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Froblem Statement

The present report describes a numerical scheme and the associated
computed code for the solution of the viscous flow in  an
axisymmetric diffuser. The intended application is for the
analysis of the geometric and flow parameters of the section
immediately downstream of the runner in an hydraulic turbine as
illustrated in Fig. 1. Such of analysis tool will allow a designer
to correctly assess the viscous losses and pressure recorery in
this type of eguipmant. Consequently, the numerical scheme has
been embedded in a computer-aided software which allows the user to
obtain results in three main steps. First, a geometric modeller is
used to construct the geometry and the curvilinear coordinate grid.
Then, the flow field is solved numerically using & finite
difference scheme of the basic equations formulated in vorticity-
stream function variables. Central ditferences are wsed for
viscous terms and a third order upwind scheme for the convection
terms. Finally, an utility is provided for the graphical display
of the results. '

In the present work the laminar Navier-S5tokes equations are solved
- for the incompressible flow with axial symmetry. This will be
extended to include turbulence.

Basic Egquations

The equations for the conservation of mass and momentum written in
cylindrical coordinates for an incompressible constant property
fluid in a steady state laminar flow are:
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where it has been assumed that for the present application 3
ynolds

Equation (2 is called the swirl eguation and Re is the R
number .
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2.1 Vorticity eguation

Differentiating Eguation (1) with respect to z and Equation ()
with respect to r, and using the definition of vorticity

€, re, e,
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w Vo s at v az
Vr rve Vz
avr av,_ -
W = e - (the second component of w) (5)
oz ar
and using Eguation (4) to simplify, one gets the following
vorticity transport egquation:
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which, together with Equation (2), replaces Equations (1) to (3).

2.2 Btream Function eguation

The continuity equation, which involves the variables ¥V and V  can

: : : ; I Z, -
be replaced by an equivalent equation inveolving the stream function
and vorticity. This is obtained by substituting the following
definitions:

Yy :.i_.a_‘i’_ v=~.!'.§_ﬂ£ (7)
z roar r oz

into Equation (%). This vields

Ty, w L 3w _ .
= 2 - or

o= ar

which is known as the stream function equation.

Yo

2.5 PFressure equation

Differentiating Eguation (1) with respect to r and Equation (3)
with respect to z, adding these relations with Equation (1) divided
by r and using Equation (4) to simplify, one obtains the following
pressure equation:
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2.4 Vector {form equation

These are now summarized

o w o w
ar™ or”
~Rev_ Z¥ 4 (2 o gey H22 - AL
T oz r rooor o
div 8 v
We + ﬂe
oz” ar”
av oV,
9 a
- ReV_ —= + (2 - Rev ) —> - &
bod or r
Az ar”
c?.__".-_::.*.g_«!;‘..{.é.g..tzs
om o v

where & is the right member of

These can be written in vector
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Curvilinear Coordinate Equations

J.1 Curvilinear coordinate system

A body-fitted curvilinear grid is generated using Thompson’ s method
where the transformed coordinates (8, tv) are expressed so that they
verify the following system of elliptic equations.

]

K
+
]
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The forcing terms W and R are used to concentrate grid lines. To
compute the physical ceordinates (-, =z as function of the
transtormed coordinates, the system of Equation (15) is inverted.
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and the coefficients
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Using the chain rule, Equation (i4) is transformed into the
curvilinear system (£, T).
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This is a system of elliptic partial differential equations, one
per coordinate direction which can be solved numerically. The
scheme used is that developed by Camarerc = specifically for this
type of application using a very efficient and accurate relaxation
praocedure, A slight modification has been used in the present
study to allow grid concentration towards the solid walls where
large gradients of the flow properties are expected.

In the present approach such grid concentration is achieved by
means of the forcing terms @ and R. However, the choice of these
functions can be quite delicate and the result cannot be assessed a
priori. Bad choices can (%?ad to distorted grids or even folded
arids. It has been found ™ that an approach well suited to the
field problems of interest is to establish the concentration of the
nodes  along the boundaries. The nodes define the shape of the
domain and are given by the user. Their distribution can be an
analytical expression or can be computed from the discrete values
given by the user. Several relations for the concentration have
been tried and the following has been retained:
t

£ty = T T EFE TS D (18)

where FC: concentration factor

It has been the author’'s experience that with moderate values of
the concentration factor, i.e. of the order of .2, considerable
stretching is achieved. Also, it has been {found that using much
higher values can lead to numerical instabilities. These have been
traced +to the loss of diagonal dominance of the resulting matriu
caused by the high values of the forcing terms.



A.2 Transformed Equations

The transformation defined by Equation ((17) maps the physical
domain (-, =) intec the computational domain (&£, T) where the
problem will be solved. Hence the basic egquations, Egquations (10)
to (13 must be transformed into this domain. To facilitate thisg,
the vector notation aof Eguation (14) is used, and vields:

- e —r -.3(4 _‘(.

® f.. - 2p F. + y f + ., B+ H+ EIJT F = J7F (19)
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where R, O, E, F are detined in Equation (14), and it is reminded
that the expressions for these coefficients differ for vy, w, Ve and
.

Upwind Differencing and artificial convection

Upwind differencing

The treatment of the transport equations reguires special care in
the discretization of the convection terms. An upwinding
differencing scheme of variable order based on the following
relation is praoposed for such terms.

af . 2Ff + U - 28 : (
ax o , o
up down

U 20)

This is a weighted average of an upwind and & downwind difference.
The factor o is chosen according to the sign of the convective
coefficient U, that is ~

0
U

U+« o . o
U =0 o

i

This can then be written as
U+ Ui
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and substituted into Egquation (200 to give
k. F ok fL o R, + k., f

U af - u -+ Ju) OOi o+ 1 1 i 2 i -1 I
QY 2 é
~k, f, - ok LM S O S
" U “?IUI I T 2 1 Z 1 1 i (L | 1 (21)

where the coefficients ke kyy ko and k. take on the values
according to the order of discretization. -

lst order Znd Order Srd Order Centereaed

HD 0 O 2 &

. ‘ ! o )

k 1 & €

K —é -4 ~& )

k., 0 ‘ 1 1 O

Thus, by selection of a part'ﬁylar set of coefficients, one
recovers such schemes as Agrawals » '

Artificial Convection

In a cartesian representation, the coefficients U in the convective
term are the two velocity components. When transformed, additional
first order derivatives appear and the guestion ariszes as to
whether these should be treated as convective terms and he EF
whether the upwind differencing should be applied. Reference -
states that they should and bases that on essentially an empirical
finding. In the present study, a simple local analysis was
attempted to resolve this problem. ' '

S0, in order to keep a certain amount of flexibility concerning
this problem and allow the user the use of either approach, the
convective terms are divided into two parts, the physical

convection (resulting from the velocity field) and the artificial
convection (resulting from the transformation). Accordingly the
system of Equation (19) for the two transport quantities w and Ve
can be written as follows:
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Discretization

5.1 GStream function

The stream equation is discretized using centered differences
yielding second order accuracy.
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F.2 Vorticity and swirl
The transport terms in the equation for the vorticity and
tangential wvelocity are upwind differenced as described in the
previous section, whereas the viscous terms are centered
differenced.
This gives the following algebraic system:
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pressure eguation is discretized using centered differences

ding second order accuracy.
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Boundary Conditions

In the present problem, there are four types of boundaries: solid
walls, inlet boundaries, outlet boundaries and symmetry boundaries.

6.1 Stream Function

The stream function is constant along the solid and symmetry
boundaries. At the inlet the variation depends on the imposed
velocity distribution. In the program there are several options:
constant profile, developed profile for either 2-D channel flows,
or  axi-symmetric annular or duct flow. These are illustrated in
Fig. 2 and the appropriate relation has been coded. The
computation of the exit is carried out by extrapolation of interior
values,

6.2 VMorticity

From the definition of wvorticity, Eguation (5), one obtains the
following relation:

= A av. . au . ou 1 )
W= 5 e 3t T %¢ Bt T Fe Br ) (=%
Along a solid boundary coinciding with a € = constant coordinate,
this simplifies to:

= - av - 2u ' =0
wg = (rg Fym + Z ar)/J (20

The derivatives are evaluated at the boundary using one-sided third
order accuwrate formula:s

v .,

Frei (31)

- 11 VB + 18 VB + 1 " 9 VB + o T VB .

where the subscipts B, B + 1, etc., indicate boundary and interior
points,.

Along the line of symmetry, the value of vorticity is zero. The
inlet values are computed from the imposed velocity distribution
and exit values are extrapolated.

6.3 Circumferential Velocity (Swirl)

The condition at a solid wall and along a line of symmetry is that
of =zero velocity. The inlet distribution is set to vary linearly
between the internal and external boundaries. This is carried out
by setting the angular rotation of the internal boundary as
illustrated in Fig. 3. The exit values are extrapolated from
interior points. ‘

11



6.4 FPressure

All  the boundary conditions +For the pressure are of the ssegnd
kind. Agvghe inlet, wusing Equations (1) and (3) with Vr = 0, =

0 and == = O(for +ully developed velocity profile) and uéing
Equation 15) to simplify, we obtain:

oF 1 [ ot a 2]

L B~ e . ™

o Re o t Re Ve

(32)
CLA W - )
oz Re or "

The condition of the second kind for the pressure is

Then, in cwvilinear coordinates, we obtain:

aF i oF Jd S & @ . .y
—— o Pudb i — e P . = ! e )
a5 x 2 ot e ‘3¢ " r ¢ T Re Vg " @) ] 24)
At  the solid boundary, having Vr = 0 and V_ = 0 we find Equations
(E2), and using Equation (33), we Obtain in cuwvilinear

coordinates:

oF _ 1 g eF J e a g 2 ==
5 = [ & 5% T Re 5r t 5 (=, Re VT o+ r‘.f;u))] (35)
For a symmetry boundary:
%‘i = 0 ‘ (36)

Then, n

orF . B oF 3

at = Zy oe 37
The exit values are extrapolated from interior points. Far

Equations (34), (3Z8) and (37), the derivatives of the left side are
evaluated using one-sided second order accurate formula as shown in
Equation (31) and the derivatives of the right side are discretized
using centered differences yielding second order accuracy.

12



Numerical Algorithm

The system of algebraic equations resulting from the discretization
is non-linear and is solved by an iterative scheme. It is a block
successive relaxation scheme where the blocks are chosen to
alternate between columns and rows in the computational grid. This
has the advantage that the system becomes banded, i.e. tridiagonal
for the stream function and pressuwe equations or pentadiagonal for
the vorticity and swirl component of velocity. These lend
themselves to very efficient numerical solution.

The construction of these blocks is carried by expressing the
discrete equations implicity with respect to one coordinate
direction and sxplicitly with respect to the other, and vice versa.

The computational domain (&, -t) is discretized into a grid with

spacing a5 = At = 1. For convenience, two additional rows of nodes
beyond the lower and upper boundaries are added. Thus these
boundaries lie along the coordinates J = 2 and J = N respectively

as shown in Fig. 4.

7.1 Stream Function

For the stream function, this procedure vields for the implicit din

Cthe §© direction:

.. . . ‘G, . w., . + AMF. . . .
AFPl,J wl + 1,3 * AFDl,J Wl,J A i43 Vi — 1, 3
(o 2
= - G, o - GBME, . + ) + J7F
’ GFQI,J W i,3 + 1 igd ¥ ie, 3 - 1
o 0 =
+ BETi,j {y P+ 1,5 + 1 LA 1,4 + 1 (38)
-y oy )
Yoy o+ 1,5 -1 Voi o~ 1,5 - 1
where E indicates a cuwrrent value being updated (i.e. the current
block), indicates a, previously updated value (i.e. in the
preceding block) and ¢  indicates an old value (i.e. in the next
block). This is illustated in Fig.3S. The coefficients are

defineds:

13



AMF = o - %« G+ = _a/dr)
1y - T
) Js
AFF, . = o + = (G + =z a/dr)
i, 2 T
ARG, | = - (2o + 2y)
1. * ¥
BEYT, . = B/2 . (59)
igd
" J= .
GME, . =y — = (R - =z, a/Jdr)
141 i ™
; J<
GFQ., . =y + 5> (R - =. a/dr)
iy 2 o

A current value is updated using a relaxation coefficient RLX,
vo=y® o+ RLX (y ~ ¢ (40)
where O < RLX < 2

This can be conveniently cast in the form of a correction block,

Co= w+ - WD = RLX (; - wa)

obtained from Equation (40)  after substituting Egquation 38),
giving

AFF. . C. .+ ARG, | C. .+ AMFP, | C, . = - RLLX # RES, .,
iy i+ 1,7 S B igad "4~ 1,3 141

' (41)

whefe RES, . is the residual of Equation (25). Similarly, foar the

block impl%&ft in the T direction,

GER. . C. . + PG, . C, .+ GMO, . C = - RLX * RES,

i, ig3 + 1 o Ti,d 1,j‘ igsJ — 1 i,
(42)

Using the boundary conditions, the values of the corrections for j
= 2 and j =N are zero since the value of the value of the stream

function is constant,

14
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Similarly, since the velocity profile is known at the inlet, the
correction along i = 1 is also zero,
o= O 2 o4a 03 s N
1,3 !
At the exit line i = M + 1, the correction is extrapolated,
ow 1,5 0 Bays T M- 1,
Substituting these into Equation (41) and Equation (43) vields the
following triadiagonal systems:
Implicit along &
AT C I AFF 0 O C. RES., .
2. 2y A':--.|J “"7-]
AMF ARG, . AFP L 8]
“ry g d gl
= —~RLX
v AP, ARGy 1, ; AFFY-1, ;
€ 0 MF - ‘) . (ARG + 28FF) | fC RES
¢ (A AFF M, j A | M, j M, j M, j
for 3 4 3 & N - (43
Implicit alang
R ‘e e e e
AFPG. ., GFE, 0 C. - RES, -
LR 1e2 14 g
GMQ1’4 AFGi’4 Cra .4
= —~RLX
;| J G -
BMLi,N— ARG N=2 GFQi,NmE
0 GME AFE, . RES,
igh~1 igN-—-1 igN—-1 igN-1
- % 9 — L ’__‘ !—1
for 2 4 1 & M ‘ (44)



7.2 Transport Egquations for vorticity and swirl

The transport equations +or the varticity and swirl are discretized
using upwind differencing for the convection terms.

This results in the widening of the band in the explicit direction,
requiring two blocks behind and ahead of the current block being
updated. This 1s illustrated in Figs. é& ... Using the same

relaxation procedure, and casting the results in the form of a
correction, one obtains for the implicit § direction:

=X, . C. - s DX, (L R S Y O SR

i4 - 2,1 14 i - 1,1 14 1427
+ BX, . C. .+ AX. . €, -~ = — RLX RES, . (435)
: 1.3 "i+1,3 143 i+ 2,3 1,3

and for the implicit T direction:
Yy, . C. . . +Dy . C. .  + CC . C .
1,3 1432 1,3 1,41 1,3 141

+8Y. . C. + Ay, . C. . . = —RLX RES, . {46)
i3 "143+1 1,23 143+2 141

where the coefficients are defined by Eguation (27). The values of
the variable w on the solid boudaries are computed using Equation
(30) and since the velocities do not change during the iterations
on this variable, then the corrections are zero. For the swirl V

%

the corrections are also zero. This gives 9
C. . =0 and (| =€) (47)

i, 14N
The rows of fictitious points j = 1 and i = N + 1 are computed by
extrapolation using a variable order formula.
= CDE fz + C,D3 fo + CD4 44 + CDS fs 48)
or
fN+1'= 002 {N + CDE fN -1 ¥ CU4 fN _a L05 fN -3 (49)
Also
c, .=0C, . =40

1,3 247
and
v 1,5 = C%,5 = - 1,3

Substituting Equations (47), (48) and (49) into (48) and (46)
vields the two following pentadiagonal matrices for the block
implicit in § and for the block implicit in <t respectively.

16



cC

3,3 3,3

Pa,5  CC4j

ExS,j DxS,j

for 3<j< N

»J

BX4’j

CCs,3

1

EXM_B,j

0

P -3, 5

EXy- 2,5

0

CCM-B,j
DXM_ 2,3

BXM—3,j

-2,

PAu-1,3

AXy _ 3,

(BX+AX)y _ 5

(CC+ BX+ AX)

]

M=-1,j

Ru—

(50)

L1



—

DYy,4

EYi,S

for 3 i< M-I

(cctcoy EY)y 5 (BY+CO, EY) 5

CCi,4

DYi,S

EY; N-3

DYj N-3

EYy N-2

0

(AY + COg EY)1,3 0

BY1’4 AY1’4

CC:L,S BYi,S

CCi N-3

DYy N-2

(EY+CO5 AY); y_1

AYi,S

BY; N-3

€Ci,N-

(oY + Co, AY)

2

i,N=-1

AY; N-3

BY; n-2

®

(cc+ CO3 AY)i,N-— 1

presmee.

(51)
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7.2 Fressure

The procedure for the pressuwe is the same as for the stream

function. Then, the general discretized equation is
AFFM. | P ot ARG, D P o AMFM, . P .

143 i+1,3 1,1 1,3 1,13 i—1,3
+ GFOF, . B, .+ GMOF, | P, . . = J°% (52)

143 1,3+1 i,3 i4i-1 14
. B —— w3 — X b ) = (:)
BET, 5 Fivr, ge1 7 Fiei, g1 Fivt =1 " Fiog, -1
where
. o

AMFM, . = o0 — o (& — =z &/Jr)

141 s T

Js y

AFFM, = oo b o= (B~ x a/dr)

1. <L T
" , _ JT L ,
GMEF =y - o (R + z.. &a/dr)

1 k) J o ] kg

- : (D5

GFOF., | =y + %— (R + =z, a/dr)

143 a b

AFG and BET are defined in Eguation (39}

Using a relaxation scheme, we obtain the correction block for the =
directions. In the £ direction,

AFPM,. . C. .+ ARG, . C. | + AMPM, . C, o= — RLX # RES. . (34)
i, "i+il,j i, i43 i,3 i-1,41 143

and in the v direction,

GFEF C. . + AFG c, .+ GMaFr, . C

. . L - RLX #* RES, . (53
i, “i,3+1 igd Ti,3 i, 1,41 141

9

where RESi j ie the residual of Equation (Z8).
9

Using the boundary conditions, the values of the corrections are:

Inlet: - 0§ * 4G, § = Cy ;= RLX % RS, 5 (56)
with RS . = 3 P?’j - 4 Pg,j L B Fy e~ FrLser)
' =N -
T &%E Wy er 7 9y 5-1? 7 P (= Re V91:J ey, 5t
Exit: C =2cC (57)

.~ C .
Mg M—143
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A + 40, -, = R * RS, . (5t
Cl’2 4&1’3 L1,4 RLX hbl,ﬁ (S8
with RS, ., = 3F, © - 4F, 2 + o
14 142 i3 1,4

B . e . :

=y (Fi+1,2 Fi—l,E) for a symmetry line
+ o

B o + J _ + 2Ja

gy Fivr,2 7 P, yRe Yi+1,2 T Yi-p,2’ yRer '

o
2., Re V.7, . + r.w, .) for a solid boundary
Ll 0 1,2 L. RS

Upper boundary (i = N)z

wr _ oap \ b vame o
;T AT ey * By e = REXRRS, (59)
: MacT ) e T =] ~ ™) - ) D ) E”__ ft} ]
WIER RS T T T e T R -2 T Ey Fiea,n T Pien
J 2da 2
e e R o Y . + )
yRe Yivg,n Y Yoy N T YRer el Ve n T T 9N

Then, from Equations (54) to (359}, we obtain the triadiagonal
systems to solve:



For the direction ¢ :

4
(APG +-§ AMPM)Z,j

3,3

(APPM - = ampM) . .
2,3

3
APG,
3,3
AMPMM_l’j APGM_l’j
0 (AMPM - APPM)M 3
7

APPM

APPM, )

(APG + 2 APPM) .
M3

= -RLX

2,7

Le



For the direction < :

r.
(APG + 4 GMQP) (GPQP - i GMQP)
3 i,3 3 i
GMQPi'4 APGi'4
0
CMOP; N2 BPG; n-2
i
0 (GMQP - 3 GPQP)i’N
for 2 £ i< M

'3

1

P,
GPQ i,4

CPRP; -2

4
(APG + 5 GPQP),

1

el

i,N=-2

i,N=-1

_

RES ,3
RES; N-1
.

+

RESi,N—Z

1
3 GPQPi,

Ze
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FIG. 3.
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