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l. Fra_bi_em_Sta.temen_t

The présent report describes a numerical scheme and the associated

camputed code -for the solution o+ the viscaus +low in an
a;-;isy(nmetric diffuser. The intended application is +or the
analysis of the géométrie and flaiA) parameters o+ the section

immediately downstream of the r-unner in an hydraulic turbine as

illusfcrated in Fi g. l. Such of analysis fcooi wiil al law a désigner

to correctly c^ssess the viscous lasses and pressure recorery in
this type o-f equipment. Cansequently, the numerical scheme has
been embedded in a computer-aided software which allows the user to

obtain results in fchree main steps. First, a géométrie modeiler is
used to construct the geometry and the curvilinear coordinate grid.
Then, the -flow field is solved numerically using a finite
différence scheme o+' the basic équations +ormulated in vorticity-
stream -function variables. Central différences are used for
viscous terms and a third order upwind scheme for the convection
terms. Finally, an utility is pravided for the graphica.1 display
o-f t h e results.

In the présent work the laminar Navier-Stokes équations are solved
far the? incampressible flaw with a;.;ial symmetry. This wi 11 be
es-itended ta include turbulence.

2 • Basic Eq ua t i ans

The équations -f-or the conservation of mass and momentum written in

cylindrical coordinates far an incampressible constant property
•fluid in a steady state laminar -flow are;

W._ V/x" ôV._ .,,, , r, ., -, ô'-V.

v^^J:--î-+^;Jl = -|^+ ^,||^ (l J^. <r^)) + ^—1| (l)
r 9r r ' z âz 9r Re|ôr 'r 3r " 'r' ' ô_2

Jl

=, L- f3- d a_ ^y.)) + e"=s ^e [iT <F' 3F (rvô)) + T^

9V, à V,-
J!.^ A - ïLI /-;:

Re |r or " or ' -,_2

, avî , ï^ ,V ^ - ^ Fà- <^ à- <rV.» . 3^61
r or r 's ôz Re ]dr 'r 3r " 'ô'" .,_2

ôv-, ôv- ^c. i ri 3 3V-. ô v
^. + y _=.

r* or* 2 os

.^ -s- <rV_) + t- (V_> = 0 (4)
r or " 'r' ôz ' ' z

where it has been assumed that far the présent application ^ ::= Û-
Equation (2) is called the swirl équation and Re is the Rëynolds
number.



2.l VorticitY eauation

Dif-ferentiating Equation (l) with respect ta z and Equation (3)
with respect ta r, and using the définition of vorticity

u

u

^ ^ =v
l
r

3V

ôz

8V_

or

r

ô
or
v

re

0

rV

ô

e

ô
Qz
v

(the second component of u) (5)

and using Equation (4) to simplify, one gets the following

vorfcicity transport équations

v ^y - y y. -i- y ôu
r or ' r r ' z os

vôôv
Ô _ l 1<3 il ô /._.., t . a'-u

z~ = ^e^ l7 17 (ru)J+ ^J (6)

which, together wi'fch Equation (2), replaces Equations <1) ta (3).

2.2 Stream Function equati on

The continuity équation, which involves the variables V_ and V^ can
be replacée! by an équivalent équation invalving the stream function

an d vorticity.
de+initionss

This is obtained by substituting the -following

v l ô±
r or

L ô±
r r 9z

inta Equation (5). This yields

2 ^2
CLJL A CC-£ _ l. àï.
.2 ' -,._2 r or

ôz ~ ~àr'

ur

(7)

(8)

which is known as the stream function équation.

2.3 PressureeQuatian

Di-f+erentiating Equation (l) with respect to r and Equation <3)
with respect ta s, adding thèse relations with Equation (l) divided
by r and using Equation (4) ta simplify, one obtains the +ollowing
pressure équations

-^ 9
ô-P Q"P

az' or-

iâp.,<^!vi
r or " 'or os

a^, av.. ia '? -. -?
~— ^~)+ 1(|T<V.2> ~ ? V.»2>
os or ' r 'ôr''ô ' r 'r

(9)



2.4 Vector farm équation

Thèse are now sunnmarized

• „,<

ô~u
•"•.'

â~u

02' or'

-RC^_ ^ + (.a- - ReV._)^
ôz 'r "~ ' r' âr

a<i- -. ReV )u= - aRe ^- (V.2)
r r 02

(10)

A. a2v/

9z or
3V ôV,

ReV_ E. _
ôz 'r "~ " r' or

È ( ^ + ReV._) V/, == 0r ' r "~ 'r' ' Q

-,2

iÎLJi j- 'ÈZ-S. _ a ^î.
2 + 72 ~ F âr

'àz~~ or'
r 8r

a ôP

ur
a

9 p. JU 'à p -i. a ôp.-= n
^+t^+FôF;=£)

os"" or"

where S is the right member o-f Equation (9).

Thèse can be written in vector form as fallows;

(11)

(12)

(1.3)

a2£. B ^^ 'B ^
where

+ e
ô?
ôz

32?

a?
E?

u

^̂
p

? (14)

ÔV,
a K.
r "~ ' Q ôz

2 ± Re V, V,r "~ '9 'r

ur
s

B =

E =

<£ _ ReV^, ^ - ReV^, ^ , â)'r "u'rî r '"-"fi y » y

(- ReV^, - ReV.,, 0, 0)

<„ à (^ _ ReV,),- ^ (^ - ReV^),0, 0)



C'Lirvi l i near Coord i nate _Egyat l ons.

3. l Curvi l inear çpprdinate._sys

A body-fitted curvilinear grid is gênerated using Thampson's method

where the trans-formed coordinates (Ç , r) are e;-;pressed sa that they
verify tho •following System of elliptic équations.

Ç.-..- + '^..._ = 13•" y f ''22

f._._ + f.__ = R d5>
rr 2 s

ïhe ^orcing terms G! and R are used to concentrate grid linés. Ta
compute the physical coardinates (r, z) as function af the
trans+ormed coordinates, the system of Equation (15) is inverted.

oî. r.,.,,, ~ 2p r,.,_ -i- y r__ + J'~(Qr,, + Rr_) == 0 (16)ÇÇ ~'~ 'ÇT " ' TT ~ '"' Ç "'T'

where

-t.

f- ==

and the coefficients

<, . ^2 ^ ^;
T T

z.^z + r.^r'~Ç'~T ' ' Ç' T

2 2
y = s,.- + r,.-

s^r_ ~ z_r.^,'Ç' T ~T' Ç

Using the chain rule. Equation (14) is trans+'ormed into the

curvilinear System (Ç, r).

<x. -?.,..„ - 2p ?.^_ + ,y ?_ÇÇ ~'~ " i$T " • TT

+ ?.,, (QJ - B z_ J + C r_ J)Ç •— ~ -T~ ~ 'T

-i. ^_ (RJ^- + B z., J - C r^ J) (17)
T" ^y <iV

-<- EJ2 ?

J2?



This is a system 0+ elliptic partial di+ferential équations, one

per coardinate direction which can be/^plved numerically. f'he
schéma used is that developed by Camarera"" specifically for this

type o-f- application using a very ef-ficient and accurata rela;-;ation
procédure. A slight modification has been used in the présent
study ta allow grid concentration towards the solid walls where

large gradients of the flaw properties are e;-;pected.

In the présent approach such grid concentration is achieved by
means o'f the farcing terms Q and R. However, the choice ai thèse
functions can be qui te délicate and the result cannot be assessed a

priori. Bad chaices can /J,çad to distorted grids or even folded
grids. l't has been found ""' that an approach well suited ta the

•field prablems at interest is ta establish the concentration a-f the
nodes along the boundaries. The nodes de+ine the shape o+ the
damai n and are given by the user. Their distribution can be an

analytical expression or can be computed from the discrète values
given by the user. Several relations for the concentration have
been tried an d t h e toJ.lowing h as been retaineds

f(t) -r^--^^—^ <i8)

where F'Cs concentration factar

It has been the author's e;-;perience that with moderate values o+

the concentration factar, i.e. o-f the arder of .2, considérable

stretching is achieved. Also, it has been -found that using much
higher values can lead ta numerical instabilities. Thèse have been

traced to the loss o+ diagonal dominance of the resulting matri;-;
caused by the high values of the farcing terms.



3. 2 Trans+qrmed Egua.tigns

The trans+armation de-fined by Equation (17) maps the physical

domain (r, z) into the camputational damain (Ç, T) where the
problem will be salved- Hence the basic équations. Equations (10)
to (13) must be trans+ormed into this domain. ï'o facilitate this,

the vectar notation a'f Equation (14) is used, and yields;

oc +,„. - 2p -f.,._ + y •<:'__ -f- ^^. G + 't:'_ H + EJ" +'' = J':- F"
W ~t~ 'ÇT '•' 'TT 'Ç ~ 'T

where

(19)

? =

(l)

vo

^
p

G = (QJ"

H = (RJ" + B

'"*

T

«»

"ç

J

J

+ e

u

r
T

rç

J)

J)

where B, C, E, F are defined in Equation (14), and it is reminded

that the expressions +or thèse coef-ficients differ for ij<, u,
p.

^ and

4. Upwind Pif+erencing and artificial convectian

Upw l n d d i-f ter en e i n g

The treatment o-f the transport équations requires spécial care in
the discretisation of the convection terme. An upwinding

di-fferencing scheme of variable order based on the following
relation is proposée! ior such terms.

s-f „ .. Ô+
oc. ~,

3;< " ô>;
(U - oc)

up

9f
3;-;

(20)
dawn

This is a weighted average of an upwind and a downwind di-f+erence.

The -factar (x. is chosen according to the sign of the convective
coefficient U, that is

u
u

<
>

0
0

oc =

oc. =:

0
u

This can then be written as

U+_ILNa = —T



and substituted inta Equation (20) ta give

•+• k . -F + k -f + t;'
3-f _ U + IUI r"0 Ti + l T- r"l ri " '•2 Ti ~ l " '-3 Ti - 2

ôï: ~ 2

f.
l 4. 2

^ -F ."2 ' i

6

+ l k'"l •f.
l

k -"0 f.
l l-^— —^—_ ^ ^where the coefficients k , k , [:• and k^. take on the values

accor-ding to the order at discref-i satlon.

ko

kl

k.

0

6

Ist order 2nd Order 3rd Order Centered

0 2 6

3 3 0

k-, 0 l l 0

Thus, by sélection o-f a part^çylar set o-f c.oe-f-fic.ients, one
rocovers such schemes as Agrawals' '' .

Arti-ficial Convection

In a cartesian représentation, the coef-ficients U in the convective

tearm are the two velocity components. When transformed, additional

•first order derivatives appear and the question arises as ta
whether thèse should be treated as canvective terms and hem

whether the upwind differ-encing should be applied. Référence
states that they should and bases that on essentially an empirical

finding. In the présent study, a simple local analysis was
attempted to résolve this problem.

Sa, in order ta keep a certain amaunfc o+ fle;-;ibility concerning
this problem and allow the user the use o-f either approach, the

convective terms are divided into two parts, the physical
convection (resulting -from -fche velocity field) and the artificial

convectian (resulting from the trans-f armâtion ). Accordingly the

System of Equation (19) -for the two transport quantities u and V,

can be written as fallowss



(X. -f.^.^ - 2(3 •<:.^_ + y <ÇÇ ~r~ "ÇT " 'TT

+îïB
^

+ -f_ R
T

-?,u

- ?_ v
T

-. e. ( l - ReV._) J2 î = ?
r r r

where the coefficients -for partial (physical) convection are

•V '-)

Q = QJ" - z_ J 2-
T r

^ /*-k

R - RJ^- + z., J 2-
*"ç " r

(22)

U == Re Js_ V_ + Re Jr_. V
T r T

(23)

V == Re JV,_ z... - Re J V r,,r ~ç . •- - • ^ • ç

-2V, Re?a av
(J r

Q
T aç

avô.
J ^ ^.)

2J Re V._ V,, -a
r 0 r

or, for total (arti-ficial convection)

-2 ZTJa
U = - (3 J"" + -— - Re Jz._ V._ + Re Jr_ V.

r - ^ y- - - ^ ^

-? Zy.jQ.

V == - RJ"" - — + Re JV.^ z.^ - Re JV_ r./
r l" ç si-,

/\/ "L-

and Q = R = 0

(24)



) (25)

Discretisatian

5.l Stream function

The stream équation is di screti :-:ed using centered différences
yielding second or-der accuracy.

,2 s_ Ja

^ .. , ,<°c + Q^ + ^^)
i + l, j ' ~~ 2 2r

- ^, ^ (2o(. + 2y)
<9

z J aQJ~ -T

+ *i - l,j^ 2 2r

,...,2 s.,,. J a
ç

+ ^i,j - i(y + -t- - ~tF-

RJ2 , ^^
+ ^i,j - 1(^ ~ "T" + -^—)

+ J ui,jra -1 ^i+1, j+l~ ^i-1, J-.1 - v*/i+l, J - l+ ^i-l, ,j.-l) '<:)

5.2 Vorticity and swirl

The transport terms in the équation for the vorticity and

tangential velocity are upwind differenced as described in the

previous section, whereas the viscous terms are centered

differenced.

ïhis gives the -following algebraic Systems

f. , ^ . AX+ -f, ,_ ^ , BX + +, , CCi + 2,j "" ' "i + l,j ~" 'i,j ~~

+ f, „ , EX + -f, , , DX
i - 2, j "" ' i - l ,j

+ -f. . , „ AY + f. , ^ , BY (26)
i , j + 2 '" 'i,j+l

+ -f, , ,-, EY + -f, , < DY
i,j-2~" ' i , j - l

2'Ti +l,j~ l~Ti + l,j - 1- 'i - l,j+l " li - l, J ~ l

where
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rtx = k. ^—^ EX - ~ k... lu—y-l>-
12AÇ -" ~ r"3 12AÇ

(U + IUD ^ ,, ^L_l__[UJ_l_ ., fâ_ ^ __o^
Bx = ~ k0 -~~Î2ZT~~ + k2 ~~~i2^~'~ + Zç + ^2

Dx ' - î^(u + lut) + wk (u ~ IIJt) " 2^ •1- ~?2 (27)
ÀÇ

k.., k-,.

AY = Î^T(V - lvl) EY ' " Ï2AÏ- <v + lvl)

k.. k.,. '.^

;^~Z-' ~r —?72AT' ' ' ' ' ' 12AT' ' ' ' ' ' 2AT . _2
AT""

^:(V + l V|) + T=^W - l VI) - J
2AT ' ' • • • - ^ ^ ^. • • . - . • ^ ^^.
-~::~" (V "iw i v l ) "s" ——"."'...—" ( ^ — i v i ) "- ——_ 4-

AT""

Kl lut kl lvl .... oc y . a .1 ..2
ce = - ——, -— - —rz— - 2(— + —^) - 2- (^ - Re V._) J"

ÀAÇ 6A'c ~\.^2 ,_2' r 'r "~ 'r
AÇ~ AT'

5. 3 FTessure

The pressure équation is discretised using centered di+ferences

yielding second arder accuracy.

,,2 Z_ Ja
+ tajl _ ~T

pi+l,j(K + =T~ ~ ~^r~~~>

P, , (2<x. + 2y)

+ pi-l,J(K ~ =Ï~ + ~iF~) <28>

,2 Z;,Ja
-±-+ F'i,j+l(y + -l- + -^--)

RJ2 ZÇJa.
+ pi,j-l(y ~ ~t~ ~ ~tr~")

J si,j ~ l (pi+l,j+l ~ pi-l,j+l ~ pi-H,j + pi-l,j-l) = <:)



n

6• Boundary Cand i t i ons

In the présent problem, there are four types of boundaries; soi id
walls, inlet boundaries, autlet boundaries and symme-fcry boundaries.

6.1 Stream Function

The stream function is constant along the solid and symmetry
boundaries. At the in l et the variation dépends on the imposed

velocity distributic3n. In the pragram there are several options;
constant prof i le, deîveloped profile for either 2-D channel flows,
or a;-;i -symme?tri e: annular or duct -flow. Thèse are illustrated in
Fig. 2 and the appropriate relation has been caded. The
computation o-f the e;-;it is carried out by extrapolation o-f interior

values.

6 •2 !^IOT-fc-i.ç.Lty

F'ram the définition of vorticity, Equation (5), one? obtains the

following relation;

9v _ 3v _ 3u . „ ou ,1 ,^
u ss ('"„ ^ -~ r-/ ^:: ~ s^ ^r + s» •ST~) T (29)T 3Ç " Ç 8T ~Ç ÔT ~TÔÇ ' J

Alang a solid boundary coinciding with a 'C, = constant coordinate,
this simplifies ta;

"r. = - <r.. lx + =.. 1^/J ' <30)'B *'ç ÔT " "ç ST'

The derivatives are evaluated at the boundary using one-sided third

order accurate? formula;

|^ ^ - 11 Vg + 18 VB ^ l - 9 VB + 2 + 2 VB+ 3 <31)

where the subscipts El, B + l, etc., indicate baundary and interior

points.

Along the line o-f symmetry, the value of vorticity is zéro. The
ini et values are computed from the imposed velocity distribution
and e;-;it values are e;-;trapolated.

ù.3 Circum-ferential Velpcity (Swirl)

The condition at a solid wall and along a line of symmetry is that
of zéro velocity. The inlet distribution is set to vary linearly

between the internai and e;-;ternal boundaries. This is carried out
by setting the angular rotation o-f the internai boundary as
illustrated in Fi g. 3. The ex i t values are ei-îtrapolated from

interiar points.
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6.4 F'ressure

Al l the boundary conditions for the pressure are at the second
r

the boundary conditions for the pressure are at the sçi
kind. At,,,the i ni et, using Equations (l) and (3) with Vr = 0,
0 and -^— == 0 (f or fully developed velocity profile) and ûsing
Equation 1;5) ta simplify, we obtain;

ÔP _ l

3r Re

du
+

3z
a
r

Re v ô

2'

ÔP
ôz

l f Su . au

Re L or r

The condition oi the second kind far the pressure is

âp „ „ ...... .-.-^n . VP (.33)an " " "

Then, in curvilinear caordinates, we obtain;

ôP _ l rp QP J , ou . a ,_ ^._ ,,2 , „ ..,,i
"T:;- = - Ie; ^-- - r-^~ (•^Ï- + - <=_ Re V/,~~ + r_ u)) | (34)
8Ç ce L2 âr Re 'BT ' r '"'T'"" 'ô • • ^- --•-1

At the soiid boundary, having V._ = 0 and V_ =ï 0 we find Equations
(32), and using Equation '(33), we obtain in curvilinear
coordinates;

1^=7 El li+^ (lt+ra ^"-^2+^»3
Far a symmetry boundary;

|? = 0 (36)
9n

ïhen,

IE = ^- t£ <37)
ÔT 2 y 3Ç

The e'/;it values are e;-;trapalated from interior points. Far
Equations (34), (35) and (37), the derivatives o-f the left side are

evaluated using one-sided second arder accurate formula as shown in
Equation (31) and the derivatives o-f the right side are discretized

using centered différences yielding second order accuracy.
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7. Numerical Algarithm

The System of algebraic équations resulting from the discretization

is non-linear and is solved by an ifcerative scheme» 11 is a b l oc k
successive rela;-:ation scheme where the blocks are chasen to

alternate between columns and rows in the camputational grid. This
has the advantage that the system becomes banded, i.e. tridiagonal

for the stroam function and pressure equationis or pentadi aganal -for
the vorticity and swirl component of velocity. Thèse lend

themselves ta very e-f'f icient numerical solution.

The construction uf theîse blocks is carried by e;-;pressing the

discrète équations implicity wifch respect ta one caordinate
direction and e;-;pl icitly with respect to the other, and vice versa.

The compu'tational damain (Ç, T) is discretised into a grid with
spacing AÇ -• AT = l. For convenience, two additional rows of nodes

beyond the lawer and upper boundaries are added. Thus thèse
boundar'ies lie along the coordinates J == 2 and J =; N respect!vely

as shawn in Fi g. 4.

7.1 Stream Function

For the str-eam -function, this procédure yields for the implicit in

the ç direction;

APP, , 'C,i ,J vi + l, J
, + APG, , ^/, , + ANP, , ^,

0

l, J 'l, J l ,J l, J

- - GPGL . ^, . , , - GMQ, , ^ +, , _ i -l- J^F
'i,j 'r i,J + l ~""iï.J T i, j -l

+ BET. . <^°, , , ,
i,j "l'i+l,.j+l

+ . +
+ d/

i + l,j - l ' '*' i

^ i - l, j + l

l,,j - l

(38)

where ij/ ^ndicates a current value being updated (i.e. the current

block) , \|/ indicates a_ previously updated value (i.e. in the
preceding black) and ^~ indicates an old value (i.e. in the ne'.it
block). This is illustated in Fig.5. The cae-fficients are
de-fineds
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AMP, . = (X. - ^- (Q + z_a/Jr)i , j " 2 • " • -T-

,2 .

APP, , =cc+-^~ (Q + s_a/Jr)
i , j "2 ' ~ " T'

APG, , = - (2o(. + 2y)
1 1 "1

BET, , = p/2 (39)i ,j '"'-

'?

GMQ, . == y - ^- (R - z., a/Jr)
l , J ^ !->

"l

GPGL , := y + ï-- <R - z., a/Jr)
l » J " -S '->

A current value is updated using a rela;-;ation coefficient RLX,

^+ == ^° + RLX (î" - ^j/0) (40)

wher-e 0 < RLX < 2

This can be conveniently cast in the form o-f a correction block,

C = \j/ - \j/~ = RLX (\|/ - \|/~)

obtained -from Equation (40) after substituting Equation (38),
giving

APP, , C, , < . + APG, , C, , + AMP, , C, . . = - RLX * RES, ,
i,j ~i + l, j ' '"~i,J ~i,J '""i,J ~i - l, J "~" "~~i,.J

(4l)

where RES, .. is the residual ai Equation (25). Similarly, for the

block implîÊït in the T" direction,

GPQ, , C, , . , + APB, , C, , + GMQ, , C, , , = - RLX * RES. ,"i,J ~iïJ +1 '"~i,J ~i,J ~""~'i ,J {~i ,J - l "-" "~~'i,3

(42)

Using the baundary conditions, the values of the corrections for j
2 and j s= N are zéro since the value of the value of the stream

function is constant,

ci,2 = ci,N = ° 1 ^ i ^ M+ 1
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Similarly, since the velacity profile is knawn at the inlet, the

correction along i = l is also zéro,

C, , = 0
'1»J

2 ^ .j ^ N

At the e;-;it l i ne i = M +• l, the correction is e;-itrapol ated ,

e,'M + l, j CM,j ~ CM - l,j

Substitut!ng thèse into Equation (4l) and Equation (42) yields the
foiiowing triadiaganal Systems;

Implicit along ç;

AP6., . APP,, .
'2,.j "••2,j

AMP-. , APG-, , APP
3,j "• ~3,j

0

3,j

0

0

0 AMP,, , , APG,., , ,M-l,j "" ~M-l, j

0 0 (AMP - APP)

•for 3^, j $.. N- l

APPM-l,j

N,j <APG + 2APP)M,j

e
2,.j

'M, j

-RLX

RES
2,j

RES
'M, j

(4.3)

Implicit along TS

APG, ^ GPQ, _
'i ,3 - -i ,3

GNQi,4 APGi,4

GM(ai,N-2

0

far 2 i: i < M

0

CPQ .
i,4

APGi,N-2

GN(2i,N-l

GPQ,
i,N-2

APQ,
i,N-l

l ,^.

-RLX

[^N-1

RES, -,'i ,3

RES,
'i.Njl

(44)
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7•2 Transport Equatiqns for yar

The transport équations for the vorticity and swirl are discretized

using upwind di f-ferenci ng +or the convection terms.

This results in the widening of the band in the explicit direction,

requiring two blocks behind and ahead at the current block being
updated. This is illustrated in Figs. 6 ... Using the same
rela;-;<ation procédure, and casting the results in the form of a
correction, ane abtains for the implicit l? direction;

EX. . C, .-, , + DX. , C, , , + CC, , C, .'i,j ~i - 2, j ~"i,.j ~i - l,j ~~i,j "i,j

+ BX, , C,., , + AX, , C, . .-, , == ~ RLX RES, , (45)'i,j ~i+i,j ""iïj ~i + 2, j "~" "~~i,j

and for the implicit T direction;

EY. . C. . ,.. + DY. . C. . ., + CC. . C. .
i,J ~i,j-2 ~'i,j ~i,j-l ~~i,j "i , j

+SY, , C, .,, + AY, , C, ,,.-, = -RLX RES, , (46)
i,J ~i,j+l ""i,j ~i,j+2 "~" "~-i,j

where the coefficients are defined by Equatian (27). The values of

the variable u on the solid boudaries are computed usina Equation

(30) and since the velacities do not change during the iteratians

on this variable, then the corrections are zéro. For the swirl V^,
the corrections are al sa zéro. This gives

C, .., = 0 and C, ,, = 0 (47)•i,2 - -•- -i,N

The rows of fictitious points j = l and j = N + l are computed by
e;.;trapolation using a variable order -formula.

fl ' C02 f2+ C03 f3 + C04 f4 -h C05 f5 (48)

or

i^l = ca2 fN + CG3 ^N - l +co4fN- 2+ C05 fN - 3 (49)

Al 50

C, , = C^ , = 0
l,J ~2,j

and

CM + l,j = CM,j = CM - l,j

Substituting Equations (47), (48) and (49) into (45) and (46)
yields the two 4:ollawing pentadiaganal matrices for the black

implicit in ç and for the block implicit in T respectively.



cc3.j BX3,j AX3J

DX4,j CC4^ BX4j AX4,j

EX5,j DX5,j cc5,j BX5,j AX5,j

for 3 ^ j < N-1

:H-3,j DXM-3,j CCM-3,j BXM-3,j AXM-3J

0 EX^_^ ^.2,î CCM-2J <BX+AX)M-2,j

0 EX,•M -1,3 DXM-l,j <CC+BX+AX)M-1J

(50)



(CC+COg EY>i 3 (BY+CO^ EY)^ 3 (AY + CO^ EY)^ 3 0

DYi,4

EY1,5

cei,4

DYi,5

EY

BYi,4 AY

ce1,5

i,4

^1,5 ^1,5

i,N-3 DYi,N-3 CCi,N-3

0 EYi,N-2
DYi,N- 2

BYi,N-3

cci,N-2

AYi,N-3

BYi,N.-2

for 3 ^. i ^: M-1

0 (EY+CÛ5 AY)^N-I (DY+C04 AY)i,N-l (cc + C03 AY)i.N - l

(51)

00
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7.3 F'ressure

ïhe procédure for the pressure is the same as -for the stream
functian. T'hen, the général discretized équation is

APPN, , P, ., , + APG, _ P_ , -t- AMPM, , P, , ,
i , J ' i+1, j '" ~i , j ' i , j '"" "i , j ' i-i,j

+ (3PQP, , P, , , , + GMQP, , P. , , - J'~S, , (52)
i,J 'i,j-H ~"-"i,.j 'i, j-1 ~ ~i , j

BEI. . (P. ,, ,,, - P. , .., - P. . , . ., + P. . . <) = 0
i , j " i +i , ,j+l ' i -1, j+i ' i +1, j -1 ' i -1, j ~ l

where

/"1

AMPM. , == oc. - 3— (0. ~ z_ a/Jr)
"i,j " 2 '"' ~T

/.7*

APPM, , = o<- + ±- (Q -- z_ a/Jr)
'i , j " 2 '"' ~T

•'.?

GMQP, , = y - 3— (R + Zy a/Jr)
i,j " 2^ -- -ç ----- • ^

6PQP, , = y + ^-- (R + z,, a/Jr)

APG and BET are defined in Equation (.39)

Using a rela;-;ation scheme, we obtain the correction block for the 2
directions. In the ç direction,

APPM, , C. . , , + APG, , C, , + AMPM, . C. , . = - RLX * RES, , (54)
'i,j ~i+l,j ""~i,j ~i,j """"i,j -i-l,j "~" """i , j

and in the T direction,

GPGP, , C, ... + APG, , C, , + GMQP, , C, , , = - RLX * RES. . (55)i?J ~i,j+l ' '""i,j ~i,j ' "'""'i , J "içj-l "~" "~~'i,J

where RES; . ie the residual o-f Equation (28).
'i îJ

Using the boundary conditions, the values of the corrections ares

Inlets - 3C, , + 4C.., . - C-, , = RLX * RS, , (56)
'l,J '"2,j "3,j "~" "~l,j

with RS. , = 3 P° , - 4 P° , + P° , + È- (F\ ,.< ~ P, , ,)
' l, j ~' l, j ' ' 2, j ' ' 3, j 2(X. " l 5 j+1 ' l , j-1

^
(u, .... - u. _. .) - ?S—r <=_ Re V/. " + r_u. .)

aRe 'wl,j+l u'i,j-l' ocRe r '"T "- " ô < . • •T"l,j'

»

E;<itg C^.< , = 2 C^ . - C^ < . <57)
'M+1 , j ~ "M, j ~M-1 , j
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Lower boundary (j ==2)

-3C, „ + 4C, _ - C, , = RLX * RS, ,, (58)
i,2 '~i ,3 ~i ,4 "~" "~i ,2

with RS, ,, = 3P, ° - 4P, ° + P. °
-i ,2 -• i ,2 " i ,3 •i,4

t?T7 <p,.j.i •••? ~ F\'_i -?) -^ or a symmetry line
.^y i+iç.^: i—j., ^-

or

l-ly (pi+l,2 ~ pi-l,2) + yRe (ui+l,2 ~ "i-l,2) + ^F {

•'?

Re lv'û~. ,-, + r.^u. .,,> 'for a sol i d boundary
l , Z C, l , ^-'

Upper baundary (j = N);

3C. ^ - 4C, ^, , + C. ,, ,., = RLX-s-RS. ^ (59)i,N '"i,N-l ' "i,N-2 '"~""""i,N

with RS, „, = -3F\ ° + 4P. ° , ~ P, 0, ,., + &- (P. , < ,, - P. ., „,)
'içN "'i ,N "i. N-1 "i,N-2 2y "i+l,N 'i-l,N

^ "/ ^ '~y

+~ï^r <".: ,< k. + u. ^ K|^ + f^l^:_ (z^Re V^7 M + r.^ u; ^,)yRe ""i+l,N ' ~i-l,N' yRer '-ç"~ •ôi,N 'ç ~i,N'

Then, -from Equations (54) ta (59), we abtain the triadiagonal

Systems to solve;



For the direction Ç s

(APG + f AMPM)„ ^ (APPM - i AMPM) „ , 0
i3 3 ^i 3

AMPM
3J APG. .

'3,J

AMP:•MM-1J APG,
'M-1,J

APPM^ .
*3,j

APP1
î~l,:

(AMPM - APPM).. , (APG 4- 2 APPM)„ ^
'M,j M,j

C2.j

'3,j

'M-l,j

CM,3

= -RLX

RES» . - ; AMPM^ . RS, .
'2,j 3 "—"2,j "~l,j

RES3,j

RES
M-l,j

KES.. ,
'M, j

for 3 .$ j ^ N-l

IM



For the direction T :

(APG + î GMQP) , ., (GPQP - ^ GMQP) , „, 0
1.1 -3 " -S l-1

GMQP
i,4

APG
i,4

G^pi,N-2 APG,
'iyN-2

GPQP
i,4

GPQP
i,N-2

0 (GMQP - l GPQP)^_^ (APG + J ^Q^i^-l

ci,3

ci,4

ci,N-2

'i,N-l

= -RLX

RES, -, - ï GMQP, ., RS,i,3 3 ~"~K~ i,3 '~i,2

RES,
'i,4

RES,
i,N-2

RES, „ -, + ï GPQP, „ , RS,'i,N-l " 3 ~x-i,N-l "~i,N

for 2 .s? i s£ M

MM
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<«« AFFICHAOE >»»<«« J-OOICIEt.CAtlOAN — VERSION l . B _»»>.

L

FIG. 1

^

FIS. 2,
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FIG. 3.

j » N + 1 0
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j=i 0

FIG. 4.
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<«« AFFICHAGE »>»<«« LOGICIEL CAMDAN — VERSION l .0 >»»

FIG. 5.
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FIG. 6.

FIG. 7.
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