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l. INTRODUCTION

Progress of the design process in turbomachinery demands a

maKimization of the power recovery whil e at the same time a

minimization of the energy losses. The ability to respond ta

this kind of requirements is related ta the availability af

appropriate analysis tools.In this context the prediction of the

physics inside a blade passage is crucial.

The objective of this report is ta présent a numerical

procédure ta solve time-dependent incompressible Navier-Stokes

équations through a cascade of blades. The proposed method is

based on the primitive—variable formulation using a contrai

volume approach. The main difficulties associated with the solution

at this type af problem ares the treatment of the baundary

conditions on the geometries that bounds the domain,the choice of

a proper star âge location for the dépendent variables and the lack of

an explicit équation for the pressure.

In the présent effort the problem of the compleK boundaries is

treated by formulating and solving the conservation équations on

a curvilinear coordinate system that matches the boundary

domain.This procédure is straitghfarward and uni versai,because the

boundary nodes always coincide with the domain boundary ,and no

particular procédure is required at thèse locations.

Among the techniques that can be used ta numerically create a

curvilinear mesh,the body-fitted method bas been adopted.Such system



proposée! by ThompsonCl] and incorporated an a software package devised

by BaronC23 is used for the mesh génération.

An effective cell structure ta deal with incompressible fluid

flows is the staggered gridC33 formulation.This technique avoids

a checkerboard pattern for velocity and pressure fields,but

increases the compleKity by requiring a différent location together

with a différent computational cell for each velocity component and

the pressure. In the development presented here,only one

computational cell is needed, and velocity components and pressure

are computed at the same location.Furthermore the good quaiities of

the staggered mesh formulation are preserved by using an opossed

différence scheme for pressure and f luxes.

A pressure équation for a curvilinear system was derived on

the basis of the SIMPLEC43 method and applied ta obtain a

satisfactory pressure fi el d that meets the mass constraint

requi rement•

2.BOVERNING EQUATIONS

When solving the équations of motion on a curvilinear

coordinate System,it seems natural ta use as dépendent variables

velocity the components along thèse coordinates.In doing sa the

scalar equations( as continuity and energy) are in consevation law

form,but not the momentun équation(a vectorial one) due ta source like

terme appearing as Christaff el Symbols[53.Thèse terms correct the

momentum camponents of a f lui d that is "constrained" ta move along



a path défined by a caordinate which is not a straight lineC63.However

as every mesh point belangs ta a différent vectar basis^if the

change in angle and vector basis length from grid point ta grid

point is sévère, despite the correction, the numerical calculation

could sut fer.

A way to soive this problem is ta keep the cartesian

velacity components as the dépendent variables.In this case all

praperties will be in the conservation law fonn (momentuffi is

conserved on a straight line).The resulting system is hybrid where

both cartesian and contravariant components coeî{ist,but thèse

équations are not significantly more complex than their cartesian

counterpart,and the discrète approïîi mat ions can be easily handled.

Following this approach ,the time dépendent Navier-Stokes

équations can be written in strong conservative form asC73s

whère;

^a + ^E -i"?F =^R -l-^.s
©t ^î ^^ ^Ï ^T}

(l)

E = J

R = }jJ

[g^u^ + glau^

g"vi6 + gx=Vi

u

uU + pix

VU + Pïy

F = J

v

UV + pTtx

VV + pTly

S = pJ

g=a»Ux + gssst^

g2ilv^ + g:z;zv^,|



and p represents the viscosity.

The contravariant velocity components U,V along the

curvilinear coordinates and the cartesian velocity components u,v are

related by;

U = Uï,x + VÏy

(2)

V = UT1», + VT|y

The metric terms Ç». ,"Çy,T|x ,T)y, the jacobian J and the

contravariant metric tensar components g11 ,gl-=,g;a:lt ,and g:z= are

obtained froms

ï» = YTI/J» ïy =-K^/J

Tlx = -Yx/J, Tly = x-e./3

3=>i^y^- x^y^

g*»= î.s + ïï gaa= îxTlx + ÏyTh

g=t= gia g=== ^g + ^Ç



3. GRID LAYOUT

The most fréquent grid structure used in the numerical

solution of incompressible fluid flaw problems was initially

introduced for cartesian geometries by Harlow and Welch C33,and is

known as the staggered grid.In this arrangement the pressure is

stored at the center o-f the cell,while the différent velocity

companents are stored at the vertical and horizontal faces

respectively.Although this disposition bas demonstrated the ability

ta avoid a checkerboard pattern for velocity and pressure fields

its implementation for a curvilinear system where more than a

velocity companent bas ta be stored on each face lead ta some

di-fficulties. As a result of this,in the présent wark it is

praposed a différent scheme and grid arrangement that préserves the

good properties of the staggered mesh,while alleviating the

géométrie complications and computer implementation général l y

encountered when using curvilinear coordinates.

The proposed structure stores pressure and cartesian

velocity components at the center (i+l/2,j> of a computational

élément made up of one width in the "streamwise" coordinate direction

and two units in the other.The grid cell is shown on fig.l»This

computational cell is used for ba-bh mass and (nomentum calculations. It

has to be noted that while the (namentum équations involve the

curvilinear and cartesian velocity components, the mass

conservation dépends only on the contravariant velocity

components (J and V,lacated at the center of the faces i,i+l and
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j-l,j+l of the élément shown on fig.(l) respectively,

4.DISCRETIZATION

Based on the above grid pattem, the équations are

discretized ta obtain a system of algebraic équations.

Second arder différences are used ta evaluate mass and

pressure gradients in the T} direction. The velocity values at the

j+1 and j—l faces (fig.l) are calculated by averlapping éléments in

that direction 5whil e the pressure is obtained by a simple average af

two neighbours points in the same direction.

In the ^ direction no overlapping or averaging is used, this

time the treatment is done in a différent manner. Mass gradients

are obtained by upwind differencing, so the fluK through the downwind

face i+1 is cantrolled by the velocity at the center i+1/2,j of the

élément. Pressure gradients on the other hand, are calculated via

dawnwind différences, that is ta say,that the pressure located at

the cell center i + 1/2,j acte on the upstream face i.



A similar treatment for the solution af the compressible

Euler équations can be found in C83 ,and an interesting analysis

of the opposed différence idea , is given in C93. Recently Fuchs

and ZhaoClO] have al sa presented a combination at forward and

backwad différences coupled with the multigrid methad.Re-ferences C93

and Cl 03 solve the steady viscous équations.

The scheme is explicit and in compact form can be written ass

Aq + At (E^ + F^,)" = At (R^ + Sr,)" (3)

where A denotes the forward time différence operator and n the time

level.

4a) Continuity Equation

From this form, and from the définition of équation (l) the discrète

approximation of the continuity équation with the superscript n

dropped is written ass

-(Juli.î:i^A=l!Îm3L^.A + i^Lî.^S.^^Ï:3.Z<.îvl.â.^î.£.S^3.=î. =-^—— ————^^———— -
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This équation involves the contravariant velocities U and V

at the cell faces ( that is not the case at the cartesian companents

located at the cell center), and it is noted that only one

comportent is required ta calculate the mass flow through each

face.For a better understanding of the way that thèse components

are computed,some détails conceming the scheme and variables storage

are given.

The cartesian velocity components are calculated and stored at

the center (i+1/2,j) of the computational cci l with corners (i,j-l;

i+l,j-l; i+l,j+l; i,j+l) (fig.l>.Kowever due ta the overlapping in

the j direction thèse properties are also known at the center at

the face i+l/2,j+l,because they corrrespond to values the values of

the cell center with corners (i,j?i+1,3;i+1,j+2?i,j+2) (fig.2).The

same reasoning applies for the j—l level.

With the known cartesian velocities at all j levels< due ta

the overlapping grid),the V components at j ± l -faces are obtained

from(2) ass

V*-»-a.^a , j*a = U a.-«-i/•a, jdta (T|»< ) a-«-a ^'a , JAI + Vt^-t. ^a, jd:a (T|y) fi^-a/-s» .jriba. Î5)

As mentionned earlier,the cartesian velocity componets obtained

from the momentum équations are computed at the center i+1/2,j of

the computatianal cell,and are not known at the required locations
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i,j and i+l,j. Ta calculate the required U components at such

levels upwinding is used for the mass flDw;and they are obtained from

équation <2) ass

Ui. , j = Ui.—ayz, j (^M î a ,j + Vt. —s.^'-Zv -l tïyî a. s J

(6)

Ut-^a.j = Ut.fi. ^-z, ^ (CM ) » -«-a. • _• + Vi. fî.^'z , ^ (1Ey) t -«-l. , J

4b) Momentum Equations

The discrète form of the mamentum équations requires the knowledge

of the convected momentum f luxes and diffusion terms at the cell

faces. Thèse terms are evaluated by adopting the weighted upstream

différence scheme af Raithby and TorranceC113; far e^ample the

convected property u and the dif-fussion term gl-2-du/d1; at the upstream

face are calculated by:

Ui.j = (1/2 -i-OCi ,j>Uâ.-a/2 + (1/2-(X.A ,j)u&<.a/2,ji (7)

and

Ça.j = glldu/dïk.j = gij.ipa .j <u±^.±^.j - u*-»va) (8)

Aï

where (K. and p are coefficients depending on the Peclet numberC123.
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With thèse terms knawn the momentum équation written for example

for the u component becomess

J t -^ l /-Si , .1 ( y'^^*.ry'2i3.2:i.^=.8.A

At

IJyyii.ïiAA=IJUU>.A.^.A
A^

( Jyv>.<-ïJL^;SAA±lLZl.JUV>.i.±*.^aAA=J.
2Aïi

4- E*.2:5^S.t.A-i^Si!.2.i.2:iA.AZ£î.Ï:î.^.3.E.A^.'IS>!.2.ï..l-j.

Aï

-t. Eî.2:i..^3AAî:l.A^3>î.2.3..i:i^3Asî.2:â.ZEî.±JL^laAsî.=:l-^.*Î3ï'.2.i.2:i^l3-ï.A=:1.

2AT1

C* , j ~Ci.-.-t,.t + Ci.-».ï.^z,j^-a.~Ct-».i./'a^j—t+ =^-^|î-:=^ =^^^^^^î.=^^^==^_ = o (9)

5.SOLUTION PROCEDURE

The algorithm starts by guessed pressure and velocity

fields,fram which the cartesian momentum équations are

solved.Denoted by uw and vw the resulting velacity components that do

not conserve mass, are then substitued into équations (5 ) and (6) to

compute the contravariant velocity components U®' and V<".

The next step, and prabably the most difficult when

salving incompressible -flow problems i s ta correct the U'? and V*

velocities in such a manner ta yiel d a pressure fi el d which drives

velocities that satisfy mass conservation.

The appraach followed ta handle the velocity-pressure coupling
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problem is based an the principle of the SIMPLEE43 method.

According to this technique the momentum équations are used to

obtain relations between corrections ta the velocity and presssure

fields which violate the continuity condition.

The momentum équations are written twice,once for

velocity and presssure fields that do not verify the continuity

constraint ,and then -for fields -bhat satisfy mass conservation.

For ex ample the discretized K momentum équation is written for

a u*- and pw's that violate mass conservation as s

U*S'îi^=.j = U»S*^-a/.a,j +At t P^a+t/-3,.1 (J^»<>* ,j-P"A+3^a,j <J^x>i^-i .-»

Ja->-a-/a,j AÇ

PÏ'-i-ï.^'a, J-*-! (JT|x ^ a. ->-! ^•z , j-»-i.~P?->-a /a. j—a (<JTI>< ) * -o-i -^2 » J—»

2AT1

-FLUX +VISCÎ (10)

where FLUX and VISC represents the resulting convected and viscous

terms over the élément respectively.

In the same manner the équation for a velocity u and a pressure

p=p-*-+<5p that meets the mass constranit requirement is written ass
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u yîi/a.j = u y+iya.j +At i p a-^i/'2.j(J'Ex>i^j-P a<-3/a,j(JÏM>i.^-t,.(

J a-»-a. ya , .1 ÂÏ

Pï.-^i.o'a.j^.t. (JTjx ) A-*-iL^a, j-<-ï.~P*.-<-a./'s, .t—i. (JTI>« >i-«-a.</a,j—a.

2Ar|

-FLUX +VISCJ (11)

substracting (10) from (11) one obtainss

iSu = (u-U<»>S'î:ï^a,j = At i5p*.<.i^3.j(JÏM)*..»-âpi.-<-3^3,.t(Jïx>4<-a,.

J*.-«-l ya, ji Ai,

Spt •*• s. /s , j-»-» (JT|»< ) ï.-t-a ^•a» j-«-i~âpt -M./'a.j—i. (<ÎT]x ) a -1-1. yz , j—i. î

2Ar|

(12)

Following the same procédure a si mi lar équation for the v

component can be found.

With this cartesian velocity corrections <5u=u-uw and

iSv=v—vw known,the corresponding expressions for the curvilinear

velocity corrections âV=U-UW and fiV==V—VW are found by using

analogous expressians ta relatiQns<2>çthat iss



15

<5U=i5uîx + ôvl.y

(13)

i5V=<5uT],t + Svr\y

Equations (13) dépends on the pressure corrections <Sp,so a

relation ta obtain thèse correction is needed.This is achieved by

using the continuity équation written in terms of velocity

components U,V and UW',VW that do and do not satisfy mass

conservation respectively,the discrète form at the latter is written

as;

lauw.Ls-ï3.^^Z^(.JUW.).î-^ + IJV<!i*-ï3.^S^Aî:JL_=_iJV!!).*-ï:a.^S^.A=*
AÇ 2Aq - —— -

(14)

whe're D dépends représente a mass source term.Substraction of (14)

from (4) givess

lJSU".L^3.^-.Z-13suw:}.i.^ ^ <'îâvw.Ls.S:3.^S^3.î:S.-.Z-.iîww.Lî-±3.^^=3. —
Aï 2AT1

(15)

This équation involves 9 pressure points,however if only the

pressure correction at the center i+1/2,j of the élément is

retained,while the effect of the neighbouring pressurss is neglected
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one obtains a définitive équation for the pressure change

•Spi^-i^z.j = f:s(i5U,<5V,D)

In the présent approach the pressure ad justement is done cell

by cell as in the MAC methodC133.

Once <Sp is evaluated at the cell center, the curvilinear

velocity corrections i5U and <SV are calculated,then al l corrections

combined with the inenact velocity and pressure fields in

order ta verify the mass constraint^that iss

u = uw + su

V= Vw + <5V (16)

p s= p«» + (5p

Ta madify the variables over the entire computational domain

the grid is swept point—by-point in the inlet—outlet

direction.Improved values are inmediately used as the procédure

advances.This procédure is repeated until al l cells have D values less

than a desired level of accuracy.

When the abave step is completed,only one curvilinear
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velocity companent that meets the mass constranint requirement is

known on each face(U and V on the T] and f. faces respectively). To

obtain the "missing" camponent averaging o+ surrounding velocities

that satisfy continuity is usedC123.Then the cartesian velocity

components are decoded an the boundary conditions applied.

Final l y the time level is advanced and the cycle repeated

until the steady state is reached.

6. APPLICATIONS

6.1 Cascade Analysis

In order to analyse the predictions features of the présent

model ,a first application ta turbamachinery was carried out by

camputing the flow on a NACAC143 cascade . The discretisation

employée! 90vt2.7 grid points and several tests up to Re=20g000 were

conducted and for an angle of attack o-f 30°.

The computational grid -for this case is given in -fi g. 3 where the

blade-to-blade passage is shown to illustrate the grid distribution.

Figure 4. illustrâtes the velocity fi el d abtained -for Re=2000,

while fig.5 shows the calculated S coefficient(defined as S = 1—Cp»)

compared with the expérimental values (Réf.14) The over all agreement

is good,in particular the peak pressure at the leading edge is
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well captured together with a good simulation of the diffusion

flow on the suction side.However the trailing edge prediction shows

some discrepancy.

A comparison of the computed aerodynamics parametersgsuch as

lift and drag coefficients, outlet angle and lasses, bas been carried

ont with the expérimental data of Ref C 143 and the résulte are

présentée! on table l.It can be appreciated that the outlet angle and

the lift coefficient are reasonably well predicted for all Reynolds

numbers,hawever the drag coefficient is much higher than the

expérimental value.This can be attributed to the intrinsic numerical

viscosity arising frofn the discretization pracess^ a similar

phenomenan was also found in a fi ni te élément solution on the same

geometry E 153.

A second cascade test was done an a blade passage reported by

Langston et al.C163. The eKperimental data presented by thèse

authors is for a three—dimensional eKperience,however due ta the

constant cross section it is reasonable ta attempt a comparison with

the data reported at the midspan of the channel.

Figure 6 shows the calculated (using 48%19 mesh points

and far Re=l000) and expérimental static pressure coefficient on

the blade surface.The pressure si de shows a good agreement of values

and the avérai l trend is well predicted.On the suction si de the

pressure distribution présents some quantitative disagreement

near the mi ni mur». Thi s can be attributed ta the absence of the

secondary flow movement perceived in the three-dimensianal
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flowE173;in spite at that the Irai ling edge pressure distribution is

well predicted

Table 2. shows the calculated aerodynamic parameters for Re=:1000

and Re=5000, and the available eKperimental data.As in the previous

case and for the same reason^the numerical value of the aeradynamic

loss is greater than the experimental,in spite at that,the computed

ont l et angle con-forms very well the measured value given in E 163.

After thèse basic vérifications completed a more compleK

application ta turbomachinery was attempted by studying the flow

through two blade passages ane after the other.This kind o-F

configuration found on the spiral casing of the hydraulics turbines

is formed by the stay vane and the wicket gate.The first passage is

static while the second is of variable angle.A général view of the

forementionned geometry is given in -fig-7.

A représentative illustration of the passage form is shown on

•fig.8, and a typical body—fitted mesh used ta predict the flow on this

sort of problem is depicted on fi g. 9.

The flow through thèse two cascades in séries was -f ull y tested

for différents angles of attack o-f the wicket gate and for différent

Reynolds numbers,this latter de-fined in terms of the throat radius.

Figure 10 présents the velocity fi el d obtained on a

characteristic channel.For this eKample the Reynolds number is af

10,000, the stay vane angle is of 34.5°,the wicket angle af 33.°,and
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the inlet and outlet flow angles of 20° and 37.96°respectively.

This général représentation allows to visualize particular

régions o+ interest, such as the zone nearby the trailing edge of the

stay varie and the leading edge of the wicket gate, where the flow

undergoes rapid changes.

The skin friction coefficient calculated on the surfaces of the

blades is displayed as function o-f the noramalized cord(Fi g.11)The

full line is used ta indicate the wicket gate and the dotted for the

stay vane,arrows represent the suction aide. This kind a-f information

is qui te useful in the design process; in particular it is noted that

when the skin frictian coefficient becomes négative reverse flaw and

séparation occurs.

In the same way that in the previaus diagram, fig.12 represents

the S coefficient as function of the cord.Because the purpose of the

forementionned blades is not to produce l if t but to induce the flow,

the kowlowedge o-f this variable is useful ta mi ni mize the area between

the pressure and suction si de curves.

As mentionned earlier several tests for différent attack angles

of the wicket gate were conducted in the diffuser passage.The

information obtained from thèse tests was then used ta build a plot

where isocontours of energy lasses are displayed as function of wicket

gate opening and attack angle.This informatian is illustrated on

f ig. 13 -from which it can be appreciated for example, that -for the

first ten degrees of variation of the attack angle (froffi 20° -co 30°),
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the energy lasses change is considérable? while that far the last ten

degrees(between 50° and 60B) this variation is minimal.

A further study was done by performing a quasi-3d analysis on a

Kaplan turbine. On fig.14 a représentation on the Z-R plane of the

mesh and the potential -flow path, including the intake,runner and

draft tube is presented. Figure 15 shows a partial view of the set of

blades <for sake of clarity only some of them are drawn) where the

numbers are ta indicate the sections that are developed to wark out

2—D investigations.

Figures 16 and 17 illustrate the resulting developed blade

profile on sections 2 and 5. Camputations were done for thèse and for

the remaining sections <3 and 4) using 90î<27 grid points for Re=10,000

and where différents angles o-f attack are imposed on each

blade-to-blade portion. The obtained velocity -fields for the levels

of figs. 16 and 17 are drawn on figs. 18 and 19. The corresponding

calculated pressure coef-ficient is depicted as a function of the

nondimensional card on figs. 20 and 21.

A comparison of the résulte obtained from the quasi-3D analysis

mth the available expérimental data has been done and is illustra±ed

on fig. 22 .In this picture the tangential velocity camponents for

the différent levels are drawn as function a-f the radius and the

nondimensional speed ratio î (ê= u»tï»/il2gH ,where u^ata.» represents the

absolute tangential velocity,g the gravity constant and H the

heacD.The concordance of numerical and eKperimental values is very

good for the inner sections,however some disparity is observed for the
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outer levels.

A procédure to solve incompressible flows on arbitrary shapes

without using a staggered -formulation has been developed.This is

accomplished by the use of an opposed-di-fference scheme. Applications

ta compute the -flow through cascades have been done. The reported

results are satisfactory and show that the proposed method is a

plausible tool for turbomachinery analysis.
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TABLE l

Comparison of expérimental (Réf. 14) and computed values

Re= 50 Re= 1000 Re=20,000 Eîîperimemtal

1.33 0.38 0.23 0.04

1.46 1.41 1.36 1.6

Lasses 42X 287.

outlet 43.2 41.3 38 42.6

angle



TABLE

Comparison of expérimental (Réf. 16) and computed values

Re= 1,000 Re= 5ç000 E>îperimemtal

2.03 1.70

î.74 2.72

Lasses 1357. 1357. 257.

outlet 64.4 63.5 64

angle
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