forces of the cartesian space
to the robot space. For example, for a rigid robot, the Jacobian matrix gives the end-
effector velocities for a given set of joint velocities, or permits computation of the joint
forces and torques required to obtain a desired force and torque at the end-effector. The
Jacobian is implemented in some controllers like the resolved rate or the force control
(Orin and Schrader 1984). For flexible robots, the Jacobian matrix is used to write the
equations of motion using Jourdain’s principle (Bremer 1987, Pfeiffer and Bremer 1990,
Lieh 1992) and Lagrange’s form of d’Alembert’s principle (Weng and Greenwood 1992), or
to add the constraints to the dynamic equations (Ider and Amirouche 1989, Pfeiffer et al.
1990). When controlling flexible robots, the Jacobian matrix is employed to compute the
inverse kinematics (Williams and Turcic 1992), to analyze the dynamic stability of a force
controlled flexible manipulator (Chiou and Shahinpoor 1990) and to obtain a torque/force
relationship and kinematics representation (Kozel et al. 1991).

In the case of rigid manipulators, different possibilities exist for computing the Jacobian
matrix and these have been the focus of many published papers (see Orin and Schrader 1984
for a discussion about the efficiency of some of these approaches). The first and simplest

*Assistant Professor, Mechanical Engineering Department, Royal Military College of Canada, Kingston,
Ontario, Canada, K7K 5L0, also Adjunct Professor, Electrical Engineering Department, Ecole Polytechnique
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9 | 1 INTRODUCTION

way to compute the Jacobian is to take the partial derivatives of the velocities with respect
to the generalized velocities. A second and more computer-oriented way is to calculate
the Jacobian recursively starting from the base. This method requires the computation
of n Jacobians for a n degrees of freedom manipulator and is not practical when only the
endpoint Jacobian is needed. However it is very efficient if the intermediate Jacobians are
required as in Jourdain’s principle. A third approach comsists of writing the coefficients of
the endpoint Jacobian matrix in terms of the joint axis and relative position vectors using
cross products. This last approach is the foundation of many efficient methods to compute
the endpoint Jacobian.

Relative to a rigid manipulator a flexible manipulator possesses additional degrees of
freedom. However, while rigid motion is considered to be arbitrarily large, the motion
resulting from the flexibility is assumed to be small. This small deformation assumption
is common in nearly all research work concerning flexible manipulators. This assumption
implies that the terms of second order or higher, involving generalized coordinates associ-
ated with the flexibility, are negligible in the equations of motion. These equations are then
exact to the first order. It is now recognized that the equations of motion exact to the first
order must include the so-called geometric stiffening terms (Hodges et al. 1980, Simo and
Vu Quoc 1987, Padilla and von Flotow 1992, Sharf 1993). It is also accepted that these
stiffening terms are related to the foreshortening of the flexible link (Kaza and Kvaternik
1977) and are introduced into the equations through the nonlinear strain-displacement re-
lationships. The foreshortening is the fact that a beam element at position z along the
neutral axis in the undeformed state is no longer at position z in the deformed state. How-
ever, it is not widely recognized that for the Jacobian matrix of a flexible manipulator to
be exact to the first order, the kinematics must be developed up to the second order. Also,
the geometric stiffening is often regarded as being caused by the angular speed (Padilla and
von Flotow 1992). They are however, essential for considering high angular velocities, high
accelerations and large endpoint forces. As shown in this paper, neglecting these terms,
even for a static case, results in serious errors.

Some research has already been done on the Jacobian matrix for flexible manipulators.
Probably the oldest and most complete work originates from the Technical University of
Munich (Bremer 1983, Bremer 1985, Johanni 1985, Johanni 1986, Pfeiffer and Bremer
1990, Bremer and Pfeiffer 1992) . A first order Jacobian matrix was developed for a
general manipulator with flexible links using second order kinematics with the curvatures
and the twist as generalized coordinates. The Jacobian is calculated recursively starting
from the base as in the aforementioned second approach. In another work, Chiou and
Shahinpoor (1990) developed the endpoint Jacobian for a two-link flexible manipulator
moving in the horizontal plane considering only the small deformations within the plane.
They kept the rotation angle of a beam section as an argument of the sine and the cosine
without taking a first order expansion as usual with the small deformation assumption
(e.g. sinf ~ 0). Still they did not consider the foreshortening of the beam, therefore
their Jacobian is not exact to the first order. Chang and Hamilton (1991) developed a
generalized Jacobian, a Jacobian matrix which includes the effects of the flexible links for a
general robot. They considered one longitudinal and two bending deformations as well as
the torsion around the longitudinal axis. However, they did not include the rotations of a
beam section due to the bending displacements. For a Euler-Bernoulli beam, these rotations



are equal to the first derivative of the deformations with respect to z, the variable along the
longitudinal axis. Furthermore, they did not consider the foreshortening. Therefore, their
Jacobian is incorrect. By applying the third approach discussed for a rigid robot, Kozel et
al. (1991) developed a general endpoint pseudo Jacobian for any flexible manipulator. They
used homogeneous transformations and Euler-Bernoulli beam theory. They assumed two
bending deformations and one torsion plus the two rotations due to the bending, adding up
to five possible motions. In their approach, a column of the endpoint Jacobian is computed
independently for each of the five possible motions. They pointed out that the Jacobian
obtained through partial derivatives of the velocities is inexact since cos¢(z) = 1 with a
small angle assumption and dcos¢(z)/dz # O9(1)/0z. Still, they did not state that all
the kinematics must be exact to the second order and their Jacobian is not correct to the
first order. However, through an experimental validation they show that they can predict
the joint torque for a one link flexible arm. As shown in this paper, using only first order
kinematics does not affect significantly the joint torque but affects the endpoint position
and curvature values.

The main contribution of this paper is the development of an endpoint Jacobian matrix
exact to the first order for a general flexible manipulator. The second order kinematics
is based on the use of the curvatures and the twist as generalized coordinates (Johanni
1986). We will write the Jacobian in terms of the joint axis,.the link deformations and
the relative position vectors using cross products. Contrarily to Kozel et al. (1991) , all
the columns of the endpoint Jacobian matrix related to a flexible link are calculated in one
step. In Section 2, we discuss the different assumptions, we establish a general form for the
Jacobian matrix and we introduce the Jacobian column associated with a joint. Further, we
present thoroughly the kinematics of a flexible beam, write two local Jacobian matrices and
obtain the Jacobian sub-matrix corresponding to a flexible link. In Section 3, we develop
an example using a one-link flexible arm rotating in a vertical plane. Finally, in Section 4,
we compare the experimental and the simulation results and discuss the contributions of
the terms originating from the second order kinematics.

2 The Jacobian

2.1 General Formulation of the Jacobian

This section develops the general form of the Jacobian for a n degrees of freedom flexible
robot. First, the generalized coordinates are described and the contributions of the joints
and those of the flexible bodies are considered. Later, the different frames used are presented
and the Jacobian for a rigid body is briefly discussed. The main emphasis of this section
concerns the analytical development of the Jacobian for a flexible link.

Let us consider a robot with n, joints and ny;, flexible links. The following assumptions
are made in this paper:

A1) The links are considered as Euler-Bernoulli beams, implying that:

a) beam section’s shear effect and inertia of rotation are ignored;

b) beam sections stay plane and perpendicular to the neutral axis.
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A2) One torsional and two bending deformations are considered. The warping of the beam
is neglected.

A3) The neutral axis is non-extensible. Hence, the longitudinal deformation is ignored.

A4) The assumed mode method is used to discretize a flexible link. Therefore, ny, gen-
eralized coordinates are associated with the flexible link ¢. The total number of
generalized coordinates associated with the flexible links is: ny = 3,74 ny,.

A5) The deformations are small (max deflection < 10 % of the length, or 15° max for the
rotation) and only first order terms related to the coordinates associated with the
flexibility are retained in the final equations of motion.

A6) Joint motions are arbitrarily large and consequently, the coordinates associated with
rigid body motion are considered to be large (or zero order).

A7) The system is completely described by the vector of generalized coordinates: ¢ =

[qg‘,q?]T where the dimension of g is n = n, + ny.

The following notation is used throughout this paper: a normal italic font for a scalar
- 8, a boldface italic for a vector - v, and an upper-case boldface italic for a matrix - M.
We denote the partial derivative with respect to time by () and the partial derivative with
respect to space by (). The generalized coordinates associated with the rigid body motion
are called rigid coordinates while the ones associated with the flexible links are called
flexible coordinates. Unless otherwise specified, the vectors and matrices are expressed in
the inertial reference frame.

The endpoint Jacobian relates the endpoint velocity to the generalized velocities:

'Ue . JT e .
= = ’ 1
where J7 . and J g, are respectively the endpoint Jacobians of translation and of rotation.
The Jacobian reflects the influence of the infinitesimal displacement of the generalized
coordinates on the endpoint infinitesimal motion.

The endpoint Jacobian is separated according to the generalized coordinates’ division
into rigid and flexible coordinates.

J.= | Uredi - Inedins UTedn oo (Inedsy, ] (2)
(Jrediv = (JRedin,» (JRe)n -+ (JRedfn,
. joints flezible bodies

(JT,e)j.'a('IR,E)jne %3’ (JT,e)fn(JR,e)fi € RO

where J and J g represent the Jacobian matrices of translation and of rotation. There are
n, columns for the n, joints and 7y, sub-matrices for the ny, flexible links. The sub-matrix
associated to the flexible body ¢ comprises ny, columns, which is the number of degrees of
freedom associated to the flexible link 1.

Figure 1 shows a general robot with its frames, and Figure 2 gives the details of a
flexible link . Joint ¢ has an associated frame R; (Fig. 1), and flexible body ¢ has frame
R; attached to its extremity (Fig. 2).
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Figure 2: The flexible link ¢ and its frames
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2.2 Joints

The endpoint Jacobian for a joint is the same as the one for a rigid robot and is developed
in many robotic textbooks (Orin and Schrader 1984, Asada and Slotine 1986. The following
equation expresses the endpoint Jacobian directly in terms of the robot parameters:

@ = | (Jrei | < [ e et =) | g @

o = 1 if joint ¢ is revolute
*7 1 0 if joint 7 is prismatic
In (3), r.); is the position of the robot endpoint with respect to the origin of frame R;
located at joint 7 (Fig. 1), and a; is the motion axis of joint 4. Since a; is constant in the

frame R;, we use the following transformation:
a; = R ‘a; (4)

where R represents the rotation matrix from the moving frame R; to the inertial frame
Ro. The superscript ¢ in ‘a; denotes that a; is expressed in R;. Equation (3) signifies
that for a prismatic joint, the endpoint displacement is only in translation and directly
corresponds to joint motion. On the other hand, a revolute joint generates both an angular
displacement of the endpoint frame equal to the joint rotation and a linear displacement.

2.3 Flexible Body

When a flexible link deforms, its motion affects all the bodies situated after that link and
therefore the robot endpoint. The endpoint Jacobian sub-matrix (J.)y, (2) represents the
influence of the movement of the flexible link 7 extremity on the robot endpoint. Flexible-
body motion is more complex than joint motion since a link’s extremity has both a trans-
lation movement 7; Ji-1 and a rotation movement w;/;_; with respect to its root (Fig. 2).
The translation can be associated to a prismatic joint, and the rotation to a revolute joint.
In contrast to a joint, motions are not restricted to one axis and occur simultaneously. The
endpoint velocities (v.)s, and (w.)y, (Fig. 1) due to the flexible body i motion are defined
as follows:

(ve)si = (JT,e) iy, = Pigic1 + Wigicy X Tegi (5)
(we)f.‘ = (JR,e)f."‘]f,- = Wifi-1 (6)
where r,/; is the position vector of the robot endpoint with respect to flexible link ¢ endpoint
(Fig. 1). The middle terms of (5) simply apply the definition of the Jacobian while the

right hand terms express the endpoint velocity due to flexible link ¢ motion as a function
of velocity 7;/;_; and angular speed w;/;_;.

2.3.1 Linear and angular velocities for a flexible link

Reference frames To obtain 7;/;_; and w;/;_q, we use three different reference frames
for flexible link ¢ (Fig. 2):
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ilmm————— o
S i1 /7:“
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>

Figure 3: A flexible arm with v and w as coordinates

1) A frame S;_; is attached to the link root. The z-axis of this frame is tangent to the
link neutral axis. A constant transformation couples this frame to the frame R;_;
attached to joint ¢ — 1. To simplify the presentation, without loss of generality!, we
assume that frames §;_; and R;_; are superimposed at the link root (at z = 0).

2) A frame S; is attached to a beam section at position z along the link. This frame is
superimposed on S;_; at the link root. Assumption Alb is equivalent to stating that
the z-axis of S; is tangent to the neutral axis.

3) A frame R; is attached to the link extremity. This frame coincides with frame S;
when z = [;.

Finding »;/;_; and w;/;_y is now equivalent to developing the transformation between R;
and R;_;. As a step towards that goal, we first obtain the rotation matrix and the position
vector between S; and S;_;.

Rotation matrix We need a set of coordinates to determine the relationship between the
two frames S; and S;_;. Since second order terms are retained in the kinematics, the choice
of coordinates to represent the rotations becomes more delicate (Hodges et al. 1980). By
using a set of angles, such as Euler angles, the resulting rotation matrix will vary depending
upon the order in which these angles are considered.

For example, Figure 3 shows a flexible arm with the widely used coordinates v and w.
Using assumption Al, we define v’ as a rotation around z and —w’ as a rotation around y.
Considering first a rotation v’ followed by a rotation —w’, and developing to the first and
to the second order, results in the following expression for the rotation matrix Rg:”l from
S; to S;-1:

1 —v —w 1— %(vIZ + w/2) — —w'
(Rg':'l )“I“" oW | 1 0 oe) v’ 1- %v” —v'w’ (M
' w0 1 w' 0 1-dw'?

!Since we work with velocity, a constant transformation does not make a difference.
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Now reversing the order of rotation, —w’ before v/, produces the following rotation matrices
to the first and second order:

1 =0 - 1-3(v% 4+ w?) - —w'
(RS:—l )w'u’ o) o1 0 0(2) o 1— %,UIZ 0 (8)
w0 1 w' —v'w 1 - iw?

There is no difference between (7) and (8) for the first order rotation matrix (O(1)) however
the second order matrices ((0(2)) are different (permutation of the elements (2,3) and (3,2)).
This result is disturbing since, for a flexible link, the rotations around the different axes
take place simultaneously, independently of the order of the kinematics.

In order to avoid this discrepancy, we use the rate of twist x, and the local bending
curvatures sy and &, as coordinates. This approach has been proposed by Johanni (1985)
and is described in Bremer and Pfeiffer (1992) . The vector & represents the derivative of
the angles with respect to the space variable z as defined by the following equation:

kK= lm — (9)
The same kind of relation exists between the rotation matrix Rg:‘l (from 8; to S;_1) and

K as between the rotation matrix and the angular velocity vector w. As demonstrated in
Appendix A, this relation leads to the following differential equation:

0 Kz Ky dRSi—l dR i=1
SkR=| Kk, 0 =—kK; |=RJ d‘: __.....d*z = Rg'5i (10)
~Ky Kz 0

where z is the distance along the neutral axis (Fig. 2). Superscript S; in & denotes that &
is defined in frame &;, and the tilde symbol “indicates that & is the skew-symmetric matrix
formed with the elements of k.

The rotation matrix can now be found by solving the differential equation (10). This is
g

achieved by first developping the rotation matrix Rg.' up to the second order:

Rﬁ:—l = Ro+ R1 + R, (11)

where Ry is the identity matrix. Then, using assumption A5, we conclude that Si&, being
the flexible coordinates, comprises only first order terms. We replace (10) by the following
differential equation:

Ry SR _ sig 4 BSR4 RSE (12)
‘f"o o ‘V"o @ 1) o 0(3)

Let us integrate separately the same order terms of (12) to obtain the following expressions
for Ry and Rs:

R = /0 " Sizde (13)

R, = / Ry SiRde (14)
4]
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since R;(0) and R;(0) are null matrices (S; corresponds to S;_; for = 0). The solutions
of (13) and (14) in terms of k are in Appendix B. We will now use the following definitions
to simplify the notation:

v:/oz/offczdndﬁ w:—/om/ogmydndﬁ a:/omnmdf (15)

where v and w represent pure bending deflections while & represents a pure torsion angle.
Explicit calculation of the right hand side of (13) and (14) in conjunction with (11) and
(15) gives the following expression for the rotation matrix Rg:‘lz

1-1(v? +w'?) —v —/ a'w'dt —w +/ a'v' d¢
0
Rg:" = v’—/ ow”df  1-1(v?+ a?) ——a—/ "w" d¢ (16)

0

T
w'+/0 av’ d¢ a-—-/o "w' de - 1w + a?)

Position vector To obtain the position vector rs, i_1,5; from the origin of frame ;.
to the origin of frame S;, we use the assumptions Alb and A3 These assumptions are
mathematically formalized as follows:

St 1p
Sl 11

1
i Rs“l 0| and 2| =1 (17)
0

Using 7(0) = 0 and the rotation matrix (16), allows us to solve ordinary differential equation
(17) for rs,_, s; to obtain (Appendix B contains the solution in terms of &):

l/z( 12 +wl2) dE
Si-1p = ["RS | o = - dnd 18
Si-1,8i & 0 S; = v w ‘o ndf ( )

° w+/ / v"adndé

Velocities From the rotation matrix and the position vector, it is possible to determine
the angular and the linear velocities of the frame attached to the link extremity with respect
to the frame attached to the joint on which the link is fixed. The angular velocity w;, /i—1 of

o

frame R; with respect to frame R;_; is expressed in terms of rotation matrix R1 1 (which
is obtained from R ‘=1 (16) with z = ;)? using the following equation:

0 —Wz Wy de -1
o= we 0 —wy | = ——(RITHT (19)
—Wy Wy 0

21 S,._l and R;-; do not have the same orientation, a constant rotation matrix is added: R' =

Rs-l Rs'“l(z =1).
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where the tilde “has the same signification as previously mentionned. Neglecting terms
of order higher than two in (19) and rearranging to show the skew-symmetricalness, we
obtain:

1.
oy, + /0 (' — w'o")dz
. l;
’—lwi/i_l = | —iy, —/0 (av"” — v'é&")dz (20)
l.
by, + /0 ‘(w'de' — ai’)dz

The linear velocity #;/;_; is calculated by differentiating (18) with respect to time (using
z = I;) and gives the following result:

&
——/ ("' + w'i)dz
» b e
TWijier = | oy - / / W' a + w"aded (21)
o Jo
A T
y, +/ / o + v adbdz
o Jo
Discretization The deflections v and w, as well as the torsion o, depend on the space z

and on the time t. To express v, w and « in terms of q4,, the set of discrete coordinates
for the flexible link ¢, we use the assumed mode method (Meirovitch 1967) as follows:

v;(24,1) *¢7 () 0 0 “ni(t)
wi(z,t) | = Bi(ei)gy, = 0 “¢f(z)) 0 “n;() (22)
ai(z4,t) 0 0 a¢zT(-'L'z) n;(1)

v¢iau"7i € Jorvi ) w¢i7w77i € RV ’ a¢i’a17i € R » 4 € R

with ng, = vy, + vy, + Ve,

Local Jacobian matrices It is now possible to find two local Jacobian matrices which
relate the link extremity to its root. The local Jacobian matrix of rotation is calculated
from (20) as follows: _

0wy

i—lJR,i/'i—-l = '“"‘a—q—f‘— = (23)
— ‘wnZT f()j' w¢£v¢£lez v,,hT foll v¢§w¢;/Td‘,E I{a¢}1:
- i Jo' o4 T da oy ] Jo' i} da
U‘M.‘T _ amT fo' ad)gqu;Tdm w,n;[ fol w¢§a¢fde$

And the local Jacobian matrix of translation is calculated from (21) to give the following
expression:

. oY,
i-1y il = .z/z-l _ 94
Tifi-1 34, (24)
— ][5 "¢\l T da - wng [l vl gl T g 0
K2 —onT [ [2op ¢! Tdedn  — T b [ valopTdedn

nT J5 [ ¢ ¢! Tdeds ugT I [5 [T pgT dede
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Since the local Jacobian matrices are dependent upon the flexible generalized coordinates’
vector, a numerical implementation of (23) and (24) is not pratical. In Appendix C, the
space and time dependent terms are separated, enabling an offline computation of these
matrices. ‘
We transform the local Jacobian matrices of translation J7,;/;_, and rotation Jg; Ji-1
from R;_; to the inertial frame Ry using the following equation:
Jrifio1 = R, f—le,i/i—l

- 25
TRifi-1= R}y "M pgijioa (25)

Jacobian sub-matrix for a flexible link Replacing Tifim1 = JT5i-19 5 and wyp_y =
JR;iji-14y, in (5) and (6), and eliminating the generalized velocities yields the following
expression for the endpoint Jacobian sub-matrix of a flexible link:

(J1e) 5 JTific1 = Tepi X IRifi-1 6y,
Je = ’ i — s ’ % T, 26
(Te)s, [ (JRe)s: JRifi-1 € (26)

Both the Jacobian column for a joint (3) and the Jacobian sub-matrix for a flexible link
(26) have a similar form. Computation of the Jacobian sub-matrix for a flexible link is done
in one step once the local Jacobian matrices have been computed.

The position vector 7,/; and the rotation matrix R? can be computed recursively as
follows:
R} = RY R"! (27)

(]

Tefi = Tefid1 + Tig1yi (28)

For a flexible link, the rotation matrix is given by (16) and the position vector by (18).
When the frame fixed at the root of the flexible link, S;_; does not coincide with the joint
frame R;_q, a constant rotation and a constant translation must be added.

2.4 Conclusions of the Theoretical Part

The column of the Jacobian corresponding to a joint and the sub-matrix of the Jacobian
corresponding to a flexible link were obtained in a compact form using the robot param-
eters. For a joint, only the joint axis and the position vector between the joint and the
robot endpoint are needed. For a flexible link, both the position vector between the link
extremity and the robot endpoint, and the local Jacobian matrices of translation and ro-
tation are required. The method developed is completely general for robots with flexible
links characterized by the Euler-Bernoulli model plus a torsional deformation.

Apart from obtaining the endpoint velocities as described by (1) the endpoint Jacobian
is useful in determining the generalized force vector @ due to endpoint force and torque f,
as given by the following relation:

Q=Jf. (29)

T
where f, = | fo fy f. mg my m, ] . The generalized force vector has the same
meaning as in Lagrange’s equations. For a revolute motor with the angle of rotation taken
as a generalized coordinate, the generalized force corresponds to the motor torque.
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Figure 4: One-link flexible robot

3 Example

We will now illustrate the development of the endpoint Jacobian using an example with a
one-link flexible robot. The theoretical results generated by this example will be verified
experimentally in Section 4. ‘

3.1 The Kinematicé

The one-link flexible robot used in this example is shown in Figure 4. The robot consists
of a single flexible link rotating in a vertical plane. The base of the link is clamped in a
hub rotating in the (2o, yo) plane around the z; axis. A tool with an eccentric mass center
is attached to the end. This example is similar to the one given by Kozel et al. (1991) , the
main difference being that our link rotates in a vertical plane implying that gravity must
be taken into account. Because the motion is planar, only the bending within the plane
v(z,t) is retained. _

First, we calculate the rotation matrices. From Figure 4, we see that the motor rotates
around the ko axis which gives the following rotation matrix:

cos@ -—-sinf 0
RY=| sind cosd O (30)
1
0 0 1

Since R; and &y are parallel, the rotation matrix between these two frames is the identity
matrix E. Using the rotation matrix for a flexible link (16), the rotation matrix between
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8o and Ry is written as:

1- -liv’z -0
R, = v 1-102 0 (31)
0 0 1 '

The rotation matrix between Ry and Ry is deduced from Rg, by setting z = [ in (31).
The different position vectors are now needed. We define the position vector of the tool
extremity e with respect to the link extremity (Fig. 4) as:

2”'e/2 = lei'Z + l2y52 and Tej2 = R(2)27'e/2 (32)
The tool extremity with respect to the motor axis is then:

Te/t = Tef2 + R(l)(lr2/«$1 + 17'51/1) (33)
where:
11"51/1 = llz'i‘l

The position of the link extremity with respect to its base is deduced from the position
vector for a flexible link (18) by taking = = /, which gives the following result:

(-} [ o7
20”5

v
0

17'2/5] =

where v = v(l, ).

3.2 Discretization

The assumed-mode method is used to discretize the continuous coordinate v(z,t) as follows:

v(z,t) = ¢TIy (34)

Then the vector of generalized coordinates for the system is composed of the motor rotation
and of the time dependent part of the deformation:

q=["] (35)

n

3.3 The Jacobian

The Jacobian can now be computed. For the motor, we apply the Jacobian column for a
joint (3) to obtain:

0
a; X 7, .
(Je)j1 = [ 1 o n ] with ay=la; = (1) (36)
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For the flexible 1ink,b we use the Jacobian sub-matrix for a flexible link (26):

Jr2/n —Tep2 X Jr2n
Jg = ! ! 37
(Je)y, T (37)
where: .
1 - Jo¢'¢Tdz 01
JT,2/1 = ¢Er and JT,2/1 = Ry JT,2/1
0
0
1JR,2/1 = 0 and JR,z/l = R(I)IJRJ/I
¢

The application of (36) and (37), while neglecting terms of order higher than one, results in

the endpoint Jacobian expressed in Rg. However, to have a more compact form, we write
the Jacobian in R as follows:

~lg, = (8" +d)n b, ¢ + (b o] ¢+ fo & ¢'dz) 0T ]
b, + 1+ b, — ¢y &7 + 10,07 — 1y, /T T
.= 0 0 | (38)
0 0
0 0
| 1 ¢" ]
and:
J. = R)\J,

The underlined term in (38) is a term which will be missing if only the first order terms
are kept in the kinematics.

3.4 Model of the Static Deformation

To simulate the system and compare it with experimental results, we need a model of
the deformation. That model will estimate the torque required by the motor to obtain
a desired endpoint force and predict the shape of deformation of the beam. We obtain
this model using Jourdain’s principle (Jourdain 1909) which is often refered to as Kane’s
method (Piedbeeuf 1993). For our static case, Jourdain’s principle is essentially the same
as d’Alembert’s principle. The equation for the force equilibrium given an endpoint force
f. is obtained using the Jacobian (29), and results in the following;:

f=J7.f. (39)

The vector f corresponds to the equation of force equilibrium without an endpoint force
and is obtained using the following equation:

{ ;1% T
£ = =Thn Mo~ [ Fhanloa)ts — T3 (mig) + (5 (40)

where:
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M, = TmE; is the torque applied by the motor;

g = —gJ, is the gravity vector;

Vi = fé EIv"dz is the elastic potential energy of the flexible link with EI, the rigidity;
p is the linear density of the link;

m; is the mass of the tool.

The Jacobian matrices required in (40) can be computed using the general equations for
the Jacobian developed previously (eqs (3) and (26)). To reach this goal, we use the fact
that the motion of body 7 depends only on the motion of the bodies 1 to 7 — 1 and is not
affected by the bodies coming after in the chain (this is true only for an open loop chain).
In other words, if we want the Jacobian at a given point, we employ that point as the robot
extremity. Hence, we define the three Jacobian matrices required in (40) as follows:

JRm is the Jacobian of rotation defined by setting the motor as the endpoint, then e — 1;

JT4m is the Jacobian of translation defined by setting the position of an element dm (it is
equal to the position of ;) as the endpoint, then e — Sy;

Jr,. is the Jacobian of translation defined by setting the position of the center of mass of
the tool as the endpoint, then e — ¢. The position of the center of mass of the tool
is: 2”'0/2 = lczi'g + le.;;Z‘

After some manipulations made using the symbolic computation software MAPLE, we
obtain the equations (41) and (42) for the force equilibrium. To simplify, we split f in two;
fm is a scalar corresponding to the motor and f; is a vector corresponding to the flexible
link. To be consistent with assumption A5, we only retain terms of zero and first order.
For f,,, we have:

1
fm = “Tm+pgClil+ -2-ngl2 —muyg (Sle, + C(h, +1+ le))

!
- [mtg(Clcycb?T — Sle,d\T — migSdT — pg$ /0 ¢wa] 7 (41)

where § = sinf and C = cosf. For f;, we have:

! | prz
fi = pgC [ ¢da+mug (Cl,f - Sl 8]+ Ch) + [—pgs | [ 97 acaa

l !
g (Clcmiqsf + Sl )T + 8 / ¢'¢”dm) + EL / ¢"¢"wa] n (42)
[4] 0

The underlined terms in (42) affect the stiffness and will be missing if only the first order
kinematics is used. They are related to the gravity forces, which means that a beam rotating
in a horizontal plane will not have these terms.

For a given endpoint force f, applied for a known motor angle, the unknowns in (39) are
the motor torque T}, and the ny generalized coordinates associated with the flexible link.
Since the vectorial equation (39) gives 1 4+ n scalar equations and since these equations
are linear in T, and 7, the solution is easily found.
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3.5 Shape functions

To compute the vector f and the endpoint Jacobian J,, we need to select a set of shape func-

tions. When dealing with static deformations, it is known that for linear strain-displacement

relationships, the shape of the beam is described by a polynomial of fourth order (Gere

and Timoshenko 1990). In our case, the shape function is the solution of the following

differential equation:

d*v(z)
dz

with four boundary conditions reflecting the embedding in the base and the force and
torque at the endpoint. However, by including the second order terms in the kinematics,
‘the solution becomes more complex and a fourth order polynomial is not sufficient (see
e.g. Gere and Timoshenko 1990, sect. 7.12 ). Therefore, five shape functions are used each
consisting of a simple polynomial of the form: :

El, + pgcos@ =0 (43)

¢i(z) = 2t withi=1,---,5 (44)

The first polynomial is z? because the boundary conditions at = 0 imply that $:(0) =
¢:(0) = 0. To verify, we compare the results for the first order kinematics using three
assumed modes with the exact solution obtained by solving the differential equation (43)
with its boundary conditions. The two models agree perfectly. After ensuring that the
contribution of the higher modes is small, we choose to stop at five modes for the second
order kinematics.

4 Experimental Apparatus

The experimental apparatus used to validate the model developed in the example is shown
in figure 5. It consists of a small DC motor onto which a torque sensor is mounted. The
flexible arm is fixed on the torque sensor, and at the end of the flexible arm is the tool.
The force is applied at the end of the tool using different masses. The parameters of the
experimental apparatus are displayed in Table 1. Since the flexible arm rotates in the
vertical plane, the endpoint force is always along the j, axis and the components along 7y
and I;o are zero.

4.1 Experimental Procedures

We validate the model developed in the previous section by varying the endpoint force fe,
from 0 to -6 N and the motor angle 6,,, from —90° to 90° by 30° increments (except for the
last force where 15 increments are used from 0° to 90°). The vector of the experimental
values for the endpoint force is shown in Table 1. We use a PID controller to maintain
the motor at a desired angle, and for each angle we measure the motor torque as given by
the torque sensor and the beam curvatures using the three strain gauges. We calibrate the
strain gauges using the 0° position (Fig.4) with zero endpoint force. We then take all the
curvature measurements with respect to the calibration position.
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Figure 5: Experimental setup

Hub: radius li, = 0.0365 m
Link: length {=0.7845 m
stiffness El, = 13.4 Nm?
linear density  p = 0.650 kg/m
Tool: mass my = 0.1608 kg
endpoint l, = 0.0115 m
ly, = —0.3159 m
mass center le, =0.0115 m
le, = =0.158 m
Strain gauges:  position rg, = 0.0191 m
Tg, = 0.3985 m
Ty, = 0.5889 m
FEndpoint force:
fﬁv =0 —-061 —-122 —-184 -246 -4.19 -54 | N

Table 1: Parameters of the experimental apparatus
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Motor torque: experimental (o) and simutation (-)
T Y T T

Torque (Nm)

Om (deg)

Figure 6: Torque required by the motor in function of f., and 6, usmg Model O(2) and
comparison with experimental values

4.2 Simulation and Experimental Results

In this section, we demonstrate that our model, using second order kinematics is closer to
the experimental results than models neglecting it. We also show the differences between
the models. To simplify, we use O(2) for the model including the second order terms in the
kinematics, O(1) for the model excluding it, and O(0) for the model neglecting the flexibility
of the link (assuming a rigid link). On each of the graphs, the curves are numbered from 1
to 7 corresponding to the seven different endpoint forces defined in Table 1: curve number
i correponds to f, [1]. As we will see later, the last two endpoint forces result in endpoint
deformations that are outside of the 10% limit defined in assumption A5. We still keep
them to see how well the models behave outside the limit.

The graph in Figure 6 shows the torque required by the motor as predicted by the model
including the second order terms. It also shows the experimental results measured using
the torque sensor. Model (O(2) closely approximates the experimental results even for the
curves 6 and 7 which are outside the 10% limit. The next two graphs, in Figure 7 and
Figure 8, concern the motor torque and illustrate the difference between the second order
kinematics model and the first and zero order kinematics models. There is no significant
difference between the models O(2) and O(1): less than 1% for Curve 5 and less than
2% for Curve 7 (which is outside the models limit). However, if the rigid model ( O(0)) is
used, the error is greater than 8% for Curve 5 and 12% for Curve 7.

The graph of Figure 9 shows the curvature of the first strain gauge as obtained from the
simulation of Model (2) compared with the experimental curvatures. In Figure 10, we
compare the same experimental curvatures to Model O(1). Model O(2) closely approxi-
mates the experimental curvatures even for forces 6 and 7. This is certainly not the case for
Model O(1) which shows significant differences even for forces resulting in deformations
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Motor torque: ¢_02-¢_O1
0.1 T T T T T T T T v

0.08

0.08

o
[=]
&

diff Tm (Nm)
o
[~
nN

-0.04

Om(deg)

Figure 7: Torque required by the motor in function of f, and f,,: difference between
models O(2) and O(1)

Motor torque: c_0O2-r
0.8 T T T T T ; T T T

0.6

0.4

diff Tm (Nm)
=]
Y

o

-0.2

-0.4

Om(deg)

Figure 8: Torque required by the motor in function of f,, and 6,,: difference between
models O(2) and O(0)
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Curvature #1: experimental (o) and simulation (-)

0.2 T T T T T T T T i

E
B
5-
®
2
]
3 7
N}
G O
: : : 3 T e S o :
04F s EETERRRS EIRTRRRRRS e N NG SR RRRRERE: BT e S Feofins e
: : _ : . :
N e PR S . ......... TR L P .
: : : 3 . 6 : .
: v o)
0 L ] L L i L I L 1
100 80 60 40 20 0 20 40 60 80 100

Om (deg)

Figure 9: Curvature of the first strain gauge in function of f., and 6, for Model O(2) and
comparison with experimental values

inside the model limit. :

Figure 11 shows the simulated endpoint deformation for Model O(2). The maximum
deflection in Figure 11 is almost —12 ¢m at 45°. As aforementioned, with a link length of
approximatively 0.8 m, —12 ¢m is more than 1.5 times the maximum permissible deforma-
tion while working under the 10% limit of assumption A5. Still, as noted previously, torque
and curvatures predicted by Model O(2) well agree with the experimental results for all
the endpoint forces. Figure 12 illustrates the difference between the endpoint deformation
predicted by models O(2) and O(1). This difference is more than 5 mm for Curve 5 and
more than 13 mm for Curve 7. Such a difference is important for robotic applications where
a precision of less than one millimeter is not unusual.

From the comparison of the different models with the experimental results, we reach
the following conclusions:

1) There is no major difference between the torque predicted by the models using first -
and second order kinematics. However significant errors result when the rigid model
is employed.

2) The curvature is well predicted by the second order kinematics model but large errors
occur when only first order kinematics is used.

3) The difference between the endpoint position as predicted by the second order kine-
matics and the first order kinematics models, is significant enough to conclude that
the model using only the first order kinematics is misleading.

4) The second order kinematics model well predict the experimental results even outside
the 10% deformation limit.
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Figure 10: Curvature of the first strain gauge in function of f., and 8, for Model (’)'(1) and
comparison with experimental values
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Figure 11: Endpoint deformation in function of f.,
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and 6, for Model O(2)
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-3 Endpoint deformation: ¢_02-¢_0O1

diff v_{ (m)

Om(deg)

Figure 12: Endpoint deformation in function of f., and 6,,: difference between models

O(2) and O(1)

As a general remark, we think that discussing the geometric stiffening effect only in terms
of angular speed is insufficient with the exception, perhaps, of the cases of one-link flexible
beams rotating in the horizontal plane without endpoint force. The term stiffening effect
is in itself misleading since some of the effects resulting from the inclusion of the second
order kinematics, are softening ones.

5 Conclusion

In this paper, we developed the endpoint Jacobian exact to the first order for a general
tree-like manipulator with flexible links, using second order kinematics. Similarly to rigid
robot methods, we wrote the Jacobian in terms of the joint axis, the link deformations
and the relative position vectors using cross products. A column of the Jacobian matrix
correspondes to each joint, and a sub-matrix to each flexible link. To override the problem
of choosing an order of rotation for the section of a flexible link, we chose the curvatures
and the twist as generalized coordinates. Then, we defined two local Jacobian matrices
relating the extremity of a flexible link to its root. Using these matrices, we determined
the endpoint Jacobian sub-matrix using the same formulation as we used for a joint. With
an example and experimental results, we conclude that our Jacobian matrix is valid. And
finally, in order to closely match experimental results, we have shown that models must
include the second order kinematics.
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A Local Curvatures and Rotation Matrix

In this Appendix, we develop the relation between the local curvatures and the rotation
matrix. Assume a vector » fixed in a frame R, that is rotated by a small angle vector A@
with respect to frame Ro. Then ™or, the vector expressed in Ry, is written in terms of ®1p
as (Meirovitch 1970):

Rop = Rip Ripp ‘ (45)
= R (46)
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100 0 -A6, A8,
= 0 10|+ A6, 0 -A8, ||®w (47)
001 -A8, A6, 0

Equations (45) and (47) give ®1Ar in terms of the rotation angles. Considering that the
small rotation occurs because of a small translation Az of the reference frame and taking
Az — 0, we derive:

Rip! = Ry (48)

where ®1% is defined in (10). This relationship is similar to the one between the angular
speed and the rotation matrix for a rotating frame.
Consider now:
S~ Si-18;
rsi/si = R, ' T'Si/Si-1 (49)

Differentiation of (49) with respect to z gives:
S — Si— ’5,’ Si—18;
lrlsi/'si—l - (RS-' 1) T8:/8i-1 +R5.‘ ' 7{95/5-‘-—1 (50)
Using (48), the derivative of (49) with respect to z is also expressed as:

S.-l,,."si/si-l = .S|—1'{«5.—1,,,5'_/Si__1 + (S‘—]rsi/si-—l) (51)

T

! .
where (‘S‘-lr&/si_l) = Rg:‘ls"rg‘/si_l is the derivative in the frame S;. Equality of (50)

and (51) gives:

T

Si—lks"‘l”'S;/Si-x = (Rgzgl),Sirsi/si—l (52)

From (52), we can write:
. Sii1Se 1\’ s,
SRRG T Srsys, = (RE™) Srsys,, (53)

Equation (53) gives a relationship between the curvature expressed in frame S;~1 and the
rotation matrix:

Si—lkRg:-l = (Rg:_l)’ (54)

To obtain the curvature in frame S;, we start again from equation (52) and write:

Rg'j‘ls"z" (RS:-I)TRg::_lSiTSi/Si—x = (Rﬁ:“l),s"rsi/&_l (55)

1]

Simplification of (55) yields:
RS 5% = (R3™) (56)
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B Rotation Matrix and Position Vector

In this Appendix, we write the rotation matrix and position vector directly in terms of the

curvature. The solutions of (13) and (14) in terms of the curvatures are the following:

- /Oz ko dE /0z Kyd€

/ 0 —Aznzdg
/ dé /nxdf 0

A () [ ([n)
Ry = /Om /:nzdn ey dE -1
/; /;n,,dn k€ /Oz (/:nydn> Kod€
/Ox /()Enzdn Kpdt -

/0z /(fnzdn Ky dé

4 (f ) - ()’

The position vector (18) written in terms of the curvatures is expressed as follows:

T
P15 = /Ox </O€ nzdn) dé + /Oz {/O6 (/0" K,,dc> nydn} de

C Local Jacobian Matrices

([ ) ([ )

| /Ox ( /Of_ﬁydn> dé + /Of { /Oe ( /0" Mdc) nzdn} de _

(57)

(58)

(59)

The local Jacobian matrices can be separated into zero and first order components as
shown in this Appendix. This renders computer implementation easier. Because we divide
the space-dependent from the time-dependent variables, main parts of the local Jacobian

matrices can be computed in advance.

1 _ i-1 i-1
T Rifi-1 = (T IRiji-1)0+ (T T R
otk order 1¢t order

- JTz/z 1—(1 JTz/z 1)0+( JTz/z 1)1

oth order 12t order

(60)

(61)
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i—1 i—1 3, .
T Tifio1 T T Rijio € RO

where ()o refers to a zero order term and (); to a first order term. The definitions of the
local Jacobian matrices of rotation of zero and first order are:

- 0 0 ad)T qTJRa:z
P o(o 31 ]w — 1 . $ 4
( IJR,i/‘i—l)O é) aqt/ 1 — (3 _w¢§T 0 (1 IJR,i/i—l)l = qé JRy,i
fi v¢l_T 0 gl Tros
(62)
with:
i- [ 0 [l vglughT gy o
0 0 ]wz' i-1)z . 0 1 ¥
TR = 8q ( ( aq/ 2 ) = | = fo vl )T dx 0 0
fi fi I 0 0 0
i [ 0 0 [Yvgleg!Ty
J Ry = 0 (8( 1“"i/i—l)y) _ 0 0 Jo ¢10¢z z (63)
vt =™ - ; =
B‘If. aqf« |- foll a¢§v¢;/de 0 0
0( " wijio1)s '
JRz,i = aa ( ( a/ l) ) = 0 0 fé- w¢2a¢;wa
qy qy [0 _fé.‘ a¢;w¢‘IL_wa' 0

where (i'ltui/i_l)x means the z component of i"lcui/i_l (similarly for y and z). Define in
the same manner, the local Jacobian matrices of translation are:

- 0 0 0 qt I ra
. o© i1 _ |, i ’
( 1JT,i/i—l)o é) —5('1—/-—1 = ¢’iT 0 0 ( 1JT,i/i—l)l =1 4q ;JTy,i (64)
fi 0 “sT 0 95,72, '
with: .
e _ livgty Tq 0 0
o R z—l,'.i ie1)z fo ¢z ¢z z )

I Ta 5 < ( 5 / 1) > - 0 "fé' w¢;w¢£Td$ 0

qy q5; 0 0 0
0 0 0
d [0(Ar; ,

JTy,i = 8__— (_._(_é__)1> = 0 0 _ fé: f(;ﬂ w¢lllla¢sz§dx (65)
I\ O 0 —J5' J3 e T dédn 0
(i) 00 L el

1, = 3 EE = 0 0 0
1 s oI5 ot Tdeds 0 0

As indicated by (62) and (64), zero-order local Jacobians (Jr1;/;_1)o and (Jp;/;—1)o are

constant when defined in the R;_; frame. This is not true for first-order local Jacobians

(J1,ii-1)1 and (Jg;7i—1)1, which depend upon the flexible coordinates vector g #;» Which

is defined as follows:

“n;

g5 = | "“m (66)
*n;






